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On the structure of the Selberg class, IV:
basic invariants

by

J. KAczOROWSKI (Poznan) and A. PERELLI (Genova)

1. Introduction. This paper is a continuation of part II (see [6]) of
the series. It is well known that the y-factors in the functional equation of a
function F(s) in the extended Selberg class S* (see below for definitions) are
uniquely determined by F'(s) up to multiplicative constants, although their
shape can be considerably changed by means of suitable identities satisfied
by the I' function; see Theorem 2.1 of Conrey—Ghosh [1]. Such a property
of ~-factors leads to the notion of invariant (see [6]); we recall here that an
invariant (resp. a numerical invariant) of F € Stis an expression (resp. a
number), defined in terms of the data in the functional equation of F(s),
depending only on the function F'(s) and not on the form of the functional
equation. In [6] we obtained a transformation algorithm for ~-factors and,
as a consequence, we gave a simple criterion characterizing invariants of
functions in S¥. Amongst other things, such a criterion allowed us to exhibit
several interesting new invariants.

In this paper we deal with the following two natural problems about
invariants. The first problem is to construct a universal set of numerical
invariants characterizing the functional equation; by universal we mean that
the choice of such invariants is the same for every F' € S*. Any such set of
invariants will be called a set of basic invariants. Note that, given one such
set, it is easy to build infinitely many sets of basic invariants. The second
problem is to construct a form of the functional equation where all data
are invariants, which we call an invariant form. Again, one can easily build
infinitely many such forms of the functional equation from a given one.
Note that the two problems are closely connected; for instance, a solution
of the second problem immediately provides a set of numerical invariants,
depending on each F € S*, characterizing the functional equation of F(s).
In this paper we deal first with the problem of constructing a set of basic
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invariants, and then we turn to the second problem by constructing a special
type of invariant form, called canonical form, of the functional equation.

We keep as much as possible the notation introduced in [5], [6] and in
the survey paper [4]. In particular, we recall that a function F € S* satisfies
a functional equation of type

Y(s)F(s) = wi(1 = s)F(1 - s),
where |w| = 1, f(s) = f(3) and the y-factor v(s) has the form

,
$)=Q [[INis+ms), @>0, % >0, Rep; > 0.
j=1
We also recall that degree, £-invariant, conductor and root number, defined
by

dp =2 \j, F—QZ i —1/2) = nF +i0F,

w2 TTA w— et (20 N it
gr=02m)"Q* T[N, wi=we (2m)ir JIRY ;
- e

respectively, are invariants of F'(s). We also allow dp = 0, in which case
~-factors simply reduce to v(s) = Q°. However, in what follows we consider
only functions F € S* with dp > 0, since the whole theory of invariants is
trivial in the case dp = 0; see Theorem 1 of [5].

We introduce the following notation. As usual, we denote by B, (x) the
nth Bernoulli polynomial defined by

n

_1—ZB —' |Z|<27T,

hence By(x) = 1, By(x) = v—1/2, Ba(z) = 22 —2+1/6 and so on. Moreover,
for a given F € S* we write

e/
KF(Z):ZZlm, ZGC,
‘7:

and

(flf), n=0,1,...

Note that both Kr(z) and Hp(n) are additive with respect to the function
F(s), i.e., for F,G € S* we have

Kra(z) = Kr(2) + Ka(2), Hpg(n) = Hp(n) + Hg(n).

We start with the construction of a set of basic invariants.
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THEOREM 1. The function Kp(z) and the numbers Hp(n), n > 0, are
invariants of F € S*. Moreover, two functions F,G € S* satisfy the same
functional equation if and only if

(1.1) gqr=9gqa, wp=wg and Hp(n)= Hg(n) foralln >0.

The invariants Hp(n), n > 0, are called the H-invariants of F € S*.

Observe that degree and £-invariant are recovered as
(1.2) dp = Hp(0), &p=Hp(1).
Later on, see (2.8) below, we give a meaning to all H-invariants in terms
of a certain asymptotic expansion; at present we leave open the problem of
giving a meaning to the Hp(n) in terms of F'(s), without explicit reference to
the functional equation. In view of Theorem 1, ¢r, w} and the H-invariants
form a set of basic invariants. In Theorem 3 below, given any fixed F € S¥,
we construct a finite set of numerical invariants characterizing the functional
equation of F'(s).

We remark that the proof of Theorem 1 shows that if v (s) and y2(s) are
~-factors of F(s) and G(s), respectively, and (1.1) is replaced by the weaker
assumptions

Hp(n) =Hg(n) foralln >0

and
qr =qc and Hp(n) = Hg(n) foralln >0,

then we obtain the weaker statements

as+b

Y1(s) = e*Pyy(s)  with a = 3log(qr/qc) and some constant b € C

and
71(s) = ¢y2(s)  for some constant ¢ € C,

respectively; see (2.5), (2.7) and (2.9) below. Moreover, the function Kr(z)
determines all H-invariants of F'(s) and wvice versa, since

1 = H F (TL)
(1.3) Kp(z) = §ZTZTL’
n=0
see (2.3) below. Hence Kp(z) also determines the ~-factors of F(s) up to
factors e®*,
In Section 2 we give two proofs of the second part of Theorem 1. The first
proof is simpler, while the second also provides the above mentioned inter-

pretation of H-invariants as coefficients of a certain asymptotic expansion.

The function Kr(z) gives rise to other interesting invariants. We first
recall a few definitions and results from [6]. The v-class number hp is the
number of Q-equivalence classes arising from the coefficients Ay,..., A\ of a
y-factor of F' € S*, and hr is an invariant. F(s) is reduced if it has a y-factor
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with 0 <Repj <1 for j =1,...,7. The canonical polynomial Pr(s) is the
monic polynomial obtained by reducing a y-factor v(s) of F'(s) by means of
the factorial formula I'(s + 1) = sI'(s) as

V(s) = ey Pp(s)7(s),
where ¢, € C and 7(s) has 0 < Repij < 1 for j = 1,...,r. Moreover, we
recall that Pp(s) is an invariant, and F'(s) is reduced if and only if Pp(s) =1
identically.

We split a y-factor v(s) of F € S* according to Q-equivalence classes of
the \;’s as

hp
(1.4) v(s) =@ [ i(s)
j=1
and, analogously, we split Kp(z) as
hp
(1.5) Kp(z) =) Kj(2).
j=1

The functions K;(z), 1 < j < hp, are almost invariants, in the sense that if

functions Kj;(z) are constructed in the same way as the K;(z) starting from
another y-factor ¥(s) of F(s), then

(1.6) Kj(z) = Kj(2) + 2E;(2)
where Ej(z) are exponential polynomials (see Section 3). We define the
canonical exponents Ay, ..., Ay, of F(s) by

(1.7) Aj = max{A € R: (e — 1)K/ (2) is entire}.

The canonical exponents exist, are positive and distinct, and of course are
invariants by (1.6); see Lemma 3.2 below. We remark that the difficulty is
to show that the functions K(z) are not entire.

We say that an expression of the form

hp M;
v(s) = e T [ TNis + mim)s
j=1k=1
witha € R, b€ C,\; > 0 and Re pj; > 0, is a balanced form of the y-factor
v(s) if all ratios A;/A;, 1 < j < hp, are equal. In such a case, the common
ratio A;/); is called the reduction factor. Every y-factor has a balanced
form, and the reduction factor of any balanced form is a positive integer;
see Lemma 3.3 below. We define the reduction index I of F € S* as the
minimal reduction factor of the balanced forms of v-factors of F(s). Clearly,
the positive integer [ is an invariant of F'(s).
Our motivation for introducing the notion of balanced form comes from
the fact that the functional equations of all L-functions known to us have
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~v-factors either in balanced form or easily transformable to balanced form.
More precisely, such L-functions F(s) have hp = 1 and a ~v-factor with all
Aj =1/2; in [6] we conjectured that this is in fact the case for all functions
in S¥.

Canonical exponents and reduction index can be used to obtain an in-
variant form of the functional equation where, in addition, the v-factor is in
balanced form. In fact, writing

Qr = (qF (2m) dFldFHA 2KA>

(1.8) o he
/2 1 ar —i6 H 2iIm p;,
wF_WFe( /)(nF+)<W) lFZF H Aj ]k7
j=1 k=1
we have

THEOREM 2. Every F € S' uniquely determines positive integers K;
< j < hp) such tha
1<j<h h that

(1.9) Y0(8)F(s) = wryp(l — s)F(1 - s)
where B 0
QR ITTT (2 s+ )
7=1 k=1

the pjr’s (1 < j < hp, 1 < k < IpKj) are uniquely determined (modZ)
complex numbers with Re pu;, > 0, and Qp, wp are given by (1.8). More-
over, the pj’s are uniquely determined if hp = 1 or if F(s) is reduced,
and lp = 1 in the latter case.

Note that functional equation (1.9) has v-factor in balanced form, but
it is not necessarily in invariant form. In the cases where all data of (1.9)
are invariants, i.e., when the p;;’s are uniquely determined, we say that
(1.9) is the canonical form of the functional equation of F'(s). In this case
~0(s) is denoted by vp(s). We recall from [6] that, conjecturally, hp = 1 for
every F € 8, and hence we expect that the canonical form exists for every
Fe st

We remark that the non-uniqueness of the 1 ;’s can be eliminated at the
cost of the explicit presence of the canonical polynomial in the functional
equation. In fact, the proof of Theorem 2 (see (3.13) below) shows that every
F € 8! satisfies the functional equation

(1.10) m(s)F(s )=w171(1—8)17(1—8)

71(s) = Q1 Pr(s HHFAS+MJh)

j=1h=1
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with 0 < Repi;p < 1. In this case the ji;,’s are uniquely determined, and
@1 and w; have the expressions of Qp and wp in (1.8), respectively, with
lp = 1 and p;y replaced by ji;p. Although (1.10) is not a priori of the
type allowed by the axioms of the Selberg class, it can be transformed into
such a functional equation, by absorbing Pg(s) into suitable I'-factors. In
particular, (1.10) can be transformed into the canonical form, when it exists.

From the definition of Iz we see that (1.9) has the minimum number of
I'-factors amongst the v-factors of F(s) in balanced form. Observe that if
hr = 1 then a vy-factor is in balanced form provided its A-coefficients are
all equal. Therefore, if hp = 1 (which we believe to be the general case
in Sﬁ) the canonical form exists and has the minimum number of I'-factors
amongst the y-factors in balanced form.

The proof of Theorem 2 shows that the data hp, [r, A;’s, K;’s and p;1’s
in the canonical form are determined by Kp(s). Hence, in view of (1.3),
Theorem 2 provides a constructive proof of Theorem 1, of course in those
cases where the canonical form exists.

In Section 3, after the proof of Theorem 2, we outline an algorithm for
the computation of (1.9) starting from any given form of the functional
equation of F' € S*. For example, the standard functional equations of ¢(s)
and L(s, x), x primitive Dirichlet character, are already in canonical form,
while for the Dedekind zeta function associated with a number field K with
[K : Q] =n =171+ 2ry we have

hF:L lF:L /11:1/2, Klzn,

_J0 for 1 <k <ry+re,
H1k = 1/2 forri+ra+1<k<n.

Therefore, the canonical form is different from the standard one in this case.
Similar computations can be easily performed in the holomorphic modular
case as well, thus showing that, of course after normalization to meet the
axioms of the Selberg class, the standard functional equation coincides with
the canonical form in this case.

In Theorem 1 we proved that conductor, root number and H-invariants
form a set of basic invariants. Now we show that for any given F' € S* there
exists a finite set of numerical invariants, depending on F'(s), characterizing
the functional equation of F'(s). With the notation in Theorem 2 we write

hr
TFZZFZKJ', nF=22hF_lT’F—2hF+1.
j=1
Moreover, we recall from [6] the strong A conjecture asserting that every

F € 8! has a ~y-factor with A-coefficients all equal to 1 /2; see also Section 9
of [4]. We have
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THEOREM 3. (i) The functional equation of F € S* is characterized by
the invariants hp, rp,

(1.11) qr, wp and Hp(n) withn <ng.

(i) Assuming the strong A conjecture, the functional equation of F € S*
is characterized by the invariants in (1.11) with np replaced by dp. More-
over, this is best possible in the sense that for every integer d > 1 there exist
F,G € 85 for which the invariants in (1.11) with ng replaced by d — 1 are
equal, but F(s) and G(s) satisfy different functional equations.

As a consequence of Theorem 3(ii), given any F € Sg we expect that gp,
wy and the H-invariants with n < d characterize the functional equation
of F(s). We remark that in [5] we proved that the functional equation of
F e S]Lﬁ is characterized by the triplet (qr,wp,{r). In view of (1.2), this
confirms the above expectation in the case d = 1.

We finally remark that it will be clear from the next sections that none
of the proofs in this paper relies in any way on the assumption that the
functional equations under consideration have solutions in S*. Therefore,
a completely similar set of results can be developed by considering only
functional equations, irrespective of whether they have solutions in S* or not.
This is basically a matter of taste, and our choice of referring to functions
in S* comes from the view that L-functions are the main concern in our
investigations.

Acknowledgments. We wish to thank the referee for his very careful
reading of our manuscript and for many suggestions on both improvements
of the presentation and simplifications in the proofs. This research was par-
tially supported by Istituto Nazionale di Alta Matematica, by KBN grant
2 PO3A 024 17 and by a MURST grant. The authors wish to thank these
institutions for their generous support.

2. Proof of Theorem 1. We start with a uniqueness principle for
generalized Dirichlet series with complex exponents, of type

(2.1) f(2) =) ane®”
n=1

with 0, = ap+ifn,an €C, 0np Fomifn#mand 0 < o < ... <, — 00.
We remark that, in general, the analogue of the standard uniqueness prin-
ciple for ordinary Dirichlet series fails in the case of generalized Dirichlet
series. A counterexample is given in Section 1.3 of Chapter II of Leontiev’s
book [7]. However, such a uniqueness principle holds if the series is absolutely
convergent on a sufficiently large domain.



104 J. Kaczorowski and A. Perelli
LEMMA 2.1. Let f(z) be as in (2.1) and absolutely convergent for z =
x <uwzo. If f(2) =0 for z=x < xg, then a, =0 for every n € N.

Proof. By contradiction, let ng be the smallest n such that a, # 0.
Moreover, let mg be the largest n such that a,, = ap,. We may assume
without loss of generality that a,, = 0. Hence for x — —oo we have

mo %) mo ‘
(2.2) 0= f(x) = Z ane®n® + Z ane®n® = Z anen® + o(1).

n=no n=mo+1 n=ng
From (2.2) we have
mo
Z lap|* = lim — S ’ E an elﬁ”“ dxr =0,
X—oco X
n=ngo —2X mn=ng

a contradiction. m

Let v(s) be a y-factor of F' € %, |2| < 2rminj_;,__,|)\;| and z; = z/);.
From the definitions of Kr(z), Hp(n) and Bernoulli polynomials we have

Z]gﬂj J
(2.3) 2Kp(z) = 22/\ g
7}~ Hp(n)
j=1 n=0 n=0

Since a power series uniquely determines its Taylor coefficients, from (2.3)
we see that the invariance of the Hp(n),n > 0, follows from the invariance
of K F(Z) .

Now we observe that the poles of y(s) are at s = —(p; +k)/N\;, j =
1,...,7and £ =0,1,..., therefore for Re 2z < 0 we have

(2.4) KF(Z):—ZZZe Aj Z:—zze_Qﬁ

where o runs over the poles of v(s). Hence Kr(2) is an invariant of F € S¥,
since the poles of a y-factor of F'(s) are uniquely determined by F(s) itself.

Let F,G € S* have y-factors 71 (s) and 72(s), respectively. In order to
prove the second part of Theorem 1 we first assume that F'(s) and G(s) have
the same H-invariants and observe that (2.3), (2.4) and Lemma 2.1 imply
that v1(s) and y2(s) have the same poles. Therefore 71 (s)/v2(s) is an entire
function of order 1 without zeros, and hence

v (s) = eaServz(s), a,beC.

Moreover, using Stirling’s formula with fixed ¢ and ¢ — +0o we see that in
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fact
(2.5) 71(s) = e TPy(s), a€R, beC.

Assume now in addition that F(s) and G(s) have the same conductor.
With obvious notation, inserting (2.5) in the functional equation of F'(s) we
see that F'(s) also satisfies the functional equation

(2.6) ey (s)F(s) = wiel ~bea1=8)5,(1 — $)F(1 — s).

Hence, recalling (1.2) and denoting by d the common degree of F(s) and
G(s), computing the conductor of F(s) by means of (2.6) and equating with
the conductor of G(s) we obtain

72 T2
emfe BT N3 = e Q3 [[ A7y

j=1 Jj=1
Therefore a = 0 and hence

(2.7) v1(s) = eya(s), ceC.

Finally, assuming in addition that F(s) and G(s) have the same root
number, arguing as above we can show that the constant ¢ in (2.7) is real,
and hence F'(s) and G(s) satisfy the same functional equation. Theorem 1 is
therefore proved, since it is obvious that (1.1) holds if F'(s) and G(s) satisfy
the same functional equation. m

Now we give an interpretation of the H-invariants as coefficients of a
certain asymptotic expansion. Such an analysis provides another proof of
the second part of Theorem 1.

Let F € S* and ~(s) be a y-factor of F(s). From Stirling’s asymptotic
expansion

N
Byii1(a) _
log I = ~ D logs — s+ Llog?2 S Dia s
ogl'(s+a)=(s+a—3)logs—s+ &log 7T—|-n§:1( ) n(n—i—l)s
+0(s|7V)
valid for all N € N, a € C and |arg s| < 7 (see Section 1.18 of [2]), we obtain
(2.8) logv(s) = $Hp(0)slogs

+ 2(loggr — Hp(0)log2me)s + s Hp(1)log s

Ly~ () -

- H 1)s~" ~N-
+e(7) + 2;n(n+1) r(n+1)s™" +0(|s| V)

for all N € N and |arg s| < 7, where

_ T

c(v) = Z (Mj — %) log \j + 3 log 2.
j=1
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From (2.8) we see that if F,G € S* with ~-factors v1(s) and va(s),
respectively, have the same H-invariants then

1

29) log ) _Lo10s 0y el30)+0(1sIN) = as + b+ 0(s| ),
72(s) 2 Tqq

say, for all N € N and |args| < . However, (2.9) is not enough for an

immediate deduction of the second part of Theorem 1. To perform such a

deduction we proceed as follows.

Starting from the formula

ooe’ﬂ

d
logI'(s) = (s — §) log s —s + Jlog2m + | w(z)e > =,
0
1 1 1
¢(2)—ez_1—;+§,

uniformly for —7/2 < 8 < w/2 and —(7/2+ ) < args < w/2 — [ (see (5)
of Section 1.9 of [2]), we can prove

LEMMA 2.2. Let a € C, § > 0 and ¢ € R sufficiently large be fixed
constants. Then, uniformly for |args| < m — 0 and |s| > (¢/d)|a|, we have

eth
logI'(s+a) = (s+a—1)logs—s+ 3 log2m+ S P(z,a)e** % +O(e "N,
0

where k = k(0) > 0 is a certain constant, —m/2 < 3 < w/2 is such that
largs + Bl < /2 —§ and

o~ (=)
Y(z,a) = Z - Bn(a)z"Y, 2] < 2.
n=2

We omit the proof of Lemma 2.2, which can be obtained by rather long
but standard computations along the lines of the proof of Stirling’s asymp-
totic expansion, and only outline the second proof of the second part of
Theorem 1.

Assuming that F,G € S have the same H-invariants and using Lem-
ma 2.2 instead of Stirling’s asymptotic expansion we obtain the following
improved version of (2.9):

o 71(s)
Y2(s)

uniformly for |s| sufficiently large and |arg s| < m — §, where k and § are as
in Lemma 2.2. Moreover, writing

(2.10) = as + b+ O(e "l

()= 20T onrin-s_y e
v2(1 4 it) ’ ’
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and
(211) m(f) = | f)t*at
1+i00
:ﬂ% ) (1;—86“”—1)@—1%, k=0,1,...,
1—i00

from (2.10) we have

(2.12) F(t) =0 ) and pup(f)=0 fork=0,1,...,

the last statement being easily verified by shifting the line of integration in
(2.11) to the right and using (2.10).

Consider now the Fourier transform f(z) of f(t). From (2.12) we see that
f(2) is holomorphic for |Im z| < k/(27) and, moreover,

F®(0) = @ri)u(f) =0, k=0,1,...

Therefore f(z) = 0 identically and hence f(¢) = 0 identically. By the defini-
tion of f(t), the principle of analytic continuation and (2.9), this gives (2.5)
with a = %log(qF /4c), and the second part of Theorem 1 follows easily.

3. Proof of Theorem 2. We first state the following sharper version
of Ritt’s [8] theorem on exponential polynomials, due to Shields [9]. In fact,
Shields [9] proves a stronger form of Lemma 3.1 below. We recall that an
exponential polynomial is an expression of type

F) = 3 anen
n<N

with a,, € C and distinct «,, € C.

LEMMA 3.1 (Shields [9]). Let f(z) and g(z) be exponential polynomials
and suppose that f(z)/g(z) has only finitely many poles. Then f(z)/g(z) is
an exponential polynomial.

Let v(s) be a y-factor of F € S*. We split v(s) and Kp(z) into Q-
equivalence classes as in (1.4) and (1.5) and, with abuse of notation, write

rj
(3.1) vi(s) =[] TNis+m),  §=1,....he.

i=1
It is easy to see that two I'-factors belonging to different QQ-equivalence
classes may have at most one common pole. Therefore, apart from a finite
number of elements, the sets of poles of the v;(s), 1 < j < hp, are invariants
of F(s). Hence the functions K;(z) are uniquely determined up to addition
of an exponential polynomial times z, as in (1.6). Thus, the A;’s defined
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by (1.7) are also invariants, if they exist. The first step in the proof of
Theorem 2 is to show that the A;’s do exist.

LEMMA 3.2. Let F € S¥. Then the A;’s defined by (1.7) exist, are positive
and belong to distinct Q-equivalence classes.

Proof. Let v(s) be a v-factor of F(s). For 1 < j < hp, we recall that A;
denotes the maximal A such that

(3.2) (/1 — 1)K (2)

is entire. We start observing that the A\;’s in (3.1), 1 < i < 7, are all
Q-equivalent, and hence we can write

with certain positive integers n; and a positive 7; € R. Therefore, by the
Legendre—Gauss multiplication formula

m—1
(3.3)  I'(s)=m*22m)=m/2 ] F<S ha k) m=12,...,

m
k=0

we rewrite v;(s) in the form

T'l

i
(3.4) ;(s) = e t0i HF(njs +¢i), Re¢ >0,
i=1

and computing K;(z) using (3.4) we obtain

"

. — c ciz/nj

KJ(Z)_ez/nj_lz;e ‘e
1=

Hence the set of A’s such that (3.2) is entire is not empty. Moreover, the
poles of Kj(z) are contained in the set {2mikn; : k € Z}.

By (2.4) applied to Kj(z), the function K;(z)/z is not an exponential
polynomial. Hence, by Lemma 3.1, K;(z) has at least one pole, say at z =
2mikon; with some kg > 0. Such a pole has therefore to be cancelled by a
zero of e*/4 — 1, hence admissible A’s have the shape

(3.5) A=koni/k, ke

Thus A < kon;j and the set of admissible A’s has a maximum, therefore A;
exists for 1 < j < hp. Finally, by (3.5) it is clear that the A;’s are positive
and belong to distinct Q-equivalence classes. =

For1 <j < hplet
(3.6) fi(z) = (/M — 1)K (2).
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By (2.4) applied to K;(z) we have

2) = —z Z e 02/ A5
0

where g runs over the poles of v;(s). Hence for Rez < 0 we can write

[o¢]
(3.7) fi(z) ==z Z nj(l)emlvjz//lf
=1
with some n;(l) € Z and my; € C satisfying Rem; ; > 0, Imm; ; < 1 and
Remy ;
0< Aj < fj < Bj

for [ sufficiently large, where A;, Bj, 1 < j < hp, are suitable constants.
Observe now that f;(z)/z is a quotient of two exponential polynomials and,
by definition of the A;’s, it has at most one pole. Hence by Lemma 3.1 we
have n;(l) = 0 for [ sufficiently large. Therefore the sum in (3.7) is finite
and, rearranging and repeating terms if necessary, we write (3.7) as

N;
(3.8) fi(z) = Zan(l)emlvfz/Aj

with n;(l) = —1 for 1 <1 < M; and n;(l) =1 for M; +1 <1 < Nj;. From
(3.6) and (3.8) we therefore obtain

' emiiz/A; ' emiiz/A;
(3.9) )+ ZZ /1 Z A 1
I=M;+1
With the data in (3.9) we build the products
M; Nj
[Ty + muy), I r@ys+my)
I=1 I=M;+1

and hence the argument in the proof of Theorem 1, showing that Kp(z)
determines v(s) up to a factor e®**® (see also the remark after Theorem 1),
gives in this case the identities

M; ' N
(310) () [T Fys +muy) = e T 14y +muy),
=1 I=M;+1

1§]§hF7

with some a¥) € R and b9 € C. Observmg that for every 1 <1 < M; the
left hand side of (3.10) has a pole at s = —m, j/A;, we deduce that there
exist an I’ =I'(l), M; +1 <1’ < Nj, and an integer k; ; > 0 such that

my; :ml/J—i—kl,j, lZl,...,Mj.
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Therefore, applying k;; times the factorial formula to I'(Ajs 4+ m; ;) on
the left hand side of (3.10), dividing both sides by the common I'-factors
obtained in this way, reducing (again by the factorial formula) the remaining
I'-factors on the right hand side and finally multiplying all identities for
1 <j < hp, we end up with an identity of the form

(3.11) v(s) = e TP R(s) HHF (Ajs 4 Fijn)
j=1h=1

where a1 € R, by € C, R(s) is a rational function and 0 < Repij, < 1.
Reducing v(s) we have

V(s) = ey Pr(s)7(s)
where ¢, € C, PF(S) is the canonical polynomial of F(s) and 7(s) is the

reduced part of y(s) (see Section 3 of [6]), and hence comparing with (3.11)
we obtain

(3.12) F(s) = e2stbz 3) H H T(Ajs+ Fijn)

=1h=1
with az € R and by € C. Since the I'-factors on both sides of (3.12) are
reduced, from Lemma 2.3(ii) of [6] we see that
R(s) = c1Pp(s)
with ¢; € C, and hence (3.11) becomes

(3.13) y(s) = ™t Pp(s) TT ] T'(4ss + Fijin)

j=1h=1
with a3 € R and b3 € C. We remark at this point that a3, the K;’s and the
fj.p’s in (3.13) are uniquely determined by F(s). In fact, if 4/(s) is a y-factor
of F(s) we have v(s) = c27/(s) for some ¢ € C, and hence (3.13) leads to
an identity of type

HHFAS-F,M]h “4S+b4HHFAs+u]h

j=1h=1 j=1h=1

with aqg € R, by € C and 0 < Re ﬁ;h < 1. Our assertion follows then by the
argument leading to Lemma 2.3(ii) of [6].

Since the left hand side of (3.13) has no zeros, the zeros of Pr(s) must
be cancelled by poles of the I'-factors. Therefore we can write

(3.14) Pr(s)=c3 [] (455 + n+1),
(Guhd)
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where c¢3 € R and the product is over a certain (possibly empty) finite set of
triplets (j,h,1) with 1 < j < hp, 1 <h < Kj and [ =0,1,... Observe that
the expression of Pr(s) in (3.14) is not necessarily unique, since I'-factors
corresponding to different Q-equivalence classes may have a common pole.
Applying the Legendre-Gauss multiplication formula (3.3) with

m = maximum [/ in (3.14) + 1

to each I'-factor in (3.13), from (3.13) and (3.14) we get

v(s) = e5tbs H </1 5+:u]h+l> Hﬁni_ff(/l S+M]h+l>

) j=1h=1 1=0

with a5 € R and b5 € C. Hence by repeated applications of the factorial
formula we can absorb the canonical polynomial into new I'-factors as

hp mK;

(3.15) =t T[] F(— S + 11 )
7=1 k=1
with ag € R, bg € C and Re u;k > 0.

We have

LEMMA 3.3. Let F € S%. Then every ~y-factor of F(s) has a balanced
form. Moreover, the reduction factor of any balanced form is a positive in-
teger.

Proof. The first assertion follows from (3.15). In order to prove the sec-

ond, let
hp M
s) = e®sth H H I'(Ajs+ ,Uj,k;)
j=1k=1
be a balanced form of 7(s). Clearly, the function (e*/% — 1)K;(z) is entire
for 1 < j < hp, hence \; < A; and we write

1 k 0

A A i 4;
with a positive integer k£ and 0 < 0 < 1. We therefore have
(5% = 1)K (2) = (547 = Dl (2) + (0 = 1), (2),

and the first term on the right hand side is easily seen to be entire. Hence
the function (e?2/4 —1)K;(2) is entire as well, thus = 0 by the maximality
of A;, and Lemma 3.3 follows. m

Observing that for 1 < 5 < hp the contribution of the I'-factors in
the jth Q-equivalence class to the degree dr of F(s) is an invariant, from
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Lemma 3.3, the definition of I and (3.15) we get

hp ZFK
(3.16) =TT I] F( s+ 1, k)

7=1 k=1

with a € R, b € C and Re pj;, > 0. Moreover, [ is the minimal integer such
that (3.16) holds. Note that the p;’s are uniquely determined (mod Z). In
fact, if

hFlFK hFlFK
_ as+bH H F<_S+ij> _eaerb H H F(—S—l—,u]k)
7j=1 k=1 7=1 k=1

comparing poles we see that —{p(u;,+h)/A; coincides with —lp(p} ;. +1)/4;
for suitable integers h and [, therefore the 11, ’s are unique (mod Z).
Rewriting (3.16) as

hr lFK;
(B1T) () = crls), — o I I1 r(—swk)

7=1 k=1

we see that 7o(s) is a ~-factor of F(s). Moreover, Qr and wp are easily
computed by means of the definition of conductor and of root number, re-
spectively, thus yielding the first part of Theorem 2.

Observe that if F'(s) is reduced then the canonical polynomial is trivial.
Hence Theorem 2 follows already from (3.13), by observing that [r = 1 in
this case. Finally, Theorem 2 follows from (3.17) and Lemma 2.3(i) of [6] if
hp=1.n

The proof of Theorem 2 allows the explicit computation of (1.9) from
any given form of the functional equation of F' € S*. A sketch of the steps
of such a computation can be extracted from the proof of Theorem 2 as
follows.

(i) For j =1,..., hp compute the A; by means of their definition (1.7).
(ii) For j = 1,..., hp compute f;(z) in the form (3.8). Then write (3.10)
(without explicit computation of the factor e’ s+2).
(iii) Follow the procedure described between (3.10) and (3.11), thus get-
ting (3.13) (without explicit computation of the factor e?3575s).
(iv) By means of the multiplication and factorial formulae, determine g

and transform (3.13) into (3.16) (without explicit computation of the factor
eas+b)'

The form (1.9) of the functional equation is then obtained after compu-
tation of Qr and wr by means of the expressions given by (1.8).
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We end the section with three examples illustrating Theorem 2 and its
proof. First of all, observe that the identity

I'(s/2)'(s+1)=2[(s/2+ 1)I(s)

shows why the A’s in the canonical form of the functional equation have to
be equal in each Q-equivalence class, in order to have uniquely determined
w’s. Moreover, the identity

SP(5)[(V3s) = (s + YI(VZ5) = —

V2

shows that the p’s in (1.9) are not necessarily unique if hp > 1 and F(s) is

not reduced.
S s+ 3
== |I )
0 =r(3)r(*3)

Suppose now that
In this case hp =1, A1 =1, K1 =1, Pp(s) = s+ 1 and (3.13) becomes
A(s) = €= (s + 1) (s),

thus showing the need of a further application of the multiplication formula
to (3.13) in order to absorb the canonical polynomial into new I'-factors.

I(s)I(V2s+1)

4. Proof of Theorem 3. For any fixed N € N consider the symmetric
polynomials

N
pe(X1,.. ., Xn) =Y XF, kel
j=1

We need the following lemma, which is a classical result on symmetric func-
tions based on Newton’s formulae (see Section 1.5 of [3]).

LemMA 4.1. () If z = (21,...,2n),w = (w1,...,wy) € CN satisfy
pk(z):pk(w), kZI,...,N,
then there exists a permutation o such that zj = wy(;) for j=1,...,N.

(ii) There exist x,y € RY such that

pe(x) =pr(y) fork=1,...,.N—1 and pn(x)# pn(Y).

Let F' € S%. In order to prove Theorem 3(i) we observe that by Theorem 1
it is sufficient to show that if G € S* has hg = hp, rqg = rp and

(4.1) Hg(n) = Hp(n) forn<np (=ng)
then
(4.2) Hg(n) = Hp(n)  for all n > 0.

Denote by Ay, ..., Ap, and A}, ... ,A%F the canonical exponents of F'(s) and
G(s), respectively. Computing Kr(z) and Kg(z) by means of the form of
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the functional equation given in Theorem 2 we see that the entire function

hp
@3) )= [ - (o - 1) (K () - Ka(2)
j=1
can be written in the form
L L
(4.4) flz) =) ez =) el*
=1 =1
with oy, 6; € C and
(4.5) L < rp2?hr=t,

From (1.3) and (4.1) we see that the coefficients of the Taylor expansion
of Kp(z) — Kg(z) vanish for n < np, hence from (4.3) we deduce that f(z)
has a zero of order at least ng + 2hr at 2z = 0. Therefore
f®0)=0, k<np+2hp—1

and hence computing f*)(0) by means of (4.4) we obtain

L L
(4.6) af=>"8f, k<np+2hp-1
=1 =1

From Lemma 4.1(i), (4.5) and (4.6) we see that if
ng = TFQQhF_l —2hp +1

then the «;’s are a permutation of the [3;’s, therefore f(z) = 0 identically
by (4.4) and hence Kr(z) = Kg(z) by (4.3). As a consequence, (4.2) holds
and hence Theorem 3(i) follows.

We turn to the proof of Theorem 3(ii). In this case F'(s) and G(s) have
a functional equation with exactly dp I'-factors with A-coefficients all equal
to 1/2. If we replace f(z) in (4.3) by

e2r— 1

1(2) = S (Kp(2) - Ko(2))

(4.4) becomes
dp dp

(4.7) f(z) = Z ez _ Z Pz
=1 =1

If we assume (4.1) with ng replaced by dp, the argument leading to (4.6)
gives in this case

dr dr
(4.8) daf=>"8f k<dp,
=1 =1

and the first part of Theorem 3(ii) follows from Lemma 4.1(i), (4.7) and (4.8),
as before.
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Now we construct examples of L-functions of integer degree d > 1 sat-
isfying (1.11) with npg replaced by d — 1 and having different functional
equations. For d = 1 we just consider

F(s) = L(s,x), G(s) =L(s+16,x)
with a primitive Dirichlet character x (mod ¢), ¢ > 1, and 6 # 0. Re-
calling that conductor and root number are also shift-invariants while the
&-invariant Hp(1) is not shift-invariant (see Section 4 of [6]), we see that
F(s) and G(s) provide the required example for d = 1.
For d > 2 we fix an even primitive Dirichlet character x (mod ¢q), ¢ > 1,
and write

L(s,x,x) L(s +ixj, x), x = (x1,...,1q9) € RL

||::j&

By Lemma 4.1(ii) there exist 8 = (01,...,04),& = (£1,...,&;) € R? such
that

d d

(4.9) Ze’f Zg] fork=1,...,d—1 and » 6f#> &,

j=1 j=1
and we cons1der

F(s)=L(s,0,x), G(s)=L(s,&x).

Again, wy = w§ and ¢r = q¢ = ¢ by shift-invariance, while (4.9) implies
that
(4.10) Hp(n)=Hg(n) forn=1,...,d—1 and Hp(d) # Hg(d).

In fact, in this case the function f(z) in (4.7) becomes
d d
f(Z) — Ze2i9jz - Z 62i£]~z
j=1 j=1
and hence (4.9) implies that
FfEO0)=0 fork=1,...,d—1 and fD(0)#£0.

Therefore Kr(z) — Kq(#) has a zero of order exactly d at z = 0, thus (4.10)
follows. The proof of Theorem 3 is now complete, since by Theorem 1 the
functional equations of F'(s) and G(s) are different.
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