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segments of the critical line
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1. Introduction. In 2001-2006, A. A. Karatsuba [K2]-[K5] obtained
a series of lower bound estimates for the maximum of the modulus of the
Riemann zeta-function ((s) on circles of small radius lying in the critical
strip 0 < Rs < 1, and on very short segments of the critical line Rs = 0.5.
These results were further developed in [G], [Fe], [C1], [C2].

In particular, it was proved in [K5] that the function

F(T:H) = 0.5 + it
(T;H) |tfnT?§H‘C( + it)]

satisfies
1 5InT
1.1 F(I':H) > — —
(1.1) (T3 H) 2 16 exp{ G(W/a—l)(cosh(aH)—l)}’
where « is any fixed number, 1 < a<m, 2 <aH <InlnH — ¢, and ¢; >0
is some absolute constant. Given ¢ > 0, it follows from (1.1 that for any
T > To(e) and for H > 7 Y1 + &)InInT — ¢, the function F(T;H) is
bounded from below by some constant:
F(T;H) > ¢ = f=exp (—1.7e7e) > 0.

In [K5], A. A. Karatsuba posed the problem of proving F(T; H) > 1 for
the values of H essentially smaller than Inln 7", namely, for H > InlnlnT @

In this paper, we give a conditional solution of Karatsuba’s problem,
based on the Riemann hypothesis. Moreover, we prove that for an arbitrarily
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(M) IfInlnT < H < 0.17, then R. Balasubramanian [Bal proved that
3 In H
F(T;H - .
(T3 H) > exp (4 lnlnH)
This bound is supposed to be close to best possible. Thus, estimates of F(T;H) for
0 < H < InlnT are most interesting.
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large fixed A > 1 there exist positive constants Ty and ¢y that depend on
A such that F(T;H) > Aforany T > Ty and H = (1/7)InlnlnT + ¢y (see
Theorem 4. 1J).

The method used here is applicable to the estimation of both the maxima
of the function

1€(0.5 4+ it)| = exp(In (0.5 + it)|) = exp(R1In (0.5 + it)),

and the extremal values of the function
1 1
S(t) = - arg (0.5 + it) = ;Sln €(0.5 +1it)

(for the definition and basic properties of S(t), which is called the argument
of the Riemann zeta-function on the critical line, see the survey [KK]).

Estimates of the maximum and minimum of S(¢) on very short inter-
vals of ¢t are of significant interest, together with the classical estimates of
maxrp<i<or(£5(t)) belonging to A. Selberg [S1] and K.-M. Tsang [T1], [T2].
Estimates of the form

max (+5(t)) > f(H),

{t~T|<H
where
1 In H 32
) =gV inme (DI D)5 < H <T,
or
1 VinH L
= v <H< /2
f(H) 900 i’ Inln7T < H< (InT)(InlnT)"/=,

have been obtained in [Kol] and [Bo2], [Bo3|, respectively.

In this paper, we prove the existence of positive and negative values of
S(t) with modulus exceeding 3, on each interval of length H = 0.8InlnInt
+co (see Theorems . For comparison, we note that from the calcula-
tion of the first 200 billions zeros of ((s) on the critical line (S. Wedeniwski
[W], 2003) it turns out that

IS(t)| <1 if7<t< 280,

IS(t)] <2 if 7<t< 6820050,

IS(t)] <3 if 7<t<16220609807.
The first values of S(¢) which exceed 3 in modulus are located near the
Gram points t, (see §4) with n = 53365784979 and n = 67976501145 and
are equal to 3.0214 and —3.2281, respectively. At present, no values of ¢ such
that |S(t)| > 4 are known.

Since the function S(t) is “responsible” for the irregularity in the dis-

tribution of zeros of ((s), Theorems and imply some conditional
results related to the distribution of Gram intervals G,, = (t,,—1,t,] which
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contain an “abnormal” (that is, # 1) number of ordinates of zeros of ((s)
(see Theorems 5.2).

The paper ends with a proof of Theorem on the distribution of non-
zero values of an integer-valued function 4,, introduced by A. Selberg [S2]
in connection with the so-called Gram law.

In this paper, we use the following notation: A(n) is the von Mangoldt
function, equal to Inp for prime p and for n = p¥, k =1,2, ..., and equal to
zero otherwise; A1(n) = A(n)/Inn (n > 2); coshz = (e* + e7%)/2; K,(2) =
exp(—acosh z) (a > 0); f denotes the Fourier transform of the function f,
that is,

o
fwy= | fle)ee da;

—0oQ
||| = min({a},1 — {a}) is the distance between « and the closest integer;
p1 =2, pa =3, p3 =5,... are the primes indexed in ascending order; §2(n)
is the number of prime factors of n counted with multiplicity; 6,01, 05, ...
are complex numbers, different in different formulae, whose absolute value
does not exceed one. All other notation is explained in the text.

2. Auxiliary assertions. In this section, we give some auxiliary lem-
mas.

LEMMA 2.1. For any m > 1, the numbers
1
2
are linearly independent over the field of rationals.

1 1 1
1, %1112, %ln?), Inb5, ..., %lnpm

Proof. Assume to the contrary that there exist integers k > 0, k1, ..., kp,
not all zero and such that

k k .
k+-—In2+ 23+ + -Zlnpy, =0,
2T 2 2T

or, what is the same,
1 a
2.1 k——In-=0
(2.1) 2T b ’
where a and b are coprime integers not both 1, whose prime factors do not

exceed p,. Exponentiating (2.1]), we get
(2.2) e*™ = a/b.
If £ = 0 then (2.2) contradicts the fundamental theorem of arithmetic. If

k > 1 then e™ appears to be the root of the polynomial bz?* — a. This is
impossible in view of the transcendence of €™ (see for example [El §2.4]). »
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LEMMA 2.2. [K,(\)| < ke P for any real X with
k= k(a,b) =2 S exp(—a(cosb) coshu) du,
0
where b is any number with 0 < b < w/2.

The proof repeats almost verbatim that of [Ko2, Lemma 4].
LEMMA 2.3. Suppose that \ is real and |\| > av/2. Then

~ 2V/27 Al
Ka()\> = m eXp<—2) (COSga()\) + Ta()\)),
where
e 2
da(N) = VN — a2 — || ln<|)\| + H) + 5 e < A7,
a a
and

. _{9.3 if a>1/v2,
“ 18207 if0<a<1/V2.
Proof. Without loss of generality, we assume that A > 0. Take R > 1 and

denote by I'g the boundary of the rectangle with vertices at +R, +R—7i /2,
traversed counterclockwise. Cauchy’s residue theorem yields

4
S Ka(z)e_i/\z dz = ZIk =0,
I'r k=1
where Iy, I3 are the integrals along the upper and lower sides of the contour
and Io, I, are the integrals over the lateral sides.
Further, it is easy to note that

R
-1 = S Ko(u)e™ ™ du,
-R
R . R
I = S K, <u o ?)e—i)\(u—m/m du — e~ ™2 S i) du,
—R -R

where ¢,(u) = asinhu — Au. Set z = R — mwit/2, where 0 < ¢t < 1. Since
|Ka(z)| — e—acosh(R) cos(7rt/2)’ we get

1 1
‘14’ < ™ S 6—acosh(R) cos(mt/2) dt = ™ S e—acosh(R) sin(7t/2) dt
2 0 2 0
1
s m
< 2 { ,—atcosh(R) dt < )
-2 (S)e ~ 2acosh R
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The same bound is valid for the integral I5. Hence,
R R

; ; 0
Ka —i\u _ —7A/2 ia(u) 777
S (u)e du=c S ° du+ acosh R
Letting R tend to infinity, we obtain
I?a()\) = 6—7r)\/2 S ei@a(u) du = 26—#)\/2%‘%()\)’ ja()\) — S 6i<,oa(u) du.
—00 0

The derivative ¢/, (u) has a unique zero on the ray of integration at the point

g = arccosh(A/a) = In(A/a 4+ /A2/a? — 1).
Setting u = ug + v, where —u, < v < 00, and noting that
©aq(u) = a(sinh ug cosh v + cosh ug sinh v) — Aug +v) = —Aug + A\pa(v),
where 1, (v) = acoshv + sinhv — v, @« = /1 — (a/\)?, we find that

o
Jad) = e | ) gy,
U
Suppose that 0 < § < min(1,u,, A~*/3). Then we represent jq(\) as the sum

) -5 oo
e—i)\ua( S + S + S)ei)ﬂ/)a(v) dv = e_Mua (]1 +J2 + ]3)
—§ —Uq 19

We have ) ,
balv) = $a(0) + ¥, (00 + ¥ (0) 5 + 0O

for |v] < §, where & lies between 0 and v. Since ¢, (v) = asinh v +coshv —1,
"(v) = acoshv + sinh v and wég) (v) = asinhv 4 cosh v, we have 1,(0) =

a(0) = e, 95(0) = 0, and
113 (€)| = |arsinh & 4 cosh | < sinh [¢] + cosh & = elél < & < e.
Hence,

2 6)3

Apa(v) = u—i—u% + eA%, f=ar=+v/A_aZ

Let us define o(v) by the relation exp(ief\v®/6) = 1 + o(v). Thus we get

ieX 5 1 fiex 2\® 1 [fied, 5\°

6)\ 3 1 e 1 (& 2 _ 6/6 3 3)\ 3

lo(v)] =
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Therefore,

j1:§em<WAjmﬂ>ﬂ+g@»m

2
-5
5 .9 5 £4? v
o s 3A 5 ]2 edw 301 4
—e“§6exp(2>dv+291§)5v dv—e“\/; §) N +ﬁ)\5'
Replacing the last integral by an improper one and noting that
T e dw : T e dw 2
— 7T'L/4 < -
R S B
we find that
]2 ; 202+/2 0
jl _ ew\/7<\/;em/4 + M) + 371/\54
H \/ o 10
27 ity 4 3x51
— )25 pilptmi/) g [ 2 227
i e + 3<M5 + 10 >
for any u > 0. Further, integration by parts in jo yields
iMpa(—6 iMpa(—uq =0
ﬁ:;cdw>_e¢<>_semmwil)
D\ 0 e ) o)
and hence
-5
1 1 1 1
T )
LR (s vy rm TR B e
Since
A2 —a?  sinhu, tanh
= = = 1n as
“ A cosh uy, aniu

the derivative ¢!/ (v) = coshv (o + tanhv) is positive for v > —u,. Thus, the
function 1/¢/(v) decreases for v > —u,. Hence,

YR L [
72| < /\<w2(_5)| + [ (—uq)] _§m d%(v)>

1 ( S SRR BN >
AL (=0)]  [Wa(=ua)l  Po(=0)  va(—ua) )
Since /,(0) = 0, we have ¢/, (v) < 0 for negative v and therefore

2
o| < ——————.
= i)
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Further, we have

1) 1)
a cosh — — sinh —

)
|4l (—6)| = |asinhd — coshd + 1] :QSinh§ 5 5

>0 5

Since A > av/2, it follows that a > 1 / v/2 and hence
1
« cosh é — sinh é > — cosh g — sinh é

2 27 V2 2
)
o) 21\ 2 4!
_<5+1<6)3+1<
2 31\ 2 5!

, 0
|wa(_5)| > 57

The proof of the inequality [j3| < 2(A)(5))~! is just the same. By the
relations v/ () = asinh§ + cosh§ — 1 > ad > 6/+/2, this implies that

1)
acosh§ —sinh’.

Finally we get

73] < 2;\{55 < /?5
Therefore,
Jut et gs = V2 /et oy,
where

|r|<i+&64+g+i_£+&54
U= 10 pé  pé  pd 10 °

Thus we conclude that

Ja(A) = 4 /271-/” ei(u+7r/4—>\ua)(1 +79),

o] < u<17+3>\54><1< 17 +3)\3/254>
=Vaor\ws T 10 ) T A\ Vasv | 10v2 )

If av/2 > 1, we put 6 = (7/8)A~%/%. Since A > av/2 > 1, the inequalities
§ < 1,6 < A1/3 are obvious. Moreover,

g = In(Ma+ /(A a)2=1) > In(v2+1) > 7/8 > 6,

and hence § < min(1, A3, Ug). Thus, in this case we have

1 /8-17 3 /7\*
< (2224 2 [ Z) AV L g3)\01,
Iraf < ﬁ(?‘{/ﬁ * 10\@(8) >

where
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If a/2 < 1 then we set § = (a/\)%/°. Then A > a/2 implies that
< (1/V2)¥5 <1, af <a(1/V2)° =av2/8 < A/8 < A,
and a2/5 < X/15 = X\2/5-1/3 Thus, § < A~'/3. Finally, since 22/ <

In(z +v/x2 — 1) for any = > /2, we find § < u,. Therefore, in this case, the
inequality & < min(1, \='/3,u,) is also valid. Thus

1 /17 3a?
o < —( —= + a~2/5)\"1/10 - g 9,=04\—0.1
VT V2 10V2

Finally we get

Ra(n) = 2672, / T%(eiw*w”/@u 1))

=24 / e ™2 (cos(p — Aug + 7/4) + 1),
W

where |r| < ¢, 7% is such that ¢, = 9.3 for av2 > 1 and ¢, = 8.2a=%* for
0 < av2 < 1. Lemma 2.3 is proved. =

COROLLARY 2.4. Under the conditions of Lemma[2.3]
e~ TIAl/2
VI
where k, = 61.5 for av2 > 1 and Kk, = 54.1a=04 for 0 < av2 < 1.
Proof. Lemma [2.3| together with the condition |\| > av/2 implies that
R for e-TIA/2 7/4
K. ()] < 2 ) < Me—mw
VIA \/T VIA

where r = ¢g|\|” 1/10, Using the above expressions for ¢,, we get the desired
bound. =

1Ka(\)| < Ka

(1+7),

LEMMA 2.5. Suppose that the function f(z) is analytical in the strip
1Sz < 0.54 a, where it satisfies |f(2)] < e(|z| + 1)~ A5 with some positive
B and c. Then

23) | f@m¢O5+i(t+u)du=")_ A;(g) n""f(Inn)
—0 n=2
—0.5 0.5
+27T<Z S fly—t—iv)dv— S f(—t—z'v)dv)
£>0.5 0

for any t, where o = 8 + iy in the last sum runs through all complex zeros
of ((s) to the right of the critical line.

This assertion goes back to A. Selberg (see for example [S1, Lemma 16]).
In [KK|, Ch. II, §2], [T1], there are some variants of this lemma, where f(z)
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satisfies slightly different conditions. These proofs can be easily adapted to
the case under consideration.

LEMMA 2.6. If the Riemann hypothesis is true then

o0

24) | Ka(ru)In¢(0.5 +i(t + ) du
o % 0.5
_1 Z Ali(n)n*”f(a (lnn) —27 S Ko (mt + miv) dv
g n=2 \/ﬁ g 0
for any real t.

Proof. We take an arbitrary § such that 0 < § < 1075 and set z = z+1y,
f(z) = Ko((m —9)z), a = §/(4m). Since

cos{(m — 0)y} > cos{(m —6)(0.5+ )} > sing > 2«

for any y such that |y| < 0.5+ «, we have
’f(Z)’ _ e—acosh{(ﬂ'—é)x}cos{(ﬂ'—&)y} < 6—2ao¢cosh{(7r—(5)x} < C(‘Z’ + 1)—(1+,3)

for suitable constants § = f(«), ¢ = ¢(«) and for any x. The application of

Lemma [275] yields
(25) | Ka((r = 8)u)In¢(0.5 + it +u)) du
1 > Al(n)n_itA Inn \ WO'E) o o)) do
‘w—% 7 Ka(w_(;) 2 (S)Ka(( 0)(t + iv)) dv.
Set

-]

and suppose 0 is so small that N > Ny = e™V2 Now we split the sum
in into sums C7,Cy and C3 corresponding to the intervals n > N,
Ng < n < N and n < Ny, respectively. Using Corollary with A =
(1/7)Inn > ay/2, we obtain

1 Aq(n) ) 7 Inn
< . —=
|Cl’_7r—5n>N Vn 615 Inn exp( 277—5)
61.5 A(n)
< .
- 7r—5nz;vn(lnn)3/2

The application of Abel’s summation formula together with the bound

(2.6) Y(u) =Y A(n) <ciu, ¢ =1.03883

n<u



358 M. A. Korolev

(see [RS, Th. 12]), which is valid for any u > 0, yields

v AW ) - (V) d—
N

= n(lnn)3/2 (Inw)3/2

< —c Tud# =c 2 + !
= ) w2 T T\ VinN T (N2

Using the inequalities In N > In(1/6) and 0 < § < 1075, we get the estimate

123c1 1 1 75
N = W) ( 21n(1/6>> < e

Similarly,
‘ Ay (n) it <lnn)‘ 74.9
— < —.
vyt Vn ™ In(1/9)
Thus we get
it <lnn> 149.9
Z K = )+ 75
TN ™ In(1/9)

Further, we represent C5 as

5 A () Ly M,

N()<n<N No<n<N
where
d _[? <1HTL> ( Inn ) OSO K ( )( 191 *’L<P2)d
n — Da| 7/ | — Ba = al\U)\€ U,
T T—20 o
ulnn ulnn
Y1 = , P2 =
T T—30
Since
i _ . P1— P2 Slu|lnn
i1 _ gmie2) — 9lgin T1 P2 <o) — ] =
e e %2 sin —— ‘ < |p1 — 2| w(x—0)
we obtain

5|u\ Inn

| fule o) dy < 0.016 Inn.

—0o0
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Using the bound ({2.6) again, we get

A it
> \1/(5) n''d,| <0.016 ) f

No<n<N No<n<N
N
e(N) 1Y v ) ~ 01
<0010 ——= + = du | <0.02¢10VN < ——,
(m 2§ w2 ' In(1/3)
and hence

1 Ai(n) _y - (lnn> 0.16
Cy = "Ko| — | + —.
2 52 " T In(1/9)

Finally, the error arising from the replacement of @ — § by 7 in the last

expression does not exceed
) Ai(n) |~ (Inn 61.50/T
_— K, — 2
m(m —9) Z vn a(ﬂ')‘_ m(m —9) Z lnn3/2< 50

No<n<N

in modulus. Therefore,

L~ (1 1
Ly 4 —“Ka<n”>+9<255+0>.
T NoomiN @ In(1/6)
Thus, takes the form
27 | Ka((r = 8)u)In¢(0.5 + it +u)) du
1 Ai(n) _y, ( Inn ) 1 Ai(n) it <lnn>
= =K, + = K,
ﬂ-_dnSNo vn T—20 7rn>ZN0 NZD s
0o 150
— 27 S Ko((m—90)(t +iv))dv+ 9(255 + >
0 In(1/6)

The integrals on both sides of (2.7) and the sum Cs over n < Ny are con-
tinuous functions of §, 0 < 6 < 1075. Letting § tend to zero leads to the
desired statement. Lemma 2.6 is proved. =

3. Basic lemma. The classical ‘Dirichlet approximation theorem’ as-

serts that for any fixed vector (aq,...,q,) with real components and for
an arbitrarily small e, 0 < ¢ < 0.5, the interval (1,¢), ¢ = ™™, contains a
number ¢ such that ||to;]| <e,j=1,...,m.

Its standard proof (see, for example, [VK|, Appendix, §9, Th. 4]) does
not yield the existence of a t with the above property in every interval of the
type (T, T + c1), where ¢; > 0 is a constant depending only on (aq, ..., )
and e.
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In this section, we prove the analogue of Dirichlet’s theorem which is
free of the above disadvantage @ However, the replacement of (1, ¢) by an
arbitrary interval (T,T + c¢;) leads to a loss of generality (the condition of
linear independence of 1, a1, . . . , oy, over Q appears) and to non-effectiveness
of the constant ¢; = ¢1(ay, ..., am;e). The last fact is a reason for the non-
effectiveness of the constants ¢y and 7y in Theorems 4.1 (co and Ny
in Theorem respectively) and for the impossibility of replacing A in
Theorem by some increasing function of T

LEMMA 3.1. For any vector @ = (1,aq,...,q,) whose components are
linearly independent over the rationals and for any 0 < € < 0.5, there exists
a constant ¢ = c(a, ) such that each interval of length ¢ contains a t such
that |[taj|| <e, j=1,...,n.

Proof. The proof is preceded by some remarks.

REMARK 3.2. Let [ be the line in R"*! parallel to @ and passing through
the origin, and let X = (z¢,21,...,2,) be a point. Then the distance d =
d(X) between X and [ is given by

1
(3.1) d=-— Z Afj, where |a|= [1+ Z oz]?,
[ 0<i<j<n 1<j<n

and A;; is the minor of the matrix

1 o1 ... apn
)
g X1 ... In

formed by columns i and j. Suppose that the lattice point M = (mg, mq,
..,my,) satisfies d(M) < &1 = ¢|a|™t. Then
> A<
0<i<j<n

and therefore
(3.2) |A01| = |a1m0 — ml\ <&, ..., |A0n’ = |a1m0 — mn| <eE.
Since 0 < ¢ < 0.5, the inequalities (3.2)) imply that || t|| < e for any
1 < j < n, and for t = my.

Thus, it suffices to prove the existence of an infinite sequence of points
M; of the lattice Z"*! lying in the e-neighborhood of I and such that the

distance between any neighbouring points M; and M is bounded from
above by some constant depending only on @ and «.

(?) The author sincerely thanks O. N. German and N. G. Moshchevitin who kindly
communicated to him the idea of the proof of Lemma
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REMARK 3.3. Set

g1 elal™?
T n+1  n+1
and denote by Cjs the infinite cylinder of radius § with axis / in R+, Suppose
that there exist Ky,..., K11 € Z"+! inside Cj such that the vectors v; =
O—K;-, j=1,...,n 41 are linearly independent. Then vy, ...,U,4+1 generate
an integer lattice £ in R"*! with fundamental domain IT, where IT is the
parallelepiped spanned by Ty, ..., Un41-

It is known that any shift IT + & of IT by a vector & € R™*! contains a
point of £ which is also a point of Z"*!. Further, IT is obviously contained
in the cylinder C;; = (n+ 1)Cjs of radius (n + 1) = &1, coaxial to Cy.

Hence, any shift IT + & with & parallel to @ is fully contained inside C,.
At the same time, this shift contains some lattice point M (£).

Choosing vectors Zj in such a way that the shifts IT + Zj are pairwise

disjoint, we find the desired infinite sequence Mj; = M (€;) (see Fig. 1).

In .
H+&q
My
m+&; !
My
a ., Siv1-”
L’ @n_l_l o -
.7 1
3
NN
51 \\\\\6 \\\ O /// //,’ xo
A S
N
\ -

Fig. 1. Any shift IT + Zj of the parallelepiped IT contains a point M; of Z"*?.

Thus, taking &; = jeoa, j = 0,£1,42,..., where co = 2(|[v1] 4 -+ +
[Un+1]) is twice the sum of the lengths of the edges of IT issuing from the
same vertex, one can check that the first coordinate of {;, which is equal
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to jcp, differs from the first coordinate m&) of M; by at most |v1] + ---
+ |Un+1] = 0.5¢p. In view of Remark each of these first coordinates

satisfies Haim(()])H <ei=1,...,n+ 1. Since

\m(()j) - m(()jﬂ)’ < (j +1)co + 0.5¢co — (jeo — 0.5¢0) = 2co,
any interval of the type (7,7 + 3¢p) contains a point of the sequence m(()j ) ,
j=0,£1,4+2,....
Thus, it suffices to prove that any cylinder C5 with axis [ contains n 4+ 1
linearly independent vectors of Z"*1.

Now let us prove Lemma 3.1. First we show that Cs contains an infinite
set of lattice points.

The line ! does not contain lattice points different from the origin O.
Indeed, otherwise d(K) = 0, ko # 0, for such a point K = (ko, k1,...,kn)
€ Z"*+!. Hence Ag;j = ajky — k; = 0 for any j = 1,...,n, and therefore
a; = k;/ko € Q. But this contradicts the linear independence of 1, aq, . . ., vy,
over the rationals.

Let 2, be the n-dimensional hyperplane passing through O and per-
pendicular to [. Then the n-dimensional volume V7 of the ball Cy N (2, is
Vi = ¢(n)d", where ¢(n) = 72T "1 (n/2+1). Now define H; by the relation
H1V; = 27! and consider the (n+1)-dimensional cylinder T of height 2H
cut out from Cs by two hyperplanes parallel to {2, and at distance Hy from
the origin.

Since the volume of 17 is 2H;V; = 2", Minkowski’s convex body theorem
(see for example [GL §5]) implies that 77 contains a lattice point /NV; different
from O.

Without loss of generality, we can assume that IV is closest to [ among all
such lattice points of T7. In view of the above remark, Ny ¢ [, so d(Ny) > 0.

Further, set 6 = 0.5d(N7) and define Hy by HaVa = 271 Vo = ¢(n)d%.
Applying the same arguments to the cylinder T3 of radius d5 and height
2H,, symmetrical with respect to the origin and coaxial to 717, we find a
lattice point No # O inside it, closest to [. Since d(N3) < dy < d(Ny), we
have Ny # Njp. In view of symmetry of both T} and 75 with respect to O, we
can assume that N; and Ns lie in the same half-space with boundary (2,,.

Taking d3 = 0.5d(Nz), H3V3 = 271 V3 = ¢(n)é%, we construct in the
same way a cylinder T3 of radius d3 and height 2H3 and find a lattice point
N3 inside it, which differs from O, N1, N> and lies in the same half-space
with boundary (2,.

Continuing, we get an infinite sequence of different points N; of Z"*!
in the same half of the cylinder Cs with respect to {2, and satisfying 0 <
d(Nj+1) < 0.5d(Nj), j =1,2,... (see Fig. 2).
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Tn

Fig. 2. An infinite sequence of lattice points N;

Now we proxitl;le existence of n + 1 linearly independent vectors among
the infinite set ON;, j =1,2,....

Assume to the contrary that the maximal number s of linearly indepen-
dent vectors from this set does not exceed n. Let @y, . ..,us € Z" ! be such
vectors and let ws be the s-dimensional hyperplane they span.

Then w, N Cs contains an infinite sequence of points N; of Z"*!. Hence,
this intersection is unbounded. But ws N Cs is unbounded if and only if wy
is parallel to the line [ or contains it (see Fig. 3).

In the first case, all the distances between N; and [ are bounded from
below by some positive constant (the distance between ws and [). But this
is impossible since d(N;) — 0 as j — oo.

Fig. 3. The intersection of Cs and ws is unbounded.
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Now, if [ C ws then @& is a linear combination of the form @ = t1u; +
-+ + tsus. Denoting the components of u; by ugj, uij, ..., unj, we get
trupr + -+ -+ tsups = 1,
tiuig + - - +tsurs = g,

(3.3)

tiupy + -+ - + tstns = Qp.
Since Wy, ..., us are linearly independent, the (n + 1) x s-matrix of their
components has rank s. Hence, it has s linearly independent rows; let
0 <i1 < -+ <ig <n be their indices. If necessary, we put oy = 1 and

consider the corresponding subsystem of (3.3)),

tluill +---+ tsui1s = Oy,

trugn + -0+ tsuys = g,

Its determinant is a non-zero integer. Cramer’s formulas imply that the
unique solution of this system has the form

1 =Ty, + 0+ risoyg,

ls =rs10q + -+ rssg,
where r;; are some rationals. Since s < n, there exist at least one equation
in whose index j differs from i1, ...,7s. Thus we get
aj = tiugr + -+ tsujs
= (rog, + -+ T1sais)uj1 +.o o+ (rao, +oo-F Tssais)ujs
= QO+ gsQs,
where q1,...,qs € Q, contrary to linear independence.

This contradiction implies that the hyperplane w,; does not contain the
line I. By Remark [3.3] this proves the lemma. =

COROLLARY 3.4. For any vector & = (1,a1,...,a,) whose components
are linearly independent over the rationals, for any tuple of real numbers
B,y Bn and for any 0 < & < 0.5, there exists a constant ¢ = c(@,¢)

such that each interval of length ¢ contains a t such that ||toy + Bj]| < €,
j=1...,n.

Proof. We use the notation of Lemma [3.1] The above arguments imply
that the cylinder C' with radius e; = e|a|~! and axis [ passing through the
origin and parallel to @ contains an (n + 1)-dimensional parallelepiped IT
with vertices in Z"1.
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Then the cylinder Cy = C + 8, where 8 = (1,041,...,3,), contains
the parallelepiped IIy = IT + B. Any shift of II contains a lattice point.
Hence, both IIj and any parallelepiped II; which is the shift of IIy by a
vector Ej = coja, j = £1,£2, ..., parallel to the axis of Cy, contain points
of Z"t1. 1t is easy to note that the parallelepipeds IT ; have no common
points.

Finally, let M; = (myo,...,my) be a lattice point in II;. The distance
between M; and the axis of Cy does not exceed e1. At the same time, this
distance is expressed by , where A;; is the minor of

1 aq e ap,
mo m1—51 mn_ﬂn
formed by columns i, j. Hence,

|Aj] = [moc; — (my — By)| = [moa; + B —my| < e

for any j, 1 < j < n. Since ¢ < 0.5, we obtain |moa; + 5;|| < €. To
end the proof, we note that the first coordinates mg of the points M;
form an increasing sequence, whose neighbouring elements differ by at most
to 360. u

4. Large values of the Riemann zeta-function on the critical line.
In this section, we give a conditional solution of Karatsuba’s problem based
on the Riemann hypothesis. We also prove a series of statements concerning
the existence of large values of the function S(t) on short intervals of the
real axis.

THEOREM 4.1. Suppose that the Riemann hypothesis is true, and let A be
an arbitrarily large fized constant. Then there exist constants co = co(A) > 0
and Ty = To(A) such that each interval of the form (T — H,T + H), H =
(1/m)InlnlnT + ¢, T > Ty, contains a point t such that |((0.5 + it)| > A.

Proof. Fix a > 1 satisfying

(4.1) ea,/% >In A.

Taking real parts in (2.4)), we obtain

(42) | Ko(ru) I [¢(0.5 +i(t + u))| du
0.5

1 Ay(n) = (1
——— Z 1(71)Ka (nn) cos(tlnn) — 2w S REK (7t + wiv) dv.
g n=2 \/ﬁ T 0
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Taking ¢t = 0 in (4.2]) and noting that K,(miv) = e~ *“™  we have

(4.3) OSO Ka(mu) In|C(0.5 + iu)| du = % i M) (hl’”‘)

—0o0 n=2 \/ﬁ &
0.5
— o S efacos(m)) dv.
0

Further, the relation |K, (7t + miv)| = e~@cosh(mt)cos(mv) jmplies that the
modulus of the last integral in (4.2) does not exceed

0.5 0.5
4.4 9 —a cosh(7t) cos(mv) dv = 2 —a cosh(7t) sin(7v) d
(4.4) 7T§J e v =27 [S)e v<acosh(7rt)

in modulus. Subtracting (4.3]) from (4.2]) and using (4.4)), we find

[e.e] [e.e]

45) | Ko(ru)In[¢(0.5+i(t + u)|du— | Kq(ru)In[¢(0.5+ iu)| du
_9 Of ~acos(mv) g, _ 2 i M) p (lnn ot L
o 0 c Y T~ Vn A\ 7 )° g M cosh(mt)’

Let ¢, N satisfy 0 < € < 0.5, N > Ny = e™V2 and depend only on a;
their precise values will be chosen below. Applying Lemmas and we
find a constant ¢y = cp(a) such that each interval of the real axis of length
¢p contains a point 7 such that ||(7/(27)) lnp|| < € for all primes p < N. Let
t in to such a 7 from (7,7 + o).

Given a prime p < N, we define an integer n, and a real ¢, satisfying
lep| < € such that (t/(27))Inp = n, + €, Then

t
sin? (2 In n> = sin®(mkn, + mke,) = sin®(rkey) < (mke)?

for any k > 1 and n = p*.
Let C be the sum on the right-hand side of (4.5)). Denote by C; and
Cs the contributions to C' from the terms corresponding to n = p¥, k > 1,

p < N and from all other terms, respectively. Then
2 k|~ (Inn
C1| < =(me)? Kol — )|
< 2mey Y ()
n

k>1,p<N
We split the domain of n into the intervals n < Ny, Ng <n < N andn > N
and denote the corresponding parts of the sum by C3, Cy, C5. The estimate
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|K.((1/7)Inn)| < K4(0) implies

Oy < 202R(0) Tkt

p<Np k=1
—2
=277 K,(0) > 1 (1 - 1)
p<No \/ﬁ \/ﬁ

< 2me? (1 - 1) _21? (0) L
= a .
\/5 p<No \/]3

Let us use the inequality

2.784\/x
Z* < 2T84va

lnz ’

p<m

which can be verified for 2 < z < 1.5-10° by using Wolfram Mathematica 7.0
and follows from [RS| Th. 2, Corollary 1, (3.6)] by Abel’s summation formula
for z > 1.5-10°%. Thus we get

Tra/\@

a

5] < 45.962K,(0)5—— < (7¢)2e™/ V2R, (0).

Further, Corollary implies

iy BLBYT rl
|Cy| < 27e? kp k2. exp(—lnp )
Ng§<N VEklnp T

n=p"

Vk -
= 12371/7 &2 E < 123w/ e? E — E kp_k
k [i—
No<n<n P Inp p<N vinp k=1
n=pF

1 1\ 2 p
< 123my/m 2 (1 — > <123myme?y ———
Zpvip\ p ; (p—1)*vInp

< 3000&2.

Applying Corollary together with |D and noting that In N > 7av/2 >
ﬂ\@, we find

|Cs| < -

) 61. S\f 123 Z
vnlnn lnn 3/2‘
Abel’s summation formula together with the bound

=) A(n) <ciu, ¢ =1.03883

n<u
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(see [RS, Th. 12]), which is valid for any u > 0, implies

v AW ) - (V) d—

= n(lnn)3/2 N (Inw)3/2

o0

< —c S udil =c 2 + !
= ) w2 T T\ VinN T (N2
Since In N > way/2 > Tr\/i, we finally get

]C\<E 2¢1 ( N 1 )< 160.5
= Va vinN U 2mv2) T VN
and so
O] < |Chl + |Cul + [C5| < (762K, (0)e™/V2 + 300022 + 2905
- ¢ VIn N
Applying the same arguments to Cg, we obtain
) 61. 5\f 160.5
Co| < = .
| 7;\, \f \/nlnn VIn N
Thus
|C| < |Cy] +|Ce| < (75)2I?a(0) ma/V2 4 30002 + 521
- VInN’
and therefore
(46) | Ka(mu)In|¢(0.5 +i(t + )| du
> 71'/2 o0
>2 | em 5 dy 42 | Ky (ru) In[¢(0.5 + iu)| du
0 0

= 321 s
. 2Ka na/V2 2 )
((75) (0)e + 3000e“ + JnN + cosh i

Now we estimate the modulus of the improper integral on the right-
hand side of . We split it into integrals j; and js over 0 < u < 10 and
u > 10, respectively. Since |In [{(0.5 + iu)|| < 0.641973... < 2/3 — 1/50 for
0 <u <10, we find

10
2 1 1/1 1 ~
j o) K, —( = - — ) K,(0).
m|<<3 50)§ <wu>du<ﬁ<3 100) (0)

Further, the formula for K,(0) from [O, Ex. 9.1] implies that

(4.7) Tema\/2r/a < K,(0) < e7%\/27/a
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for a > 1. Hence,

lja] < = e~ ST 1 ¢(0.5 + iu)|| du

5>
=
5—38

< Aa(O)gea, / % S exp(—0.5ae”“)}ln |€(0.5 + zu)H du

10

— a(o)iea\/g S exp(—0.5a(em - 4)) ‘ln |€(0.5 + ZU)H du.

10
Since 0.5(e™ — 4) > 2u? for u > 10, we find

)

)

|ja] <

)

a(o)ooef%2 In [C(0.5 + iu)|| du
a(0)1§0 I [¢(0.5 + iu)|

.8 N
< K, (0)=e /% 1521078 < 1.5 - 107%°K,(0).

7
Thus we get
g1l + l72] < 7IT<:13 — 1(1)O> RKa(0) +1.5-1079K,(0) < K§7(r0).
Obviously,
w/2 /2
S e—asinv dv Z S e~ W dy = %(1 o e—na/2).
0 0
Therefore, implies
i 2
(48) | Ka(mu)m[¢(0.5 +i(t +w)| du > ~(1—e ™)
—00

\/lnN+ 3 +cosh7rt

Further, we set h = (1/7)(Inlnln T — In(a/2)) and split the integral

—((75)21?a(0)e”/ﬁ+300052+ 321 | Kal0) u )

h 0o —h
(S + S + S )Ka(ﬂu)ln\g(0.5+i(t—|—u))|du=j3+j4+j5-
“h h —oo

The formula
1

s—1

where p(u) = 0.5 —{u}, ®s > 0, s # 1 (see [K1, Ch. II, Lemma 2]), implies
that 0 < |¢(0.5 + iv)| < |v| 4 3 for any real v. Hence,

—o0 < In|¢(0.5 +v)| < In(|v| + 3).

((s) = du,

1 oo
+2+S§
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Passing to the estimate of j4, we get

[e.o]

—00 < ja = | Ko(mu) n[C(0.5 + it + u))| du
h

< | Ko(ru) In(Jt + u| + 3) du
h

<§ ?) a(mu) In(|t + uf + 3) du = jg + jr.

Estimating the integrals jg and j; separately, we find

o0 o0

1 d
Jjeé < In(2t +3) S exp(—0.5ae™) du = — In(2t + 3) S ew Y
h T 0.5ae™h v
1 T ,dw  In(2t+3) 1
= —1In(2t w— .
T n(2t+3) S c w < 7lnT InlnT
InlnT
Similarly,
o0
Jr < S exp(—0.5ae™) In(2u + 3) du
t
oo
<2 S exp(—0.5ae™)(Inu) du
t
2
< Zn(nt/2)e ™2 exp(—e/?).
T
Therefore,
—00 < ja = Jo + J7
In(2t+3) 1 1
71 9 —7t/2 _mt/2 )
AT 7 g R T ep=e) <
The integral j5 is estimated in the same way:
o
g5 = | Ko(mu)In |¢(0.5+ it — u))| du
h
o

< | Ko(ru) In(Jt — u| + 3) du
h

2t oo

_ <g n S)Ka(ﬂu)ln(\t—u! +3) du = js + jo,
h 2t
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where
_ o In(t+3) 1
<1 K,
J8 = n(t—|—3)§1 almu) du < 7lnT InlnT’

o0
2
Jo < S K(mu)In(u + 3) du < = In(nt)e” ™ exp(—e™),
T
2t
and hence j5 < (3InlnT)~1.
Going back to (4.8]), we obtain

h
(49) | Ko(mu)In |¢(0.54i(t+u))| du
—h
2 (2 _ o 321 2K,(0) 1
£ [ 2 —ma/2 2 wa/V2 2 a
> (ae +(7e)*Kq(0)e +3000e~+ rlN—i- 3 +lnlnT>
2 /(21 - 321 2K,(0)
2 (2o (7e)2 K, (0)e™/ V2 430002 o).
> (a 4+( £)°Kq(0)e + 44 TlN-i- ™

In view of (4.7]), the last expression in brackets does not exceed

1 2, |27 (x/VE-1)a p 321 2 o 27
5 + (7e) e + 3000e TN + 3¢ .

1/3 642a
< — (2 +2(7)2/2ra /2D L 600042 + )
2a <2 (7€) vVIn N

Now we set
6—2(1/3

~ 100v/a’

Then the left-hand side of the last inequality does not exceed

2
c _ (38520)%

2a<2+1006 5T T6)“u\37676) " a
Now (4.9)) implies that
h
(4.10) | Ka(mw) I [C(05+i(t+u)du> > — = = ©.
“h a a a

Denote by M the maximum of In|¢(0.5+i(t + u))| on |u| < h. Then (4.10)
implies that M > 0. Hence, the integral in (4.10|) is less than

h 00
M | Kq(mu)du < % | Ko(u)du= %f{a(oy

—h —00
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Using (4.7) and ., we find
M - 1 ~
TR0 >>, M>ZR0)> e/~ > A
s a 2a

a

To end the proof, we note that the distance between T and the point u
where the maximum M is attained, does not exceed

1
co+h=—(InlnlnT —1In(a/2)) + co.
T

The proof of Theorem 4.1 is complete. »

REMARK 4.2. In [FK], the following conjecture is stated: the probability
density of the random variable o(7T") with the values

t 3 t
— : — — — — <t <
2lnF(t727r)—i—211f1ha27T 2lnlnln27r, to <t<T,

tends to p(z) = 2e%Ko(2¢%/2) as T — oo, where K, (z) denotes the modified
Bessel function of the second kind. In [H], there are some arguments that
support the hypothesis that the inequalities

Int Int
—— < F(t;2 —_———
(Inlnt)?+e — (:2m) < (Inln¢)0-25—¢

hold for “almost all” ¢ in (T, 2T), for T — +o00 and for any ¢ > 0.
THEOREM 4.3. Suppose that the quantity

So=— > (—1)’“A1¢(E>Ka<lnn>= C‘Z ”)Al <h;n>

n=p2k+1

s positive for some a > 1. Then for any fixred ¢ > 0 satisfying 0 < € <
min(0.5, Sp) there exist constants ¢y and Ty depending on a and € only and
such that

SQ — &
t) > —=
[t—T|<H 7K,4(0)
forany T > Ty and H = (1/m)InlnlnT + ¢.
Proof. Taking real parts in (2.4)), we obtain

(4.11) =« OSO Ka(ﬂu)S(t—i-u) du

—00

Inn N7l
sin(t1 .
< T > in nn)—i_coshmf
Let €1, N be numbers dependlng on a, € and such that 0 < g; < 0.5,
N > e”aﬂ; their explicit values will be chosen later. By Lemma there
exists a constant ¢ = ¢(a,¢) such that each interval of length ¢ contains a
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point 7 such that

T 1

4.12 —1 -

(4.12) YRS

for any prime p < N. Take the parameter ¢ in (4.11]) equal to such a 7 from
the interval (7,7 + c).

Given a prime p < N, we define an integer n, and a real ¢, satisfying
lep| < €1 and such that

‘<€1

i Inp=mn,+e, — 1
2w PPy
Then
sin(tInn) = —sin(nk/2) cos(2mke,) + cos(wk/2) sin(2mwke))
for any £k > 1 and n = p¥, p < N. If k is even then [sin(tlnn)| =
|sin(27ke,)| < 2mkeq; otherwise, we have

sin(tnn) = (=1)E+D/2 cog(2mke,) = (—1)F+HD/2 — 20y (nkey )2

Let S be the sum on the right-hand side of . Denote by S1, 52 and Ss
the contributions to this sum from the terms corresponding to the following
conditions: n = pF, p < N, k odd; n = p*, p < N, k even; n = p*, p > N,
respectively. Then

(4.13) S = 1 > Al(”)f(a<ln”> (=) — 205 (7 (2k + 1)e1)?)

Obviously, the last sum in (4.13)) is less than

2metKa(0) Z 2k + ! =271l Kq(0) Y \}ﬁ (1 + 1> (1 - 1>2

p<N k=0 p<N p p

. 1 105e2K,(0)VN
<1272 K, (0 — < 1a )
RO Y <y

Further, we replace the interval p < N in the first sum on the right-hand side
of (4.13)) by an infinite one. The resulting error does not exceed (in modulus)

(4.14) 1 Z /11 <lr;n) 81

Kl N
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Hence, the difference between S; and Sy is less than

105e2K,(0)VN 81

+ .
In N vViIn N
Further
95| < 1 3 Al(”)u? (0)] - dmker < 2e1K4(0) Y ip_k
2] = = \/’71 a 1> 18 q
n=p2k p<N k=1
p<N,k>1
. 1 .
- 251Ka(0)§\[ i 3¢1K,(0)Inln N.

Obviously, the modulus of S3 does not exceed the right-hand side of (4.14)).
Therefore, S and Sy differ by at most

105e2K,(0)VN 162

N VN
We set h = (1/7)(InlnlnT — In(a/2)) and split the improper integral in
into integrals ji, jo and js corresponding to |u| < h, u > h and
u < —h respectively. If |v| > 280, Backlund’s classical estimate [B] implies
that
(4.15)  |S(v)| < 0.13611n [v] + 0.44221n1n v] + 4.3451
Inln280  4.3451
In 280 * In 280

< 1 (see [L, Tab. 1]). From these estimates, it
ninT)~!. Hence,

+ 361K,(0) Inln N.

< <O.1361 +0.4422 ) In |v| < 1.051n |v|.

Otherwise, we have |S(v)]
follows that |j2| + |73] < 2(1

h
(4.16) 7 | Ko(ru)S(t +u) du

—h
105e2K,(0)VN 162 . 3
> So — ( LN + %IHN-FBKQ(O)sllnlnN—i—lnlnT .
The expression in brackets is less than
1052 27 162 27 3
4.1 —Lr e /e InlnN
(4.17) o N a—i— rlN—i—Be aelnn +lnlnT
10e1)?V'N 162
L 10e)’VN | 16 + 3¢, Inln N.

+
In N vIin N

Now we take

- enf(2)). v (2])
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Then the right-hand side of (4.17)) is bounded from above by

€2+6 162\%) | (324 LE
— exp| —| — n| — — <e.
30 P € € 2
Since 0 < € < Sy, the right-hand side of (4.16]) is positive. Denoting M; =
max|,|<p S(t + u), we therefore have
h
My >0, Sp—e<aM | Ku(mu)du < MK, (0).
—h

Thus, M; > (So—e)K;1(0). Since the distance between T’ and the point t+u
where the maximum is attained, is less than H = h+c= (1/7)(InlnlnT —
In(a/2))+-c, the first statement of theorem is proved. The proof of the second
one is similar. The only difference is that ¢ is chosen now in (7,7 + ¢) to
satisfy

tl 1<
27rnp 4 el

for all primes p < N. =

The very slow convergence of the series Sy and the absence of the ana-
logue of the identity make the verification of the condition Sy > 0
very difficult. However, a small modification of the above proof allows one
to obtain a series of numerical results.

THEOREM 4.4. Let a,b, 7 be any positive numbers satisfying 0 < b <
/2, br > 0.5, v =br + 0.5, let N > 2 be an integer, and let

2\/p

Sn(u) = Z arctan <p—1 cos(ut lnp)).
p<N

Further, let

K = I’i(a, b) -9 S e—acos(b) cosh(u) du,

v =Tla-p) =¢tn [Ta-p7),

p>N p<N
I= %(S Kq(u)Sn(u) du — HIHCN(’)/)> > 0.
0

Then, for any fixred 0<e <eg(a, b, T), there exists a constant co = co(g;a, b, T)
such that

I—¢
S S0 > B

for any T > Ty(e;a,b,7) and H =7InlnlnT + ¢y.
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Proof. Setting f(u) = (1/7)K,(u/7) in Lemma[2.5and taking imaginary
parts, we get

17 U wh
4.1 — K, - t du = S S
(4.18) TS)O (T)S( +u)du=C+ acosh(t/T)
where
o 1 > /11(77,) s .
C= = ngzz NG K,(rInn)sin(rInn).
We denote

c=kr(4/3+7In¢(y)), eo=min(0.5,1/c,e/c)

and fix e; and N satisfying 0 < g1 < g9, N > 2. By Corollary there
exists a constant ¢y depending only on €1, N and such that each interval of
length ¢y contains a point 7 such that holds for any prime p < N.
Suppose that ¢ is such a value from (7,7 + ¢p). Similarly to the proof of
Theorem [4.3] we split the sum C into C1, Co and Cs. We get Cy = Cy+05CYy,
where

1 rA1(n) =
Co=— > (-1 NG Kq(rInn),
n=p2k+t1 k>0
p<N

Cy=2mel > (2k+1)°

n:p2k+1 , k‘ZO
p<N

/11(77,)

NG | Ko (T1Inn)|.

Moreover,

1 A ~
i<t 3 AR )

n=pk p>N

Lemma [2.2] yields

k oo
Colsder DL e =2 ) )

p<N k=1

2Kkeq

1_9-27 In ¢(27)
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‘03|§% Z n)::Zln(lpW_

n=pF, k>1 p>N
p>N

=S¢ [T =p) = Zmen(,

p<N
and finally

2k +1 _ o= 2k + 1
Cilgomed Y B oamed 33O

n:p2k+1,k20 p<N k=0 p

p<N
L+p™ 2 +2 o
_271'/661sz1_ _2W2§27m 2272

40
< Tﬂ/ﬁe% In (7).

Transforming the sum Cy, we obtain

(419) Co=2 Y (o) ogo Ko(u)e ™ gy

p;’v;lv,po vn —o0
:i(DS:OKa(u)( ;§k>0(1)k/1\1/(g)nlm> "
_ 71T_OS:O KAU)%(}?; (—1)* (p\_/ii7>2k+l> " .
“g | e {1257 -1 )

+ln< 1\’@) ln<1—iljg>}du.

TUT

For fixed p < N, we denote

- TUT ) :
L fafeer, zm=1-2
VP VP
where —7m < 1,92 < 7. Then the summands in braces in (4.19)) take the
form

z1=1+ = |zp|e'¥2,

InZo —Inzy +1lnz —Inzg = lnﬁ — hrli 2i(¢1 — p2).
Z9 Z1
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Writing oy, = w7 Inp and noting that

Sin « Z COS v
P P
21 — _|_ ,

VP VP

we find
Ccos &
tan o = tan(arg 21) = ( : »)/\/P _ cosqp '
1—(sinay)/\/p /P —sing,
Similarly,
tan o = tan(arg z9) = o cosap
o B2 VP +sinay,
Hence

t —t 2
tan(1 — ) = anp) —tanpy 2P cos a,
1+ tanpitanps p—1

and therefore

2
Y1 — Yo = arctan< \/131 cos ap),
p J—

Co = % S Z arctan<

0 p<N

o0

2yp cosap) du = % S K,(u)Sn(u) du.
0

Summing the above bounds, we conclude that the difference between Cj
and the right-hand side of (4.18)) does not exceed (in modulus)

K 4 407 T
—~1 - ——ke?l _
T nen () + ?)I%1 + 9 repnC(y) + acosh(t/T)

K 4 3
< Eingy(y) +mel<3 +71n4(7)) -

Let h=7(InlnlnT —In(a/2)). Splitting the integral in (4.18) as

K 3
:—1 _——_—
L) +een =

h 00 —h
j1+j2+j3=i<§ +)+ | )Ka<Z)S(t+u)du
—h h —00

and using the same bounds for S(u) as in the proof of Theorem |4.3] we find
lj2| + [43] < 3(InInT)~L. Hence,

h
Jj1= 1 S Ka<u>S(t +u) du > Cy — ElngN(fy) —ce1 =1 —cey.
T T i
Since 0 < €1 < I/e, the right-hand side above is strictly positive, and so is
My = max|,<j, S(t + u). Obviously, we have j; < M;K,(0), and therefore
M; > (I —¢)/K4(0). The lower bound of My = max|,|<p(—S(t + u)) is
established by similar arguments. »
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The condition I > 0 can be checked without significant difficulties. Let

I 1 /T

p= = = —— (| Ka(w)Sy(w) du— sln (7).
K,(0) 7K,(0) (S)

Taking a = 3, b = 7/5, 7 = 2/5 and choosing N = p,,, we obtain: n =

16500, © = 1.00507513...; n = 78000, u = 2.00632298...; n = 2500000;

p=3.00126370... > 3+ 1073, Thus we get

COROLLARY 4.5. If the Riemann hypothesis is true, then there exist con-
stants cg and Ty such that

max (+S(t)) > 3+ 1073
—T|<H

forany T > Ty and H=0.4IlnlnlnT + ¢g.

THEOREM 4.6. Suppose that the Riemann hypothesis is true. Then for
an arbitrarily large fited A > 1, there exist constants Ty, co and h depending
only on A and such that

lt_n%i‘gH(S(t +h)—S(t—h) <-A

for allT > Ty and h = (1/7) InlnlnT + ¢.
Proof. Fix a>1and 0 < h < 1. Replacing ¢ in (2.4) by t + h and t — h
and subtracting the corresponding relations, we obtain

o

(420) | Ka(mu)(In¢(0.5 +i(t+ h)) — In¢(0.5 +i(t — h))) du

— Z Al <lnn> sin(hlnn)n =%
i
0.5
—2m | (Ka(m(t + h +iv)) = Ka(n(t — b+ iv))) dv.
0
Taking imaginary parts in (4.20)), we get
(421) 7 | Ko(mu)(S(t+h+u)— St —h+u))du

-z Z Al <ln”> sin(h Inn) cos(tInn)

0.5
—20S | (Ka(w(t + h+iv)) — Ko(m(t — h +iv))) do.
0
If t = 0 then the integral on the right-hand side in (4.21]) has the form
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0.5
— 27y S e
0

—iasinh(mh) sin(7v)

e — €

—acosh(7h) cos(wv)( v

tasinh(wh) sin(ﬂv)) d

0.5
=4 S e~ cosh(mh) cos(mv) gi (¢ sinh(mh) sin(wv)) dv.
0
Hence,

(4.22) - ii Ailn) R@(m) sin(hInn)

NZD T

—4r S e~ cosh(mh) cos(mv) iy (g sinh (k) sin(7v)) dv

0

+7 S Kq(mu)(S(u+ h) — S(u— h)) du.

—00

Let €, N satisfy 0 < e < 0.5, N > e™V2 and depend only on a; their precise
values will be chosen below.

By Lemma given g, N satisfying 0 < e < 0.5, N > e’r‘“/i, there exists
a constant ¢ such that each interval of length ¢ contains a point 7 such that
I|(7/(27)) Inp|| < e for any prime p < N. Taking ¢ in to be such a
7 in (T,T + ¢), estimating the integral on the right-hand side of by
2m(acoshm(t — h))~! and using , we transform the right-hand side of

(21) 1o

0.5
(4.23) —dn S e~ cosh(mh) cos(mv) ¢in (g sinh(mh) sin(mv)) do
0
+7 | Ka(ru)(S(u+h) — S(u—h))du

Inn t 210
in(hl in?{ =1 _
< >sm( nn)sin <2 nn>+acosh7r(t—h)

The sum over n on the right-hand side of (4.23)) is estimated in the same
way as the sum C' in Theorem 4.1 and does not exceed

R 321
2 (76)2 K, (0)e™/ V2 4 30002 + >
<( ) Ka(0) VIn N

in modulus. In view of (4.15)), the improper integral in (4.22)) does not exceed

279 o) —279
or | Ka(m)duﬂ(g + | )Ka(m).z.un(|uy+1>du
—279 279 —00

< 2K4(0) + 107199K,(0) < 2.1K,(0)
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in absolute value. Hence, changing the signs in (4.23)), we get
(424) 7 | Ko(mu)(S(u+h) = S(u—h))du
05
> 4w S e~ cosh(mh) cos(mv) i (g sinh(mh) sin(mv)) dv
0

_ 3210 _ o
— 2 (76)2K,(0)e™/ V2 + 30002 21K, (0) + — " ).
<( ) (0)e + et VIn N + (0) + acoshm(t — h)

Now we take h = (27a)~! and estimate the integral on the right-hand side
of (4.24) from below. Since
2 2
sin(asinh(rh) sin(7v)) > sin <aﬂ'h : TH)) =sinv > —v,
™ T
8
77
the integral under consideration is greater than

1
cosh mh < cosh 3 <

0.5 9 /2
A S e—(Sa/7) COS(ﬂU)*UdU _° S e—(Sa/7) CosSWy Aoy
5 s w2 ]
w/2 /4
_ ﬁ S e—(Sa/?) sinw( T w | dw > g S 6—(8a/7)sinw dw
2 2 o
0 0
2t 7 7 0.33
> Z —(8a/Tw - (1_ —2ma/T - —27/7 299
_7r§)e dw 47ra( c )>47ra( € )> a
Therefore,
T 0.33
v S Ko(mu)(S(t+u—h) = S(t+u+h))du> Y
> 642 ~ 2T
— (2(72)2K,(0)e™/ V2 4 30002 2.1K,(0) + ——— ).
< (Fe) Ka()e B Vin N " 0=+ acoshm(t — h)

Let Hy = (1/m)(InlnlnT — In(a/2)). Then the sum of the integrals over
(—o00, —Hp) and (Hp, o) on the right-hand side is less than (Inln7T)~! in
modulus. Thus we get

Hy
(425) | Ka(ﬂu)(s(t+u—h)—S(t+u+h))du>?
—Hy

N 642 . 2
— [ 2(7¢)2K,(0)e™/ V2 2L 77 191K, .
( (7e)*K4(0)e + 6000* + TN + (0) + Y
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Suppose now that a > 8 and take ¢ = e~24/3/(65\/a), N = e(©19)* ¢) = 216,
Then
(2(7€)2K,4(0)e™/ V2 4 6000 < 98=%e~%\/27/a e™/ V2 + 6000<>
98y/27 010 1 6000 e—4a/3 _ 102
652 +a a 652 a a ’
642 642 1072 - 1 5-1073
= 2.1K,(0 2.1e”%/2mra =~ .
Vin N 216a< a ’ al )+lnlnT< € 7ma< a
Thus, the right-hand side of (4.25)) is bounded from below by
0.33 <2 -1072 5. 10—3> 0.3
- + > =,

a

a a a

Hence,

My = max (S(t+u—h)—St+u+h)) >0,
lu|<Ho

and the left-hand side of (4.25) does not exceed MOIA(G(O). Therefore,
3K;71(0) 3e et

My > > > .
0 10a 10v27ma 10\/5

Choosing a > 8 such that

ea

10v/a

we arrive at the assertion of the theorem. m

In [M], [Bal, [Kol], [K5] and [Bol], one can find some other examples of
application of the function K,(z) to the theory of ((s).

The key ingredient in the proof of the unboundedness of |{(0.5 + it)| on
the interval |t —T'| < InlnlnT is the presence of the term

> A,

0.5
27 S e—acos(m}) dv

0
on the right-hand side of (4.3)). It follows from the proof of (2.3) that the
pole of ((s) at s = 1 is the reason for the appearance of that term. Hence, it
would be of interest to prove an analogue of Theorem for functions that
are “similar” to ((s) but have no pole at s = 1 (for example, for Dirichlet’s
L-function L(s, x4), where x4 is a non-principal character modulo 4).

5. The distribution of zeros of the zeta-function. The above theo-
rems allow one to establish some new statements concerning the distribution
of zeros of the Riemann zeta-function. Here we also suppose that the Rie-
mann hypothesis is true.



Large values of the Riemann zeta-function 383

Let N(t) be the number of zeros of ((s) whose ordinate is positive and

does not exceed t. It is known that
t t t

1 7
N(t) = ;ﬁ(t) +1+8(t) = oo —o-+g +St)+ 0™,

where J(t) denotes the increment of a continuous branch of the argument of
7=%/2"(s/2) along the line segment joining s = 0.5 and s = 0.5 + it. Then
the Gram point ¢, (n > 0) is defined as the unique solution of the equation
Wtn) = (n — D)7 with 9/(¢,) > 0. It is easy to check that the number of
zeros of ((0.5 4 it) lying in the Gram interval G,, = (¢,,—1,ty] is equal to

(5.1) N(tp,+0) = N(tp—1+0) =14 A(n) — A(n —1),
where A(n) = S(t, + 0). Since the interval [0, 7] contains

%ﬂ(T) +0(1) = N(T) + O(InT)

Gram intervals G, there is precisely one zero of (0.5 + it) per one Gram
interval G, “in the mean”. That is why the difference A(n) — A(n — 1) in
is the deviation of the number of zeros of ((0.5+it) in the interval G,
from its mean value, that is, 1.

In 1946, A. Selberg [S2] proved that the interval G,, contains no zeros of
¢(0.5+ it) for a positive proportion of n, and contains at least two zeros for
a positive proportion of n at the same time. These facts show the evident
irregularity in the distribution of zeta zeros.

However, nothing is known about the distribution of the Gram inter-
vals Gy, which are free of zeros of ((0.5+ it). The theorem below establishes
an upper bound for the length h = h(t) of the interval (¢,t + h) which
certainly contains an “empty” Gram interval G,,.

THEOREM 5.1. Suppose that the Riemann hypothesis is true and let €
be any fized positive constant. Then there exist constants Ty = To(e) and
co = cole) such that any interval [T — H,T + H|, where T > Ty and
H = (1/m)InInInT + co, contains at least N = [0.1y/gexp((7e)~1)] Gram
intervals Gy, = (tn—1,ty] that do not contain zeros of ((0.5+ it). Moreover,
there exist at least N among the above “empty” Gram intervals that lie in
the same interval of length €.

Proof. Let a = (me)~!, h = (2ma)~! = 0.5¢ and suppose ¢ is so small
that M = e?/(10y/a) > 5. By Theorem [4.6] there exist constants Ty = Tp (<)
and ¢; = c1(e) such that

‘t_r%ilgH(S(t +h)=S(t—h) <-M

for any T' > Ty with H = (1/7)InlnInT + ¢;.
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Let k be sufficiently large and suppose that tx_1 < a < b < 5. If S(t)
has no discontinuities in (a,b), then the Riemann-von Mangoldt formula
together with Lagrange’s mean value theorem imply that

(5.2) S(b) —S(a)=(b—a)S(c) = (b—a) <— In = + 0(1)>

2r 27
1 tr
= _(b_a)(Lk+O(1))7 Ly=—In_— )
2 27

for some a < ¢ < b. The relation (5.2)) also holds true if a or b coincides with
the ordinate of a zeta zero. In those cases, one should replace S(a),S(b) by
S(a+0),S(b—0), respectively.
Suppose that vy < --- < () are all the ordinates of zeros of ((s) lying
in [a,b], and let K(q), ..., K@) be their multiplicities. Then (see Fig. 4)
(5.3) S(b-0)—S(a+0)
=(S(b—=0) =S +0) + (Styw +0) = S(ywy — 0))
+ (SO = 0) = SV -1y +0)) + -+ + (S(va) +0) = S(v1) — 0))
+ ( ")/(1) — S(a + 0))
=Ky + ... + K(k) — (b - a)(Lk + 0(1)) > *(b — a)(Lk + 0(1))
—(tk — tkfl)(Lk + 0(1)) =-1- 0(1).
Now we define m and n from the relations ¢, 1 < 7 — h < tp, t, <

T+ h < tpy1. Suppose first that neither of the two points 7 + h is the
ordinate of a zeta zero. By (j5.3)), we have

S(tm —0) = S(r—h) >—-1—-0(1), S(t+h)—S(t,+0)>—-1-0(1),

and hence
(5.4) A(m) =Sty +0) > S(tm —0)>S(t—h)—1—0(1),
(5.5) A(n)=S(t,+0) < S(t+h)+1+0(1).

Subtracting from , we find
A(n) — A(m) < M +2+0(1) < M + 3.
Suppose now that 7 + h is the ordinate of a zero of {(s) of multiplicity
k > 1. Then implies
S(tr+h—0)—S(th—1+0) >—-2—0(1),
and therefore
(5.6) An—1) (T+h)+2+0(1)

S =S(t+h)—05k+2+o(1)
S(T+h)+1.5+0(1).

<
<
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k(2)

& o S . o —

0 a Y) Y(2) Y(k) b t

Fig. 4. At each point -,y of discontinuity, the function S(t) makes a jump equal to the
multiplicity of the ordinate 7(,y, that is, to the sum of the multiplicities of all zeta zeros
with this point as ordinate.

In view of , we get
An—1)—A(m) <M +25+0(1) < M + 3.
Similarly, if 7 — h is an ordinate of a zero of ((s), then
S(tm+1 —0) — S(t—h) > =2 —o(1),
and hence
(5.7) Am+1) = S(tmg1 +0) > S(tms1 — 0)
>S(t+h+0)—2—0(1)>S(t—h)—1.5—0(1).
Taking into account, we find
An) —Am+1)<M+25+0(1) < M +3.

Finally, suppose both 7 4+ h are the ordinates of some zeros. By (5.6 and
(5.7), we then have
An—1)—A(m+1) < M+3+0(1) < M+3+107"
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The above estimates imply that the smallest difference among A(n — i) —
A(m+7), 0 <1i,j <1, does not exceed M + 3 + 10~* in any case. Denote
by n1 and m; the corresponding values of n — ¢ and m + j and set N =
[—(M + 3+ 107%)]. Since N > 1, we get

(5.8)  (A(n1) —A(n1 — 1))+ (A(np — 1) — A(ny — 2))
bt (A(my 1) — A(mi)) < —N.

Formula implies that A(k) — A(k — 1) > —1, with equality if and
only if the Gram interval Gy is free of zeros of (0.5 + it). Thus,
means that there are at least N negative differences (i.e. equal to —1) among
A(k) — A(k—1), k = m+1,...,n. Hence, there are at least N intervals
among G, k =m +1,...,n, which are free of zeros of (0.5 + it).

To end the proof, we note that
a

> 106:1/5 —4 > 166\/6 = fexp((ﬂe)_l) > 0.1y exp((me) ™),

and that all the G, kK = m + 1,...,n, are contained in the interval
[T —h, 7+ h] of length 2h =¢. =

Corollary [4.5]implies a similar (but weaker) result for the distribution of
the intervals G,, containing at least two zeros of ((s).

N

THEOREM 5.2. Suppose that the Riemann hypothesis is true. Then
there exist constants Ty = To(e) and co = co(e) such that each interval
[T — H,T + H|, where T > Ty and H = 0.8lnlnlnT + ¢y, contains an
interval Gy, with at least two zeros of ((s).

Proof. By Corollary for sufficiently large ¢ and Hy; = 0.4lnlnlnT}
+ ¢, the interval (17 — Hy,T1 + H;) contains a point 71 such that S(r;) <
—3—1073, and (T} + Hy, Ty + 3H;) contains 79 such that S(m3) > 341073,

We define m, n by t,, < 11 < tipt1, tho1 < 72 < t,. Using the same
arguments as in the proof of Theorem together with the inequalities
1 < 79, S(12) — S(11) > 6+2-1073, we find

S(t1—0) = S(tm +0) > -1 —0(1),
and hence
—A(m)>—-S(m1—0)—1—0(1) > =S(m1) — 1 —o(1).
Similarly,
S(tn +0) = S(12) = (S(tn +0) — S(tn — 0)) + (S(tn — 0) — S(12 + 0))
+ (S(r2 +0) = S(12)) > —1 —o(1),
so A(n) > S(m) — 1 — o(1). Therefore,
A(n) — A(m) > S(m) — S(m1) —2—o0(1) > 4.
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Thus, A(k) — A(k — 1) > 1 for at least one k = m + 1,...,n. In view of
, the corresponding Gram interval GG contains at least two zeros of
¢(0.5+1it). This interval lies in [Th — H1, T} + 3H1 + t, — tp—1] whose length
is less than 1.61nlnln7} + 4¢ + 1073. Setting c¢g = 2¢ + 10_3, we arrive at
the desired assertion. m

Let 74, > 0 be the ordinate of a zero of ((s). Given n, we consider the
unique number m = m(n) such that t,,—1 < 7, < t,,. Following Selberg
[S2], we denote A,, = m — n. It is known (see [S3| p. 355, Remark 1] and
[Ko3]) that A, # 0 for “almost all” n. Moreover, one can show that the
number of n < N satisfying

A, < -2 _VInlnN
/2

1t 2 Inlnln N
N{—= | e™ /2du+0<>>
<\/27r io vinln N
for any = (see [Bo4, Th. 5] and [Ko4, Th. 4-6]). Given N > Ny, Theorem
allows us to point out an M = M (N) such that the interval (N, N + M]

certainly contains an n with A,, # 0. Moreover, the following assertion holds.

is

THEOREM 5.3. Suppose that the Riemann hypothesis is true. Then there
exist constants Ny and co = co(g) such that the interval (N, N + M], where
N > Ny and

1
M = g—(lnN—i—CO)lnlnlnN,
™

contains n, m with A, =3, Ay, = —3.

Proof. We precede the proof by some remarks.

Firstly, the analogue of the intermediate value theorem holds true for
the function S(¢). Namely, if 7 < 7 and S(71) > S(m2) then for any o with
S(m2) < a < S(71), there exists 7 € (71, 72) such that S(¢) is continuous at
7 and S(7) = « (see [Kob, proof of Th. 3]).

Secondly, S(t) is an integer if and only if ¢ is a Gram point (see [Kobl,
proof of Th. 1]).

Suppose now that T is sufficiently large. By Corollary for sufficiently
large ¢; > 0 and h = 0.41nlnlnT+¢q, the interval (T, T+3h) contains points
71 < 73 such that S(m1) > 3+1073, S() < —3 — 1073. By the first remark
above, there exist t € (71, 72) such that S(t) = S(t+0) = —3. By the second
remark, this point is a Gram point, that is, t = t,,, S(t,, +0) = A(v) = —3
for some vy.

Similarly, we prove that each of intervals (T'+ (45 — 1)h, T + (45 + 3)h),
Jj=1,...,5, contains a Gram point ¢, such that S(t,, +0) = A(y;) = 3.
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Now we take T = t. Since
h=04Inlnlnty +¢; < 0.4lnlnln N + ¢y,

the index v defined by tny, < T + 23h < tny,41 satisfies

1 23h 23h
= ~(I(tnty) — O(t 29 (tvg) < o= InN < M.
v=—((tne) = 9(tn)) < —— 9 (tvey) < 5 -InN <

Hence, (N, N + v] contains at least six indices vj, j = 0,...,5, such that
A(vj) = —3. It is known (see [Kod, Lemma 2]) that the number of indices
in the same interval satisfying A,, = 3 differs from the above quantity by at
most 3+ (3 — 1) = 5 in modulus. Hence, it is positive.

The proof of the second assertion of the theorem is similar. It uses the
fact that the difference between the number of indices n satisfying A,, = —3
and the number of indices with A(r) = 3 lying in the same interval, does
not exceed |-3|+|-3—1|=7. =
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