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1. Introduction. Let χ be a Dirichlet character modulo k ≥ 2 and

L(s, χ) =

∞∑
n=1

χ(n)

ns

be the Dirichlet L-function for <s > 1. The mean value

(1.1)
∑

χ(−1)=(−1)m
L(m,χ)L(n, χ)

has been studied when m,n ≥ 1 are positive integers of the same parity. The
aim of such studies is to express the mean value in terms of the values of the
Riemann zeta-function ζ(`), the Euler function φ(k) and Jordan’s totient
functions

(1.2) J`(k) = k`
∏
p|k

(1− p−`),

where ` is an even positive integer. In the case m = n = 1 and k = p is
a prime, Walum [9] studied (1.1), and Alkan [3], Qi [8], Louboutin [6] and
Zhang [10] independently gave the explicit formula

(1.3)
∑

χ(−1)=−1

|L(1, χ)|2 =
π2φ(k)

12k2
(J2(k)− 3φ(k))

for k ≥ 2. Louboutin [7] proved that the mean values can be expressed as
rational linear combinations of products of ζ(m+n), the Euler function and
Jordan’s totient functions when m = n; however, he did not determine the
rational coefficients. Liu and Zhang [5] achieved the determination of the
rational coefficients in the result of Louboutin [7], and gave the following
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explicit formula for positive integers m,n ≥ 1 with the same parity [5, Theo-
rem 1.1]: ∑

χ(−1)=(−1)m
L(m,χ)L(n, χ) =

(−1)(m−n)/2(2π)m+nφ(k)

4m!n!km+n
(1.4)

×
(m+n∑
l=1

rm,n,lJl(k)− εm,n
4
φ(k)

)
,

where

rm,n,l = Bm+n−l
∑

0≤a≤m, 0≤b≤n
a+b≥m+n−l

Bm−aBn−b

(
m
a

)(
n
b

)(
a+b+1
m+n−l

)
a+ b+ 1

,

Bm is the mth Bernoulli number and

εm,n =

{
1 if m = n = 1,

0 otherwise.

Also, in the case χ(−1) = (−1)n and k > 2, Alkan [2] proved

(1.5) L(n, χ) = (−1)n+1 i
n2n−1πn

kn!

k−1∑
m=1

χ(m)

2[n/2]∑
q=0

(
n

q

)
Bq
kn−q

n−q∑
j=1

(
n− q
j

)
kj

× lim
w→2πim/k

dn−q−j

dwn−q−j
1

ew − 1
,

and gave explicit formulas for L(n, χ) in terms of twisted trigonometric sums
when 1 ≤ n ≤ 7. Using (1.5), Alkan [4] gave the explicit formula

(1.6)
∑

χ1(−1)=−1
χ2(−1)=−1

L(1, χ1)L(1, χ2)L(2, χ1χ2) =
φ(k)2π4

4

(
J4(k)

90k4
− J2(k)

18k4

)

for k > 2.

In this paper, we consider a generalization of (1.6). Our major purpose
is to give an explicit formula for the following mean values (Theorem 1.1):

(1.7)
∑

χ1(−1)=(−1)m
χ2(−1)=(−1)n

L(m,χ1)L(n, χ2)L(m+ n, χ1χ2).

Using (1.5), we give an explicit formula for (1.7); however, it is compli-
cated since we have to compute derivatives of 1/(ew − 1). We will apply the
following result of Louboutin [7, Proposition 3(1)]:

Let n ≥ 1 and k > 2 be positive integers. Let cot(n) x denote the nth
derivative of cotx. If χ is a Dirichlet character modulo k and χ(−1) = (−1)n
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then

(1.8) L(n, χ) =
(−1)n−1πn

2kn(n− 1)!

k−1∑
j=1

χ(j) cot(n−1)(πj/k).

In the following theorems, we use vectors and matrices. Let (bα)mα=1 =
(b1, . . . , bm) be a row vector and (cij)1≤i,j≤m be an m×m matrix.

Theorem 1.1. Let m,n ≥ 1 and k > 2 be positive integers. Then∑
χ1(−1)=(−1)m
χ2(−1)=(−1)n

L(m,χ1)L(n, χ2)L(m+ n, χ1χ2)

=
−φ(k)2π2m+2n

8k2m+2n(m− 1)!(n− 1)!(m+ n− 1)!

× (Cα(m,n))m+n
α=1

(
(−1)iia2i−1,2j

22i−1B2i

)−1
1≤i,j≤m+n


J2(k)

...

J2m+2n(k)

 ,

where Bm is the mth Bernoulli number,

a2i−1,2j =


(−1)i4i−1 if j = 1,

2(j − 1)(2j − 1)a2i−3,2(j−1) − 4j2a2i−3,2j if 1 < j < i,

−(2i− 1)! if j = i,

0 if j > i,

and

Cα(m,n) =

∑∑∑
j1+j2+j=α
1≤j1≤[m/2]
1≤j2≤[n/2]

1≤j≤[(m+n)/2]

aσ(m),2j1aσ(n),2j2aσ(m+n),2j if m,n ∈ 2N,

∑∑∑
j1+j2+j=α or α−1

1≤j1≤[m/2]
1≤j2≤[n/2]

1≤j≤[(m+n)/2]

f(m,n; j1, j2, j, α)aσ(m),2j1aσ(n),2j2aσ(m+n),2j otherwise.

Here we set

σ(m) =

{
m− 1 if m ∈ 2N,
m− 2 if m ∈ 2N + 1,

and f(m,n; j1, j2, j, α) = (−1)j1+j2+j+α+1ρ(m; j1)ρ(n; j2)ρ(m+ n; j), where
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for positive integers a and b,

ρ(a; b) =

{
−2b if a ∈ 2N + 1,

1 otherwise.

Also in Cα(m,n), the sum corresponding to j1 or j2 does not appear when
m = 1 or n = 1, that is,

Cα(m, 1)

=


∑∑

j1+j=α or α−1
1≤j1≤[m/2]

1≤j≤[(m+1)/2]

(−1)j1+j+α+1ρ(m; j1)ρ(m+ 1; j)aσ(m),2j1aσ(m+1),2j

if m > 1,

(−1)α+1 if m = 1.

We will prove Theorem 1.1 in Section 2. The main idea of the proof is
to express J2(k), . . . , J2n(k) in terms of

k−1∑
l=1

(l,k)=1

sin−2(πl/k), . . . ,
k−1∑
l=1

(l,k)=1

sin−2n(πl/k)

using (1.8). This idea is similar to Alkan’s [2], [4], but in our case we use
the result of Louboutin. Hence we can obtain Theorem 1.1 which is a gener-
alization of (1.6) without carrying out complicated computations. Also we
stress that we can apply this method to various mean values of Dirichlet
L-functions. In fact, we can apply it to (1.1) to obtain

Theorem 1.2. Let m,n ≥ 1 and k > 2 be positive integers with m ≡
n mod 2. If (m,n) = (1, 1), then (1.3) holds, while if (m,n) 6= (1, 1), we
have∑
χ(−1)=(−1)m

L(m,χ)L(n, χ) =
φ(k)πm+n

4km+n(m− 1)!(n− 1)!
(Dα(m,n))

(m+n)/2
α=1

×
(

(−1)iia2i−1,2j
22i−1B2i

)−1
1≤i,j≤(m+n)/2


J2(k)

...

Jm+n(k)

,
where

Dα(m,n) =



∑∑
j1+j2=α

1≤j1≤[m/2]
1≤j2≤[n/2]

aσ(m),2j1aσ(n),2j2 if m,n ∈ 2N,

∑∑
j1+j2=α or α−1

1≤j1≤[m/2]
1≤j2≤[n/2]

f(m,n; j1, j2, α)aσ(m),2j1aσ(n),2j2 otherwise,
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and f(m,n; j1, j2, α) = (−1)j1+j2+α+1ρ(m; j1)ρ(n; j2), the other notations
being the same as in Theorem 1.1. Also in Dα(m,n), the sum corresponding
to j1 or j2 does not appear when m = 1 or n = 1.

We will also prove Theorem 1.2 in Section 2. We note that Theorem 1.2
is a well-known result (see (1.3) and (1.4)), but our argument is different.
Moreover, in Section 3, we will consider the limiting values for (1.1) and
(1.7) by applying Theorems 1.1 and 1.2. We also give several evaluation
formulas for (1.1) and (1.7) in Section 4.

Moreover, we can consider the mean value

(1.9)
∑

χ1(−1)=(−1)m
χ2(−1)=(−1)n

|L(m,n;χ1, χ2) + L(n,m;χ2, χ1)|2,

where

L(s1, s2;χ1, χ2) =
∞∑

l1,l2=1

χ1(l1)χ2(l1 + l2)

ls11 (l1 + l2)s2

is the double Dirichlet L-function corresponding to Dirichlet characters
χ1, χ2 modulo k > 2; this was defined by Akiyama and Ishikawa [1]. This
function is absolutely convergent when <s1,<s2 > 1 (see [1]).

We remark that we have the harmonic product formula

(1.10) L(m,n;χ1, χ2) + L(n,m;χ2, χ1)

= L(m,χ1)L(n, χ2)− L(m+ n, χ1χ2).

Substituting (1.10) into (1.9), we have

(1.11)
∑

χ1(−1)=(−1)m
χ2(−1)=(−1)n

|L(m,n;χ1, χ2) + L(n,m;χ2, χ1)|2

=
∑

χ1(−1)=(−1)m
χ2(−1)=(−1)n

{
|L(m,χ1)L(n, χ2)|2 + |L(m+ n, χ1χ2)|2

− L(m,χ1)L(n, χ2)L(m+ n, χ1χ2)− L(m,χ1)L(n, χ2)L(m+ n, χ1χ2)
}
.

We can give an explicit formula for (1.11) by using Theorems 1.1 and 1.2.
For the first term in (1.11), the sum can be written as a product of two
sums, ∑

χ1(−1)=(−1)m
χ2(−1)=(−1)n

|L(m,χ1)L(n, χ2)|2

=
( ∑
χ1(−1)=(−1)m

|L(m,χ1)|2
)( ∑

χ2(−1)=(−1)n
|L(n, χ2)|2

)
,
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hence we can apply Theorem 1.2. For the second term in (1.11), we have to
note that∑

χ1(−1)=(−1)m
χ2(−1)=(−1)n

|L(m+ n, χ1χ2)|2 =
φ(k)

2

∑
χ(−1)=(−1)m+n

|L(m+ n, χ)|2,

since, for any Dirichlet character χ modulo k with χ(−1) = (−1)m+n, there
exist φ(k)/2 pairs (χ1, χ2) such that

χ(m) = χ1(m)χ2(m),

where χ1, χ2 are Dirichlet characters modulo k with χ1(−1) = (−1)m,
χ2(−1) = (−1)n. Therefore we can also apply Theorem 1.2 to the second
term. For the third and fourth terms, we can clearly apply Theorem 1.1.
Hence we can express the mean values (1.9) in terms of the values of the
Riemann zeta-function, the Euler function and the Jordan’s totient functions.

2. Proofs of Theorems 1.1 and 1.2. First we will give an evaluation
formula for cot(2n−1) x. The notation a2n−1,2j is given in the statement of
Theorem 1.1.

Lemma 2.1. For any positive integer n,

(2.1) cot(2n−1) x =

n∑
j=1

a2n−1,2j sin−2j x.

Proof. For n = 1, we have

cot(1) x = −sin−2 x.

Hence a1,2 = −1. Next we assume the validity of (2.1) for cot(2n−1) x, and
we will prove it for cot(2n+1) x. We have

cot(2n+1) x =

n∑
j=1

{2j(2j + 1)a2n−1,2j sin−2j−2 x− 4j2a2n−1,2j sin−2j x}.

Hence

a2n+1,2n+2 = 2n(2n+ 1)a2n−1,2n = · · · = (2n+ 1)!a1,2 = −(2n+ 1)!,

a2n+1,2 = −4a2n−1,2 = · · · = (−4)na1,2 = (−1)n+14n,

a2n+1,2j = 2(j − 1)(2j − 1)a2n−1,2(j−1) − 4j2a2n−1,2j

for 2 ≤ j ≤ n+ 1.

Since a2n−1,2j = 0 for j > i, equality (2.1) can be written as

cot(2n−1) x =

n+L∑
j=1

a2n−1,2j sin−2j x

for any positive integer L.
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Next, applying Lemma 2.1 to (1.8), we have

L(2n, χ0) =
−π2n

2k2n(2n− 1)!

n∑
j=1

a2n−1,2j

k−1∑
l=1

(l,k)=1

sin−2j(πl/k),

where χ0 is a principal Dirichlet character modulo k. On the other hand,
from the Euler product expansion, we have

L(2n, χ0) = ζ(2n)k−2nJ2n(k).

Hence

J2n(k) =
−π2n

2ζ(2n)(2n− 1)!
(a2n−1,2 · · · a2n−1,2n)


∑k−1

l=1
(l,k)=1

sin−2(πl/k)

...∑k−1
l=1

(l,k)=1

sin−2n(πl/k)

 .

Therefore

(2.2)


J2(k)

...

J2n(k)

 =

(
−π2ia2i−1,2j

2ζ(2i)(2i− 1)!

)
i,j


∑k−1

l=1
(l,k)=1

sin−2(πl/k)

...∑k−1
l=1

(l,k)=1

sin−2n(πl/k)

 .

We remark that all diagonal entries of the matrix
(

−π2ia2i−1,2j
2ζ(2i)(2i−1)! i,j

)
are

non-zero, and the matrix is lower triangular since a2i−1,2j = 0 whenever
j > i. Hence it is an invertible matrix.

Now, we prove Theorems 1.1 and 1.2.

Proof of Theorem 1.1. Using (1.8) and

∑
χ(−1)=(−1)n

χ(j1)χ(j2) =


φ(k)/2 if j1 ≡ j2 mod k, (j1, k) = 1,

(−1)nφ(k)/2 if j1 ≡ −j2 mod k, (j1, k) = 1,

0 otherwise,

we have∑
χ1(−1)=(−1)m
χ2(−1)=(−1)n

L(m,χ1)L(n, χ2)L(m+ n, χ1χ2)

=
−π2m+2n

8k2m+2n(m− 1)!(n− 1)!(m+ n− 1)!

×
k−1∑

l1,l2,l=1

cot(m−1)(πl1/k) cot(n−1)(πl2/k) cot(m+n−1)(πl/k)
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×
∑

χ1(−1)=(−1)m
χ1(l1)χ1(l)

∑
χ2(−1)=(−1)n

χ2(l2)χ2(l)

= 1
4C
(
A1 + (−1)mA21 + (−1)nA22 + (−1)m+nA3

)
,

where

A1 =

k−1∑
l=1

(l,k)=1

cot(m−1)(πl/k) cot(n−1)(πl/k) cot(m+n−1)(πl/k),

A21 =
k−1∑
l=1

(l,k)=1

cot(m−1)(π − πl/k) cot(n−1)(πl/k) cot(m+n−1)(πl/k),

A22 =
k−1∑
l=1

(l,k)=1

cot(m−1)(πl/k) cot(n−1)(π − πl/k) cot(m+n−1)(πl/k),

A3 =

k−1∑
l=1

(l,k)=1

cot(m−1)(π − πl/k) cot(n−1)(π − πl/k) cot(m+n−1)(πl/k),

C =
−φ(k)2π2m+2n

8k2m+2n(m− 1)!(n− 1)!(m+ n− 1)!
.

Noting that cot(n−1)(π − πl/k) = (−1)n cot(n−1)(πl/k) for any positive in-
teger n, we obtain∑

χ1(−1)=(−1)m
χ2(−1)=(−1)n

L(m,χ1)L(n, χ2)L(m+ n, χ1χ2) = CA1.

In the case m = 2p1 and n = 2p2 with some positive integers p1 and p2, we
have

A1 =
k−1∑
l=1

(l,k)=1

(p1+p2∑
j=1

a2p1+2p2−1,2j sin−2j(πl/k)
) 2∏
i=1

( pi∑
ji=1

a2pi−1,2ji sin−2ji(πl/k)
)

=

( ∑
j1+j2+j=α

1≤j1≤p1, 1≤j2≤p2, 1≤j≤p1+p2

a2p1−1,2j1a2p2−1,2j2a2p1+2p2−1,2j
)2p1+2p2

α=1

×
(
−π2ia2i−1,2j

2ζ(2i)(2i− 1)!

)−1
1≤i,j≤2p1+2p2


J2(k)

...

J4p1+4p2(k)

 ,
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where we have used (2.1) for the first equality and (2.2) for the second. Next
we consider the case m = 2p1 + 1 and n = 2p2 + 1 with positive integers p1
and p2. Then, by (2.1),

(2.3) cot(2n) x = −2
n∑
j=1

ja2n−1,2j sin−2j−1 x cosx

for any positive integer n. Hence, by (2.1) and (2.3),

A1 =
∑

j1+j2+j=α orα−1
1≤j1≤p1, 1≤j2≤p2,

1≤j≤p1+p2+1

(−1)j1+j2+j+α+14j1j2a2p1−1,2j1a2p2−1,2j2a2p1+2p2+1,2j

2p1+2p2+2

α=1

×
(
−π2ia2i−1,2j

2ζ(2i)(2i− 1)!

)−1
1≤i,j≤2p1+2p2+2


J2(k)

...

J4p1+4p2+4(k)

 .

Similarly, for m = 2p1 and n = 2p2 + 1 with positive integers p1 and p2, we
have

A1 =
∑

j1+j2+j=α orα−1
1≤j1≤p1, 1≤j2≤p2,

1≤j≤p1+p2

(−1)j1+j2+j+α+14j2ja2p1−1,2j1a2p2−1,2j2a2p1+2p2−1,2j
2p1+2p2+1

α=1

×
(
−π2ia2i−1,2j

2ζ(2i)(2i− 1)!

)−1
1≤i,j≤2p1+2p2+1


J2(k)

...

J4p1+4p2+2(k)

 .

Also, we consider the case (m,n) = (2p1, 1), (2p1 + 1, 1), (1, 1). If (m,n) =
(2p1, 1), we have

A1 =

( ∑
j1+j=α or α−1
1≤j1≤p1, 1≤j≤p1

−(−1)j1+j+α+12ja2p1−1,2j1a2p1−1,2j
)2p1+1

α=1

×
(
−π2ia2i−1,2j

2ζ(2i)(2i− 1)!

)−1
1≤i,j≤2p1+1


J2(k)

...

J4p1+2(k)

 ,

if (m,n) = (2p1 + 1, 1) then
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A1 =

( ∑
j1+j=α or α−1

1≤j1≤p1, 1≤j≤p1+1

−(−1)j1+j+α+12j1a2p1−1,2j1a2p1+1,2j

)2p1+2

α=1

×
(
−π2ia2i−1,2j

2ζ(2i)(2i− 1)!

)−1
1≤i,j≤2p1+2


J2(k)

...

J4p1+4(k)


and if (m,n) = (1, 1) then

A1 = (−a12 a12)
(
−π2ia2i−1,2j

2ζ(2i)(2i− 1)!

)−1
1≤i,j≤2

(
J2(k)

J4(k)

)

= (1 −1)

(
−π2ia2i−1,2j

2ζ(2i)(2i− 1)!

)−1
1≤i,j≤2

(
J2(k)

J4(k)

)
.

Hence, using Euler’s formula

(2.4) ζ(2i) = (−1)i−1
(2π)2iB2i

2(2i)!
,

we obtain Theorem 1.1.

Proof of Theorem 1.2. Similarly to the proof of Theorem 1.1, we have∑
χ(−1)=(−1)m

L(m,χ)L(n, χ) =
(−π)m+n

4km+n(m− 1)!(n− 1)!

×
k−1∑

l1,l2=1

cot(m−1)(πl1/k) cot(n−1)(πl2/k)
∑

χ(−1)=(−1)m
χ(l1)χ(l2) = CA,

where

A =

k−1∑
l=1

(l,k)=1

cot(m−1)(πl/k) cot(n−1)(πl/k), C =
φ(k)(−π)m+n

4km+n(m− 1)!(n− 1)!
.

Also, if (m,n) 6= (1, 1), then

A = (Dα(m,n))
(m+n)/2
α=1

(
(−1)iia2i−1,2j

22i−1B2i

)−1
1≤i,j≤(m+n)/2


J2(k)

...

Jm+n(k)

 ,

while for (m,n) = (1, 1) we obtain

A =

k−1∑
l=1

(l,k)=1

cot(πl/k) cot(πl/k) = 1
3J2(k)− φ(k).

Hence Theorem 1.2 follows.
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3. Limiting values. Let pr be the rth prime for a positive integer r
and set k = p1 · · · pr. Then we have the following corollary of Theorems 1.1
and 1.2.

Corollary 3.1. Let m,n ≥ 1. Then

(3.1) lim
k=p1···pr
r→∞

4

φ(k)2

∑
χ1(−1)=(−1)m
χ2(−1)=(−1)n

L(m,χ1)L(n, χ2)L(m+ n, χ1χ2)

=
−Cm+n(m,n)

(m− 1)!(n− 1)!(m+ n− 1)!

and

(3.2) lim
k=p1···pr
r→∞

2

φ(k)

∑
χ(−1)=(−1)m

L(m,χ)L(n, χ) =
D(m+n)/2(m,n)

(m− 1)!(n− 1)!
,

where Cm+n(m,n) and D(m+n)/2(m,n) are given in the statements of The-
orems 1.1 and 1.2.

If m,n ≥ 2, we have

(3.3) lim
k=p1···pr
r→∞

4

φ(k)2

∑
χ1(−1)=(−1)m
χ2(−1)=(−1)n

L(m,χ1)L(n, χ2)L(m+ n, χ1χ2) = 1

and

(3.4) lim
k=p1···pr
r→∞

2

φ(k)

∑
χ(−1)=(−1)m

L(m,χ)L(n, χ) = 1.

Proof. We only show (3.1) and (3.3). Equalities (3.2) and (3.4) are proved
similarly. By Theorem 1.1, we have

(3.5)
4

φ(k)2

∑
χ1(−1)=(−1)m
χ2(−1)=(−1)n

L(m,χ1)L(n, χ2)L(m+ n, χ1χ2)

=
−π2m+2n

2k2m+2n(m− 1)!(n− 1)!(m+ n− 1)!
(Cα(m,n))m+n

α=1

×
(

(−1)iia2i−1,2j
22i−1B2i

)−1
1≤i,j≤m+n


J2(k)

...

J2m+2n(k)

 .

From (1.2) and k = p1 · · · pr, we have

lim
k=p1···pr
r→∞

J2i(k)

k2i
=

1

ζ(2i)
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for a positive integer i. Hence

lim
k=p1···pr
r→∞

J2i(k)

k2m+2n
=

{
1/ζ(2(m+ n)) if i = m+ n,

0 if i < m+ n.

Since the matrix on the right-hand side of (3.5) is lower triangular, we have

lim
k=p1···pr
r→∞

4

φ(k)2

∑
χ1(−1)=(−1)m
χ2(−1)=(−1)n

L(m,χ1)L(n, χ2)L(m+ n, χ1χ2)

=
(−1)m+n−1π2m+2nCm+n(m,n)22m+2n−1B2m+2n

2(m− 1)!(n− 1)!(m+ n− 1)!(m+ n)a2m+2n−1,2m+2nζ(2m+ 2n)
.

From a2m+2n−1,2m+2n = −(2m+ 2n− 1)! and (2.4), we obtain (3.1).

Next, let us prove (3.3). If n ≥ 2 and χ is a Dirichlet character modulo
k = p1 · · · pr, we have

L(n, χ) = 1 +

∞∑
l=pr+1

χ(l)

ln
= 1 +O(p1−nr+1 ).

Hence

4

φ(k)2

∑
χ1(−1)=(−1)m
χ2(−1)=(−1)n

L(m,χ1)L(n, χ2)L(m+ n, χ1χ2)

=
4

φ(k)2

∑
χ1(−1)=(−1)m
χ2(−1)=(−1)n

(1 +O(p1−mr+1 ))(1 +O(p1−nr+1 ))(1 +O(p1−m−nr+1 ))

= 1 +O(p−1r+1).

4. Examples. We now give several evaluation formulas for (1.7) when
2 ≤ m+ n ≤ 4:

In the case (m,n) = (1, 1), from

(Cα(1, 1))2α=1 = (1 −1)

and (
(−1)iia2i−1,2j

22i−1B2i

)−1
1≤i,j≤2

=

(
1/3 0

2/9 1/45

)
,

we have∑
χ1(−1)=−1
χ2(−1)=−1

L(1, χ1)L(1, χ2)L(2, χ1χ2) =
φ(k)2π4

8k4

(
1

45
J4(k)− 1

9
J2(k)

)
.



Mean values of Dirichlet L-functions 113

This coincides with Alkan’s result. Also

lim
k=p1···pr
r→∞

4

φ(k)2

∑
χ1(−1)=−1
χ2(−1)=−1

L(1, χ1)L(1, χ2)L(2, χ1χ2) = 1

by Corollary 3.1.
In the case (m,n) = (1, 2), from

(Cα(1, 2))3α=1 = (0 2 −2)

and (
(−1)iia2i−1,2j

22i−1B2i

)−1
1≤i,j≤3

=

 1/3 0 0

2/9 1/45 0

8/45 1/45 2/945

 ,

we have∑
χ1(−1)=−1
χ2(−1)=1

L(1, χ1)L(2, χ2)L(3, χ1χ2) =
φ(k)2π6

16k6

(
4

945
J6(k)− 4

45
J2(k)

)

and

lim
k=p1···pr
r→∞

4

φ(k)2

∑
χ1(−1)=−1
χ2(−1)=1

L(1, χ1)L(2, χ2)L(3, χ1χ2) = 1.

In the case (m,n) = (2, 2), in view of

(Cα(2, 2))4α=1 = (0 0 4 −6)

and

(
(−1)iia2i−1,2j

22i−1B2i

)−1
1≤i,j≤4

=


1/3 0 0 0

2/9 1/45 0 0

8/45 1/45 2/945 0

16/105 14/675 8/2835 1/4725

 ,

we have∑
χ1(−1)=1
χ2(−1)=1

L(2, χ1)L(2, χ2)L(4, χ1χ2)

=
φ(k)2π8

48k8

(
2

1575
J8(k) +

8

945
J6(k) +

8

225
J4(k) +

64

315
J2(k)

)
and

lim
k=p1···pr
r→∞

4

φ(k)2

∑
χ1(−1)=1
χ2(−1)=1

L(2, χ1)L(2, χ2)L(4, χ1χ2) = 1.
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In the case (m,n) = (1, 3), similarly, we have∑
χ1(−1)=−1
χ2(−1)=−1

L(1, χ1)L(3, χ2)L(4, χ1χ2)

=
φ(k)2π8

96k8

(
4

1575
J8(k)− 8

945
J6(k)− 4

225
J4(k) +

16

315
J2(k)

)
and

lim
k=p1···pr
r→∞

4

φ(k)2

∑
χ1(−1)=−1
χ2(−1)=−1

L(1, χ1)L(3, χ2)L(4, χ1χ2) = 1.

Lastly, we give several evaluation formulas for (1.1) in the case m+n = 4:
In the case (m,n) = (2, 2), since

(Dα(2, 2))2α=1 = (0 1)

and (
(−1)iia2i−1,2j

22i−1B2i

)−1
1≤i,j≤2

=

(
1/3 0

2/9 1/45

)
,

we have ∑
χ(−1)=1

|L(2, χ)|2 =
φ(k)π4

4k4

(
1

45
J4(k) +

2

9
J2(k)

)
and

lim
k=p1···pr
r→∞

2

φ(k)

∑
χ(−1)=1

|L(2, χ)|2 = 1.

In the case (m,n) = (1, 3), as

(Dα(1, 3))2α=1 = (−2 2)

and (
(−1)iia2i−1,2j

22i−1B2i

)−1
1≤i,j≤2

=

(
1/3 0

2/9 1/45

)
,

we have ∑
χ(−1)=−1

L(1, χ)L(3, χ) =
φ(k)π4

8k4

(
2

45
J4(k)− 2

9
J2(k)

)
and

lim
k=p1···pr
r→∞

2

φ(k)

∑
χ(−1)=−1

L(1, χ)L(3, χ) = 1.
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