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Some doubly exponential sums over Z,,
by

JoHN B. FRIEDLANDER (Toronto), SERGEI KONYAGIN (Moscow) and
Icor E. SHPARLINSKI (Sydney)

1. Introduction. For an integer m we denote by Z,, the residue ring
modulo m and by U, = Z;, the group of units of Z,,

Let 9 € Z,, ged(¥,m) = 1. We recall that the multiplicative order
ord,, ¥ of an integer ¥ modulo an integer m > 1 with ged(¢), m) = 1 is the
smallest positive integer ¢ for which

¥ =1 (modm).

Define e4(z) = exp(2miz/d). Given an integer ¥ with multiplicative order
ord,, ¥ = t, for integers a, b, c we define the exponential sum
t
Sape(mt) =Y en(ad” + b + cy™).

z,y=1

We obtain a non-trivial upper bound for these sums. Specifically we
prove

Sa,b,c(m, t) = O(t21/16 m5/8+a)

provided that ged(ac, m) = 1 with a somewhat weaker result for the general
case. From this we deduce the uniformity of distribution modulo m of the
triples (9%,0Y,9%), x,y = 1,...,t, provided that t > m!9/11%2 Asin [2, 3]
we actually study the slightly simpler sums

toot
Wa.c(m,t) :Z‘Zem(aq990+cq9xy)

y=1 z=1
for which obviously [Sqp.c| < min{Wg.c, Wy}
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Note that in the above sums (and in several more yet to come) we have
suppressed in the notation the dependence on 1. This does not mean we
are claiming that such sums are the same for all ¥ having the same order t.
However in all of our results the bounds obtained are uniform for all such ¥.

For an integer n > 1 we define the Carmichael function A(n) as the
largest multiplicative order occurring among elements of the unit group in
the residue ring modulo n. More explicitly, for a prime power p* we have

)\(pk): pFlp—1) ifp>3ork<2,
k=2 if p=2and k>3,

and finally,

k

A(n) = lem(A(pi), ..., ApE)),
where
n= p’fl e p,lf"
is the prime number factorization of n. Thus A(m) is a close relative of the
better known Euler function ¢(m) which denotes the cardinality of the unit
group Uy,.
We also use our method, combined with some estimates from [10], to

estimate the related sums

A(m)

Va,e(m) = Z Z en(au + cu?)
UEU, y=1
as well as a number of similar sums.

These sums are generalizations to arbitrary modulus of sums which have
been estimated in [2, 3] for the case of m = p prime. However some crucial
ingredients of the methods of [2, 3] do not hold for a general composite
modulus, so we need to find alternative arguments to deal with such m.

We derive a variety of applications of these to problems from both num-
ber theory and complexity theory, as were treated for special moduli using
the results of [2, 3]. In particular we extend to arbitrary moduli the re-
sults of [6-8, 11-13, 16, 21], which had been obtained only for moduli of
special arithmetic structure, such as primes, products of two primes, high
powers of small primes. These applications include an upper bound for the
discrepancy of the power generator of pseudorandom numbers (which, even
for general composite m, may have cryptographic applications) and lower
bounds for the communication complexity of modular exponentiation. As in
the case of the exponential sum bounds, the extension of these applications
also requires some new ideas which may be of independent interest.

Throughout the paper the implied constants in symbols “O”, “>” and
“<” may, where obvious, depend on the small positive parameter . A few
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other dependencies, on the positive integer parameters n, v, occur in Sec-
tion 3 alone and are mentioned in the relevant statements (we recall that
A < B and B > A are equivalent to A = O(B)).

Acknowledgements. We thank Carl Pomerance for informing us
about his recent unpublished results with Greg Martin concerning the nor-
mal size of the iterations of the Carmichael function.

2. Preliminaries. In this section we collect known results and some
easy consequences of them that we shall need.

LEMMA 1. Assume d > 1 is a divisor of an integer m > 1. Then for
any integer g with ged(g,m) = 1, p(d)/ordg g divides p(m)/ord,, g and so
d/ordg g < m/ord,, g. Also X(d)/d > X(m)/m.

Proof. The first and third statements are contained in Lemma 2.2 of [10].
The second statement which is implicit in the same lemma follows at once
from the first using the inequality ¢(m)/p(d) < m/d. =

We also need the following statement which follows from Lemma 2.1
of [10].

LEMMA 2. Let s > 2 be an integer divisor of m. Then A\(s) divides
A(m). Moreover, for any divisor d | A(s) the number of integers g € Up, with
ords g = A(s)/d does not exceed my(s)/ds.

Proof. The first statement follows easily from the explicit evaluation
above for the function \. For the second part we note that it follows directly
from Lemma 2.1 of [10] that there are at most ¢(s)/d such values s € Us.
Each such value gives rise to at most m/s values in U,,. =

We shall need the basic orthogonality property of characters of Z,,; see
for example Exercise 11.a in Chapter 3 of [24].

LEMMA 3. For any integers u and m > 1,

s m if u=0 (modm),
; em(lu) = {O if u# 0 (modm).

For integers a and k > 1 we define the exponential sum

t
op(a) = em(a?™).
=1
The following estimate is a very straightforward extension of some previously
known results; see [14, Lemma 2| or [18, Theorem 8.2].
LEMMA 4. Assume that ged(a, m) =6 and that ged(k,t) = ~. Then
1) jou(a)] < 78" *m!>.
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Proof. In case v = § = 1 the result is well known. We reduce the general
case to this one. Put ¢ = 9¥*. For § > 1, we denote by 7, = ord, g the
multiplicative order of g modulo y = m/J, and 7 = ord,, g the multiplicative
order of g modulo m so that 7 = t/~. We also put a/d = « so that we have
ged(a, ) = 1 and hence

)ijemagz) 7| = Z—:)fjemgx)

The proof now follows from Lemma 1.

1/2

For a sequence of N points

(2) Ir= (’70,% R 7’77171@)3]6\[:1

in the n-dimensional unit cube, denote by Ap its discrepancy which we
define to be

Tr(B)

Ap = N

BC[0,1)

_‘B‘v

where Tr(B) is the number of points of the sequence I" which hit the box
B = [Oé(),ﬁ[)) X ... X [an—lwgn—l) g [07 ]-)n

and the supremum is taken over all such boxes.

For an integer vector a = (a1, ...,a,) € Z™ we define
n
3 ol = o, o r(a) =Tl 1)
1=

One of our basic tools to study the uniformity of distribution is the
Koksma—Sziisz inequality. This statement provides a very important link
between the discrepancy and exponential sums. In the case of dimension
n = 1 it is very well known as the Erdés—Turdn inequality. We present it in
the following form; see also Theorem 1.21 of [4].

LEMMA 5. There exists an absolute constant C > 0 such that, for any
integer L > 1, for the discrepancy of a sequence of points (2) we have the
bound

where |a|, r(a) are defined by (3) and the sum is taken over all integer vectors
a=(ag,...,an-1) € Z" with 0 < |a] < L.

AF<C’"<L—+1+— Z r(%‘z (Z%’ng)

0<lal<L

Let 7(k) denote the number of positive integer divisors of an integer
k > 1. We use the well known bounds

(4) o(k) > —

log log 3k
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and

log k
(5) log (k) < ——2

loglog 3k ;
see for example Theorems 5.1 and 5.2 of Chapter 1 of [19].

3. Exponential congruences. We define
1 v—1 v—2
O =5 ﬁu:2y—_27 W= o v=23,...

The following result is a generalization of a bound from [20], which ap-
plied only to congruences modulo a prime power.

LEMMA 6. Suppose that ged(ay ... an,m) =1 and ged(Vy ... 0, m) = 1.
Let

= max min o(z, j
0= max mir o(i,7)

where o(i, j) denotes the smallest integer s > 1 such that ¥ = 03 (modm),
1 <1,5 <n. Then for any n > 2, the number of solutions, T,,(N,m), to the
congruence
(6) a7 + ...+ a9 =0 (modm), 1<z <N,
satisfies the bound

Tn(N,m) < (N7 4 No=PrmInyms,
where the implied constant is allowed to depend on n as well as €.

Proof. We prove the bound by induction on n. Without loss of generality

we can assume that . (1, )
0= 2I§nj1£n oL, 7).

It is easy to see that for n = 2 we have T,,(N,m) < N/p+ 1.

Assume now that n > 3 and that the statement holds for congruences
with fewer than n terms. Observe that 7},(N,m)? is equal to the number of
solutions to the system of congruences

a7 + ... + a7 =0 (modm),
a7 4+ 95T =0 (modm),
where
1<z <N, l—x<y< N —z,
and therefore it is bounded by the number of solutions to the system of
congruences
a7 + ...+ ap,9% =0 (modm),
a7 + .+ a5 =0 (modm),

where
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Eliminating the term a,9%"* from the second congruence we obtain
(7) a197(07 —92) + ...+ an—195_1(9;_1 — V%) =0 (modm).

For § | m we define rs to be the smallest integer r > 0 such that 9] = 9],
(mod ). In particular we have g < ry,. From Lemma 1 we see

Orm _ 00
re > —— 2 —
m m
Define
Qs={z: =N <z<N,ged¥] —9;,...,9._1 — 95, m) =4},

Ps={z:—N<z<N,9;_ | —9; =0 (modd)}.

Obviously Qs C Ps.
Let n = m/p. For § > n we use the estimate

N N
(8) !QJISIP5!§2L—J+1§QT"+1
)

while for § < 7 we can use the estimate
(9) Q5] < 2N + 1.

Let R; denote the smallest integer s > 1 with ¥ = 9] (modm/é) for
at least one i, 2 < i < n. Obviously Ry > p. Also, as before we obtain
Rs > R1/6 > 0/é.

For any z € Qs by the inductive hypothesis we see that the number of z
which satisfy the congruence (7) is

O((N'=on=1 4+ N Ry 7= (m/8) =1 )m?)
— O((N]-_Oén—l + Ng_ﬁn—lm'Yn—lé'ﬂn—l_'Yn—l)ma).

Alternatively this number can be estimated trivially as being at most N.
Combining the above estimates with (8) and (9), we derive that

Tn(N,m)? < (S1 + S2)m®

where
Si =N Z min{Nl_anfl + Ng_ﬁnflm'Ynfl(Sﬁnfl_'Ynfl’N}’
dm
0<n
. 1—ap_ —Bn_ 1 $Bn1—Vn— Nn
S2:me{N n-1 4 Np n1m7n15n17n1’N} T_‘_l'
dm
o>n
We have
S < NT(m (Nl_anfl +Ng—ﬁn71m“/n71nﬁn71—’7n71)

)
— NT(TrL)(Nl_a"*l +NQ_2ﬁn71+'Yn71mﬁn71)
— Nr(m)(N-2% 4 g P,
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Furthermore,
NQ*an—ln NQmW”—ln
S2 S Z ( 5 + 51_ﬁn71+7nflgﬁnfl + N
dm
d>n

< 7(m)(N?70n=1 4 N2p=2n—1Fmm—1ypfn-1 4 N)
< 2NZr(m) (N~ 4 o= 2Bngp 2y,
Taking (5) into account we obtain the lemma. m
The following statements are analogous to those in [3]. Although as in

[2, 3] we use them with v = 2, we present them in general form which may
be of independent interest.

LEMMA 7. For integers r,s > 1 dividing m and an integer v > 2 denote
by Q. (r, s) the number of solutions to the system of congruences
94 9T =9 L+ 97 (mod ),
VY 9T = 9T 4 972 (mod )
where x1,...,%o, Yy =1,...,t. Then
Qu(r,s) <t PevplHPate,—lg—ao
where the implied constant is allowed to depend on v as well as €.

Proof. Defining t; = ords 9 and t, = ord, ¥, by Lemma 1 we have
ts tr
ts > — and t, > —.
m m
We shall group the solutions to the above pair of congruences in accor-
dance with the value of d where
d= d(xz; — xj,ts).
1<isy g2, & (@i = 25,%5)
For at least one of the v(2v — 1) choices of 1 <i < j < 2v, we have z; = x;
(modd). Since d divides t5 and hence divides ¢ the number of solutions to
the congruence
9L+ 9T =90 4+ 97 (mod ),
1<zi,...,22, < t, x;=x; (modd)
is bounded by
tQV tQV—lm
10 — <
(10) dt, — dr
It is very tempting to suggest that using exponential sums one can im-
prove the bound (10) and make it of order 2 /dr, which would immediately
improve all other estimates. In particular, for prime m = p this approach
has successfully been used in [2]. However for composite m it does not seem
to work.
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Applying Lemma 6 with n = 2v, we see that for each such 2v-tuple
(z1,...,29,) there are at most

O((tl_QQV + t(d/ts)ﬁ2” S’yzu)SE/Q) — O((tl_OCZV + ¢1=Ba2v gBov y Bov S’YQu_ﬁQV)SS/2)
values of y = 1,...,t which satisfy the second congruence
P 49 = 9T L+ 972 (mod s).

Thus, summing over d we obtain
t21/71

dr

m (tl_OCQu + tl_/62u dﬁ?u m/BQV S’YQV_ﬂQV )85/2

Qu(r,s) < Z
d|ts

<< T(ts)tQZ/*l m (tl*&Qu + tl*ﬁQumﬁQUS'YZu*ﬂQu)SE/Q.
T

Taking into account that (2, — y2, = g, and (5), we obtain
Qu(r,s) < t2um1+sr71(tfa2u + t7ﬁ2umﬂ2u87a2u)
and, remarking that
t*CVQU < tiﬂQUmﬁQIJiale < tiﬁQUmBQV Sfa2u?
we obtain the result. m
LEMMA 8. Let U be a subset of U, having U elements. For positive
integers r,s with 1 < m and s|m and an integer v > 2 denote by R, (r, s)
the number of solutions to the system of congruences
up+ ..o+ Uy = Upp1 + ...+ ugy (modr),
u{ + ... +up =ul  +...+uf, (mods),
where uy,...,uz €U, y=1,...,\(m). Then
Ry (r,s) < U2V*27.7187a2uA(m)17ﬁ2um2+ﬁ2y+57
where the implied constant is allowed to depend on v as well as €.
Proof. We shall group the solutions to the above pair of congruences in
accordance with the value of d where d is defined by
A(s) ,
~ = 1912%21/ ordg(ui/uj).
For at least one of the v(2v — 1) choices of 1 < i < j < 2v, we have
ordg(u;/uj) = A(s)/d. Using Lemma 2, we see that for 1 < i < j < 2v the
number of solutions to the congruence
up+ ...+ Uy = Upp1 + ...+ ugy (modr),
Uy, ..., uz €U,  ords(ui/uj) = A(s)/d,
is bounded by

U2V—2m2
11 22 MP(s) (M) UTImE
(11) v ds r + - dr
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Using Lemma 6 with n = 2v and the last statement in Lemma 1 we see
that for each such fixed 2v-tuple (ug, ..., ug,) there are at most

O((A(m)' =02 + X(m)(d/A(s)) 2 s72)s°/2)
= O((A(m)' 2 + A(m)l_ﬂQVdBQVmQQVSW?u_ﬁ2u)85/2)
values of y = 1,..., A(m) which satisfy the second congruence
uf +...Fuf =ul + ... +uj, (mods).
Combining this with (11) and summing over d we obtain

2
Rl,<?", S) < U2V—2 Z % ()\(m)l—oczu + /\(m)1—ﬁzudﬁ2umﬁzu3’m—ﬁ2u)8€/2
d|A(s)

2
< T()\(S))UQI/—Q mT ()\(m)l—OZQV + )\(m)l_ﬁ%mﬁbsw”_ﬂ?”)35/2,

Taking into account that (3, — v2, = a9, together with (5), we obtain
R, (r,s) < U2 X(m)r Y (A\(m) =22 + \(m) PrmP2 s—02 ym2+e,
Remarking that
Am) o2 < )\(m)fﬁzumﬁzufazy < )\(m)fﬁzumﬁzusfazu?
we derive the desired result. =
4. Distribution of triples (¥%,9Y,9") and pairs (u,uY). Now we
are prepared to prove our main results.

THEOREM 9. Let a,c be integers with ged(a, m) = .. Then

t
> ‘ > em(ad” + ™) ‘4 & 6t/ mpPI2e

y=1 z=1
Proof. We proceed along the lines of [2, 3], getting
t

t t
Z ‘ Z en(a” + 619:"74)‘4 = Z % Z } Zem(aﬁﬁz + 019(9”2)3/)’4
y=1 z=1 y=1 z=1 z=1
t t t 4
Y } S enm(at®y” + cﬂzymy)\
y=1z2=1 z=1
t m—1m—1 t

<SS [ enlard® 4 )|

y=1 A=0 p=0 z=1

since for each fixed y = 1,...,t the pairs (9%, c9?), z = 1,...,t, are all
distinct modulo m.
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Using Lemmas 3 and 7 with p, = m/d,, we obtain

t m—1lm—1 t

SN S ewlard® + )| < m? Qalpam)

y=1 A=0 p=0 z=1
<< 5am t4_/84m2+ﬁ4_044+5

< 5at13/4m5/2+e
and the result follows. =

Although for some applications it is Theorem 9 that is needed sometimes
the following consequence suffices.

THEOREM 10. Let a,c be integers with ged(a,m) = d, and ged(e,m) =
0c. Then for any € > 0 we have

52/2tm1/2+5 if 6q = m,

W c(m,t) < {(55/4t21/16m5/8+€ if 6q < M.

Proof. If §, = m, then using Lemma 4 we have

Walmt) = 3 | S entco)

y=1 z=1

< o)/ *m!/? chd(y,t)
y=1

t

S B

djt y=1
ged(y,t)=d

<6PmM2Y " dtfd = 61 *m! P (t).
d|t

Now we consider the case 0, < m. We apply the Holder inequality getting

W o(m,t) t3Z’Zem az?x+c19w)

y=1 z=1

and the result follows from Theorem 9. =

We remark that if 6, = 1 then the bound of Theorem 10 is nontrivial for
t > m!0/1+e Also, as noted already in the introduction, the theorem pro-
vides trivially a bound for the sum Sgp .(m,t). This is just slightly stronger
than the bound stated in the introduction.

We now give the analogue of Theorem 9 for the corresponding sum over
subgroups U of Uy,.
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THEOREM 11. Let U be a subgroup of U, having U elements. Let a,c
be integers with ged(a, m) = . Then

> ’ > em(au+ cuy)(4 & S UN(m) Y Am /2,

y=1 uecl
Proof. We have

A(m)
Z ‘Zem(au+cuy ‘ Z Z‘Zem azu—i—czyuy)’

y=1 ueld zeu ueU

< % Z Z ‘ Z em(azu+wuy)’4

y=1 2,WEZpm u€Um

since the pairs (z,czY), z € Z,, are distinct modulo m. Using Lemmas 3
and 8 with p, = m/d,, we obtain

A(m)
Z Z ’ Zem(azu + wuy)‘4 < m*Ry(pta, m)

y=1 z,w€Zpym ucld
< 5aU2)\(m)1_547713'”34_0‘4'Hs
and the result follows. =

THEOREM 12. Let a,c be integers with ged(a,m) = §, and ged(c,m) =
0c- Then for any € > 0 we have the bound

Vaolml < 22 m ¢ b =m,
a,c 5;/4)\(m)13/16m9/8+a if 54 < .

Proof. If §, = m then

A(m)
Vit € 3 | 3 enteut)]
uEUy  y=1

Let d be a divisor of A(m). For each u € U, of multiplicative order ¢t =
A(m)/d, by Lemma 4 we obtain

A(m) A(m)/d
‘ Z em(cuy)’ = d’ Z em(cuy)‘ < dé}*m!/2.
y=1 y=1

From Lemma 2 we see that there are at most ¢(m)/d such values of y. There-
fore, the total contribution from all such y does not exceed 52/ *ml/ 2p(m)
and thus from (5) we derive |V, .(m)] < Sl 23/ e
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In the case §, < m we first interchange variables and only then use the
triangle inequality

A(m)
[Va,e(m)] < Z } Z em(au+cuy)’.

y=1 u€lpn,
Applying the Holder inequality we derive
A(m) 4
Vae(m)|* < Am)* 3 ‘ 3 emlau+ cuy)(
y=1 u€lUnm
and the result follows from the case U = U,,, of Theorem 11. =
As with Theorem 11, the latter estimate above generalizes to an arbitrary
subgroup U of U, in which case the factor m?/® is replaced by U'/4m/5.
One verifies that the bound of Theorem 12 is nontrivial for A(m) >
62m?/3+¢. Moreover, since it has been shown in [5] that A(m) = m!+o() for
almost all m it follows that almost all m are covered by our results.
Denote by Dy the discrepancy of the triples of the fractional parts

(EHEHED e

THEOREM 13. For any fixed € > 0 we have the bound
D, < t~1/16,,5/8+4¢

Proof. Using Lemma 5 with n =3, L =m — 1 and N = t2, we obtain

1 1 |Sab.el
Dy <~ + = b .
Lot E 2 Tl T max{ bl T e T

—m<a,b,c<m
a?+b2+c2>0

From Theorem 10 and the bound (5) we see that the contribution to the
last sum from the terms with a = b =0 is

Wcm,t W,cm7t
2 0’r(c| =Y % 0|i| |

0<|c|<m dm  0<|c|<m
ged(e,m)=46
1
< t1He/2,1/2 N7 51/2 L
2.0 > g
d|lm 0<|c|]<m
ged(e,m)=4
1
< $14e/2,1/2 57 51/2 e
20D 5
d|lm 0<|c|<m/é

< t1+s/2m1/2 logmz(sflﬂ < tm1/2+€.

dlm
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Now fix a divisor § |m with 6 < m. From Theorem 10 we see that the
contribution to the last sum from those terms with ged(a,m) = ¢ is

Wae(m,t
3 (m, t)

|al max{[b], 1} max{]|c|, 1}

—m<a,b,c<m

ged(a,m)=6
1
§1/4421/16,5/8+¢/2
< " 2 om0, (1)
—m<a,b,c<m
ged(a,m)=48
1 1
§1/4421/16,5/8+e/2 L
© " 2 T 2 (o mel T
0<l|al<m/d —m<b,c<m

& §3/A2U/16),5/8+2/21563

The same contribution comes from the terms with ged(b, m) = §. Ignoring
that these terms overlap we find that the total contribution over |a| + |b]

> 0is
£21/16,,5/8+¢/2 log3m Z §3/4 < 421/165/8+¢
d|m
Taking into account that t2m 1 +tm!/2 <« t21/16m5/8 we obtain the result. m

It is easy to see that this theorem implies the statement in the introduc-
tion concerning the uniform distribution of the triples.
Similarly we denote by A,, the discrepancy of the points

(HE). vetesor

Using Theorem 12 in place of Theorem 10, we derive the following upper
bound.

THEOREM 14. For any € > 0, we have the bound
A, < )\(m)—3/16m1/8+5.

Recalling that A(m) = m!'*°() for almost all m (see [5]), we derive that
A, < m~ Y164 for almost all m.

5. Distribution of exponential functions with nonlinear expo-
nents. In this and the following sections we give a number of applications
of Theorem 9. In many cases we could use Theorem 11 in place of Theorem 9
but the result would be a little weaker. The main interest of Theorem 11 is
that it applies to subgroups of U,, which are not necessarily cyclic and thus
in particular to U, itself.

In this section we obtain analogues of the results of [6] which corre-
sponded to the case when m = p is a prime. Unfortunately the method
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of [6] does not seem to extend to arbitrary composite numbers and instead
we adapt the method of [8, 16]. Thus, although we can now obtain nontriv-
ial estimates for any integer modulus m the results are weaker than those
of [6, 13] which held less generally.

We say a sequence Z = (z1,...,27) of T elements from Z; is K-invariant
if I C U; has the property that the sequence kzi, ..., kzr, taken modulo
t, is a permutation of the original sequence z1,...,zp for each k € K. We
lose nothing by assuming that IC is a subgroup since it is clear that if the
sequence Z is invariant with respect to a subset K of U; then it is also
invariant with respect to the subgroup generated by K.

As before we suppose that ¢ € U,, is of multiplicative order ¢t > 1. We
estimate exponential sums of the form

o(m, Z,1) Zem ad**)

for K-invariant sequences Z.

THEOREM 15. Let Z2 = (z1,...,27) be a K-invariant sequence of ele-
ments of Z for a subgroup K < Uy of cardinality |K| = K. Let N denote
the number of solutions of the congruence z, = zs (modt), 1 < r;s < T.
Then, for any integer a with ged(a,m) = §, < m,

1Sa(m, Z,t)| < NV2K=1/8§1/89/32p,5/16+

Proof. Define Q(x) as the number of elements z € Z with z = x (mod ).

Note that
Y Q@)=T and > Qz)’=

TELt TEZLt

We also have Q(kx) = Q(z) for any k € K since repetitions in Z are
preserved under the permutation of Z generated by multiplication by & € K.
Therefore

o(m, Z,1) ZQ Jem (ad®)

TrELt
= %Z Z Q(kx)em(a™®)
keK x€Zy
:—Z ZQ z)e, (adk®)
keK x€Zy

= % Z Q(x) Z e (a™™).

TELt ke
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From the Cauchy—Schwarz inequality we derive

Sulm, Z.0)P < 25 30 Q) X | 3 emlar™)

TEZLt T€Zt keK

= XS et

r€Zt keK

- % Z Z em (a(0F1® — yh2))

€Lt k1,ka €

= % Z Z em (a(0F1® — ghikary)

TEZLt k1,k2€K

2

because K forms a subgroup of U;. For each k1 € K we substitute v = kix
(modt) getting

Sulm. 2,07 < 25 33 enla(d” — )

k1,ko €K vEZ,

_ % S Y enla(@” — o)),

ke veZy
By the Holder inequality we have

N4 4
Salm, Z,)F < —= 3" ‘ 3 enm(a(@” — "))
ke vEZy
and the result follows from Theorem 9. =
As already noted in [6], for each integer n > 1 both sequences z", x € Z;,
and z", x € Uy, are K-invariant with respect to the subgroup
K={2"| ze€l}.

Hence Theorem 15 can be used to derive upper bounds for the sums

Z em(a®®’) and Z em(ad®").

xEZLy TEU

In particular, for the sequence z", x € U, the upper bound for the
corresponding quantity N < t'*¢ was given in Lemma 5 of [6]. Since clearly
we also have K > t'~¢ we can conclude that

‘ Z em(aﬁ“n)’ < 5;/8t21/32m5/16+s.
TEUY
In the special case m = p one can give a stronger bound (see [6]), and this
in turn has found some cryptographic applications in [22].
The sequence z™, x € Zy, is K-invariant with respect to the same sub-
group as well. However, the sums over all x € Z; cannot be estimated in
such a direct way because the value of N for them is too large (unless n = 2
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or t is cube-free). Nevertheless, using the same technique as in the proof of
Theorem 7 of [6] one can estimate these sums as well.

Another basic example occurs when we replace the fixed power above
by an exponential function. Let e be an element of U; having multiplicative
order T'. Then the sequence e®, s =0,...,T — 1, is K-invariant with respect
to the set

K={e’|s=0,...,T—1}.

It is obvious that for this sequence N = K; thus Theorem 15 implies the
bound

T
(12) ‘ > em(aﬁes)‘ <« SL/BT3/849/32,,5/16+¢
s=1

If 5, < m® and T >> t'~¢ then the bound (12) is nontrivial for ¢ > m!0/11+2¢,
Obviously the same bound holds for any sequence Z with N < K'*¢. For
example, this holds for the sequence z", x € U;; see Lemma 5 of [6].

We now apply the bound (12) to study the distribution of the power
generator

(13) us =ug;_; (modm), 0<u;<m-1, s=12, ...,

with the initial value ug =9 (an integer coprime to m) and exponent e > 2.
As before we assume that ¥ € U, has multiplicative order ¢ > 1 and that
e € U, has multiplicative order T'. It is clear that

us =9¢ (modm), s=0,1,...,

and thus this sequence is purely periodic with period T
Let D,,(t,T) be the discrepancy of the sequence ugs/m, s =0,...,T — 1.

THEOREM 16. For any € > 0, we have the bound
D (t,T) < T—5/849/32,,5/16+¢

Proof. Using Lemma 5 with n = 1, L = m — 1, N = T and the
bound (12), we obtain

1 ~5/8,9/32, 5/16+¢/2 1/8 1
Din(t,T) < — + T /%% m 36 3

8|m 0<]al<m |CL|
ged(a,m)=6
< 1 L+ P5/340/32, 516422 o0 Z 578
m d|lm

From the bound (5) we obtain the result. =

In the case that ¢ is of order near to m the bound of Theorem 16 is
valuable as long as T' > m!%/20+¢. When T (and hence also t) is of order
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near m the bound becomes of the form
(14) Dy (t,T) < T—1/32+e,

It has been shown in [9, 10] that for almost all m = pl which are prod-
ucts of two distinct primes p and [ and for almost all initial values ¥ and
exponents e of the power generator (13) the period T is close to m in-
deed. Thus this result combined with the estimates of [13] implies that
Dy (t,T) < T~/8+¢ for almost all m = pl and almost all parameters 9 and
e with ged(¢, m) = ged(e, p(m)) = 1.

It is not too difficult to modify the methods of [10] to prove that T is
of order exceeding m!~¢ for almost all integers m (of arbitrary arithmetic
structure) and almost all admissible parameters ¢ and e. Indeed, Greg Mar-
tin and Carl Pomerance (unpublished) have obtained much more precise
results of this nature. It follows that the bound (14) also holds for almost
all m, ¥ and e with ged(d, m) = ged(e, p(m)) = 1.

6. Double sums over sparse sets and communication complexity
of exponentiation. In this section we consider exponential sums over fairly
arbitrary sets and then apply the results to a problem from complexity
theory which is related to modular exponentiation.

As before we fix an element ¥ € Z,, of multiplicative order ¢ but now
consider the double exponential sum

Sa(m, t, X, ) =YY ep(ad™),
zeX yey
where a € Z,, and X, C Z;.

Unlike the set Z in the previous section the sets X', ) are not required
to have any special arithmetic structure but can be quite general. The fact
that we are considering a double sum rather than a single sum suffices to
produce useful results as long as the two sets are sufficiently dense. In the
case m = p, a prime, such sums have been estimated in our earlier work [11]
and in the next proof we exploit the technique developed there.

THEOREM 17. For any integer a with ged(a,m) = 6, and any sets X,)
C Z¢, we have the bound

1Sa(m, t, X, V)| < |X|V/2|P|21/3261/81/2,5/16+¢

Proof. For a divisor d|t we denote by Y(d) the subset of y € ) with
ged(y,t) = d. Then

‘SCL(mat?Xay)’ S Z |O-d’7

djt
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where

=Y 3 enlar)

z€X yeY(d)
Using the Cauchy inequality, we derive

ol <1213 | Y emar)|

z€X ye)(d)

<|X|Z( Z aw‘

TELt yey
=X > Z em(a(9* — 97%)).
y,2€Y(d) TEZLt
By the Holder inequality we have
4
oa <X Y@F Y | Y em(a(w - 19“)))

y,2€Y(d) TE€ZLt
< ’X‘ D/ ’6 Z Z ‘ Z en ﬁxy ﬂxvd))r'
yeY(d) v€Ly)q xEL:

Because each element y € Y(d) can be represented in the form y = dw
with ged(w,t/d) = 1 and ¥4 = 99 is of multiplicative order t/d, we see that
the double sum over v and = does not depend on y. (Make the change of
variables x into zw™!, v into vw.) Therefore,

joul® < XY@ Y | Y emlas — 05|

V€L q TELy
—XPY@rdt Y | > emla(i - W))(
vEZt/d mGZt/d
By Theorem 9 we obtain
|O.d|8 < |X|4|y(d)\75ad4(t/d)9/4m5/2+5 _ |X|4|y(d)\75ad7/4t9/4m5/2+6.

Using the bound |Y(d)| < |Y| for d < t/|Y| and the bound |Y(d)| < t/d for
d > t/|Y|, we obtain

|O_d|8 < |X|4|y|7(t/|y|)7/46at9/4m5/2+5 — ’X‘4’y’21/4(5at4m5/2+5.
Hence
’Ud| < ’X‘1/2D}|21/32(5;/8t1/2m5/16+6/8
for any divisor d|¢. Applying the bound (5), we derive the result. =

If the sets X and Y both have cardinality at most N and ged(a,m) =1
(or even ged(a, m) < mF) then the bound of Theorem 17 becomes

[Salm,t, X, V)] < N¥T/3241/ 25/ 16%
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If X and ) are nearly dense in the sense that N > t1+o(1) then Theorem 17
is nontrivial starting with ¢ > m!%/11+¢ In another special case when ¢ is
almost of order m, that is, t = m'*°()_ the bound is nontrivial for sets of
cardinalities both exceeding N > m?26/27+¢

We now define the integer n by the inequalities 2" < t < 2"+ — 1 and
denote by B the set of n-bit integers,

B={zx€Z:0<z<2"-—1}.

We do not distinguish between an n-bit integer x € B and its binary
expansion. Thus B can be considered as the n-dimensional Boolean cube
B ={0,1}" as well. We now recall the notion of communication complexity.
Given a Boolean function f(z,y) of 2n variables

r=(x1,...,2n) €EB and y= (y1,...,yn) € B,

we assume that there are two collaborating parties and the value of x is
known to one of the parties and the value of y is known to the other, but
each party has no information about the values of the other. The goal is to
create a communication protocol P such that, for any inputs =,y € B, at
the end at least one of the parties can compute the value of f(z,y). The
largest number of bits required to be exchanged by a protocol P, taken over
all possible inputs x,y € B, is called the communication complexity C(P)
of this protocol. The smallest possible value of C(P), taken over all possible
protocols, is called the communication complexity C(f) of the function f
(see [1, 15]).

Given z,y € B we study the communication complexity of computa-
tion of ¥*¥. This function ¥*Y is well known as the Diffie-Hellman secret
key which arises in the Diffie-Hellman key exchange protocol (see [17, 23]).
Studying various complexity characteristics of this function is of primal in-
terest for cryptography and complexity theory. Lower bounds for a number
of complexity characteristics of this function as well as for the discrete log-
arithm have been obtained in [21]. In particular, for an odd m one can
consider the Boolean function f(z,y) which is defined as the rightmost bit
of ¥*¥, that is,

1 if 9w e {1,3,...,m—2},

15 Tlyenooy Ty Yly -y Yn) =
(15 o Y1+ 4n) {o it 9™ € {2,4,.. ., m—1}.

In the case when m = p and ¢t = p — 1 (that is, when ¢ is a primitive
root modulo p) the lower bound C(f) > n/24+ o(n) for the communication
complexity of this function f has been given in [21]. Here, using Theorem 17,
we derive a linear lower bound for C(f) for all odd m and all ¢ > m10/1+e,
Obviously C(f) < n, so that up to a constant factor this bound is tight.
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THEOREM 18. For any 6 > 0 and sufficiently large t > m0/11+0 the
communication complexity of the function f(x,y) given by (15) satisfies the

bound .
C(f) > <3—26—5>n

Proof. We define the combinatorial discrepancy A(f) of f as
— 9—2n —
A(f) = 27" max, [N (X, D) = No(. D).

where the maximum is taken over all sets X,) C B and N,(X,)) is the
number of pairs (z,y) € X x Y with f(x,y) = p.

A link between the discrepancy and the communication complexity is
provided by the inequality

(16) C(f) > log, (ﬁ)

which forms a part of Lemma 2.2 of [1]. Let ¢ = (m+1)/2 be the multiplica-
tive inverse of 2 modulo m. It is easy to see that Ny(X,)) is just the number
of pairs (z,y) € X x ) for which ¢9™ € [1, (m —1)/2]. From Lemma 5 with
n=1,L=m—1and N = |X||)Y| we conclude that

X[ Y|(m —1) IXI Y (m, t X I
2m ‘ + Z

No,) -

0<|al<m
Replacing |X| and |Y| with ¢ in the bound of Theorem 17 we obtain
X 1 X Sy (m,t, X,
A=) DL, 5 st 20

m

2m |a]

Noe.) -

0<l|al]<m

< tzmq+t53/32m5/16+s/22d1/8 Z 1

dlm 0<|al<m |6L|
ged(a,m)=d
1

< 153/32),5/16+/2 N g1/8 1

2 Y

dlm 0<|al<m/d
< £93/325/164€/2 100 Z q-7/8.

dlm

Using (5), we obtain

1
No(X,Y) = 5 || |y|} < 5/B2 /163 4,

Similarly

‘Nl()(,y) - % | X \yw < 193/32),5/16+3¢</4
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Therefore the discrepancy of f satisfies the bound

(17) A(f) < 27 2P8/32y 5/ 161
< 4—11/32,,5/16+¢ < ,—110/32+€ < 4—116/32+¢

Applying (16) we obtain the result. m

For t = m't°() we obtain C(f) > n/32 + o(n). For smaller values of ¢
the bound of Theorem 18 can be slightly improved, for example to

1215
> (-2
Clf) = (320-+3525 5>7Z

if in (17) one uses m > t10/1+)™" ingtead of m > t.
Analogous results can also be obtained for the function

1 if 9% € [0,m/2),
0 if 97 € [m/2,m),

which can be considered modulo an arbitrary integer (not necessarily odd
as for the function f).
It would be interesting to consider also the sums

Va(m,U,Y) = Z Zem(auy),

ueU yey

where a € Zy, and U C Uy, and YV C Zy(y). It is clear that for m = p
these sums are equivalent to the sums S, (m, t, X', )), however for composite
m they are different. It seems quite plausible that the method of proof of
Theorem 17 combined with Theorem 11 or its appropriate modification can
produce a nontrivial upper bound for these sums. Such a bound would imply
an analogue of Theorem 18 for modular powering uY.

g<x17"'7xn7y17"'7yn):
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