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On the distribution of the nontrivial zeros
of quadratic L-functions of imaginary
quadratic number fields close to the real axis

by

A. E. OzLUK and C. SNYDER (Orono, ME)

1. Introduction. The distribution of zeros near s = 1/2 for various
families of L-functions has received widespread attention since the appear-
ance of the seminal joint work of Katz and Sarnak, [8] and [9]. One aspect
of the basic conjectures which came to light through their research relates
the one-level normalized spacings of “low-lying” zeros of certain families of
L-functions, when ordered by their conductors, to classical symmetry groups
associated with each family.

In the case of the family of quadratic Dirichlet L-functions (over Q),
partial results (cf. [8], [13], [14]) suggest that the symmetry group associ-
ated with this family should be symplectic; see [8] for more details. In this
case the functional equations for the completed L-functions are “self-dual”,
i.e. remain invariant under the substitution s — 1 — s. In the function field
analogue, where the distribution conjectures become theorems, Katz and
Sarnak have shown that for certain families of zeta functions whose func-
tional equations are self-dual, the distribution of the zeros is governed by a
symplectic symmetry group (cf. [8], [9]).

In the present note, we consider the family of quadratic L-functions over
an arbitrary imaginary quadratic base field. We study the distribution of
their nontrivial zeros close to the real axis. Here, as above, we find that the
completed L-functions have self-dual functional equations; and once again
we see, as in the case over QQ, that the distribution of the zeros indicates
a symplectic symmetry group, which is as expected. It should be pointed
out, however, that self-duality of the functional equations associated with
a family of L-functions need not indicate a symplectic distribution of low-
lying zeros. Peter Sarnak has pointed out to us that there are families of
L-functions with associated self-dual functional equations, but for which the
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206 A. E. Ozliik and C. Snyder

distribution of the low-lying zeros seems to suggest an orthogonal symmetry
group.

The method of proof is similar to that in our previous article, [14], but
there were obstacles to overcome. The main problem was figuring out the
“main term” in the “form factor” in the case where D = o(x). This impasse
was overcome by using quadratic reciprocity for the 2-power residue symbol
(generalized Legendre symbol) over an arbitrary number field as described
in Hecke’s text [6].

2. Statements of main results. At this point we state our main the-
orem and its two corollaries. Before doing so we need to introduce some
notation and concepts. Let K(s) be a function analytic in the strip —1 <
Re(s) < 2 such that |K (o +it)| < t~2 as t — oo and such that the function

c+1i00

—S
a(x) = o S K(s)x™®ds

C—100
is absolutely convergent for —1 < ¢ < 2 and all x > 0, continuous, differen-
tiable for all but finitely many points, of bounded variation, real-valued, non-
negative, of compact support on the interval (0, 00), and such that a(1) # 0.
Furthermore, assume K(1/2 4 it) = K(1/2 — it) for all real t. A particular
choice of K (s) is given by

es—1/2 _ o—st1/2\ 2
K =
o= (“H5)
in which case
1,—-1/2 1 e =2 2
a(t):{ﬁt / (1—3llogt|) ife?<t<e?
0 otherwise

(see [12]).

Next, let k& be a complex quadratic number field with discriminant d;, and
ring of integers O = Oy. If « is any nonzero integer in k, then denote by
the 2-power residue symbol with respect to a. Let L(s, x«) be the (quadratic)
L-series attached to x,. Also let Na be the norm of « from k& to Q.

The point of our main theorem is to investigate the behavior of the sum

__ 27 _Nga
S e VST K(g)at
ai(g o(a)

as D — oo, where the outer sum ranges over the nonzero elements of O and

the inner sum is over the nontrivial zeros of L(s, xq).

MAIN THEOREM. Assume all the notation above and suppose that the
Generalized Riemann Hypothesis (GRH) holds for all abelian L-functions
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over k. Then as D — oo and either x — oo or x =1,

Ze \/W a/DZK )zl =

acO
a#0
—1K(3)Da2'? + 1K (1)m(4|di|)~/*2DY? + a(L)Dlog D
+O(Dlog Dlogz + Dz'/3logz + a(1) D) if z = o(D),
0+ O(xlog?z + Dz'/3log x) if D = o(x).

All the implied constants depend only on the base field k and the kernel K.
Now define, for y € R,

0= (3(3)p) - Z IS ko

acO o(a)
a#0

where p = 1/2 + iy. Then we have the following corollary, which is just a
special case of the Main Theorem.

FIrsT COROLLARY. Assuming GRH for all abelian L-functions over k,
as D — o0,

Fr(y, D) = { ~1+ (AK (1) "D v2a(D ) log D + o(1) ifly| < 1,

0+ o(1) if 1 <y <2,
uniformly on compact subsets of (—2,—1)U (—1,1)U(1,2).

The second corollary concerns the distribution of the nontrivial zeros of
our family of L-functions near the real axis.

SECOND COROLLARY. Suppose 1(y) is an even continuous function with

r(y) and yr(y) in L*(R), such that its Fourier transform,

o0

) = | rwe 2 ay,

—00
is also continuous and in L*(R), and has compact support in (—2,2)~ {%1}.
Then under GRH for all abelian L-functions over k, an imaginary quadratic
number field, as D — oo,

ot 5 T (e (2)) S o (152)

acO
a#0

where the implied constant depends only on the field k and the kernel K.
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3. Preliminaries. Let k£ be an imaginary quadratic number field. De-
note by O = Oy, the ring of integers of k and by dj, its discriminant. If « is
a nonzero algebraic integer of k, then let y, be the 2-power residue symbol;
i.e. if p is any (nonzero) prime ideal of O not dividing (2«), then let

(p) = <g> B { 1 if 22 = o modp has a solution,
Xo p —1 if 22 = & modp has no solutions.

Define x4 (p) = 0 if p divides (2cv), and extend this definition to all nonzero
ideals a of O by multiplicativity. As is well known, x,, is induced by a prim-
itive character x, which may be identified with the Artin symbol ( -, K/k)
where K = k(y/a). Indeed, (p, K/k)(v/a) = (a/p)y/a for all p relatively
prime to 2a.

Let

Xa(a)
L(s,Xa) = a N (Re(s) > 1),
where the sum is over all nonzero integral ideals a of O and Na = #(O/a).
The L-function associated with x7, is defined analogously. As is well known,
these L-series have Euler product expansions by the unique factorization

property of ideals in O. Moreover, the Dedekind zeta function of K satis-
fies

Cr(s) = C(s)L(s,xa)  (Re(s) > 1).
All of the functions above can be analytically continued to the whole com-
plex plane (with simple pole at s = 1 for zeta functions), thanks to Hecke.
Thus, in particular, L(s, x}) and L(s, x.) differ by a finite Euler factor and
so have the same set of nontrivial zeros.

Next, we apply Weil’s explicit formula to L(s, x) where x = x},. To this
end, we refer to the article [1] of Barner. Suppose F' : R — C is a function
of bounded variation; let

o
d(s) = S F(2)ets=122 gz,
—0o0
By a change of variable, z = logt, we see that
oo
dt
&(s) = | F(logt)t*~'/? —
0

If K(s) is a function on C and x is any real number greater than 2, formally
set K(s)z® = &(s) =: @,(s). Then
T a7 dt
K(s) = S F(logt)z5t*~1/2 - = S V2 (log t)(x~1)5~1/2 <
0 0
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Replacing z~!t by t we obtain

K(s) = S(xt)_l/QF(log(mt))ts% | a(t)ts%,
0 0

where a(t) = (xt)~V/2F (log(xt)). Then notice that F(logz) = 2z'/%a(z/x).

Now assume that K(s) is rapidly decreasing in ¢t where s = o + it (i.e.
|K(o+it)] < t72ast — oo) and K (1/2+it) = K(1/2—it) such that a(t) is
nonnegative and has compact support in (0, 00). In particular, assume that
its support lies in [A, B]. Then Weil’s explicit formula takes the form

Ndgi,)|dk|

ZK(Q)CEQ =¢eo(K(0) + K(1)z) + a(%) log ( i

-> i::(log NPM(?)X(P”)

p n=1
. log Np 1
- " Woo ) ’
>0 Npn a<man>x(P ) + Weo(a, X)
where the }_  is over the nontrivial zeros of L(s, x), >_, is over the nonzero

prime ideals of O, g9 = g¢(x) = 1 if x is the principal character, and gy = 0
if not. Finally,

/1 1

Woola,x) =2 <§>a<5>
v ¢ ¢t 1 Y2 e
_ 12,0 2 12,2 ) _9q( ) ) 2
((#a()+ () () )= T

This implies that

1 (Ndgp)|dy|
%:K(g)xg =ecoK(1)z + a<;> log e

- ZZ(logNma(g)x(p“) +o().

p n=1
We need to extend this result to the (not necessarily primitive) charac-
ters xq-
PROPOSITION 1. If L(s, Xa) is the L-function associated with X, then
the following explicit formula holds:

Z K(o)x? = eoK(1)x + a(i) log (N404—72Ldk‘

oy i(logzvp)a<¥> (%) + O((log Na)(log ).

p n=1
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Proof. Suppose x is the primitive character of conductor f that in-
duces xq- Then as noted earlier L(s, x) and L(s,x,) share the same set
of nontrivial zeros. Then the left-hand side of the equation in the proposi-
tion is identical with that in the explicit formula above. Now consider the
difference of the right-hand sides of the two formulas:

S ttog Np)a( 2 ) (6™ a9 <« 3 (1o Vpja 22

pin pl(20)
< Z log Np < (log Na)(log z),
pl(22)
Np<z
since if (2a) = p{* -+ - p&m is the prime ideal factorization of 2«, then

log Nao = ajilog Npy + - -+ + am log Np,, > m.
Now notice that
1 (“a)’dk| 1 (Nf)|dk‘
~ ) log ———* — ) log —~-" = O(log Na).
a( ) og 5 a og 12 (og )

This establishes the proposition. =

4. Technical lemmas. We start by stating a 2-variable version of
Euler-Maclaurin summation. Let P,,(x) denote the mth periodic Bernoulli
function. Hence Py, (x) = By, (z — [z]), where as usual B,,(x) is defined by

etac

oo tm

LEMMA 1 (Euler-Maclaurin summation). Let N be a positive integer
and f(u,v) be a function such that any 2N th-order partial derivative of f
is continuous. Then for integers a,b,c,d with a < b and ¢ < d we have

d b db
33 smn =} stw v
+g::1 %Pu(u P,(v) W bt dj
+§; (—Mll)“ P g au(?;{(ﬁ, v) . ’;*
+é (—Vll)” P S au;v{(_@i,v) . i
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N _ d _ bt
(_1)N+,u 1 aN—l—,u lf(%v)
2 WNT R W Py(v) 5w v
p=1 c a~”
N _ b _ dt
(_1)N+u 1 8N+I/ 1f(u, U)
+ ; VIN! v) S P (u) v~ 1oulN du -
db
(_1)N—1 aNf ( )N 1 aNf
! Si[ N VW g e I 5w
1 82Nf

where, e.g., w = a~ and v = bT denote the appropriate one-sided limits.

The proof of the lemma follows by applying the one-variable version
twice and is left to the reader. The one-variable version may be found on
page 490 of [7], for example.

COROLLARY 1. Let m € Z°% «, 3 € C with o8 — @B # 0, and ¢ > 0.
Then

o o
Z p—ClmiatmaBZmy=2m _ S S e—cluatvoBPmy =2 g a0 4 O(y=™)
(ml,m2)€Z2 T T

as y — oo for any positive integer M.

Proof. Let
f(u, ’U) = €_C|“D‘+Uﬁ\2my—2m'

Then f is a rapidly decreasing function and thus we may apply Lemma 1,
noting that all the relevant sums and integrals converge, obtaining

> flma,ma)

(m1,mo)€Z?

= S S f(u,v) dudv + S S [%PNO},)WJ{
-1 N-1 8Nf 1 aQNf
+ %PN(U) o + WPN(U)PN(U) EWE du dv.

We consider the second integral. An easy induction argument shows that

OM f (u,v m v
i = 0 S ),

where hy,(u,v) is a homogeneous polynomlal of degree n and where we set
this form equal to 0 if the “degree” is negative. Now let u = yu; and v = yvy;
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then, in particular,

[ e o]

N
S S Py (u) g—]{; du dv

U

xD [oe) 9 N
_ yz—N S S PN(yul)efC\uervlﬁl Zhgﬁ;’?z]v(ul,vl) duq dvs.
—00 —00 Jj=1
Therefore,
P oNf 2-N

The other two terms are similarly < y?>~V. If we let N = M + 2, the
corollary is established.

LEMMA 2. Let a be a nonzero fractional ideal of k, and let m € Z>°.
Then

— 2L _N(p)myl yl/mz' -
> e Vi = ——m T O™
pEa Nay/|d|

as y — 0o, for any M € Z>°, and where

o (1)

The sum is over all elements of a and Nu represents the norm from k to Q
of w. In particular

27

Y -M :
S —+O(y ) ifm=1,
Ze—mN(#) y! Na
y12

HEQ

Na 272 d | VA L O(y™™M)  ifm=2.
Proof. Let {a, 8} be an integral basis of a. Then

__2r m,,—1 __2m 2m, —1
Ze \/WN,U' Y _ Z e \/Whnla‘i’m?ﬂ‘ Y )
nEa (m1,mz)€Z?

By the corollary, we need only show that
oo 0o _ 2w m, —1 l/m
2r_ N
S S abvirr (zra+z28)™y vy dy — Y T
—00 —00

Nay/Jd "
To this end, let
T10 + 293 _

U+UZ:W, SO U — V1l =

T+ ZL‘QB
(y/Idg])1/2m
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(50) = vz 5)(5)

det<; g)‘ = N(a)y/]dg|

(see, e.g., [5, p. 188]). By elementary row reduction we get (u, v)'= B(x1, x2)"

where
N )
(y/Ide))/2m \ (a —@)/2i (8- B)/2i
But then notice that

1 o fap
etBI= 5 |dk|>1/m’det<a B)‘

Now

and

Hence
T 7 — 27|z atxa B2yt < T 2.,.2\m
S S e Vil dzy dzy = |det B™Y S S e~ 2™y do.
—00 —0O0 —0o0 —00
But
oo 00 27 00 [e'e)
S S e~ 2@ gy dy = S S e~ 2" dr df = 27 S e~ 2™y
—00 —00 00 0

B (27r)1—1/m r i
N 2m m)’

by changing first to polar coordinates and then changing to t = 27r-2™
This establishes the lemma. =

LEMMA 3. The series

e v " log N = ylogy + O(y)
neo
p#0

as Yy — o0.

Proof. Write

d e VI 0g N = 81+ 55,

neo
p#0

where
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Z \/W logy, So = Z e |dk u/y log (M>
neo neo y
p#0 p#0
Notice that
S1=ylogy + O(logy)
by Lemma 2.
Now consider S2. By Riemann—Stieltjes integration,

o0

_ 2w u
Sy = S e VIl /ylog (%) dJ(u),

>

neo
Np<u

where

But J(u) = ou+O(u!/?) where g is a constant depending only on the field k;
see, e.g., Lang [11, p. 132]. Hence,

Sy = S e 'dk uly log (y> dou — S e \/W /y (%) d(J(u) — ou).
1 1-

The first integral is < y, by direct computation. In the second integral, we
integrate by parts and then make a change of variable, obtaining

o0

[ e Va1 g<§> d(J(u) — ou)

1-
o

— (J(w) — gue V"1 g(g) -

) - ew) afe g (7))

1

[e.e]

d
< logy S (J(u) — ou)e \/W oy 5
1
2 0 27 u
+ 1 S (J(u) — ou)e VIl v log (ﬁ) du
Yy |dk| 1 Yy
0 _ 271w d,U
< logy | (J(yv) — eyv)e VIt —
y~ ! v
27T o _ 27w 1/2
+ —— S (J(yv) — oyv)e Viullogvdv < y'/?logy.

V’dk|y71

This establishes the result. =
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We shall also need a variation of the previous lemma. Namely,

LEMMA 4. For pn € Oy — {0}, let f, denote the conductor of x,. Then
the series ,
__2m N
Z e Vldl Hy log Nf, = ylogy + O(y)

neo
u#0

as y — Q.
Proof. By subtracting the formula above from the one in Lemma 3, we
see that it suffices to show that
__2m N N

Z e Vldkl wl log<N—'u> < y.

neo f“

u#0
To this end, let

™ 0 ™
Z eiju/leg(ﬂ) _ S e*\/z‘—mu/y do(u),
ere N/
u#0
where a(z) = >y, <, log(Nu/Nf,). We claim a(z) < z. To see this, first
by the conductor-discriminant formula (see [4] or [2]), f, = D/ where
Dy is the relative discriminant, K = k(,/p). But since K/k is a Kummer
extension, f, can be determined fairly easily; cf. [4], [6], or [2]. In our case,
we can see that the fractional ideal (u)/f, = a?/b where b|(16). Moreover,
fu = coc1 where ¢g is square-free and ¢; | (32). Thus we have
a(r) < Z ©?(n) log Nm,

m,n
N(m2n)<z

where m, n are integral ideals of k and pu is the usual generalization of the
Mobius p-function to the semigroup of integral ideals of k. Now notice that

< D> 1<
Nn<lz Nn<lz

(see [11], for example). Therefore,

Z p2(n) log Nm = Z log Nm Z p2(n) < Z logNmNgf~n2

mn z
N(m2n)<z Nwm<y/z Nns 5o Nm<y/z
log Nm
<z > ]%[7“12 e 2(p(2—¢) <
Nm<\/z

which establishes the claim.
Now, finally integrating by parts and then by a change of variables we
have
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T uly
e Vil "“o(u) du
1- y\/|dk’ §

——
s
|
ﬁ‘m
B
il
£
~
<
U
Q
—~
S
~—
I
Q
g
fall
<
~
<
Q
—~
S
~—

1 o0

— S e Uy dv < .
L L
This establishes the lemma. =

We assume the “Generalized Riemann Hypothesis (GRH) for £” in the
following lemma, i.e. the GRH holds for all abelian L-functions over k.

LEMMA 5. Let k be any algebraic number field and let C; be the ray
class group modulo f, i.e. the group of f-classes (see [10] or[11, Chapter VI).
Denote the order of Cs by hy. Let m,n be real numbers with n # 0. Assuming
GRH for k, the sum

) a(NP >Npmlong: il17((””1)%(””‘“)/”
. x hs n n
p:pEc
fp)=1

+ O(x(2m+l)/(2n) 10g2 .%')

as T — oo, where the sum is over all nonzero prime ideals of O which lie in
¢ € Cj and have absolute residue degree f(p) = [O/p : Z/(p)] = 1.

Proof. By Riemann—Stieltjes integration, we have
Np™ © n
Z a(—p>Npmlong = S a(u—>umd< Z long).
x x
p:pe o0t

Np<u
fp)=1 pEc
f(p)=1

Hence by the Prime Ideal Theorem, assuming GRH,

1
Z log Np = U + E(u),
Np<u f
pec
flp)=1
with F(u) < u!/2log? u, where the implied constant depends only on the
field k£ and not on the class ¢; see [10]. Thus

() 2 )= 415 o)
o+ Np<u Fo v 0+ o
pec

flp)=1
In the first integral let v = u™/x; then

S a v u™ du = lx(mﬂ)/" S a(v)pm+h/n dv _ 1 K m+1 pm+1)/n
0 z n 0 v n n
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Using integration by parts on the second integral, we obtain

S a(u—>ude(u)
or N7
u—)um+”1 du —m S E(u)a(u—>um1 du

T
0

— _mm/n S E($1/nv1/n)a/(v)v(m+n)/n@

v
0

. m xm/n S E(xl/nvl/n)a/(v)vm/n @ < xm/nxl/Zn 10g2 z,
n v

0
as desired. m

LEMMA 6 (Transformation formula). Let p be a nonzero odd prime ideal
of O dividing the rational prime p > 0, but not dividing the discriminant dy,
of k; let x = xp, where xp(a) = (a/p).

If (p) = pp, then

Na —27_Nyld
Z (o ‘dk v_ Yy Z Xp(l/)e TV k|y/P
5 Np <
ae vep/Vdy

If p is inert, then

Na/ 27 _ Ny /p?
Z Xp |dk Z XP \/W e .

aceO VEO

Proof. First notice that if x(Wy) # {1}, where W} denotes the group
of roots of unity in k, then ZaEWk X(a) = 0 by a standard argument. But
then the assertion of the lemma is obvious as all sides of the equalities are 0.

Now assume x (W) = {1}. If p = (p), let ¢ = 1; otherwise, let ¢ = p.
Notice then that (¢,p) = 1 since by assumption p/p is unramified as dj # 0

mod p. Furthermore, let ¢ = 2nv Nc¢/+/|dg| and ¢ = 2x|dg|/(\/|dk|V Nc).
Then

S 5 (g (g
a€0 p 0€0/p pep 0€0/p p p=rd

where 3~ 5, is the sum over the cosets in O/p. Then by Hecke [5, pp. 189~

190],
Z - ‘;*g Z —c NA+2mTr(79).
nep p )\Ec/\/i
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Consequently,
I N .
Z (g)e—cNat . Z - Z <g> e27rzTr(%).
ac0 P P Ae o/ di 0€0/p p

Let now tv/N¢ = 1/y, in which case the last equality becomes

e} Na/y N|dy|y/p* 0\ 2miTr(22)
— le \/'T e \/lT <—>6 P,
> (5) P > (;

ac0 Aee/Vdy, 0€0/p

3 <Q>€27rz‘Tr(%)
p

0€0/p

for A € ¢/y/dj. To this end, let A\ = v//dy where v € ¢. We consider two
cases.

Now we need to evaluate

CASE 1: Suppose pO = p. Notice that if v € p, then Tr(Ao/p) =

Te(vo/(pv/dr) € Z. Thus

Z (g) 271'1Tr(?9) -0

0€0/p P
in this case. Next notice that Np = p? and ¢ = O. Let w € k — {0}. Then
write (w) = ba=1(y/dy)~! with a and b relatively prime integral ideals of O.
Let

Z e2mi Tr(,u2w)’
pmod a

where the sum is over any system of representatives of O/a. By formula

(171) of [6], we have
0 27riTr(\”/—Z_) < v )
= le P =(C .
2 <P> PV

0€0/p

If v € O —p, then Satz 155 in [6] implies C'(v/(pVdr)) = (v/p)C(1/(pV/dy)).
But then Satz 163 of [6] yields

C(1/(pvVdy) _ C(=p/(4V/d))
VNp N(8)

(by choosing v = 1/+/dy). Now

2
p 27rzTr( ) 2mi Tr(=£=)
cl| - = E 4\/ E 4 Vg
( 4\/dk) ‘

pe®/(4) reO/(4)
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C( L ) if p=1 mod4,

. .2 R,
pe0/(4) C(i7g) if p=3mod4.

But C(—p/(4v/dy)) is real, since C(1/(py/di)) is real. (Recall that we are
assuming that x (W) = {1}.) Thus the two cases above coincide. By [6,

page 243],
-1
Cl—=]=+vN(8
(avm) = V7O
which implies that C(1/(py/dg)) = /Np = p. Therefore

> (2)em T < (1) v
0€0/p P P
This yields the second part of the lemma.

CASE 2: Suppose (p) = pp. Then Np = p,O/p ~ 7Z/(p), and ¢ = p. As
above, let A = v//d},, but with v € p. Then

0\ 2miTr(—%=) <b> 2mi2 Tr(—%=)
= e Py — —le P Vi
> ) ¢

0€0/p beZ/(p)
(FE) I () (2R

by well-known properties of rational Gauss sums (using the assumption
(—=1/p) = 1 since x(Wy) = {1}). Now let w = wy, = (di, + v/di)/2 and thus
O = Z[wy]. Let p(x) = (x — w)(x — ©); thus p(z) = 2? — dyx + (d2 — di) /4.
Since p splits in O, we know that p(z) = (z — a)(z — b) modp for some
a,b € Z. But then p = (p,«) and p = (p,@) for some o = a + wy (without
loss of generality). Since v € p, there are x,y € Z such that

dy, _\/d—k>y'

V:px+5y:px+<a+ 5

Then Tr(v/\/dy) = Tr(—y/2) = —y. Thus

(5%)-(2)-()

again observing that (—1/p) = 1. Now,

di, + vd
v=pr+ay=ay= <a—|—kT\/_k>y— v dry = —/diy mod p.

B SR RC )




220 A. E. Ozliik and C. Snyder

(05

Z <g>627rz‘Tr(p”Qch) _ (u/\/dk> pr.
0€0/p P P
This establishes the lemma. n

Therefore,

and we see that

We continue in this section with some arithmetical results about the
2-power residue symbol. Let C(yy be the ray class group of k modulo (4).
Hence, C4) = 1(4)/P4), where I(4) is the group of fractional ideals prime
to 4 and P4 the group of principal ideals in I(4) with generators v = 1
mod*4. See [11, Chapter VIJ, for details. Let H = {(v) € P(4) : v = £
mod*4}. Finally, set C = I(4)/H and C® = {aH : a®> € H}.

LEMMA 7. Let k be an imaginary quadratic number field. Then the index
(C:CD) = (I(4) : I2(4)H) = 21, where 2¢ is the index (C1 : C1?)) (notice
that e is the 2-rank of the class group of k).

Proof. The first equality is obvious. For the second, let K = k(v/S5),
where S = {u € k* : () = a? for some fractional ideal a of £*}. Then
[K : k] = 2¢T! (see [5, paragraph 4 on page 253]). On the other hand, by
Satz 171 of [5], the Artin map induces an isomorphism

I(4)/I*(4)H ~ Gal(K/k)
where p — (p, K/k), for any prime ideal p € I(4). Thus the lemma follows. =

We note for future reference that the prime ideals, p, in I?(4)H are

characterized by the following reciprocity law (for example see Hecke [5,

Satz 171]):
3)-

for all 4 € k* for which (i) = a? for some fractional ideal a prime to p.

LEMMA 8. Let k be an imaginary quadratic number field. Suppose that
p is a prime ideal of absolute degree 1 in I*(4)H, say pb® = (y) where b is
an integral ideal in 1(4) and v € O with v = €2 mod 4, and that p does not
divide w = (dg + v/dg)/2. Then
<7N@ > _
" .
Proof. Tt suffices to evaluate (7/dy/p). To this end, let v = x+yw. First
notice that since v = = + yw,

pb? = NpNb? = Ny = 2% + wydy, + y*(di — di) /4,
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with b = Nb, an odd integer. Then a straightforward computation yields
YV di, = 2(x + ydi/2)y — 2pb® — diy?,

(5)-2)-0)
p /) N\ p ) \»p)
since (di/p) = 1 because f(p) = 1, and 1 = (—=1/p) = (—1/p) by the
reciprocity law for the 2-power residue symbol. Hence we need to evaluate

(y/p). Notice that the representation of pb? above implies pb? = 22 mod y.
Now we consider the following two cases.

and therefore

Casg 1. Suppose y is odd. Then since pb?> = 22 mody, 1 = (p/y) =
(y/p) by an extension of the quadratic law of reciprocity and since p = 1
mod 4.

CASE 2. Suppose y is even, say y = 2%, with yo odd. Since pb? = x>
mod yg, we have (yo/p) = 1 as above.

If a > 3, so 8|y, then p = 1 mod8, for b?> = 1 mod 8, whence (2/p) = 1
and consequently (y/p) = (2/p)*(yo/p) = 1.

If a = 2, then obviously (y/p) = (4/p)(yo/p) = 1.
Now assume a = 1, so y = 2yp; then

p= 2+ 2zyody + yg(dﬁ —dg).

If dj is even, then dr = 0 mod4. If furthermore, d = 0 modS8, then
p = 1 mod8, whence (2/p) = 1, implying that (y/p) = 1. Now, if d = 4
mod 8, then dj, = 4d for some d = —1 mod4. Hence, pb®> = 22 + S8xyod +
y3(16d? — 4d) = 1 —4d = 5 mod 8. But this cannot happen, since (2) = a2 so
by the above (2/p) = 1. But then 1 = (2/p) = (2/p), implying p = 1 mod 8.

If dj, is odd, then dj, = 1 mod 4, in which case p = 22+2 mod 4. Therefore,
p = pb? = 3 mod 4, contrary to our assumptions.

Finally, notice that if d, = —4d with d = 1 mod 4, then for p = 5 modS8,
y must be even. Indeed, since v = ¢2 mod4 with say € = a1 + biv/—d,
a1,by € Z, we see that £2 = a? — db? + 2a1b1v/—d, implying that y is even. m

LEMMA 9. Let x1 be a character on C = Cyn = I(m)/Py for some
modulus m with ker x1 = Hy and such that the conductor of x1 is n (notice
n|m). Suppose Hs is a subgroup of Cy such that for Hy = Hy N Hy we have
Hy # H; fori=1,2. Then assuming GRH for k, we hve

Z x1(p) log Np < z'/%log? N,

pebHo
Np<zx

as x — 0o, for any b € I(m).
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Proof (sketch). By the usual orthogonality properties of characters and
Euler product expansion of L-functions,

> les - T a® Y X nTebsL(s)+0()

peEbH> ceHz/Ho xGC/Ho

C Ho > Z x1X(c) log L(s, x)

«€Hz/Ho ycC/H,
x#1

s st X e+ o)
’ c€Haz/Ho

for o > 1/2. But ) .x1(¢c) = 0 by the assumptions of the lemma, and
log L(s, x) is regular for o > 1/2 since xy # 1 and assuming GRH for k. But
then the lemma follows from the explicit formula for log L(s, x) following the
arguments of Landau [10, Sections 4 and 6], and Davenport [3, Section 20]. m

5. Main results. Throughout this section assume k is a complex qua-
dratic number field. Denote by dj, its discriminant; by O = O, its ring of
integers; by wy, the cardinality of Wy, the group of units in k; by Cl = Cl(k)
its class group; and by h = h(k) the class number of k.

We now investigate the sum

Z . \/‘d_Na/DZK

acO
a#0

as D — oo, where the outer sum is over the nonzero elements of O and the
inner sum is over the nontrivial zeros of L(s, xq)-

We now state and prove our main result.

THEOREM 1. Assume GRH for k. Then as D — oo and either x — oo
orx =1,

Z . \/WNQ/DZK

acO
a#0

—1K(3)D2'? + 1K (1)I2DY? + a(1)Dlog D
= —|—O(Dlongog:E+D:z:l/‘slogx—l—a(E)D) if © = o(D),
0+ O(zlog? z) + O(Dx'/?log z) if D = o(x),

where I = 2= 12|dy,|~Y/* and all the implied constants depend only on the
base field k and the kernel K.
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Proof. We start by using the explicit formula in Proposition 1 to write
the above sum as

27T Ng
S e VS K(g)et = A+ B+ C 40,

acO o(a)
a#0
with
Na/D
A=Kz Z co(Xa)e \/W / ,
acO
a#0
Np T Ne/D
B==-) a ( ) log Np) 3 ¢ Ve "y o)
pn acO
a#0
1 a/D N04|dk|
:a<5> Z \/W log 472
acO
a#0
— 27" _Na/D
0= O(loga; Z e Vil / logNa).
acO
a#0

We now break up B further as
B = B + By + B3 + By,

where
Na/D
Bi=-)a ( ) log Np) 3 ¢ Vi Py p),
p acO
ajé()
Np Na/D
BQZ—Z ( >long Ze ‘dk ,
p ae0
oze;éO
Na/D
Bgzz < >long Ze
ac
i oa;ég
Na/D
By = —Z ( ) log Np) 3 ¢ Ve Py o).
n>3 Zi(g
By Lemma 3,

O < Dlog D logx.
Next, by Lemma 2

Na D 1
Z e / =5 ~ K(1)IzD'? — %K(l)m +O(zD™M),
oz;éO
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with I = 7271/2|d;,|~/4, and where o = O means that « ranges over all
squares of elements in O, since ¥, is principal if and only if « is a square.
By Lemma 3 again, we see that

C—a(1>DlogD+O( ).

Now notice that

By=> a (N >1ong e i NP
p

acp
a#0

D
—Z ( > 10gNP)<N—p+O(1)>,
by Lemma 2. By Lemma 5 we have

Bs < D+ z/2,
Since a(Np"/x) = 0 unless A < Np™/z < B (see the Preliminaries), we

see that
Fa=Na/D
B4<<Za< >1ogzvp S oV
p,n acO
n>3 a#0
Np" 1/3
<<DZa log Np < Dzx"/” log «,
o v
n>3

by Lemmas 2 and 5.
Also by Lemmas 2 and 5, we have

1 (1
By=—5 K<§>Dx1/2 +O0(z?) + O(DazY*1og? ).

Now we consider B;. We decompose By as B = Bi + B}, where

By = - Z < >long Ze Vi el? Xa(P),
p

acO
(di/p)=—1
Na/D
D I 63 [CR0 DU}
p acO
(di/p)=1
By the transformation formula (Lemma 6),
Np D v Nv|dy|*D/p*
Bt = — a<—> log Np)— <_>6 \/‘d_ )
1 Z T ( g p)m; p

p
(dr/p)=(=1)7



Distribution of zeros of L-functions 225

where 7 = 0 or 1, ap = a = p/v/dy or O, and € = 1 or 0, if t = s,i,
respectively.
We now consider two cases.

CASE 1. Assume x = o(D). We first show that Bl < x'/2. To this end
notice that

\/—Z( ) — FE= Nvldil*D/p? :_Z( ) i NvD/p?

veO
D e 27 mD/p
< =N e V" im),
p m=1

where
km)=#{reca:m< Nv<m+1} < m;

see, for example, Lang [11, Theorem 2, page 128] (and also notice that
k(0) = 0). Thus

o _ 27w D
Ze Viag " ) < Ze ‘dkm e m = o(1).
m=1

From this we see by Lemma 5 that Bl < > a(p?/z)logp < x'/2,

Next we show that B} < x. To this end, let m € p—p% then N(mp) = bp
for some positive integer b. Also set v = umy/v/di. We then see that

Nv|dy|sD/p? D NubD/p
Z F — Z e \/‘T =o(1).
) “

nep/(m1)

Thus B} < >_,a(p/z)logp < z.

CASE 2. Assume D = o(x). First we consider B} and claim that B} < .
Since D = o(x),

Bl<<z< >logp S e Vi VDP<Z( >plogp<<:v

l/EO
by Lemma 5.
Now consider Bf. From the above we know that

P D
B} =— a| = |(logp)—
== 3 o) 7
(di/p)=1
We decompose B§ in the following way. By Lemma 7, C/C? ~ I(4)/I*(4)H
has order 271, where e is the 2-rank of Cl. Hence
2€+1

= J wl’(0H
=1

27

Z <z>€ \/‘d—NV‘dk‘D/p
p

vep/Vie
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for some ideals a; and where a; = (1). Now we write

2€+1

=2 B,
i=1

where
_ 2w v 2
B(i) = — Z a<2> (logp)ﬂ Z <z>e Ty |dx|D/p '
; z VP 4 p
pea;I?(4)H vep/Vdx
(di./p)=1

Now, consider B(1). To simplify the notation slightly, we denote by P
the set of prime ideals of absolute degree 1 contained in I?(4)H. Let p € P,

say pEi = (vp) for some (v,) € H. Hence, 5[’;23 = (7p)- Notice that then

pIN bg = N7p. We change the summation variable by letting v = p7, /v di,
and thus obtain

B(1)=—Za<§>(1ogp)%(%/ﬁ> 5 (%)e S (NwNGD/p

peP ue [3;2

Now we break up B( ) further. To this end, notice that C1/C1? ~ C1(?)
where C1®®) = {¢ € C1: ¢2 = 1}. Then we write

B(1) = B(B) + B(P)

b0 - SJen B (#E) 5 5 (5

peP ccC1® peb,?

(W)= o2
acc

Finally, we split B(O) as
B(D) = B'(0) + B"(D),
with

D — 2" _(Na®)NbZD/
:—wkz<>logp\/ﬁz Zem o

peP ccC1® acc
p la
Now, we evaluate B’(0) asymptotically. For each ¢ € C1? let b € ¢ be
such that if a € ¢, then ab. = () for some v € b.. Notice that then there
is a bijection between the set {a € ¢ : bgl |a} and the set (of equivalence
classes) (bcbg1 —{0})/W}j given by

a— () = ab..
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In addition, notice that Ny = NaNb.. From this and Lemma 2, it follows
that

2 2 2
CCEEO O [CE - DD DI

peP ecﬁ?) web#% !
)
-3 o(2) oz = €§2)<%1—1+0<<p/D>—M>)
— o) ga(§)<logp>% (Y2 1-1+0/0)™)
VD e(§) e To(0)
+O(§)a(§)(10gp)(p/D)M'>‘

Now, by Lemmas 5 and 7,

K(1)z + O(z"?log? z),

5o(5) oo 5
)

p\logp 1
<x N = <2>x1/2+0(10g2x)’

peP

and moreover,

epa( ) toe o/ DY < 1.

p
Therefore,
1 1 1
B'(O) = -5 IK(1)zD'? + 3 K<§>x1/2D + O(DY?2' 2 10g? z).

On the other hand, notice that

B// <<Z < >1ng = Z e \/\T(NMNE: )D/p

peP neby p
<> a ( )— < 12,
peP \/_

by Lemmas 2 and 5.

Now consider B( ). For this expression we partition the sums differently.
Let ¢ € I?(4)H/Py); pick an integral ideal a. € ¢. Then if p € ¢ is a prime
ideal of absolute degree 1, we have p € ¢!, so par = (ap) for (ay) € Pyy.
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Therefore by changing summation variable v = pay/+/dy, we get

0 o/,
Bm):—pcep%{m pz ( )1 gp( p/p )
" Z ( ) ‘Nac Nu.

pea; !
(n)#a?

(—a“/ﬁ) =1, and since a(p/z) # 0 implies p/z < B

(see the Preliminaries), we obtain
a( ) logp < > ‘
Zpa x) /P \p

But since, by Lemma 8,

__2r N Na. 2 NM
)<D Y X e vt
(1) #a? ce[2(4)H/P
pea;?

Now, Lemma 9 implies that
Z <ﬁ> log Np < z'/? log?(zNp).
pec p

Hence the argument (using Riemann—Stieltjes integration) applied to Bjz in

[14] implies
P 10%17(#) 9
al = — | < log“(xNp).
pEec <m>\/z_) . g (zNp)

Next notice that u € Ucac_1 so u € b~! for some integral ideal b, e.g.
b=1]][.a.. Hence

_ 2w
)< D Z e v‘dk'Bz log (xNp) < xlog? (la;)
pueb™1
u#0

e+1
Next, consider 222;2 B(7). We partition the sum over p analogously to

the previous case. If ¢ € Cyy = I(4)/Py), let ac € ¢, so if p € ¢, then

pac = (O(p) fOI' some (Ckp) € P(4) Then as above
a(x>bi)( >‘
pec V/_ p

2e+1

Y B(i)<D > 3 ¢ e B
=1

peb™t €l
H#0  cgI2(4)H/ Py

< mlog2 <%> ,

arguing as above using Lemma 9 when p is not a square in k, since then
{(n/p) : p € ¢} = {£1}. On the other hand, the sum over square p con-
tributes < D'/2z'/%log?(x/D) < xlog*(x/D), again.
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Now suppose x = 1. Then by the explicit formula for primitive characters
(just above Proposition 1) and Lemma 4 we obtain

S e T a/DZK

ac0
a#0
- Z e VN (a(1)log Nfo +O(1)) = a(1)Dlog D + O(D).
acO
a#0

This completes the proof of the main theorem. m

Now we come to the first main corollary, which is a special case of the
theorem, but will be useful in studying the distribution of the nontrivial
zeros of the quadratic L-series. Define, for y € R,

-1 __ 27 _Ng .
Fen D) = (55 (5)0) X AT k@
o(@)

acO
a#0

where p = 1/2 + i~y. Then we have

COROLLARY 1. Assuming GRH for all abelian L-functions over k, as
D — o0,

—1+ (K1) DW2a(D V) log D+ o(1) if |y| <1,
1) if 1<|yl <2,

uniformly on compact subsets of (—2,—1)U (—1,1) U (1,2).

Proof. First in the main theorem dividing both sides by %K (%)Dml/ 2,
absorbing one term into the error, and combining two error terms we get

1 1 No/D —1/2

acO
a#0
—1+ (1K(§))_1x‘1/2@(%)(10gD)(l +O0(1zp))
= —1—0(1311//22 +x 1/Glongogac) if v = o(D),
0+ O(z/2D'log? x + x~/Slog z) if D = o(x).

Now plugging in x = DY yields, for y > 0,
—1+ (3K(3)) "' D7 a(D*)(log D) (1 +O(375))
Fk(y,D) = + O(DW=/2 4 D=¥/610g? D) ity <1,
0+ O(D¥/?~110g? D + D~¥/%10g D) if y > 1.
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From this the corollary follows for y > 0. (Take the compact set to be
0,1 —e] Ul 4+ &,2 — ¢].) Finally, notice that Fx(—y,D) = Fk(y,D)
since the nontrivial zeros of our L-functions are symmetric about the real
axis. m

Finally, we come to the second main corollary, which concerns the dis-
tribution of the nontrivial zeros close to the real axis.

COROLLARY 2. Suppose r(y) is an even continuous function with r(y)
and yr(y) in L'(R), such that its Fourier transform,
o0
r(y) = S r(u)e” "W du,
— 0o
is also continuous and in L*(R), and has compact support in (—2,2)~ {%1}.

Then under GRH for all abelian L-functions over k, an imaginary quadratic
number field, as D — o0,

2 (1 (1) S o ()

acO
a#0

—9 Ogo (1 - Si;:;y>r(y) dy + o(1),

where the implied constant depends only on the field k and the kernel K.
Proof. By Corollary 1 and since 7(y) has compact support in (—2,2)\

{:l:l}7

V Fr(y, D)r(y) dy

. _05; (<& + (55(3)) D180 )00y ay-+ o),

where §_ 1) is the characteristic function of [-1,1]. But

| @i dy= | §oiy@ir(y)dy
_ S sin 27y r(y) dy.

21y
On the other hand,

(e e} o)

| D 2D )7y dy = | (D7Y/2a(D~)) r(y) dy.

—00 —00
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But

(DD ¥)" = | D PPa(D P)e 2™ 4.

By the change of variable t = D7, this last integral equals

1T 1/242mi—y_ dt

tt logD

log D (S)a() ) t
1 7 1/2 dt 1 7 iU dt
=—— | a®t'? =+ —— | a(®)t*/?2(¢*" %D — 1) —.
longa() t+logD§)a() ( ’ )t

Notice that

o log t log t log t
27D 1 = exp (2m‘ °8 y) ~ 1 = 2miy 2% exp (2m' 08% 9y>
0g

log D log D

for some 60, between 0 and y. Therefore

Qi —Y logt
t logD — ]
) SieD?
so that
1 T 179, ,2mi—Y dt Y
D27 oD 1) &« — 2
log D S a(t)t( ’ ) t log? D

0
where the implied constant is independent of y and D. Therefore,

[e.9]

1 (D Pa(D) ) dy
“ ik (%) 05;7‘@) dy + O(ﬁ 05; yr(y) dy)
- 555(3) 1 wa-o(ig)
Thus,

V(- + (35(3)) 2am 001y

T sin 27y 1
=2 1-— — .
_SOO( 2my >r(y)dy+o<logD)
Consequently,
i~ =N < sin 27y
| Pt D ay =2 § (1= Z52 )ty g+ o).

—00 —00
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On the other hand,

| Fr(y, D)F(y) dy
=1 No/D (1 1 - T torylog D=
=D Z \/W <§K(§>) ZK(Q) S e (y) dy
acO o) oo
a#0
B 1 Na/D 1 1 -t ~vlog D
=D~ Ze <2K<2>> ZK(Q)T . )
acO o(e)
a#0

since by Fourier duality

Ty) =r(~y) =r(y).

This establishes the corollary. »
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