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On some combinatorial relations
for Tornheim’s double series

by

HiroruMI TSUMURA (Tokyo)

1. Introduction. Tornheim’s double series T(r,s,t) is defined by

o0

(1.1) T(r,s,t)= Y m

m,n=1

where r, s, t are nonnegative integers with r+¢ > 1, s+t > 1 and r+s+t > 2,
and was introduced in [5]. Tornheim showed that T'(r,s, N —r — s) is a
polynomial in {{(j) | 2 < j < N} with rational coefficients when N is
odd and N > 3 (see [5, Theorem 7]). Recently Huard, Williams and Zhang
Nan-Yue gave an explicit formula for T'(r, s, N —r — s) as a rational linear
combination of the products ¢(25)((N —2j5) (0 < j < (N —3)/2) when N is
odd, N > 3, and r, s are nonnegative integers satisfying 1 <r+4+s < N — 1,
r <N -2, and s < N —2 (see [2, Theorem 2]). On the other hand, it is an
open problem to determine an explicit formula for T'(r, s, N —r —s) when N
is even. Indeed, only a few cases have been determined (see e.g. [2, p. 116]).
In [4], Subbarao and Sitaramachandrarao gave an explicit formula for

(1.2) T(2k,2p,2q) + T(2k, 2q, 2p) + T(2p, 2q, 2k)
for k,p,q > 1. This can be viewed as a generalization of Mordell’s result for
T(2k, 2k, 2k) given in [3].

The purpose of this paper is to give some relations for T'(r, s, t) and their
alternating analogues. Indeed, as a generalization of (1.2), we determine

(1.3) T(r,s,t)+ (=1)"T(r,t,s) + (=1)"T'T(t,s,7),

where 7,5 > 0 with 7+ s > 2 and ¢ > 2 (see Theorem 1). In particular when
N =r+ s+t is odd, we recover Tornheim’s theorem mentioned above (see
Remark after Theorem 1). When N is even, for example, we give an explicit
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formula for
T(2k+1,2p,2¢+ 1) —T(2k + 1,2¢ + 1,2p) + T(2p,2q + 1,2k + 1)

(see Theorem 2). As an application, we give some relations for alternating
analogues of T'(r, s,t) (see Proposition 3). In particular, we give an explicit
formula for

&0 (_1)m+n
(]‘4) mzn:l m2k+1n2k+l(m + n)2k+l

for k € NU{0} (see Corollary 3). The problem of evaluating (1.4) was posed
in [4, §5].

The author would like to express his sincere gratitude to the referee for
his valuable comments.

2. Preliminaries. Let N be the set of natural numbers, Z the ring of
rational integers, and R the field of real numbers. Throughout this paper we
fix 0 € Rwithd>0.ForueRwithl <wu<1+6 and s € Z, define

(2.1) G(s;u) =Y (_:;J

If uw > 1 then ¢(s;u) is convergent for any s € Z. In the case when u = 1,
let ¢(s) := ¢(s;1) = (2175 — 1)((s). Corresponding to ¢(s;u), we define a
set {em(u)} of numbers by

(2.2) Gy = LT S ) ‘%

e+ u

When v = 1, it is well known that

2e” = T
Glz;1) = = 1 > En(1) el

m=

0
where E,,(z) is the mth Euler polynomial (see e.g. [1]). Hence

(23) Egj(l) = EQJ(].) =0 (] S N),
and if w € [1,1+ 4], then
—1/m
(2.4) lim inf ('5”1(?)') > 7.
m— o0 m!

From (2.1) and (2.2), we have
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LEMMA 1. ¢(—k;u) = —ei(u)/(1+u) for k € NU{0} and u € (1,1+4].

By Lemma 1, we have

s ™ cos(m 2
(25)  Io(O3u) := Z " Z¢ 2k = 2j;u ((0)')-

o0 (20)2m+2k$

1
- 1+u;62m(u) (2m + 2Kk)]

and

© () . 2j+1

(2.6)  Japr1(05u) 3:’52 ( )m2k+1 Zd) 2k = 2j;u) ((20)+J 1)!
m=1 Jj=0

1 (19)2m+2k+1

T 1+u£52m(“) (2m + 2k + 1)!

for k,1 € NU{0}. Combining (2.3) and (2.4), we obtain

LEMMA 2. Suppose k € NU {0} and 0 € (—n,m). Then I2(0;u) and
Jak+1(0;w) are uniformly convergent with respect to w € (1,1+0], and satisfy
L (0;u) — 0 and Jopy1(0;u) — 0 as u — 1.

For w € (1,1 + 4], s € Z and k,l € NU {0}, define

& (—U) —(2m+n)

(2.7 R(k,s,l;u) := -
) ( ) m’gil mkns(m + n)!
(2.8) S(k, 1, 5;) = i (—u)~ )

kol :
w2 min (m+mn)s

LEMMA 3. Suppose k,l € NU{0}, 0 € (—m,m) and uw € (1,14 6]. Then

> (—u)* ezm@ > ( u)fnelna B 0 ‘ (Zg)m
(29) n; mF —~ nt _’mz:os(kalv_mv U) m) )
0 (_u)fmezme 0 ( u)fnefinB
(2.10) Zl — Zl ~

= > {R(l,—m, k;u) + (~1)" R(k, —m, L;u)} (igjlm +) %

m=0 ’ m=1
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Proof. By (2.8), we immediately obtain (2.9). The left-hand side of (2.10)
is equal to

e _ . \—(m+n)_i(m—m)o s 2m —(m+n) ,—i(n—m)o
u (& (&
>, BT TS e > BT
mr~n mrn
m,n=1 m=1 m,n=1
m>n m<n
B o0 (_u)f(2n+j)eij9 (2m+])e ij6
_nél nt(n+ j)k +mz1 mh+ + ;1 mk (m+j)!

Hence, by (2.7), we obtain (2.10). =
LeMMA 4. For k,l e NU{0}, 0 € (—m,7) and u € (1,14 4],
' 0 (_u)fneine
(2.11) IQk(au)(Z e

n=1
0o

1 10)™
Z 5 S(2k,l,—m;u) + R(2k, —m, l;u) + (—1)" R(l, —m, 2k;u)} %
, , (i0)™ 1= u"2m
—Z < ) = 2j;u)(l + 2 — m;u) o +§Z T g
m=0 j=0 m=1

> —-n 1n0
(2.12)  Jopi1(65u <Z >

= i %{S(Zk + 1,1, —m;u) — R(2k + 1, —m, ; u)
" — (1) R(l, —m, 2k + 1;u)} (i:;m
Proof. By the binomial theorem, we have
(jf:omk ~ 2j;u) gj;:) ( i:l 7(_@;6@%)
= <zk:¢(2k: — 2j5u) ((1203))20 < i o(l —m;u) (igjlm>

m=0
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(iwk—%;u) %) (i(_u)nizev

[e'e] k Z N
:ZZ<J'N >¢(2k—2j;u)¢(l+2j+1—zv;u>(fv)! '

By Lemma 3, we immediately obtain (2.11) and (2.12). =
For k,l e NU{0}, uw € (1,14 6] and r € Z, we define
(2.13)  A(r;2k,l;u)
1
= 5{5(2/@, Lyrsu) + Rk, 7, Lu) + (=1)"R(l, 7, 2k; u) }
M r+2j—1
-y ( J )¢(2k—2j;u>¢<l+2j+r;u>
, 27
7=0
and
(2.14)  A(r;2k+ 1,1 u)
1
= 5{5(2k +1,0,ru) — Rk + 1, l;u) — (=1)"R(l,r, 2k + 1;u)}

k .
2
+> (r;r j>¢(2k — 2w (1 + 25 + 1+ 75u).
j_
LEMMA 5. Suppose p,q € NU{0} with p+q > 2. Then

T V)
(2.15) hminf(w> >n (uwe (1,1+4)),

(2.16) lim1 A(—=m;p,q;u) =0 (m eN),
(_1)p+1
(2.17) lim A(0;p, g3 u) = ~——C(p +q).

Proof. 1t follows from (2.4) and Lemma 2 that (2.11) and (2.12) are
uniformly convergent with respect to u € (1,1+ 6] when k,! € NU {0} with
2k +1> 2 and 0 € (—m, ) and that these tend to 0 as u — 1. Hence each
coefficient of (i) /m! on the right-hand side of (2.11) and (2.12) tends to
0 as uw — 1. Then it follows from the well-known relation

()=o)

that (2.15)—(2.17) hold. m
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3. Relations for T'(r,s,t). We begin by proving the following combi-
natorial relations.

LEMMA 6. For c¢,s € NU{0},
N (=0) (5 +c— v\ cos™ (z0)
(3.1) Z v! c—v ) gstlite—v

v=0

s~ (s+c—2N 1 (i0)2N

- Z c p5T1+c—2N (2N’
N=0

where cos")(0) is the vth derivative of cos6.

Proof. Let f(x;s,0) = cos(xf)x~*~1. In order to prove (3.1), we have
only to calculate the cth derivative of f(z;s, ) with respect to x as follows:

c C

i) = 3 () feostz) a1y

v=0

and

e d [0 .
dxcf($7879)—dxc{z:m$2 1}7

N=0

by using the laws of differentiation and the Maclaurin expansion of cosf. m
By applying this lemma, we obtain

“(=0) [(s+c—1\ o= (—u)"™cos™) (mb
(32) Z%( 1__1/ ) Z ( T)ns+1+c+l(y )

v=0 m=1

=~ [(s+c—2N\ — —u)™" i9)>"
BN e

m=1

for ¢,1,s € NU{0}. Hence we can prove

LEMMA 7. Suppose k,l e NU{0},d €N, 0 € (—m,7) and u € (1,1+7].
Then

1 & —u)~(Mm+1) cos((m + n)b —u)~@mHn) cog(nd
(3.3) 2 21{( )mzknl(m j(L(n)j o, niz’fnd(m—l—n)(l )
(—u)~ M+ cos(nh)
+(=1)° mind(m + n)2k }
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k 27

& (142
_Z¢(2k_2‘]7 )Z V! < 2j —v >

7=0 v=0

o (v) (mf)
™ cos m
x Z md+2] +l—v

(~0)2N
N’

= —u)~ ") cos((m +n —u)~ (M) cog(n
s 33 (e (m+n)) (<) (nt)

= Y A(d—2N;2k,L;u)

m2k+H1nl(m + n)d  m2HHpd(m + n)!

(—u) =M+ cos(nh)
mind(m + n)2F+1

(1)

k 25+1 .
. (=0 (d+ 25 —v
+Z¢(2k_2j’“); V] <2j+1—y>

J=0

md+2j+1+l v

s (v)
" Z ™ cos'”) (mb)
m=1

ZAd 2N; 2k + 1,1; )('H)M
— (2N

In particular when d > 2, (3.3) and (3.4) hold for 6 € [—m,7].
Proof. Suppose k,l € NU{0},d € Nand 0 € (—m, 7). By (2.7) and (2.8),

we have

2 (—u)" ) cos(nh) (i 9)2
(3.5) g ) = E R(p,q —2m,r;u)
=0

m,n=1

and
oo

(m+n) cos((m + n)f i6)2m
o) > )man(ern anq, — 2m;u) -

m,n=1

On the other hand, by applying (3.2) in the case (¢, s) = (2j,d—1), we have

23 . oo _
(=0) (d—1+2j—v (—u)~™ cos®) (m@)
(37) z% o 2] Sy zjl md+2j+l—l/

2(9)2N

(2N -d e oN ¢
_NZO< % >¢(l+2j+d 2N; )(QN)!.

Combining (2.13) and (3.5)—(3.7), we obtain the proof of (3.3). In particular
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when d > 2, it follows from (2.15) that (3.3) holds for § € [, 7]. In the
same way as above, we can verify (3.4). m

From (2.13), (2.14) and (2.17), we can define
(3.8) A(r;p, q) = lim A(r;p, ¢;u)
for p,q,r € NU{0} with p + ¢ > 2. With this notation, we obtain

PROPOSITION 1. Suppose k,l € NU {0}, d € N with d > 2 and 0 €
[—7,w]. When 2k +1> 2,

(3.9) L i {(—1)m+”008((m+n)9) L (=1)" cos(no)

2 m2knt(m + n)? m2knd(m + n)!

m,n=1

(—1)%+" cos(nb) }

mind(m + n)2k

k 2j .
) -0 (d—1+2j—v
- Z¢(2k—2j)z( V,) ( 0i >
=0 v=0 - J
= (=1)™cos™) (mh)
X md+2j+l—t/
m=1
[d/2] 2N
= 3" A(d—2N;2k,0) (229])\7 -
N=0 (2N):
When 2k +1> 1
1 & 1)™*" cos((m + n)6) (—1)™ cos(nb)
3.10 — _
(310) 2 Z: { m2k+int(m 4 n)d m2k+ind(m + n)!
_ (=D)% " cos(nf)
mind(m + n)2k+1
k 2j+1 .
. (—=0) (d+2j —v
T2 0@k -2) ) 2 +1—v
7=0 v=0
)™ cos™) (mh)
% Z md+2g+1+l v
[%%1 (i6)2Y
A(d —2N; 2k + 1,1)
—~= (2N)!”

Proof. By (2.15), we see that both sides of (3.3) and (3.4) are uniformly
convergent with respect to u € (1,1 + 4] for € [—m, 7] when d > 2. Hence,
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by letting u — 1 on both sides of (3.3) and (3.4), and by using (2.16), (2.17)
and (3.8), we obtain the proofs of (3.9) and (3.10). =

By applying Proposition 1 in the case 8§ = 7w, we have the following
relations for T'(r, s, t).

COROLLARY 1. Suppose k,l € NU {0} and d € N with d > 2. When
2k +1> 2,

(3.11) %{T(Qk:, l,d) + T(2k,d,l) + (=1)%T(1,d, 2k)}

k J
—14+25-2 .
=S 62k - 2j) ( 22 “)g(d+2]+l—2u)
i=0 =0
1d/2] .
(im)?
— S A(d—2N;2 .
N=0

When 2k +1> 1,

(3.12) %{T(Zk: +1,0,d) —T(2k +1,d,1) — (-1)*T(1,d, 2k + 1)}

k J
d+25—2p .
+> ¢ Zk—ZJZ <2J+1_2M>C(d—|—2j+1+l—2u)
j=0 p=0
[d/2] - \oN
(i)
= Y A(d—2N;2k+1,0) .
— (2N)!

PROPOSITION 2. Suppose k,l € NU {0}, d € N with d > 3 and 0 €
[—7,w]. When 2k +1> 2,

1 & —1)™* " sin((m + n)6 —1)" sin(nf
(3.13) 9 Z {( )Qk I ( dfl)) gk (371 () l
o m2knt(m + n) m2knd=1(m + n)
N (—1)™ " sin(nd)
mind=1(m + n)2k
k 2j .
. (=0) (d—2+42j—v
> oek=2)d g
7=0 v=0
= )™ cos(V T (m#)
X Z md+2j+l v—1
[d/2] )N g2N -1

_ . (=
- szzlA(d— 2N; 2k, 1) aN T
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When 2k +1> 1,
S —1)™* " sin((m +n —1)"sin(n
(3.14) _% Z {( 1) ((m+n)b) B (—1) (nd)

m2k+1nl(m + 7,L)d—l m2k+1nd—1(m + n)l

m,n

(=1)* " sin(nd) }

mlnd—l(m + n)2k+1

k 2j+1 .
. (=0 (d—1+2j—v

+Z¢(2k 2) 2 2 +1—v

7=0 v=0

= )™ cos 1) (m@)

Z md+2j+l7u
[d/2] _

(—1)Ng2N -1
= A(ld—-2N;2k+1,]) —F———.

Proof. We differentiate both sides of (3.3) and (3.4) with respect to 6.
For example, we can easily verify that

d (& (=0) (d—142j — v\ = (—u)"" cos™)(m#h)
do z;) V! 2j —v zzl md+2i+i—v
o
>
v=0
by using the well-known relation

o) ()=,

Since d > 3, both sides of the resulting equations are uniformly convergent
with respect to u € (1,1 + ¢] for § € [—m, 7]. By using the same method as
in the proof of Proposition 1, we can prove (3.13) and (3.14). m

0) [d—2+42j — v\ w= (—u)""cos+1)(mh)
2]' — v z:l mdt+2i+l—v—1 ’

By applying Proposition 2 in the case § = m, we have the following
relations.

COROLLARY 2. Suppose k,l € NU {0} and d € N with d > 3. When
2k +1> 2,

k ] 1 2“ _ 2_2

>tk - 20) 3 oo (T T Yeta - 241 - 20)

= 2t j— 20—
1d/21-1 o
3 Ad—2 — 202k, 1) 0
— (2v +1)!
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When 2k +1> 1,

b T (im)2 (d—24+2j—2
2¢(2k—2j)2}%< 2j+—;u “)C(d—1+2j+l—2,u)
J= w=

[d/2]—1

2v
=— > Ald-2-2v;2k+1,1) )
v=0

(i
(2v+1)V

It follows from Corollary 2 and (2.17) that A(p; 2k,1) and A(p; 2k + 1,1)
are inductively determined as polynomials in {(j) with rational coefficients

for p € NU {0}. Hence, by Corollary 1, we obtain
THEOREM 1. Suppose r,s € NU{0} with r+s > 2 andt € N with t > 2.

Then
T(r,s,t) + (=1)"T(r,t,s) + (=) ' T(t,s,7)

is a polynomial in {((j) | 2 < j <r+ s+ t} with rational coefficients.

REMARK. By applying Theorem 1 in the case when r + s+t is odd, we
immediately obtain Tornheim’s theorem mentioned in Section 1. In partic-
ular, an explicit formula for (1.2) can be deduced from Theorem 1. But this
is more complicated than in [4, Theorem 4.1].

4. Explicit formulas. In this section, we give some explicit formulas
for T'(r, s, t) and their alternating series. We need the following elementary
lemma which can be proved by formal calculation.

LEMMA 8. Suppose {Pp,} and {Qn} are sequences which satisfy

zm:P ﬂ—@ for any m € NU {0}
art m—v (21j—|— 1)' = WYm Yy .

Then

P, =-2 Z o(2m —2v)Q,  for any m € NU{0}.
v=0

Proof. By the assumption, we have
oo eiﬂ'a: _ e—iﬂz oo m <,L'ﬂ_)21/+1
P, Qm) _ P._, 2m—+1
(3 Puet) 5 = A P oy [

= (irz) Z Q™.
m=0
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Recalling the definition of the Bernoulli numbers (see e.g. [1, Chap. 1]), we
can verify that

(2imz)e'™ - 2 (imz)*" - 2-2 2
—— = 2 —2")By, = 2—-2"7")((2 "
e2imr _ 1 nzo( ) 2 (2TL>' nzo( )C( n)x

Since ¢(s) = (217 — 1)¢(s), we have

i P, z?" = (i Qkx%) ( -2 i q§(2n)x2”>,
m=0 k=0 n=0

and the asserted formula follows. m
PROPOSITION 3. Suppose k,l,m € NU{0} with 2k +1> 1. Then
(4.1)  A(2m+ 1;2k+ 1,1)

m k
=2 ¢(2m—2v) Y ¢(2k — 2j)
v=0 7=0

i e .
(19)* (2v+142j—2u .
)7 W +2+2j +1—2p).
XZO(QNH)! 2j — 2u (v +242j+1-2p)

Proof. Corollary 2 with § = 7 and d = 2¢ + 3, where ¢ > 0, gives
k¢2k L. (w2 (241 +2j — 2 CQat242 41—
JZ MZO 2u+ 1) 2j — 2 4 J K

q -\ 2v

(i)
= — A2 1—-2v;2k+1,1) ———.
szo Qg+ 1-2v2k+ LD G2

Then, by applying Lemma 8 with P,, = A(2m + 1;2k + 1,1), and

_(im)*
qu (2k — 27) Z  @u 1)
" <2m+1—|—2j—2,u
2j — 2u
for m > 0, we obtained the asserted formula for A(2m + 1;2k + 1,1). =

>C(2m+2+2j+l—2,u),

By applying Proposition 3 in the case m = k and [ = 2k + 1 for k €
N U {0}, and using (2.14) and (3.8), we have the following formula. This
gives a partial answer to the Subbarao—Sitaramachandrarao problem posed
in 4, §5].
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COROLLARY 3. For k € NU {0},

0 (_1)m+n
mznil mZE T2k (4 ) 2R+

2k+25+1 . .
= _22< 241 )¢(2k—2j)¢(4k‘+2j+3)

k k j .
w4142 —2
+43 " 62k —2w) S 62k - 2)) Z( ”+2,+ ) “)
v=0 =0 §=0 J ek
(im)>+
2p+ 1)V

REMARK. In the same way as above, it follows from Corollary 2 that

X C(2k+2v+2j—2u+3)

k

A(2m; 2k, §) —22¢> 2m —2j) > ¢(2k — 2v)

j=1 v=0
v—1 . .
2j4+2v—2u—1 , (im)2H
2 2 l—2p) ——
X/;O( % —2u—1 )C”Jr VL= G
+ C(2k 4+ D)op(2m),

when 2k 41 > 2 and m > 1. In particular, it follows from (2.13) that we can
also evaluate

: S~ m2kn2k(m + n)2k: o m2kn2k(m + n)

for k € N; however, neither of the two sums in (4.2) can be deduced sepa-
rately.

By substituting (4.1) into (3.12) in the case [ = 2p and d = 2¢ + 1, we
obtain

THEOREM 2. For k,p € NU{0} withk+p>1 and q €N,

T(2k +1,2p,2¢+ 1) —T(2k + 1,29+ 1,2p) + T(2p,2¢ + 1,2k + 1)
k

= —2) (27 —1)((2k - 29)

J i\ 2V

2g+1+2j — , (i)
2¢4+242j+2p—-2

X;o( 2 +1-2 >C(q J+2p —2v) ]
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q q—N
+4)° { D (212rRNT _1)¢(2¢ — 2N — 2v)

N=0 v=0

k
X (2172425 _ 1)¢(2k — 27)
7=0

J : N2 . \2N
2v+1+25—2p , (im)** ) (im)
2 242 2p — 2 .
X ;( 2 — 21 )C( vE2H24 =) 6 T N

ExaMPLE. We list several nontrivial relations for T'(r, s, N —r — s) de-
duced from Theorem 2 when N = 10, 12:

1
T(3,2,5) — T(3,5,2) + T(2,5,3) = — 10
(3,2,5) =T(3,5,2) + T(2,5,3) = —gzemer ™,
17
(327 -TET2)+TQ73) = —qpmmmaem ™
19
27(5,2,5) =T 2) = — 12
(5:2,5) = T(5,5:2) = ~gio16195 ™
19 o

T(5.4,3) = T(5.3,4) + T(4,3,5) = oo
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