ACTA ARITHMETICA
136.4 (2009)

Multiple zeta values for coordinatewise limits
at non-positive integers

by

YOSHITAKA SASAKI (Nagoya)

1. Introduction. The multiple zeta function of depth k is defined by
1
Ck(slv"‘vsk‘) = Z S1 . Sk !

0<ny<-<ng m R

where s; (¢ = 1,...,k) are complex variables. When s; (i = 1,...,k) are
positive integers with s; > 2, the multiple zeta function (x(si,...,sg) is
absolutely convergent and its values are called multiple zeta values. Euler
evaluated several special cases of double zeta values. Further, he showed
a very interesting formula which is the origin of the sum formula in [4].
At present, a number of relations among multiple zeta values are known,
for instance, the sum formula [4], [5], Hoffman’s relation [6] and Ohno’s
relation [11].

On the other hand, Atkinson [3] investigated the analytic properties of
the double zeta function and gave the analytic continuation of (2(u,v) to
consider the mean square of the Riemann zeta function on the critical line.
Atkinson’s essential tool is the Euler-Maclaurin summation formula and
the Poisson summation formula. Generally, the meromorphic continuation
of (x(s1,...,sk) was given by Zhao [12] by using distribution theory, and
independently by Akiyama, Egami and Tanigawa [1] by using the Euler—
Maclaurin summation formula. Further, Matsumoto [9] showed the mero-
morphic continuation of more general multiple zeta functions by using the
Mellin—Barnes integral. A functional equation for the multiple zeta function
which holds for any depth, similar to that for the Riemann zeta function,
has not been discovered yet. However, Matsumoto [10] found a functional
equation for the double zeta function.

In this article we deal with multiple zeta values at non-positive integers.
Values of the Riemann zeta function at non-positive integers can be written
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by using Bernoulli numbers. Hence we are interested in similar expressions
for multiple zeta values at non-positive integers. In this case, we must take
care of the singularities of the multiple zeta function. The multiple zeta

function (x(s1,. .., sk) has singularities on
(1.1) s =1,
(1.2) sp_1+sp=2,1,0-2 —4,...
and
J

(1.3) Y simin1 €Z<;  (=3,4,....k),

i=1
where Z<¢ is the set of integers less than or equal to §; Z>¢ is defined similarly.
As can be seen from (1.3), each point (s1,...,s;) = (=71,...,—7T%) € Zl%o is
a singularity of the multiple zeta function. It is known that (—ry,...,—rg)
is a point of indeterminacy of (x(s1,...,sk) (see [1]): both the local denom-
inator and the local numerator of (x(si,...,sg) vanish at (—ry,...,—rg).
Therefore the values of (x(s1,...,sk) at (—ry,...,—rg) depend on the lim-

iting process. In [2], Akiyama and Tanigawa gave some formulas for the
regular and reverse values, which are defined by

Ce(—=r1y.,—rg):= lim --- lm (p(s1,...,s%),
S1—>—"1 Sp——Tk

F(=ri,...,—rg) = lim --- lim Cp(s1,...,sk),
Sp——Tk S1——T1

respectively. These values can be found by using recurrence relations as in
Lemmas 3.1 and 3.2 below. Further, Akiyama and Tanigawa considered the
central values given by

CF (=r1sey —rg) = lim G (—r1 4,00y =1y +e).

For the central values, one could also apply Lemma 3.1 or Lemma 3.2. How-
ever, this may be difficult when the depth & is large. Kamano [7] considered
the multiple Hurwitz zeta function

Glst,ooskia) == Y : (a € Rxo)

0<my <---<my, (m1+a)* - (mg + a)*

m;EZL

and gave formulas for its regular values and reverse values. Further, he
considered the special case of (i (s;a) := (i(s, ..., s;a) and gave formulas for
the central values C,?(—r; a) for any depth k and any non-negative integer r.

In this article, we consider all coordinatewise limits for any depth. Ex-
cept regular and reverse values, such limits were not treated in [1, 2]. Some
interesting relations among those values support the existence of a functional
equation for the multiple zeta function, similar to that for the Riemann zeta
function.
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First we consider all coordinatewise limits for the case of depth 3. This
case is important, since the multiple zeta function of depth k is constructed
from that of depth k& — 1 inductively (see Lemmas 3.1 and 3.2). Secondly,
we try to generalize those results. However, it is difficult to give an explicit
formula for multiple zeta values for all coordinatewise limits in the case
of depth k > 4, since already when the depth is 4 there exist 24 kinds of
limiting processes. Hence we give an algorithm to calculate multiple zeta
values for all coordinatewise limits in the last section.

When the depth is 2, there are only two coordinatewise limits, namely
regular and reverse values given by

T2
(14)  Ga(=r1,—r2) = Y (—ra)fag((—r1 —r2+q),
q=—1
T1
(15)  G(=r1,—ra) = = > (=r1)gagl(=r1 —r2 +q) + ((—=r1)¢(—r2),

q=-1
respectively (see [1, 2]). Here
s(s+1)---(s+q—1) ifg=1,2,...,
(1.6) (s)7 =14 +1 if ¢ =0,
1/(s—1) if ¢ = —1,
aq = Bgy1/(¢ + 1)! and B,, is the nth Bernoulli number. Therefore our
starting point is the case of depth 3.

We introduce the following notation. Let {i1,... it} = {1,...,k} and
define

i1 i

(17) Ck(—Tl,...,—T’k) = lim --- lim (k(sl,...,sk).
8$j——Tj 8§j——T;
ij=k i;=1

For instance, Cg(—?’)l“l, —rg,—r3) and (3(—r1, —79, —?;“3) are the regular value
and the reverse value, respectively. In Section 6, we shall prove some relations
among multiple zeta values of depth 3 for all coordinatewise limits. For
instance, we show that

1 2 3 1 3 2 2 1 3 2 3 1
<3(_17 _27 _3) - <3(_17 _27 _3) - 63(_17 _27 _3) + 43(_17 _27 _3)

3 1 2 3 2 1
+ <3(_17 _27 _3) - CS(_]-y _27 _3) =0

(see also Example 2.5 below). Further, in Section 7, we show that a gener-
alization of Corollary 2.2 and the second assertion of Proposition 6.4 below
hold for any depth. In the last section, we give an algorithm to calculate
multiple zeta values of depth k for all coordinatewise limits.
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Recently, Komori [8] treated more general multiple zeta functions and
obtained an integral representation for them. He calculated several numer-
ical values of those multiple zeta functions at non-positive integers. In the
next section, we compute some numerical values in Example 2.5. They co-
incide with those obtained by Komori.

2. Formulas for special values when the depth is 3

THEOREM 2.1. For any non-negative integers r; (i = 1,2,3), we have

2 3 1 "3

(21) <3(_r17 -T2, —T3) = Z (_Tg);anZR(_rl7 —Tre—7T3 + q)?
qg=—1
1 3 2 it
(2.2) Ga(—r1, =19, —r3) = — > _ (=r1)g agla(—r1 — o + ¢, —73)
q=-—1

+((=r1)¢e(=r2, —13),

where Co and (& are reqular values (1.4) and reverse values (1.5), respec-
tively.

COROLLARY 2.2.
2 3 1 1 3 2
G3(=r1, =72, —73) = (3(—711, =12, —73).
THEOREM 2.3. For any non-negative integers r; (i = 1,2,3), we have

31 2 "3

G(=r1, =12, —73) = Z3 — (_1)TIT1!Z(_r3);aqar1+r2+r3+1—q(r2 +r3—q)!

q=-1
+ (=)= ralr3!C(=r1)aryrs 41,
T1
2 1 3 vy _

(=T, —ra, —r3) = Z3 — (=1)"*131 Y (=71)5 gy tratryi1-g(r1 + 72 — )L,
q=-1

where

73 T1
Ty = — Z (—r3) S aq Z (=r1)p apC(=r1 =12 = T3+ P+ q)
g=-1 p=-1
T3
+((=m1) Y (=ra)fagl(=ra =3+ q)
q=—1

REMARK 2.4. The value of Z3 equals the value given in Corollary 2.2.
This follows from (4.1) and (4.2) below.
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ExXAMPLE 2.5. When s; = s5 = s3 = 0,

2 1 . 123 5
C3(05070) = T <3(070> O) -y
231 132 .
<3(07070) <3(07070) 24
312 . 213 3
C3(07070) YR C (07070) -8
When s; = —1, sp = =2, s3 = =3,
3 1 1 2 3
_ 101 = __43
G(=1,-2,-3) = —mos000 ~ B3(=1, =2, -3) = — 15330,
2 3 1 1 3 2 53
G3(—1,-2,-3) = G3(—1,-2,-3) = — 5500
3 1 2 2 1.3
¢3(—1,-2,-3) = —%, G(—1,-2,-3) = _4613320'
When s; = =2, sg = —4, s3 = —6,
3 2 1 1 2 3
105353 104903
G(=2,—4,-6) = gggmpior  3(=2 —4 —6) = gazsea0-
2 3 1 13 2
(3(=2,—4,—6) = (3(~2,—4, —6) = g,
3 1 2 2 1 3
_ 105353 — 104903
Cg(—2, —4, _6) — 8648640° §3(_27 _4’ _6) T 8648640

3. Analytic continuation. In this section and the next two, we prove
the theorems of the preceding section. We follow the method of analytic
continuation applied by Akiyama, Egami and Tanigawa.

Let

( :t 00 e
dilm, s) = 7 ﬁ! | Buil "2 da,
m

where By, (z) = Bp(z — [#]) and By (z) is the nth Bernoulli polynomial. It is
easily seen that

i(m, s) = O(|(s)7lm 717,
We note that ¢;(m,s) =0 for s =0,—1,...,—I. The following lemmas hold.

LEMMA 3.1 (regular type, Akiyama, Egami and Tanigawa [1]). For Rs; >1
(1 =1,...,k) and any positive integer |, we have
l
(3.1)  Cp(s1y.--ySk—1,5k) = Z (sk) aqCh—1(81, -, 8k—2,8k—1 + Sk + q)

q=—1
Z ¢1(nk—1, sk)
S1 Sk—1
0<ni<-<ng_1 My

and the last sum on the right-hand side of (3.1) is absolutely convergent
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when
I >—Rsp_1 —RNsp, +k—2— Z Rs;.

1<i<k—2
Rs; <0

LEMMA 3.2 (reverse type, Akiyama and Tanigawa [2]). For Rs; > 1

(1=1,...,k) and any positive integer |, we have
l
(3.2)  Cr(s1,82,..,8%) = — Z (81)q aqCr—1(s1 + 82+ ¢, 83, ..., Sk)
q=-—1

+C(31)Ck71(32a---73k)
+Z JCk —5( SJ+1,...,sk_1,sk)¢é~(sl,...,sj)

+ (— )kéﬁi;(sl, cey SE),

where
Pi1(n2, 51
Dsieosn)i= Y Iy
nm DR n2
and DL (s1,...,5,) is absolutely convergent when
[>—Rs1 —Rsg+m—2— > Rs;.
3<i<m
Rs; <0

Note that the last sum above is 0 when m = 2.

From Lemmas 3.1 and 3.2, since [ can be chosen arbitrarily large, we find
inductively that the multiple zeta function can be continued to the whole
C* as a meromorphic function in sq, ..., sg.

4. Proof of Theorem 2.1 and Corollary 2.2. Since (—r)F = 0 when
q > r and r is a non-negative integer, we get

1 "3

(3(s1,82,—13) = Z (—73)g agGa(s1, 52 — 13+ q)
q=-1

by Lemma 3.1. The right-hand side of the above formula is a finite sum of
multiple zeta values of depth 2. Hence, from the definition of reverse values,
we see that the first assertion of Theorem 2.1 holds.

Similarly, by using Lemma 3.2, we can get the second assertion of The-
orem 2.1.

To prove Corollary 2.2, we use the recurrence relation (1.5). Substituting
(1.5) into the right-hand side of (2.1), we have



Multiple zeta values for coordinatewise limits 305

(4.1)  G(— 7“1, %“2,—17“3)

T3 T1

= — Z(—T’3)3_aq Z( 1), apG(—=r1 — T2 — T3+ D+ q)

73

+¢(=r1) Z (—73)g agl(=r2 — 73+ q).

g=-1

On the other hand, substituting (1.4) into the right-hand side of (2.2),
we have

3 2
(4.2)  G(— 7"1, —rg, —7‘3)
T3

= - Z (—71)q aq Z( r3)fapl(—r1 —r2 — T3+ p+0q)
g=-1 p=—1

3

+C(=r1) Y (—r3)fagl(—ra — r3 + q).

g=-1

Hence we obtain Corollary 2.2. =

5. Proof of Theorem 2.3. From Lemmas 3.1 and 3.2, we have

l U

C3(81, —%1”2,83) = — Z (Sg)jaq Z (81) CLPC( — T9 + S3 +p+ q)

q:—]_ p:*l
!

+((s1) Y (s3)g agl(—ra+ 53+ q)

q=-1

l
+ ) (s3)F ag{C(s3)®5 (51, —r2) — P (51, 72, 53)}

qg=-—1
Z $1(n2; s3)
—rg 0
0<ni<no 1n2

where [ and I’ are arbitrarily large positive integers. Then the series @ﬁl and
the last sum above are absolutely convergent. Further, these terms vanish
as s3 — —r3 and s1 — —ry. Thus

3 1 2 3 L
(=1, =12, —13) = = > (=r3)fag Y (—r1),apl(—r1 —r2 =13+ p+q)

q:—l p:—].

+¢(=71) Z (—=73)g agC(=r2 — 73+ q) + L1 + Lo,
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where
r3 U
R H o)t - —ry —
L= = w3 (Crjey 3 (papdlor —ra=ratpta)
q=— p=r1

I
Ly =((-ry) lim Z (s3)F agC(—r2 + 53+ q).

S3——T3
g=r3+1

When p = 1 + 79 + 73 + 1 — ¢, we note that (51),T1+T2+T3+1_q has s%mple
zeros at 1 = 0,—1,...,—r1 —re —r3 + ¢ and ((s1 + 71 + 1) has a simple
pole at s; = —ry in the sum of Ly, since I’ is an arbitrarily large positive
integer. Therefore we obtain

Li=—(=1)""r1! Y (=73)f agrytratrgt1—q(r2 + 73 — @)L

Similarly,
LQ = (71)7"3((77“1)r2!r3!ar2+7~3+1 .

Hence the first assertion of Theorem 2.3 holds.
Similarly, we can obtain the second assertion. =

6. Relations among multiple zeta values of depth 3. In this sec-
tion, we consider relations among the values given by Theorem 2.1, the val-
ues given by Theorem 2.3, regular values, and reverse values. The starting
point is the following lemma which is an essential tool in this section.

LEMMA 6.1. For any non-negative integers r; (i = 1,2), we have

(6.1) CR(—r1, —r9) = Ca(—11, —12) + (= 1)"r11r2ary 11y 1,

where 4 =11 OT T3.

Proof. From Lemma 3.1, we obtain

l

ln Ga(si,s2) = 3 (s2)F agC(—ri + 53 +q) — 3 0L2)

—— -7
51 n q=-—1 n1>0 a1
When ¢ = r1 + ro + 1, we note that (32):+r2+1 has simple zeros at so =
0,—1,...,—r1 —ry and ((s2 +r2 + 1) has a simple pole at sy = —ra, since [
is an arbitrarily large positive integer. Therefore
lim (82)7—:_”2_,_1((82 —rg+1) = (=1)"r1lryl.

So——T2
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Hence we obtain

(6.2) lim CQ(—T‘l, 52)

Sg——T9
T2

= Z (—Tg);raqg(—Tl — T2 + q) + (—1)T2T1!7”2!ar1+r2+1
qg=—1

= C(—r1, —7r2) + (=1)"r!rolar, 1ryt1,

since ¢;(ny, —ry) = 0 and by (1.4). On the other hand, from Lemma 3.2,

(63) <2(_7117 —TQ) - C;{(_rlv _TQ) - (_1)T1r1!r2!aT1+T2+1-

A difference between (6.2) and (6.3) is the oscillating factors (—1)" and
(—1)". However, this difference does not cause a problem, since if r 4 79 is
odd, then a,,+r,+1 = 0 holds by definition. =

PROPOSITION 6.2. For any non-negative integers r; (i = 1,2, 3), we have

2 3 1 3 2 1
(64) (:3(_7'1; -T2, _T3) = C3(_r17 —7"2, _T3)

7”17'1' Z aqar1+7‘2+7‘3+1 q(r2 + r3 — Q)
q=-1
301 2 2 1
(6.5)  (3(=r1,—72,—73) = (3(— Tl, =12, —13) + (=1)"72lr3!{(=7r1)ary 1y 11

REMARK 6.3. Formula (6.5) expresses the difference between Cg(i, i, >12<)

and Cg(i H i) In fact, from (6.4), Cg(* * *) can be written by using

3
C3(>f< * *) However, the expression of (6.5) is more concise.

Proof of Proposition 6.2. Applying Lemma 6.1 with u = to (2.1), we
have

2 3 1
CS(_Tla -T2, —7‘3)
T3

= Y (—m)Fag{Gl—r,—r2—r3+q)

g=-1

+ (=) @y protrat1—qr1(ra + 13 — @)1}

2 1 T1,. + |
= G3(— 7“1, -T2, _7'3) + (_1) r1: Z (_TS)q aqar1+r2+r3+1—q(r2 +7r3—q)!.
g=-1

Here we have used the representation of regular values of depth 3 given by
Lemma 3.1. This yields the first assertion of Proposition 6.2.
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Next we prove (6.5). By combining (6.4) with (4.1), we have

T3 T1

3 2 1
(=1, =12, —r3) = — > _(=r3)fag Y (—11),ap((—r1 — 2 — 13+ p+q)
g=-1 p=-1
T3
+¢(=r1) D> (=r3)fagl(—r2 — 3 +q)
q:—l
Tlrl' Z aqar1+r2+r3+1 q(r2 +r3 — Q)
qg=—1

By comparing the above formula with Theorem 2.3, we obtain (6.5). =
Similarly, we obtain the following proposition.

PROPOSITION 6.4. For any non-negative integers r; (i = 1,2, 3), we have

13 2 2 3
G3(—r1, =12, —73) = (3(— 7’1, 7’2,—7’3)

1)"rs! Z q QqQri+ry+rz+1— g(r1+r2—q)l,
qg=—1
13 2 3
C3(=r1, =12, —73) = (3(— 7‘1, —r2, —T3).
REMARK 6.5. Proposmons 6.2 and 6.4 imply that Cg(* * >1k) (which co-
incides with Cg(* 3 *) by Corollary 2.2) is a kind of link between regular
values and reverse values.

Let &,, denote the symmetric group on n symbols. Corollary 2.2 and
Propositions 6.2 and 6.4 yield the following theorem.
THEOREM 6.6. Ifr; =0 (mod 2) orry+ 173 =1 (mod 2), then
o(l) o(2) o(3)

(6.6) Z sgn(o)(s(—ry, —rq, —r3) =0,

ceG3

where sgn(o) is the signature of o.

REMARK 6.7. When r1 +7r3 =1 (mod 2), we see that

o(1) o(2)
> sgn(o)Ga(—r1, —r2) =0

ceSy

from Lemma 6.1.

7. Generalization. In this section, we generalize Corollary 2.2 and the
second assertion of Proposition 6.4.
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Recall that when k = 3, Corollary 2.2 asserts that

1 3 2 3 1 o(l) o(3) o(2)
C3(—r1,—r2, —13) = (3(— 7“1, 9, —r3) = (3(—r1, —r2, —7r3),

where o = (1 2) € G3. Generally, by induction on k, we have
THEOREM 7.1. Let k be an odd integer satisfying k > 3. Then for any

non-negative integers r; (i =1,...,k), we have
1 3 k 4 2
Ce(=T1, =72, ooy =T(hg1)/25 - -+ —Th—1, —Tk)
o(1) o(3) o(k) o(4)  o(2)
= G\ —T1,—T2,..., —T(k+1)/2, ey Tk—1,—Tk),

where o € &, is a product (I1 1 +1)--- (I, I, + 1) of transpositions, with
each lj being an odd integer satisfying 0 < l; < k andn < (k—1)/2.
Proof. When k = 3, the assertion has already been shown as Corollary

2.2. Next, we assume that the assertion holds for £ < m — 2 (where m > 5
is an odd integer). Then from Lemmas 3.1 and 3.2, we have

1 2
Cm(—Tl, 52,... 73(m+1)/27 ey Sm—1, —Tm)
T1 T™m
= = > (—r)gag Y (—rm)yap
g=-1 p=-1

X (e 2( 71 +82—i—q,...,S(m_i_l)/Q,...,Sm,l —’l“m—l-p)
Tm
+ C(_Tl) Z (_Tm);rapgm—Q(SQ: sy S(m41)/20 -5 Sm—1 — Tm +p)
p=—1

1
= Gn(— 7"1, 82,y S(m41)/25 - -+ » Sm—1, —Tm)-

The second and third lines of the above formula are finite sums of multiple

zeta values of depth m — 2. Hence, by the inductive assumption, we obtain
Theorem 7.1. =

THEOREM 7.2. Let k be an even integer satisfying k > 4 and each r;

(1=1,...,k) be a non-negative integer. Then
1 2 4 k 5 3
<k(—7"1, —T9,—T3,..., —7’<k+2)/2, ey Th—1, —T'k)
o(1) o(2) o(4) o (k) o(5)  o(3)
= gk —Tr1, =T, —T3,..., 7T(k+2)/27 ceey TTE—1, —TE
and
3 5 k 4 2 1
Ce(=T1, =72, ooy =T (k—2) 25+ -+ s —Th—2y —Thk—1, —Tk)
o(3) o(5) o(k) o(4) o(2) o(1)

= Ge\—T1,—T2,..., _T(k—2)/27 ceey TTE—2, = Tk—1, _Tk))
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where o € &, is a product (I1 1 +1)--- (I, I, + 1) of transpositions, with
each l; being an even integer satisfying 0 < l; < k and n < (k —2)/2.

Proof. From Lemma 3.2, we have

1
Cr(=T1, 825+« oy S(k42) /25 - -+ Sk—1, 5k)

T1
= — Z (=71)q aqCr—1(=T1+ 82+ @, -, S(kg2)/25 - - - » Sk—1, Sk)
qg=-—1
+ C(=7r1)Ch—1(825 - -+, S(kt2) /25 - - - » Sk)-
The right-hand side is a finite sum of multiple zeta values of depth k£ — 1.
Hence the first assertion of Theorem 7.2 follows from Theorem 7.1, since k
is an even integer.
Similarly, we obtain the second assertion by using Lemma 3.1 and The-
orem 7.1. m

The second assertion of Proposition 6.4 implies that if we perform s3 —

* * 3
—r3 last, then all of those values, namely the values (3(—ry, —r9, —73), are
equal to each other. The same phenomenon also appears for any depth k£ > 3.
To see this, we use the well-known formula

r r4+1—j
n—1 r n .
) B ——— ifr>1,
(7.1) ZmT: jgo<j> Tr41—j
n—1 if r =0,
where r and n are any non-negative integers satisfying n > 2.
The multiple zeta function can be represented as

1 1 1
(7.2) Crlst,.osm) = D _— WZTQ -
_ 2

The region in which ((s1, . .., sx) is convergent when Rs; <0 (i=1,...,k—1)
is calculated from the estimate

1
(7.3) Y.<t i Rs <0,

n<x

where z is a real number satisfying 2 > 1. By (7.2) and (7.3), if Rs; < 0
(t=1,...,k—1), then (x(s1,...,sk) is absolutely convergent for

k—1
Rsy, >>—-§£:§RS¢+-k.

i=1

Hence (x(—71,...,—Tk_1, Sk) is absolutely convergent for Rsy > Zf;ll ri+k.
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Then for Rsy > Z?;ll rj + k we have

(7.4)  Cp(—r1y...,—rg_1,Sk)
L B;
jzo <j ) r+l-yj
= X C—1(—1m1—ro— 144, —rs,...,—1rg_1,8¢) ifry >0,
Co1(—r2 —1,—73,. .., —Tk_1,Sk)
— Cr—1(—ro, =73, ..y, —Tk_1, Sk) ifry =0

from (7.1). In the case k = 2, the above formula implies

T1 B
Z <T,1)],C(52—r1 —1+4) ifry >0,
o NI/ +1—y
<<32—1>—C(82) if?"l =0.

Thus we have the meromorphic continuation of (2(—7ri,s2) to the whole
so-plane. Further, the singularities of (3(—71,$2) are in Rsg > 0 for —r; €
Z<o. By using (7.4) and induction on k, we can obtain the meromorphic
continuation of (x(—r1,...,—rp_1,Sx) and we can see that its singularities
are in the half-plane Rs; > 0. Hence we have

Ca(—=71,82) =

LEMMA 7.3. The function (p(—ri,...,—Tk—1,Sk) can be expressed by
(7.4) for Rs > 25;11 rj + k. Then, inductively, (7.4) gives us the mero-
morphic continuation of Cx(—7r1,...,—Tk—1,Sk) to the whole sg-plane and
the singularities of Cx(—r1,...,—Tk—1,Sk) are in the half-plane Rsy > 0.

From Lemma 7.3, we may let s, — —rp, where r; is a non-negative
integer. Thus we have

THEOREM 7.4. Let k be a positive integer satisfying k > 3. Then for any

non-negative integers r; (i =1,...,k), we have
1 2 k o(1) o(2) o(k)
Ck(_rla_r27"'7_rk) =Qr\—T1,—T2y...,—Tk),

where o € &y, satisfies o(k) = k.

8. An algorithm to calculate multiple zeta values for all coor-
dinatewise limits. To end this article, we give an algorithm to calculate
multiple zeta values for all coordinatewise limits at non-positive integers,
which is described by induction on depth k. Namely, when calculating mul-
tiple zeta values of depth k, we assume that multiple zeta values for all
coordinatewise limits of depth up to k — 1 have already been obtained.
Hereafter (iy,...,14) indicates the order of the limiting process. Note that
we can obtain multiple zeta values of depth k for i1 = 1 or 7, = 1 by using

1
Lemmas 3.1 and 3.2, since (i(—r1, s2, ..., Sg) is a finite sum of multiple zeta
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values of depth k¥ — 1 by Lemma 3.2. Similarly, the case of iz = 1 can be
obtained from Lemma 3.1. Further, we showed that multiple zeta values for
i, = k can be written using reverse values as in Theorem 7.4. Therefore we
may focus only on the case iy # 1, i # 1 and ix # k.

Recall that Lemmas 3.1 and 3.2 give the analytic continuation of the
multiple zeta function and the location of its singularities (1.1)—(1.3). Since
indeterminacy points are special cases of singularity, we must observe care-
fully the behaviour of the multiple zeta function when one of the conditions
(1.1)—(1.3) is satisfied; the case of (1.2) is particularly important.

8.1. The case i_1 > i > 1. From Lemma 3.1, we have
i "k
k
Gy shet, —Tk) = Y (=1 agCem1 (v, %, 5621 — T + Q).
q=-1

Here the symbol * stands for —Z;“)\ or sy for 1 < X <k — 2. We note that in
the above formula condition (1.2), and hence of course (1.3), is not satisfied
in general. Since the right-hand side above is a finite sum of multiple zeta
values of depth k — 1, we can calculate multiple zeta values for this case
inductively. Therefore multiple zeta values for limiting processes of this type
are described by multiple zeta values of depth k£ — 1 at non-positive integers.

8.2. The case ip_1 < 1 < k. In this case, we have to consider the

behaviour of (x(s1,...,—rg_1,5k) at sx = rx € Z. The following lemma is
an essential tool in this case. Hereafter we omit the index (iy,...,ix) for
convenience.

LEMMA 8.1. (x(s1,...,Sk) has a simple pole at s = 1 with residue

Coo1(51,...,85_1) for fized (s1,...,8,_1) € C*¥=1 which does not satisfy the
conditions (1.2) and (1.3) with s, = 1. Further, letrj (j =wv,...,k—1) be
a non-negative integer, and set

k
Ry, = er
j=v
and
(8.1) Ziw(sk) == Cu(81,- -, Su—1, =Ty o, —Tk—1, 5k)
(2 <wv<k—1fork >3), where (s1,...,80_1,—Tpy...,—Tp—1) € Ck1

does not satisfy condition (1.3) for k —v+2 < j < k with sy, = ry € Z
and is fived. Then Zy,(sy) has a simple pole at each s, = 11, € Z>1 for
1 <1 < (k—v)+ Ry_1, + 1 with residue Cy(S1,...,—Tk—1;7%) which
satisfies the following inductive relation:
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(8.2)  Cru(s1,--sSu—1,—Tv,.voy —Tk—1;Tk)
- 57‘ka—1(51’ ey Sy—1y T Tys ey _rk—l)
(k=v)+Rr_1,0—Tk
+ Z (Tk)q aq
a=Mp (5, —1)

X Ck—l,v(sla ey Su—1, 7Ty, e ey TTE—25 —TE—1 + Tk + q):

where My, = My, ,(=7x—1;7%) := max{v,1 — (r — rp_1)} and
5 — { 1 ifp=1,
a 0 otherwise.

REMARK 8.2. The above lemma still holds if some (not all) of s1,...,s,_1
are fixed non-positive integers. Namely, the integer v in the above lemma
implies that v := 1+ max{m € N : 4, > i} for a given order of the limiting
process (i1, ...,1k).

Proof of Lemma 8.1. First, we prove the first assertion of the above
lemma. Hereafter we assume that [ is a sufficiently large positive integer.
From Lemma 3.1,

Ch—1(51,.--,8k—1 + sk — 1)

Ck(sl, e ,Sk) =
sp—1
l
d1(ng—1, sk)
+Z ank 1517---33k—1+5k+Q)_ Z 51 ’Skl
q=0 O<ny<---<ng_1 nl nk 1

The possible singularities of (i (s1,. .., sk) come from the factor 1/(sx—1) in
the first term and from (;_1(s1,...,8k—1+ Sk +¢)’s. The former gives (1.1),
while the latter give (1.2) and (1.3). Therefore (x—1(s1,...,Sk+Sk—1+q)’s

are regular for s = 1 and (sy,...,s5-1,1) € C* which do not satisfy condi-
tions (1.2) and (1.3). Hence for fixed such (si,...,sk_1) we have
Ck(sl,‘..,sk)w Ck_l(sh”.’&c_l) as Sk—>1.
S — 1
Here we have used the Taylor expansion of (x_1(s1,...,Sk—1 + s — 1) at
Sk = 1.

Secondly, we prove the second assertion of Lemma 8.1. The proof is by
induction on k. When k = 3, we have

Co(s1,83 —1m2 — 1)
83—1
1

<f>l ng, s3)
+ ) (s3)fagGalsr,s3 =2+ q) — Y T

q:() 0<ni<no

(3(s1,—12,83) =
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From condition (1.2), (3(s1, —r2,ss) is regular for s3 = rg > ro + 3. Fur-
ther, we can see that (3(s1, —r2, s3) is regular at s3 = —r3 € Z<g. In fact,
Ca(s1, 83 — 2+ q) has a simple pole at s3 = —rs when g = ro +r3 + 1. How-
ever, (33);; tratl also has a simple zero at s3 = —r3. Hence those cancel each
other. Therefore we may focus on the case s3 =13 € Z>1 and 1 < r3 < ro+2.
First we consider the case r3 > 2. We assume that (s1, —r2,73) € C? does
not satisfy condition (1.3) and s; is fixed. By the first assertion of Lemma
8.1, (2(s1, 83 — 2+ ¢q) has a simple pole at s3 = r3 when ¢ = r9 —r3 + 1, and
its residue is ((s1). For 3 = 1, the first term on the right-hand side of the
above formula is also the singular part, and its residue is (2(s1, —r2). Hence
we have

(83) 63(817 —7"2,83)
1

§3 — T3

~

{0r5C2(51, =72) + (13),, _py 4 10rara+1C(51)} a8 83 — 73,

Note that the residue of the above formula equals C3(s1, —r2;73) of Lem-
ma 8.1.

Next we assume that the second assertion of Lemma 8.1 is true up to
k — 1. Similarly, from Lemma 3.1, we have

k—1{S1y.-.3Sp—1, Ty, Sk — TEk— —1
(84) Zkyy(sk) _ C 1( v " 1 - 1 )

!
+ § ank 1(815 03 Su—1, =Ty e ooy Sk — Th—1 + Q)
q=0

d1(ng—1, sk)
0<n1<--<ngp_1 nil o nki}Tl
It is easily seen that Zj ,(si) is regular at s = —ry € Z<g for the same
reason as in the case of depth 3. Further, from (1.3) for j = k—v+1, Zj, ,(sk)
is regular at s = ry € Zsq for 1, > (k — v) + Rg_1, + 2. Hence we may
consider only the case s, = 11, € Z>1 and 1 <1, < (k—v)+Rj—1,+1. First,
we consider the case 1 > 2. Then from the inductive assumption and (8.4),
each (1(s1,. .., —Tr—2, 8k —7Tk—1+q) for My 1 <q < (k—v)+Rp_1,— 7%
has a simple pole at s, = r, with residue Cy_1 (51, ..., —Tk—2; Tk —Tk—1+q).
Thus we obtain

(k—v)+Rp—1,0—Tk

G~ ——{ 3 (e,

q:Mk,—l

X Crhe10(S15 0y =Ty ooy, —Th—2;Tk — Th—1 + q)} as Sp — Th.
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On the other hand, when r, = 1, the first term on the right-hand side of
(8.4) is also the singular part with residue (x_1(s1,..., —7y,..., —7%). Hence
we have the second assertion of Lemma 8.1. u

We return to the case i1 < 7 < k. From Lemma 3.1, we have

Ck(slw")_rva'”7_Tk—lask:)
l
= Z (Sk‘);—aqgk—l(sly ey Ty e 3 ST TE—1 + Q)
g=—1
d1(ng—1, sk)

s1 —Tk—1"
O<ny<--<ng_1 nl nk*l

If we let s, — —rg, then Lemma 8.1 suggests that there exist singular terms
in the range 1+ Ry ;-1 < ¢ < (k—v)+ Ry,. However, the factor (sk);r also
has a simple zero at zp = —r;. Hence

(k_v)+Rk,v
- E : +
lim (Sk)q ank—l(Sla ceey TTyy ey, TTR—2, 8k — Tk—1 T q)
Sp——Tk
q=14+Rp 1—1
(kfv)JrkaQ,'u
_ } : +
s hn,l (Sk)lJrRk k1 U R k-1
k™ Tk ’
=1
X Ck_l(sl, ceey =Ty eeey, —Tk—2,Sk + 7L + l)
(k;_/U)JFRk_Q’U

= Z (=)™ rl(rg—1 + 1 — 1)!al+Rk,k—1
=1

X Cre1,p(815 -0y —Tus ooy —Th—2;1).
Thus we obtain
(85) Ck(sl, ey Tyy ey —TE-1, —Tk)
Tk
= Z (_rk>;aq€hk71(317 ey =Ty ey =R = Th—1 + Q)
qg=—1
(k—v)+Rp_24
+ Z (=)™ rpl(rg—1 + 1 — 1)!al+Rk,k—1
=1
X Cr1,0(8150 0y =Tuy ooy —Th—2;1).

Hence the multiple zeta function of depth k can also be expressed by those
of depth < k — 1 in this case. Therefore, when i;_1 < i < k, we can
obtain multiple zeta values for coordinatewise limits at non-positive integers
inductively by using (8.5).
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REMARK 8.3. Note that the residue C} , involves the multiple zeta val-
ues of depth < k — 1 (for instance see (8.3)). Therefore the assumption on
variables in Lemma 8.1 is required to avoid singularities of multiple zeta
functions. However, in the case of the limiting process with order, this as-
sumption may be removed once we apply Lemma 8.1.

EXAMPLE 8.4. When k =4 and (i1, 42, 13,14) = (4,2,1,3), we put v = 2
in Lemma 8.1. Then

4 2 1 3 "4 31 2
Gy, =12, =13, —1a) = > _ (=14)FagGa(=r1, =12, =13 — 14 + q)
q=-—1
e 2 1
+ (_1) T4'T3'a1+r3+r4€2(_T17 _TQ)

+ (—1)T4T4! Z (T3 + l)!a7‘3+7~4+1+l(l + 1)7—;71%2—1((_71)-
1<i<ro+1

421 3 4
Further, we can see that (4(x, *,*, %) = (4(x

When (i1, 1i9,13,14) = (2,4,1,3), we have

T4

2 4 1 3 13 2
Cu(=r, —rg, —r3, —ra) = Y (=ra)f agls(—r1, —r2, 13 — T4 + q)
g=—1
Tag gl P
+ (=) "rylrslap, yry1G(—r1, —12).
113 1423

Further, we can see that C4(>|< sk, ok, %) = Cq(, %, %, %).
When (i1,19,13,14) = (4, 3,1,2), we have

4 3 1 2 4 3 2 1

Ca(—r1, =1, =73, —T4) = § (—14) agCs(—r1, —r2, =13 — T4 + q)
g=-1
S 2 1
+ (=1)"rylrslap, yryr1G(—r1, —12).

When (i1,1i9,13,14) = (3,4,1,2), we have

3 4 1 2 4 2 3 1

Ca(—r1, —ro, =13, —T4) = § (—r4) agCs(—r1, =12, =13 — T4 + q)
q=-1
e 1 2
+ (_]‘) r4‘r3'ar4+T3+1C2(_T17 _TQ)-
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