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On various mean values of Dirichlet L-functions
by

TAKUYA OKAMOTO (Saitama) and TOMOKAZU ONOZUKA (Nagoya)

1. Introduction. Let x be a Dirichlet character modulo k > 2 and

— x(n)

L(S, X) -

n=1
be the Dirichlet L-function for s > 1. The mean value
(L.1) > L(m,x)L(n,X)
x(=1)=(-1)™
has been studied when m,n > 1 are positive integers of the same parity. The
aim of such studies is to express the mean value in terms of the values of the

Riemann zeta-function ((¢), the Euler function ¢(k) and Jordan’s totient
functions

(1.2) Jo(k) = K [J(1=p79),
plk

where /£ is an even positive integer. In the case m =n =1 and k = p is
a prime, Walum [9] studied (1.1)), and Alkan [3], Qi [§], Louboutin [6] and
Zhang [10] independently gave the explicit formula

7T2
(1.3 > 0P = "2 ) - s0()
x(=1)=-1

for k > 2. Louboutin [7] proved that the mean values can be expressed as
rational linear combinations of products of {(m+n), the Euler function and
Jordan’s totient functions when m = n; however, he did not determine the
rational coefficients. Liu and Zhang [5] achieved the determination of the
rational coefficients in the result of Louboutin [7], and gave the following
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explicit formula for positive integers m,n > 1 with the same parity [5, Theo-
rem 1.1]:

19 Y Lmimy) = SO EED

Amlnlkmtn

x(=1)=(-1)m
m+n .
< (X P = 000
=1
where
m) (n) (a+b+1
Pt = Bt D BmaBn_bW,
0<a<m,0<b<n
a+b>m—+n—I1

B,,, is the mth Bernoulli number and

{ 1 ifm=n=1,
€. =
o 0 otherwise.

Also, in the case x(—1) = (—=1)" and k > 2, Alkan [2] proved

jnon—1-n k-1 2n/2] n ~— [n - j
(15)  L(n,x) = (—1>”“2,m!m2 x(m) 3 (q) k]ﬁq Z( J q>k]

=1 q=0 j=1

dn—a-J 1
x  lim A ,
w—2mim/k dw?™977 e? — 1

and gave explicit formulas for L(n, x) in terms of twisted trigonometric sums
when 1 <n < 7. Using ((1.5)), Alkan [4] gave the explicit formula

¢(k)*? <J4(k) J2(k)>

(1.6) Y LL,x)L(1,x2) L2, Xixe) =

4 90k4 18k4
x1(—1)=-1
x2(—1)=-1
for £ > 2.

In this paper, we consider a generalization of (1.6). Our major purpose
is to give an explicit formula for the following mean values (Theorem :

(1.7) > Lim,x1)L(n, x2) L(m + n, X1X2)-

x1(=1)=(=1)"

xe(=1)=(=1)"
Using , we give an explicit formula for ; however, it is compli-
cated since we have to compute derivatives of 1/(e® —1). We will apply the
following result of Louboutin [7, Proposition 3(1)]:

Let n > 1 and k > 2 be positive integers. Let cot(™ 2 denote the nth

derivative of cot . If x is a Dirichlet character modulo k£ and x(—1) = (—1)"
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then
( )n 1 a k-1 1
(1.8) L(n,x) = 2= 1)1 ZX ) cot ™V (i /k).
7=1

In the following theorems, we use vectors and matrices. Let (b))l =
(b1,...,bm) be a row vector and (c;j)1<i j<m be an m X m matrix.

THEOREM 1.1. Let m,n > 1 and k > 2 be positive integers. Then

ST Lm,xa)L(n, x2)L(m + n, XiX2)
Xl(*l)i(*ll)m

x2(=1)=(-1)"
_ (k)2ﬂ.2m+2n
T Rk2Zn 2 (m — D(n— D)l(m+n—1)!
. Ja (k)
“1)iag; 19\ '
< Calmmzr (St |
227 Bai ) 1gij<metn
J2m+2n(k)
where By, is the mth Bernoulli number,
(=14t if 5=1,
919 = 2(j — 1)(2) — Dagi_g2(j—1) — 4j%azi—32; if 1 <j <4,
R —(2i —1)! if =1,
0 if §>1i,
and
Co(m,n) =
DD Golm)2iGo(n) 2i00(mn) 2 if m,n € 2N,
Jitjeti=a
1<51<[m/2]
1<52<[n/2]

1<j<[(m+n)/2]

Z Z Z Fm,n; 51, Jo, Jy Q) ao(m) 25, o (n) 22 Go(mn),2j  Otherwise.
J1+je+j=a or a—1
1<1<[m/2]
1<52<[n/2]
1<5<[(m+n)/2]

Here we set

m—1 if m e 2N,
o(m) = {

m—2 if me2oN+1,
and f(m,n; j1, jo, j, &) = (—1)7+ 205+ p(my: 51) p(n; ja) p(m +n; j), where
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for positive integers a and b,

pla;b) = {
Also in Cy(m,n), the sum corresponding to ji or jo does not appear when
m =1 orn =1, that is,

Co(m,1)

Z Z (_1)j1+j+a+1p(m; .71):0(m +1 j)aa(m),2j1 Ao (m+1),25
J1+j=a or a—1

—2 if a€2N+1,

1 otherwise.

= 1<51<[m/2] '
1§jsjf(m+1)/2] ifm>1,
(—1)o+t if m=1.

We will prove Theorem in Section 2. The main idea of the proof is
to express Ja(k), ..., Jon(k) in terms of

ke
A
T
A

sin~2(nl/k), ..., sin=2"(wl/k)

l 1

(Lk)=1 (L,k)
using (L.8). This idea is similar to Alkan’s [2], [4], but in our case we use
the result of Louboutin. Hence we can obtain Theorem which is a gener-
alization of without carrying out complicated computations. Also we
stress that we can apply this method to various mean values of Dirichlet
L-functions. In fact, we can apply it to to obtain

Il
-~
Il

THEOREM 1.2. Let m,n > 1 and k > 2 be positive integers with m =
nmod 2. If (m,n) = (1,1), then (1.3) holds, while if (m,n) # (1,1), we

have

_ ¢(k)ﬁm+n m—+n)/2
Z L(m7 X)L(n7 X) = 4k.m+n(m — 1)|(n _ 1)| (Da(m, n))((le /
x(—=1)=(-1)™
4 _ Jo(k)
" ((—1)%@2@'1,23‘) ' :
22i-1 By, 1<i,j<(m+n)/2 7 ' k) ’
m-+n
where
( ZZ Qg (m),241 o (n),2]2 Zf m,n € ZN;
J1tje=a
1<51<[m/2]
1<59<[n/2
Da(m,n) = <j2<[n/2]

2.2 f(m,n; g, ja, Oé)ag(m)gjlag(n)% otherwise,
Jitje=a or a—1
1<j1<[m/2]
1<j2<[n/2]
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and f(m,ns ji, jasa) = (=1)H2 0 p(ms 1) p(ns o), the other notations
being the same as in Theorem . Also in Dy (m,n), the sum corresponding
to j1 or jo does not appear when m =1 orn = 1.

We will also prove Theorem [I.2]in Section 2. We note that Theorem [1.2
is a well-known result (see and ), but our argument is different.
Moreover, in Section 3, we will consider the limiting values for and
by applying Theorems and We also give several evaluation
formulas for and in Section 4.

Moreover, we can consider the mean value

(1.9) > IL(mynixa, x2) + Ln,ms xa, x1) I,
xi(~1)=(-1™
xa(=D)=(-1)"

where

x1(l)xe(li + 12)
lil (ll + 12)82

L(s1,52;X1,X2) =
l,l2=1
is the double Dirichlet L-function corresponding to Dirichlet characters
X1, x2 modulo k > 2; this was defined by Akiyama and Ishikawa [1]. This
function is absolutely convergent when Rsp, Rso > 1 (see [1]).
We remark that we have the harmonic product formula

(1.10)  L(m,n; x1, x2) + L(n,m; x2, x1)
= L(m7 Xl)L(nv XQ) - L(m +n, XlXQ)'
Substituting ((1.10)) into ([1.9)), we have

(1.11) Z |L(m,n; x1, x2) + L(n, m; x2, x1)|°
xa(-H=(-1)
x2(—=1)=(-1)"
= > {ILim, x1)L(n, x2)|” + [L(m + n, x1x2)|?
x1(—=1)=(-1)™
x2(=1)=(-1)"

- L(mv XI)L(nv XQ)L(m + n?W) - L(m7K)L(n7E)L(m +n, X1X2)}'

We can give an explicit formula for ((1.11]) by using Theorems and
For the first term in ([L.11)), the sum can be written as a product of two

sums,

S L) Lin, o)
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hence we can apply Theorem [1.2| For the second term in ((1.11)), we have to
note that
(k)

2 _ 2
x1(=1)=(-1)™ x(=D=(-=1)m*n
x2(=D)=(-1)"
since, for any Dirichlet character x modulo & with y(—1) = (—=1)™*"  there
exist ¢(k)/2 pairs (x1, x2) such that

x(m) = x1(m)x2(m),
where x1,x2 are Dirichlet characters modulo k with x;(—1) = (—=1)™,
x2(—1) = (—=1)". Therefore we can also apply Theorem to the second
term. For the third and fourth terms, we can clearly apply Theorem
Hence we can express the mean values in terms of the values of the
Riemann zeta-function, the Euler function and the Jordan’s totient functions.

2. Proofs of Theorems and First we will give an evaluation
formula for cot(?*=1) 2. The notation a2n—1,2; is given in the statement of
Theorem [L11

LEMMA 2.1. For any positive integer n,

n
(21) COt(2n_1) Tr = Z a2n—1,2j sin_2j xT.
j=1
Proof. For n =1, we have

cot(l) r = —sin" 2 1.

Hence a1 = —1. Next we assume the validity of (2.1] for cot@=1) 2 and
we will prove it for cot?"t1) 2. We have

n
cottD) 4 = 2{21(2] + 1)azn—1,2; sin~¥ 245 — 4j2a2n—1,2j sin~% x}.

j=1
Hence
Azn+12n+2 = 20(20 + Dazn-120 = - = (20 + Dlarz = —(2n + 1)),
A2n+1,2 = —4a2n_172 = ... = (_4)na172 — (_1)n+14n’

aznt1,2j = 2(J — 1)(25 — Dagp_1,2(j—1) — 45%an—1,2;
for2<j<n+1. =
Since ag,—1,2; = 0 for j > 7, equality can be written as
n+L
cot®=1 g = Z a2n—1,2; sin~% g
j=1
for any positive integer L.
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Next, applying Lemma - to (| , we have

L(2n,xo) = 2 — 1)1 2n—1 Zagn 1,2 Z sin™% (w1 /k),
@ /f)

where yq is a principal Dirichlet character modulo k. On the other hand,
from the Euler product expansion, we have

L(2n, x0) = C(20)k~>" oo ().

Hence
S sin2(xl/k)
2 (1,k)=1
(5 P — )
20l = ¢ @n)(2n — 1)1 W2not2 T G2 Ln :
FL sin2(xl/k)
(1,k)=1
Therefore
k— . 9
_, Sin wl/k
Ja(k) . Z(l,lk_)lz1 (ml/k)
: —TTA2—1,25
2.2 : _( —ranio1gy |
(2.2) : (zg(m)(m—l)!)m. L
J2n(k') - Sin72"(7rl/k;)

(1,k)=1
2%
s (121

We remark that all diagonal entries of the matrix (Wz J) are
non-zero, and the matrix is lower triangular since ag;—12; = 0 whenever
7 > 1. Hence it is an invertible matrix.

Now, we prove Theorems [I.1] and [T.2}

Proof of Theorem[1.1. Using (L.8) and

o(k)/2 if j1 = jo mod k, (j1,k) =1,
Y XGXG2) = 4 (1) g(k)/2 if j1 = —jo mod k, (j1,k) = 1,
x(=1)=(-1)" 0 otherwise,
we have
Z L(m7 Xl)L(nv XQ)L(m+n7X1X2)

x1(—1)=(-1)™

x2(=1)=(-1"
_7T2m+2n

T 8kZ 2 (m — Dl(n — Di(m +n — 1)1

k—1
x Y cot™V(rly k) cot ™ (wly k) cot D (wl k)
Iy,la,0=1
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X x1(l)xt(l) xz2(l2)x2(1)
x1(—1)=(-1)™ x2(=1)=(-1)"

= iC(A1 + (—1)mA21 + (—1)”A22 + (—1)m+n./43)7

where
k—1
Al = cot ™V (w1 /k) cot ™V (7l /k) cot ™ (w1 /),
(=1
k—1
Ay = > cot!™ D (r — i /k) cot ™ (wl /k) cot ™D (wl /),

A
=
|

= =
—

T

Ap =3 cot™ D (xl/k) cot™ ) ( — ml/k) cot™ "D (l /),
1

1=
(Lk)=1
k—1
Az = > cot!™ V(r — 7wl /k) cot®™ D (m — wl/k) cot ™D (xl /),
(LRt
o _¢(k)27.[.2m+2n
8k2mt2n(m — 1)l(n — 1) (m+n — 1)

Noting that cot™ V(7w — xl/k) = (=1)" cot" D (xl/k) for any positive in-
teger n, we obtain

> Lim,x1)L(n, x2)L(m +n,X1x2) = C A1

xa(=1)=(-1m
xa(~D=(-1)"

In the case m = 2p; and n = 2ps with some positive integers p; and po, we
have

k—1 pi+p2 2 pi
s —27 .94,
A = Z (Z A2p,+2ps—1,25 SIN J(wl/k:))H(Z a2p,—1,2j; Sin Jl(wl/k))
=1 j=1 i=1 j;=1
(L,k)=1
2p1+2p2
_ E , A2p1—1,2j1 A2py—1,25> A2p1 +2po—1,2j
“\ . gitirima
1<51<p1, 1<j2<p2, 1<j<p1+p2 a—1

Ja (k)

y (M?wa)_l 1
20(20)(20 = D) 1< j<opy vops . |
4p1+4p2 (k)
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where we have used ([2.1)) for the first equality and (2.2)) for the second. Next
we consider the case m = 2p; + 1 and n = 2py + 1 with positive integers p;

and po. Then, by (2.1)),

(2.3) cot® g = —2 E jasy—195sin" %1z cosx
=1
for any positive integer n. Hence, by (2.1)) and ({2.3)),
A =
o 2p1+2p2+2
+jatitatly; s
> ()R o, 119, G2p, - 1,27,02p, 4200412
J1t+j2+j=caora—1
1<j1<p1,1<j2<p2,
1<j<pi+p2+1 =1
1 JQ(k)
< -7 a21 1,25 >
2¢(21)(2¢ — 1)! 1<4,§<2p1+2p2+2
J4P1+4p2+4(k>

Similarly, for m = 2p; and n = 2ps + 1 with positive integers p; and po, we
have

A =
Lo 2p1+2p2+1
Jit+je+j+a+l
> (-1 4727 2p, 1,251 A2py—1,2j2 A2p1 +2p2 1,2

Jitjetj=aora—l
1<j1<p1,1<j2<p2,
1<j<pi+p2 —

. ( )
2((21)(21 - 1) 1<i,j<2p1 +2pa+1
4p1+4p2+2(k)

Also, we consider the case (m,n) = (2p1,1), (2p1 + 1,1),(1,1). If (m,n) =
(2p1, 1), we have

L 2p1+1
1 .
) ( ) —(—1)rIFer 2Ja2p1—1,2j1a2p1—1,2j>
1 p—

J1t+j=a or a—1
1<j1<p1,1<5<p1

a=1
1 JQ(k)
( dd a2z 1,235 ) :
2¢(21)(2i — 1)! 1<4,j<2p1+1 ' ’
4p1+2(k)

if (m,n) = (2p1 +1,1) then



110 T. Okamoto and T. Onozuka

L . 2p1+2
( > _(_1)j1+j+a+12.71a2p1—1,2j1a2p1+1,2j>
Ay = o
J1+j=a or a—1
1<1<p1, 1<) <p1+1 a=1

Z. . J2 (k)

20(20)(20 = D! 1< j<opy 42

4p1+4(k)

and if (m,n) = (1,1) then
. —m2ag;_19; \ Jo(k)
Al - (_CL12 a12) (2((22)(27, — 1J)l>1§l,j§2 <J4(]€)>

=(1 -1) (‘”%“22‘1,% >_1 Ja(k)
20(20)(2i = 1)1 )1 <; <o \Ja(k)
Hence, using Euler’s formula
(2.4) ¢(2i) = (1)
we obtain Theorem [Tl =
Proof of Theorem [1.3 Similarly to the proof of Theorem we have

(27T)2iB2i
2(2i)!

S Lm0l = e
T XEI X = ggom o (m, — 1)1(n — 1)
x(=D=(-1m_
X Z cot(m_l)(wll/k) cot(”_l)(wlg/k) x(l)x(l2) = CA,
l1,la=1 X(_l):(_l)m
where
— ¢(k) (=m)™ "
A= (m-1) (n—1) - - :
; cot ™ ml/k) ot mL/K), = e — 1) = 1))
(Lk)=1

Also, if (m,n) # (1,1), then
) B Jo(k)
22i-1B,, 1<i,j<(m+n)/2

A= (a5 .
Jm+n(k)
while for (m,n) = (1,1) we obtain
k—1
A= " cot(nl/k)cot(nl/k) = $.To(k) — ¢(k).
(LRt
Hence Theorem [I.2] follows. =
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3. Limiting values. Let p, be the rth prime for a positive integer r
and set k = pq - - - p,. Then we have the following corollary of Theorems
and .21

COROLLARY 3.1. Let m,n > 1. Then
4

(3.1) k:l;?l-p,« SR) Z L(m, x1)L(n, x2)L(m + n,X1x2)

T—00 x1(—1)=(-1)™

xe(=1=(=1)"
_ - m—i—”(mvn)
(m—1!n-1l(m+n-1)!
and
2 — D(m+n)/2(m7n)

3.2 lim —— L(m,x)L(n,x) = )
(32) k=p1-pr o(k ) (D)= —1)m ( JL(n.%) (m—1)!(n—1)!

where Cryin(m,n) and D(m+n)/2(m,n) are given in the statements of The-

orems [L1l and .2

If m,n > 2, we have

. 4
(3.3) lim 3 > L(m,xa)L(n,x2)L(m + n,Xixz) = 1
k=p1-pr ¢(k) -
r—$00 x1(—1)=(-1)
x2(=1)=(=1)"
and
2
4 li —_— L Lin,x) = 1.
r— x(=1)=(-1)™

Proof. We only show (3.1)) and (3.3)). Equalities (3.2) and (3.4)) are proved
similarly. By Theorem we have

4
(3.5) > > L(m,x1)L(n, x2)L(m + n, X7X2)
o(k)? =
x1(—=1)=(-1)
x2(=1)=(-1)"
_ 2m+2n

— 2k2m+2n(m _ 1) (n _ 1) (m +n— 1) (O (m,n))Zj{L

. B Jo(k)
x <(—1)Zia2z'—1,2j> ' .
2271Bo ) 1<ij<min

J2m+2n (k)

From (1.2) and k& = py - - - p,, we have
. Ja(k) 1
lim - =
k=p1-pr k% ¢(2i)

7—00
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for a positive integer i. Hence

" Joi(k) {1/((2(m+n)) ifi=m+n,
k=pypr K220 0 if i <m+n.

Since the matrix on the right-hand side of (3.5)) is lower triangular, we have

4
lim 5 > L(m,x1)L(n, x2)L(m + n, XiXz)
k=propr G(E) I
r—00 x1(=1)=(-1)
x2(=1)=(-1)"

(_1)m+n—1ﬂ.2m+2ncm+n (m7 n)22m+2n—1B2m+2n
2(m —D(n— 1) (m+n—1D(m+ n)agmion—1.2m+2nC(2m + 2n)’
From asm+on—1,2m+2n = —(2m +2n — 1)! and (2.4), we obtain (3.1)).

Next, let us prove (3.3)). If n > 2 and x is a Dirichlet character modulo
k=p1---pr, we have

Lin,x) =1+ Y Xl(nl) =1+ 0(71)-

l=pri1
Hence
4

SE 2 Lmoa)Lnxe)Lim+n i)

xi(=h=(=1)"

xe(=1)=(=1)"

4 -m -n —m-—n
=SaE 2 H0mIEN+OEENA+O0rT ™)

4. Examples. We now give several evaluation formulas for ([1.7)) when
2<m+n <4
In the case (m,n) = (1, 1), from

(Coz(lv 1))%:1 = (1 _1)

and
<(—1)iia2i172j)_1 _ 1/3 O
22i_132i 1<i,5<2 2/9 1/45 ’
we have
Skt 11
3 ML ke ) = S (A0 g
x1(—=1)=—

x2(=1)=-1
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This coincides with Alkan’s result. Also

. 4 Z 1%z
lim 12 L(17X1)L(17X2)L(27X1X2) =1
k=p1-pr H(k) i
r—00 Xl( 1) 1
x2(—1)=-1

by Corollary

In the case (m,n) = (1,2), from
(Cal(1,2)5m1 = (0 2 -2)

and
A 1/3 0 0
i -1
<(_1).w2i1’23'> =12/9 1/45 0
222_1321’ 1<ij<3
8/45 1/45 2/945
we have
d(k)2nm [ 4 4
Z L(1,x1)L(2, x2) L(3, Xx1X2) = (16)k6 %Jﬁ(k)—ﬁJQ(l{?)
x1(=1)=-1
x2(—1)=1
and

. 4
lim 2 E : L(1, x1)L(2, x2) L(3, X1x2) = 1.
[—— .
r—00 x1(—1)=-1

x2(=1)=1
In the case (m,n) = (2,2), in view of
(Ca(2,2))az1 = (0 0 4 —6)

and
1/3 0 0 0
((—1)%%_1%)‘1 | o2 s 0 0
22718y ) cijen 8/45  1/45  2/945 0 ’
16/105 14/675 8/2835 1/4725
we have
Z L(27X1)L(27X2)L(47X1X2)
x1(=1)=1
x2(—1)=1
d(k)2m8 (2 8 8 64
= —Je(k) + —Js(k) + — Ju(k) + — Jo(k
ssis 1575 B+ ggp J6(k) + 5o Jak) + gy Ja(k)
and

. 4
lim P L(2,x1)L(2, x2) L(4, X1x2) = 1.
Jm S 2
r—00 x1(—1)=1

x2(—1)=1
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In the case (m,n) = (1, 3), similarly, we have

Z L(l Xl) (3JX2)L(47W)

x1(—1)=—1
xz2(—1)=-1
¢(k‘)27T8 4 8
oo \ 157572 (F) ~ g5 T6(k) 225J4( )+315J2( )
and
4
Ii L(1, L(3, L(4,xix2) = 1.
k=z}?~pr¢(k)2 Z_ (1, x1)L(3, x2) L (4, X1X2)
7—>00 Xl(*l)—fl
x2(—1)=-1

Lastly, we give several evaluation formulas for ([1.1)) in the case m+n = 4:
In the case (m,n) = (2,2), since

(Da(2,2))5=1 = (0 1)

and
((—1)i¢a2i_1,2j>1 B (1/3 0 )
2271Byi  Jicijea \2/9 1/45)°
we have o) [ 1 )
5 1n2oP = 20 (i + 200
x(=1)=1
and
lim - L2 = 1.
pa o (k) x(~1)=1
In the case (m,n) = (1, 3)

(Da(1,3))az1 = (-2 2)

and ‘
<(—1)’z’a2i_1,2j>1 _ 1/3 0
22i_1BZi 1<4,j<2 2/9 1/45 7
we have
o(k)m* 2
S B0LGX) = PO (k) — k)
x(—1)=-1
and

. 2 B
Jm oas X0 LALER =1

r—00 x(—=1)=-1
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