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Distribution of zeros of Dirichlet L-functions
and the least prime in an arithmetic progression
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JIANYA L1u (Jinan) and YANGBO YE (Iowa City, IA)

1. Introduction. The leading term of the n-level correlation of nontriv-
ial zeros of an automorphic L-function L(s, ) for GL,, over Q is known to
be independent of 7, as long as 7 is a cuspidal representation of GL,,(Q4)
(Sarnak [13]). This phenomenon is called the universality for the leading
term of the n-level correlation and was proved for a test function whose
Fourier transform has restricted support. In the case of pair (n = 2) corre-
lation of nontrivial zeros of Dirichlet L-functions L(s, x1) and L(s, x2), we
study in this paper behavior of the remainder term of the pair correlation,
for the same test function. Our results indicate that the remainder term
appears to be either independent of y; and 2, or randomly scattered.

We then conjecture that this phenomenon is also true when the sup-
port of the Fourier transform of the test function is enlarged. Under this
conjecture and the generalized Riemann hypothesis (GRH), we prove a
weighted prime number theorem in arithmetic progressions over a short
interval, which in turn implies that the least prime in the arithmetic pro-
gression n = [ (mod ¢), with ¢ being a prime, (/,q) = 1, and [ # +1 (mod q),
is < ¢'*¢. In other words, the Linnik constant is equal to 1.

Now let us explain our results in a more detailed way. In 1973, Mont-
gomery [11] studied the pair correlation of the zeros of the Riemann zeta-
function. Later, Rudnick and Sarnak [12] considered the n-level correlation
of nontrivial zeros of principal L-functions L(s, ) attached to an automor-
phic irreducible cuspidal representation 7 of GL,,, over Q. To state the result
of [12] in the special case of m = 1 and n = 2, we let x; be a primitive char-
acter modulo ¢, and L(s, x;) the corresponding Dirichlet L-function, for
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j=1,2. For

(1.1) gj € C(R)  with supp(g;) = [—a,al,
we set

(1.2) hi(r) = | g;(v)e™" dv,

R
and h = (hy, hg). Let @ € C}(R), and

flxy,29) = S e(—(z1 — z2)v)P(v) dv,
R

where e(t) = €2™ as usual. Consider

(1.3) F(h,T,®;x1,x2) = Z hy <%>h2(¥>f<% %%w)
Y1,72

with L = log T', where p; = 1/2+i7; is taken over nontrivial zeros of L(s, x;).
This function measures, as T' — o0, the pair correlation of nontrivial zeros
of L(s,x) if x1 = x2 = X, and the pair correlation between nontrivial zeros
of L(s,x1) and L(s, x2) if x1 # X2

Rudnick and Sarnak [12] proved that if x; = x2 = x and supp(®) C
(—=1,1), then

(1.4) F(h,T,;x,x) = %‘) TL (@(0) + | [vj@(v) dv) +O(T),
where -
(1.5) k(h) = | hy(r)ha(r) dr.

R

Another version of this was proved for the Riemann zeta function in Liu
and Ye [10].

Recently the authors [9] studied the n-level correlation of nontrivial zeros
of distinct L-functions attached to automorphic irreducible cuspidal repre-
sentations of GL,, over Q. In the special case of m = 1 and n = 2, our result
asserts that, when x1 # xa2,

r(h)
(1.6) F(h,T,9;x1,x2) = o P(0)TL+ O(T)
for any function ¢ with support C (—1,1). Note that the results (1.4) and
(1.6) do not depend on GRH.

We observe that the main terms in (1.4) and (1.6) are independent of
the character y and characters y; and yxs, respectively. For automorphic
L-functions attached to cuspidal representations of GL, over Q, this was
first discovered by Rudnick and Sarnak [12], and is known as the universality
of the distribution of nontrivial zeros.
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It is believed that the pair correlation and hence the universality of zeros
should have applications in distribution of primes. We realized, however,
that we actually need not only this universality for the leading terms of
F(h,T,®;x1,x2) in (1.4) and (1.6), but also information on the remainder
terms.

The first purpose of this paper is thus to study nontrivial zeros for the
remainder terms. From now on, x; is a Dirichlet character modulo ¢ not
necessarily primitive.

THEOREM 1.1. Assume supp(®) = [b1,b2] C (1/2,1). For a prime num-
ber q with T'™0 < q < T"~¢, let | # +1 (mod q) with (I,q) = 1. Then

(1.7) Y. xOXOFMm,T, ¢ x1,x2) < ¢(a)TL

X1,X2 mod g

where the implied constant depends on @, b1, ba, g1, and go only.

We remark that the mean value estimate in (1.7) cannot be obtained
using the individual bounds in (1.4) and (1.6). Indeed, as we assume that
@(0) = 0, the main term in (1.6) and a part of the main term in (1.4) dis-
appear. The remaining part of the main term in (1.4) yields O(¢(q)T'L).
But the sum of O(T) over X1, x2 mod ¢ would give us a bigger ©?(¢)T. In
other words, a factor ¢(q)/L is saved in (1.7). This saving represents cancel-
lation among the remainder terms multiplied by x1(l)X»(l) over x; and xs.
This can be interpreted as a manifestation of either the universality for the
remainder terms, or the fact that the remainder terms might be randomly
scattered. In applications, it is often crucial to consider big ¢ compared
with T'. In this case, the above saving becomes crucial.

In Theorem 1.1, we assume ¢ to be a prime with [ Z £1 (modq); see
Lemmas 3.1 and 3.2. Indeed, when | = 1 (modq), we have x1(1)x,(l) = 1
and cannot control the size of the left side of (1.7). More specifically, Lemma
3.2 is not valid for [ = £1 (mod q).

We believe that Theorem 1.1 is still true without the restriction on the
support of @.

CONJECTURE 1.2. Let q andl be as in Theorem 1.1. Then Theorem 1.1
holds for @ with supp(®) = [b1,b2] C (1/2,00).

Conjecture 1.2 has applications to classical problems in distribution of
primes, for example Linnik’s constant. In view of Dirichlet’s theorem that
there are infinitely many primes in the arithmetic progression n = [ (mod q)
with (¢,1) = 1, it is a natural question how big is the least prime, denoted
by P(gq,l), in this arithmetic progression. Linnik [7]-[8] proved that there is
an absolute constant ¢ > 0 such that P(q,l) < ¢“*¢, and this constant ¢ was
named after him. Since then, a number of authors have established numerical
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values for Linnik’s constant ¢; the best result known is ¢ = 5.5 by Heath-
Brown [4]. We remark that these results depend on, among other things,
numerical estimates concerning zero-free regions and the Deuring—Heilbronn
phenomenon of Dirichlet L-functions. Under GRH the above bounds can be
improved to

(1.8) P(q,1) < ¢*(q)log*q.

The second purpose of this paper is to sharpen the estimate in (1.8)
under GRH and Conjecture 1.2.

THEOREM 1.3. Assume GRH and Congecture 1.2. Let q be a prime with
l # +1 (modq) and (I,q) = 1. Then for arbitrary ¢ > 0,

P(Q: l) <<6 q1+€~

This bound is the best possible save the € in the exponent. In fact,
a trivial lower bound for P(q,1) is

max P(g, 1) 2 (1 +o(1))¢(q) logg.

Granville and Pomerance [2] proved an improvement to this. Theorem 1.3
will be derived from a weighted prime number theorem (Theorem 7.2).

Assuming GRH and a conjecture on the rate of convergence of the
(1-level) linear density of low-lying zeros of Dirichlet L-functions, Sarnak
[14] proved the same bound for the least prime in an arithmetic progression.
The conjecture he used is indeed a conjecture on the size of the remainder
terms, while our Conjecture 1.2 predicts not the size but mean value of the
remainder terms.

Hughes and Rudnick [5] computed unweighted 1-level statistics of low-
lying zeros of Dirichlet L-functions.

Languasco and Perelli [6] considered sums of the pair correlation of non-
trivial zeros of Dirichlet L-functions with weights of Gauss sums 7(x) mul-
tiplied by characters

(1.9) > a7 (x2) F (b, T, %5 X1, X2)-
X1,x2 mod g

Using this estimation, they studied the exceptional set in the Goldbach
problem. Without Gauss sums in the weights, our sum in Theorem 1.1 might
have different flexibility in possible applications.

The authors would like to thank Peter Sarnak for helpful, detailed com-
ments, and for showing us his approach in [14] to the problem, and to thank
the referee for helpful suggestions, especially for his simple proof of Lemma
3.2 as is shown in the paper.
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2. L-functions. Let x* mod ¢* be the primitive character inducing the
given character y mod ¢, with cond(x) = ¢*. Then (see e.g. [1, Chap. 5, (3)])

20 =2 I (152 ) = 26

plq P

plq”
say. The following explicit formula is a generalization of that of Rudnick and
Sarnak; see [12, Proposition 2.1].

LEMMA 2.1. Let g,h be defined as in (1.1) and (1.2) respectively. Let
x mod g be a Dirichlet character induced by x* mod q*, and o = 1/2+ i be
zeros of L(s, x) within 0 < Re(s) < 1. Then

(2.2) ;h(y) = 5X{h<—%> + h<%> } + % \n(r) 20, x) dr

R

= [ A(n)x(n A(n)x(n
- 3 (U o)+ A - tog) ).

where 0, = 1 or 0 according as x = x" mod ¢ or not, and

n=1

/

(2.3) Q2(z,x) = log cond(x) + ?—i <% + u(x) + z:n)
+ ?—E(% +p(x) — wc)

_%/ 1—|—Z'(E _%/ l—ix_
M 2 7X M 2 7X7

with Te(s) = 7~/ (s/2), p(x) = 0 if x(=1) =1, p(x) = 1 if x(-1) = 1.
Proof. Since x* is primitive, the functional equation of L(s,x*) takes
the form

(24) ¢(87 X*) - 5(87 X*)¢(1 - S,Y*),
where
P(s,X") = Ir(s + p(x7))L(s, x7)-

—S

The ¢ factor e(s, x*) satisfies (s, x*) = 7(x)(¢")
Let H(s) = h((s —1/2)/i), and consider the integral
1 &,
(2.5) J= 5 S E(S,X VH(s) ds.
Re(s)=2
Since |H(s)| is rapidly decreasing in |Im(s)| and is entire, the integral .J
converges absolutely, and all the contour shifts below are legitimate. Obvi-
ously (?'/®)(s, x*) has simple poles at the zeros of ®(s,x*) with residues

the multiplicity of the zero. In the case of (s, x*) = ((s), (&'/P)(s, x*) has
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a simple pole with residue —1 at the poles s = 0, 1. Shifting the contour in
(2.5) to Re(s) = —1, we have

() ()} S _§ s

where the sum is over the nontrivial zeros of L(s, x*), each counted with its
multiplicity, and §,« = 1 or 0 according as x* = x" mod 1 (i.e. L(s, x*) =
((s)) or not. The functional equation (2.4) now gives

P, . 9 .
g(s,x)z—logq —5(1—8,x )-

Using this and changing variables, we get

A

/

(s,x")H(1 — s)ds.

271 3
Re(s)=2
Consequently,
i { 1 *
(2.6) Zh('y)_éx*{h<—§) +h<§>}+2_7ri S H(s)logq* ds
Y Re(s)=2
1 o .
t o5 | 2 (& X H(s)ds
Re(s)=2
1 o,
57 S — (s, X" )H(1 — s) ds.

Re(s)=2
By (2.1) and the definition of &(s, x*),

1 @' .
5o ) (s xH(s)ds
e(s)=2
1 F/ . L/ M/
" 2mi S {F_i(8+ p(x) + f(SvX) - M(S,X)}H(s) ds.
Re(s)=2

Now shifting the contour to Re(s) = 1/2,

e § T euten - Jreo0 b as
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where s = 1/2 4 ir. For Re(s) > 1, we have

L . A(n)x(n
By - $5 At

n=1

and consequently,

1 X E(S, X)H(S) ds = —i io: M S h(r)efirlogn dr

27 Re(s)=2 L 2 £~ N4 2
o A(n)x(n)

into (2.6), we obtain

> h(y) = 5x*{h<—%> + h<%> } + %Hih(r){ log ¢*
(5 nr -

v

- 3 (F o) + AU g g ).

This gives (2.2) on noting that §, = d,+, pu(x) = pu(x*), and that the non-
trivial zeros of L(s, x*) are just those of L(s, x) within 0 < Re(s) < 1. m

With the test functions
Hp(r) = h(r/T)e ™, Gr(v) = Tg(T(Lu + v)),
the above explicit formula takes the following form.

LEMMA 2.2. Under the same condition of Lemma 2.1, we have

(2.7) Z h (%) e~ = 5, P(T,u) + Tgr(T Lu, X)
v

+TS™(T,u,x) + TS (T,u,X)

where
(2.8) P(T,u) = <_%>T—u/2 + h<2i>Tu/2’
(29) S (T = = 52 A gyt 10g ),
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1 —ire
(2.10) gr(z,x) = 5 \ () 2(rT, x)e™ " dr,
R
with 2(xz, x) as in (2.3).

The above formula will be expressed in a form suitable for our later
applications. To this end, we consider the term

w2 _ g2 —y/(27)
h<2T)T 72\ g(y)e dy

RTLu o]
:Tu/2( |+ )Q(y)efy/@T)dy
—00 T Lu

We change variables to v by y = T'(Lu — logv) in the first integral and by
y = T(Lu + logv) in the second integral for 1 < v < co. Then

h(i)TU/Q — Tu/2 X g(T(Lu _ logv))e—(Lu—logv)/2 T dv

2T . v
+ 71/ S g(T(Lu + logv))e ™~ (Lutlosv)/2 TTdv
1
—TOSO (T(Lu —1 ))d—UJrTOSo (T(Lu + log v)) 22
= g u — log v 7 g u+logv)) —75.
1 1
Similarly,
h L T-u/2 = TOSO (T'(Lu + logwv)) d_v +TOSO (T(Lu — logw)) ﬂ
5T -1 g &) 5 ) g &v)) 32
Consequently,
o0 1 1
P(T,u)=T §{g(T(Lu —logv)) + g(T(Lu+ logv))} <% + m) dv.

Now we split the above integral into two parts using dv = d[v] + d(v — [v]),
and get

(2.11)  P(T,u) = T;::l (ﬁ + W)
x {g(T(Lu —logn)) + g(T(Lu + logn))}

+ T [ {g(T(Lu — logv)) + g(T(Lu + logv))}
1

« (% + v%) d(v — [o]).
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Let

[e.o]

(2.12)  JE(T,u) = S g(T(Lu £ logv)) (% + #) d(v — [v]).

1
Inserting (2.11) and (2.12) into (2.7), we get the following result.

LEMMA 2.3. Under the assumption of Lemma 2.1, we have, for any u,
(2.13) Z h( > ~H = Tgp(TLu, x) + TZ4 (T, u, X)

+ IV (T7 u, Y) + 6XTJ+ (T7 U) + 5XT‘]_ (T7 U),

where J*(T,u) are given as in (2.12), and

(2.14) ZE(T,u, x) Zw T(Lu =+ logn)),
n=1

with

(2.15) w(n,x) = %\/i_i(n) — 0y (\/Lﬁ + #)

3. Mean value of gr(z, x) over x. The following mean-value estimate
for gr(x,x) is crucial in our later argument.

LEMMA 3.1. Let ¢ > 5 be a prime and | # +1 (modgq). Then

(3.1) > x(Wgr(z, x) < e 7og g+ e 1/,
x mod ¢

(3:2) > X(Wgr(z, x) < e log g+ eI/,
x mod q

where o > 1 is any positive number.
The proof of Lemma 3.1 depends on the following lemma.

LEMMA 3.2. Let q > 5 and | # +1 (modq). Then

Yooxh= > x=o.
x mod q x mod g
x(-1)=1 x(—1)=-1

Proof. We have yx(—1) = 1 if and only if x is the square of another
character, 12 say, and each even character arises exactly twice in this way.

Hence the first sum is
1
> w=5 X wP) =

¥ mod q 1 mod q
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since 12 # 1 (mod ¢). Using [ # 1 (mod ¢) again, we have

0= > x(O= > xO+ > x

x mod ¢ x mod g x mod g
x(-1)=1 x(—1)=-1

This proves that the second sum is also zero. =

Proof of Lemma 3.1. We will only prove (3.1) since the proof of (3.2) is
exactly the same. Without loss of generality, we can suppose x > 0. Rewrite

(2.10) as
1 s sT .
gr(@,x) = 5 | h<g>9<77><>6 ds
Re(s)=0
L S (2 w(s,x)e ¥ d
~ 2mi i)emoe e
Re(s)=0
where
k(1
(3.3) w(s,x) = log cond(x) + O pu(x) +sT
R

By Stirling’s formula and the definition of M (s, x), we have
(3.4) w(s, x) < log(qTs|)

for any s in a vertical strip |Re(s)| < B with |s| sufficiently large (s is
not necessarily on the line Re(s) = 0). Also |h(s)| is rapidly decreasing as
|Re(s)| — oo. Therefore we can shift the contour of integration to the line
Re(s) = o where o is any positive number. This gives

1

(3.5) gr(z,x) = Py

{ h(;)w@gxk_“ds—fﬂax)

Re(s)=
where R(x,x) is the sum of the residues at the poles passed when shifting
the contour.

We now compute R(z,x). Since u(x) > 0, the first I" term in (3.3) is
holomorphic in Re(s) > 0. The second I" term has simple poles at

Sktx)::1/2+-%;x)+-2k

1 1
<k<=(oT-=—
, 0< <2<o 5 MWO
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with residues

LY 2h<3’“§”) exp(—sk(0)).

0<k<(aT—1/2—p(x))/

Since ¢ > 5 is prime, we deduce from (2.1) that L(s,x) = L(s,x")
for any nonprincipal character x mod ¢, and that L(s, x") = ¢(s)(1 — ¢~*).
Therefore,

—S

1—gq if x = x” mod g,

1 otherwise.

M(SaX):{

Hence in (3.3), the M terms appear only when Yy is principal, and
M’ log g
M <2 + T, x ) Q2T 1

The first M term in (3.3) is holomorphic in Re(s) > 0. The second one has
simple poles at

1 2mim
Wy, = — , MEZL,
log ¢

with residues

Wm

h<—> exp(—wm).
i
Consequently,
1

(3. mev-g 3 () exp(-sn)e)

‘; (22 et

Summing (3.5) over x, we get

B0 X e =5 § 8(3)( X a0etsn)e

x mod ¢ Re(s)=c x mod ¢
> x()R(x,x).
x mod q
It remains to estimate the two sums over y on the right-hand side of
(3.7). First we prove that in (3.7),
(3.8) > x(Ww(s, x) < logg.
x mod q

Note that this is much better than (3.4).
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We have remarked that in (3.3), the M terms arise only for x° mod q.
Therefore,

M [1 ) M (1 )
Z X(l){ﬁ<§+aT+th,x>+M(§—0T—th,X>}

M/

M /1
T + itT, — (= —0oT—itT, %"
M<2+O’ + it x)—i— < o it 7X>

M \2

log q log q
qt/2roT+itT _ 1 g1/2—oT—itT _ |

< logg.
On the other hand,

szodqx<z>{§—§(g+u<x>w) (L suo-o1)}
= { > x(l)}{i—ﬁ(% —I—ST> + ?—ﬁ(% —sT)}

x mod ¢
x(=1)=1

I} (3 (3 B
x mod q
x(—1)=-1

by Lemma 3.2. Finally, we note that, under the condition of the lemma (i.e.
q is prime), all nonprincipal characters modulo ¢ are primitive. Thus,

> x()logeond(x) = x"(Nlog1+ > x(1)logg

xmod g x#x°? mod q
=(logg) > x()
x#xY mod q
= —loggq.
Collecting all the estimates into the definition of w(s, x) in (3. 3) we get (3.8).
Secondly we estimate the last sum over x in (3.7). By (3.6), we have
1 Sk(Xx
> xre0=7 Y xon( Y ) e
x mod q 0<k<oT/2 xmodq
+ Zh( )exp (—wm).
meZ

Lemma 3.2 also gives
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SE\X
5> om0 exp-su(01)

T (M2

x mod g
x(=1)=1

Y X(l)}h<3/2T7—:2k>exp<—3/2T+2k$>:O.

x mod q
x(-1)=-1

3 h(%) exp(—wma) < e~/ (2T),

meZ

Clearly,

and therefore,

(3.9) > xRz, x) < e/,

x mod q

Putting (3.8) and (3.9) into (3.7), we get

(5)

< e logq+ e /D)

e 9% ds + 6—:2/(2T)

> x(gr(z,x) < (logq) |

x mod q Re(s)=c

and this is the required result. m

4. Beginning of the proof of Theorem 1.1: Estimates for Cj, o
and Cy,. Let hi, g1, h2, g2 be as in Theorem 1.1. Applying Lemma 2.3, for
7 =1,2 we get

40 >k (%) e " = Tgjr(TLuy, x;)
¥ B _
+TZ} (T uj,x5) +TZ; (T, uj,X;)
+ 0y, TTS (T, uj) 4 6y, T T (T, uy).
Inserting the two formulae into the definition of F'(h, T, ®; x1, x2) in (1.3),
we get 25 terms. In (4.1), if we enumerate the five terms on the right side
respectively by 0,1, —1,2, —2, then each of these 25 terms can be written as
Chy ey (0, T, ;5 x1, x2) with ki, k2 = 0,%1, %2, which denotes the contribu-

tion from the product of the term k; of (4.1) for j = 1 and term ky of (4.1)
for j = 2. For example,

Cl,—l(h7 T7 ds; X1, XQ) = S (TZf— (T7 u, Xl))(TZQ_ (T7 —u, YQ))QS(U) du.
R



26 J. Y. Liuand Y. Ye

Thus, we get
(42) F<h7 Tvé; X17X2) = Z Ck1,k2(h7 T,@; leXQ)'
K1 l,[k2]|<2

We will estimate C, , (h, T, ®; x1, x2) separately in the following sections.
In this section we give estimates for C, o and Cy 1,. We have

Coo = T2\ g1r(TLu, x1)gor (=T Lu, x2)®(u) du.
R
Actually the above integral is on supp(®) = [b1, b2]. By Lemma 3.1,

(4.3) Z x1(D)X2(1)Co,0
X1,X2 mod ¢
b2
:TQS Z x1(D)g17(T Lu, x1) Z X2 (1) gor (=T Lu, x2)P(u) du

b1 x1 modgq X2 mod g

b2 T27b1
< T? S (e 2T )0g? g 4 e~ 1) du < log? q +

b1

< T2—b1 ,

where in the last step we have used ¢ < T%. However, by T'=% < ¢, the
above bound is

(4.4) T* " « T < ¢(q)TL.

We will need the weighted Brun—Titchmarsh theorem in our future ar-
gument.

LEMMA 4.1. Let z,y be any real numbers and k,l integers satisfying
1<k<yand (k1) =1. Then
Z logp » log? =
P o(k)log(y/k)

y<p<z
p=l (mod k)

Proof. By partial summation,

1 T lo
Yy %P Tg w(t k1),

y<p<z Yy
p=l (mod k)
where 7(t, k,l) denotes the number of primes p < ¢ with p = [ (modk).
By the Brun-Titchmarsh theorem (see for example [3, Theorem 3.7]), if
1 <k<t,(kl)=1, then
3t

(t, k1) < o) Tog(t/k)"
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From this and k£ < y, we deduce that

Z logp<< log x logy
yep<z P o(k)log(z/k)  ¢(k)log(y/k)
p=l (mod k)
[—osf__
) oR)tlog(t/k)
log? =

< (k) log(y k)’

This proves the lemma. =

For Cp,1 we make the substitution # = T'(Lu — logn), to get

Coq = =T\ i1 (TLu, x1) Y w(n, x2)ga(T(~Lu + log n))®(u) du
R n

= —% S 92(—$)Zw(”’X2)

n

T logn
><91T($+T10g7%><1)@<—+ 8 )dﬂ?

TL L
since supp(g;) = [—a, a]. Therefore,
(4.5) Z x1(DxX2(1)Coa
X1,x2 mod g
T ¢ r  logn _
=TI S 92(—@2@ LTI Z X2 (Dw(n, x2)

X2 mod g
x> xihgir(z + Tlogn, x1) dz.
X1 mod ¢
Now we should have
T logn
TL L
but, for large T, this implies

€ [b1, b2] = supp(®),

(4.6) T /2 < n < 27"

since x € [—a,a]. By Lemma 3.1, the sum over xj in (4.5) can be estimated as

@7 Y xiWgir(z + Tlogn, x1) < e 1w+ Tleanl/T)
x1 mod q

< e(—Tlogn-i—a)/(QT) < n—1/2'
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For the sum over y2 in (4.5), we use the definition of w(n, x) in (2.15):

48) > wn, x2)

o = > YQU)(MJ%W_%(‘%+#))

X2 mod g
Aln 1 1 .
@(q)%— <E+W> if n =1 (modq),
- 1 1
— (% =+ W) otherwise.

Putting this and (4.7) into (4.5), we get
(4.9) Z x1(1)X2(1)Con

X1,X2 mod ¢

<z S ga(=a)ldz Y| 3 Talw(nxo)

no X2 mOdq
x ‘ > agr(e+ TlOgn,Xl)‘
X1 mod g
T An) T 1
<<<p(q)z Z T+f Z E<<T
Th1 /2<n<2Tb2 Tb1 /2<n<2Tb2
n=l (mod q)

by Lemma 4.1 and the assumption ¢ < T?17¢.
The corresponding estimates for Cp _1,C41,0 follow the same lines, and

their upper bounds are just the same as in (4.9).
For Cj 2, we make the substitution x = T'(Lu — logv), to get

Z Xl(l)C(),g = 6X2T28 Z Xl(l)ng(TLua Xl){g <\/L5 + 03_1/2)

x1 mod q R x1 modgq 1

x ga(T(~Lu + log v)) d(v - [U])}@(u) o
~o oo {§ (G o )o( +2)

L
R
X Z xilgir(w +Tlog v, xa) d(v = M)} dx.

By (4.6) and (4.7), this is
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a 272

T T
<ot § o)l | Ldw— D) de < by 1
—a T"1/2
and therefore,
_ T
(4.10) > xax()Coz < T
X1,x2 modgq

The same bound holds also for the corresponding sums for Cyp 2 and C12.
Summarizing the estimates (4.3), (4.4), (4.9), and (4.10), we get

(4'11) Z Xl(l)Y2(l) Z Ck1,k2 < (P(q)TL'

x1 mod q k1 or ko=0

5. Estimates for Ciq +1. We begin with C7 ;. Recall that

Ci1 = TQS Z w(ni, x1)w(ng, x2)

Rni,n2
X g1(T(Lu + logni))g2(T(—Lu + log na))P(u) du
Z% S g91(x) Z w(n1, X1)w(nz, X2)

—a ni,n2

T log ny
X ga(—z + Tlog(nmg))q5<ﬁ -7 > dz,

where x = T'(Lu + log n1) is our new variable. We need to have —a < x < a
and —a < —x + T'log(nin2) < a in order to have a nonzero integral, but
when T is sufficiently large this is impossible unless n; = no = 1. Thus,
c 455T§ (@)ga(—2)8( =% ) d
= — x)go(—x — | dx.
1,1 X1YXx2 L _agl 92 TL

Since x/(TL) < by for large T', we have
(5.1) Ci1=0.

The same result is true for C_1 1.
Letting x = T'(Lu — logny), we have

Coip = T2S Z w(n1,X1)w(n2, X2)

Rmni,n2
x g1(T(Lu —logn1))g2(T(—Lu + lognz))P(u) du
:% | 91(2) Y wini, xp)w(ng, x2)

—a n1,n2

N9 x log ny
><g2< x+Tlognl>¢(TL+ i )daz.
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Thus, by (4.6),
> xaWxMCan

X1,X2 mod g

AT IDS o (g +

il (n il

T X1 15 X1 TL 7

n1 x1modgq
2

X — R
S Y v, m( o+ Tlog ™ ) da
n2 x2 modgq

which is

a

<<% S lg1 ()| Z ’ Z Xl(l)w(nhYﬂ‘

—a Tb1 /2<n1<27T%2 x1modgq

x>0 D %l n27X2)92<—$+T10g @>

ni
n2 x2 modgq

dz.

As before, we should have —a < z < a and —a < —x + T'log(n2/n1) < a
which implies that

—2a/T

nie

<ng < n1€2a/T7

and hence by by < 1,

n
Ing —ny| < %<<Tb2_1—>0 as T — oo.

Therefore we must have ny = n1, and consequently by (2.15) and (4.8),

> xiO%C-1a

X1,X2 mod q

< Y| aouew)|| X wOumn

T /2<n<2T%2 x1modgq X2 mod g

a

| 191(2)g2(—2)| da
n 2
< wz(Q)% > Aln) +% >y L

n
TP /2<n<2T"2 Tb1 /2<n<2Tb2
n=l (mod q)

We use again Lemma 4.1 and the assumption ¢ < T ¢, to get
(5.2) > xax()C-11 < 9(g)TL.
X1,x2 modgq

The upper bound for the corresponding mean value for C _1 is the same.
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We conclude from (5.1) and (5.2) that

(5.3) > xaOxe() D Crw < 9(g)TL.
X1,X2 mod g ki==%1
ko==+1

6. Estimates for the other Cy, ;,. We have

Cro = =0, T* | Y w(n, x1)g1(T(Lu +logn))
R n

X S 92(T(—Lu + logv)) <% + #) d(v — [v]) P(u) du

1

[e.9]

— % S Z 7, X1) S g2(—z + T'log(nv))

X (% + #) d(v — [v]) @(% - 10%”) du,

by changing variables x =

T(Lu + logn). For large T, the inequalities

—a <z <aand —a < —z + Tlog(nv) < a are impossible unless n = 1
Consequently,

T a
CLQ = _25X2 Z S gl(.%')@(i)

TL
—a

[e.9]

X S g2(—z + T'logv) (% + #) d(v — [v]) dz.

1
Since z is bounded and T large, we have x/(T'L) < by, and therefore
(6.1) Ci2=0.

The same result is true for Cy1,C_1 2, and C_o _;
To estimate C_; 2, we note that

Co19=—6,T" S Zw(”>Y1)91 (T'(Lu — logn))

R n
T 1 1
X § 92(T(—Lu + logv)) (ﬁ + m)@(u) d(v — [v]) du
= —d, %S (x);w(n,yl) § gl<—x+T10g%>
1

« <ﬁ + 031/2> d(v — [v])¢<—% + 10%”) da,
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which is
T @ 27b2
<0 | § Ehotl|o(-o+Tios )| dt - bl i
faTbl/g n

Note that the inequalities —a < x < a and —a < z + log(v/n) < a imply

(6.2) ve 20/T <y < ge2a/T,

There is at most one n in the above interval, since the length of the interval is
ve?/T — ye=2/T « % <T» 150 asT — .

Therefore,

> |w(n, X1)]

Ue—Qa/TSnSvGZa/T

v logn logv
g1<x+Tlog—>‘ < Z & <<i,
ve_za/TSTLSUeQa/T

and consequently,
a 2TP2

T 1
Co12 <oy, J oy %L d(w — [v]) da < 8, T 1.
—aTb1 /2
Hence
(6.3) > xaWX()C1s < @(q)T' 0
X1,x2 mod q

The corresponding sums for Cy _2,Cs _1, and C_51 have the same upper
bound estimate.
Now we turn to Cz 2:

Ca2 = 0y, 0, T | &(u) du

R
X g Sgl(T(Lu+logv1))gz(T(—Lu+logvg))
11

« <\/1U_1 + v§/2> <\/1v_2 + v§/2> d(vr — [vn]) d(vs — [v3]).

On changing variables this is seen to be

= 0y, 0 g1(z) dzx

T
X2ZS

X

T 1
S g2(—x + Tlog(vwﬂ)@( ’ o8 1)1)
1

TL L

i
x <1 = 3/2) (\/1”_2 + U§/2> dor — [o1]) d(va — [v3]).
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We should have 7% /2 < vy < 27?2 because of the support of ®. Therefore,
the two inequalities —a < x < a and —a < —x + T'log(vivy) < a cannot
hold at the same time. Thus,

(6.4) Co2 = 0.
Similarly C_o o = 0.
Using the method for C_1; we have
Coa2=0y,0,T" | ®(u) du

R
X S Sgl(T(Lu—logvl))gg(T(—Lu—i—logvg))
11
1 1 1 1
=Syt | or(@)da

o
V9 T log vy
— Tlog — |®| —
" §g2< ot OgUl) (TL+ L >

i
. (} " 1/) (=~ 1/) d(or = [o1]) d(oa ~ [e2)

b o
s s T70 T dn = [or]) d(vs — [va))
K0 7 S S 1/2 1/2
Tb1/2 1 U1 Vg
X S g1()go <—:c + T'log %) dx.
Appealing to (6.2), we get
2Tb2 ’U1€2a’/T
T d(v1 — [v1]) d(vz — [v2])
C 22 < Jy 0y, 7 S —7 S ——
Tb1/2 U1 vie—2a/T Uy
27%2
d('l}l — ['1}1]) T
ouby 7 | —— <abu
Tb1/2
Therefore,
T
(6.5) Z X1(DX2(1)Cz2 < I
X1,X2 mod g

The same upper bound holds for the corresponding sum for Co _».
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Summarizing the estimates (6.1), and (6.3)—(6.5), we get

— T

(6.6) Yo oxx®) D Cum< I
X1,X2 mod g k1,ke==%1or £2

Now we can complete the proof of Theorem 1.1 by inserting the estimates
from (4.11), (5.3), and (6.6) into (4.2). =

7. Distribution of primes in arithmetic progressions. Now we
study the distribution of primes in arithmetic progressions. Let £ > 1, whose
value will be specified later. Let g(z) be a function satisfying

(7.1) supp(g) = [-1,1], g¢(z) >0 forxz e (—1,1)

in addition to (1.1), and let h(r) be as in (1.2). Now we define

7 wmEen=T 3 TR~ logn)
n=l (mod q)

In (7.2), the n has to satisfy —1 < TL{ — T'logn < 1, that is,

(7.3) Tée VT < < TS,

The length of the interval (7.3) is

(7.4) TE(eMT — e V/Ty ~ o,

and therefore ¥ (T, &; q,1) is a weighted function counting primes in the arith-
metic progression n = [ (modgq) and in the interval (7.3) with the short
length (7.4).

Introducing the Dirichlet characters, we have

(7.5) VT G0l) =~ 30 x(OTS (T.E7),
x mod g

where S~ (T, &,%) is defined as in (2.9).

Let 1/2 + iy go over the zeros of L(s, x) within 0 < Re(s) < 1. Now we
apply the explicit formula (2.7). For large T, the inequality —1 < TL¢ +
logn < 1 is impossible, hence T'S* (T, &, x) = 0, and consequently,

_TS_ (T7 vK) = 5XP(T7 5) - Z h<%>6_iL’y£ + TgT(TLg, X)
Y

By Lemma 3.1,

> x(Dgr(TLE x) < e elogq + e H4/2 <« 7742,
x mod g
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if we assume logq < T for some positive §. This together with (7.5) gives

(7.6) U(T,&q,10) = %(])P(T’g) — <p(1q) Z Zh< ) —iLNE

x mod g
T1—§/2
(@] .
i < v(q) )
Let
Sw)=Zw;h T8 = > x Zh( ) —iyLE=v),
x mod q

Obviously X'(0) is the sum over v in (7.6); it will be bounded via GRH and
Conjecture 1.2.

LEMMA 7.1. Leth, g satisfy (1.1), (1.2), and (7.1). Then for q < T¢717¢,
2(0) < @()V?TLY2.

Proof. The Sobolev—Gallagher inequality states that if f(u) has a con-
tinuous derivative on [—1/2,1/2], then

1/2 1/2
Ol < § If@ldut | |f(w)ldu.
—-1/2 —-1/2
Suppose ¢ € CH(R) with supp(¢) = [~1,1]. Then
1/2 1/2
(7.7) 202 < | [Z0)Z@)dv+ | [2@)}?dv
~1/2 ~1/2

< (§12@)Pow) a) " (15 w)Pow) dv)
R R
+ | 1Z()o(v) dv

R
We need to estimate the integrals on the right hand side of (7.7). First,

[I2)Pow)do = X%@Zh(%)g(%)

R X1,x2 mod g 1,72
% S e—i(’Yl—’Y2)L(§—v)¢(U) dv
R
- o a()i(2)
X1,x2 mod g V1,72

X S e~ tn=r2)lw g e 4 p) dw.
R
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Letting ®(v) = ¢(£ +v), we get @ € CL(R) with supp(®) = [€ — 1,& + 1],
and therefore the last integral above equals f(Lv1/(27), Ly2/(27)) by §1.
By GRH, all the v above are real, and so by (1.2) we have h(r) = h(—7).
Let h(r) = (h(r),h(—r)). Then by (1.3),

(78)  JIZ@Pe@)dv=" Y xaxeOFMm,T, X1, x2).
R X1,x2 mod g
Since ¢ < T¢717¢, we can apply Conjecture 1.2 to (7.8), to get
(7.9) J 12(@)Po(v) dv < @()TL.
R

To estimate the other integral on the right-hand side of (7.7), we note
that

2

¢(v) dv

S x> oh <%> ye—ILE=)
2 O E (R e (i)

X1,x2 mod q V1,72

By (1.1) and (1.2),

g(a) = [ h(r)e'™" dr,

and consequently

Let H(r) = ih(r)r. Then
H(r)= Sg’(x)e_mg dz,
R

and so ih(r)r = ih(—r)r = —H(—r), where we have used GRH and h(r) =
h(—r) as before. Now let H = (H (r), —H(—r)). Then the right-hand side of
(7.10) becomes

—7% > xa%()F(H,T,%;x1, x2),

X1,x2 mod q

to which Conjecture 1.2 also applies. Thus, by an argument similar to that
leading to (7.9),

[/ (0)Po(v) dv < o(q)T°L.
R
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Inserting this and (7.9) into (7.7), we get X(0)? < (q)T%L. This proves
the lemma. =

From (7.6) and Lemma 7.1, we conclude the following weighted prime
number theorem in arithmetic progressions in short intervals.

THEOREM 7.2. Assume GRH and Conjecture 1.2. Let q be prime and
(I,q) = 1 with | # £+1 (modgq). Let h and g satisfy (1.1), (1.2), and (7.1).
Then, uniformly for & > 1,

/ —¢/
(7.11) W(T, & q,1) = P(T,¢) +O< TLY?2 =€ 2>‘

_l’_
(a) e@'?  vlq)
Theorem 1.3 is a corollary of Theorem 7.2.

Proof of Theorem 1.3. The main term in Theorem 7.2 is

P(T.§) T2
©(q) w0) ©(q)’

where
h(0) =\ g(z)dz >0

by (1.2) and (7.1). Let & > 2 be arbitrary, and ¢ large. Then one can always
find T such that

TL1/2 T1—£/2 TE/Z
20( o+ ) < S

e'2(a)  »(a) (q)

TI1/2 T1-¢/2

A2 e@ )
where C'is the constant implied in the error term in Theorem 7.2. For this T,
Theorem 7.2 and the first inequality in (7.12) assert that ¥(T,&;q,1) > 0,
that is, there is a prime py = [ (mod ¢) lying in the interval (7.3). From this
and the second inequality in (7.12), we conclude that
po < T¢e'T < p(q) €D logyq.

The desired result now follows from choosing a suitable £. »

(7.12)

<sc(
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