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Note on a product formula for the Bayad function
and a law of quadratic reciprocity

by

HEmMA HavasHI (Kumamoto)

1. Introduction. This study is basically motivated by a study of Bayad
[1] who constructed some elliptic functions and proved product formulas
for them. Moreover, he used these product formulas to prove an explicit
quadratic reciprocity law in an imaginary quadratic number field. However,
Bayad’s argument contains some flawed parts, and his quadratic reciprocity
law also requires a modification.

Our first aim is to prove a generalized product formula for the elliptic
function fq, treated in [I], correcting the flaws in Bayad’s argument (see
Theorem 3.1). Here we investigate certain quantities £, and e, defined in
relation to our product formula for f. The fundamental properties of the
Klein function Ky and the Jacobi form Dy, listed in Section 2 enable us to
give explicit expressions of £, and e, using the values of . In this way,
we prove that e has a cocycle property (see Theorem 4.3). In a certain case
e defines a character of order 2 or 4 in a ring of integers of an imaginary
quadratic number field.

Next, we use our product formula to prove an explicit quadratic reci-
procity law (see Theorem 6.1), which also corrects and refines Bayad’s reci-
procity law of [I]. Our method uses the classical results of Eisenstein ([4],
[5]). It is remarkable that our reciprocity law has a quite similar form to
a formula established by Hajir—Villegas [6], and the comparison of these
formulas raises some interesting problems (see Theorems 6.3 and 6.4).

2. Terminology and reformulation of the Bayad function. By a
C-lattice we mean a free Z-module of rank 2 which spans C over R. For a
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C-lattice {2 with Z-basis {w1, w2} such that Im(w;/w2) > 0,

1
= | 2|2Im<w1)
w2

2i
is a positive real number representing the area of a fundamental parallelo-
gram of {2 which depends only on (2. Let Ep be the R-bilinear form defined
by

w1 W2

a($2) =

w1 W2

1
Eq(u,v) := M(ﬂv —uv) for (u,v) € C x C.
Then Eq, is integral-valued on {2 x {2 and in particular Eg(w;,ws) = —1 for

any basis {w1, w2} of £2 such that Im(w;/wa) > 0.

Here we review briefly the Klein function Ky, the Jacobi form Dy, and
their fundamental properties, quoting mainly from Bayad-Ayala [2]. For
details, one should also refer to Kubert [7], Kubert-Lang [8] and Lang [10].
The Klein function K attached to a C-lattice (2 is defined by the infinite

product
Ka(z) = z2e 3169 T (1 _ ) e
we2\{0}
for any z € C, where 7(z, £2) denotes the Weierstrass—Legendre eta function

attached to 2. The function Ky has the following fundamental properties:
(K1) For p € 2, Kolz+ p) = xo(p)e(Ealp, 2)/2)Ka(2), where

1 ifpe20,
xelp) =1y |

if pe 2\ 280,
and e(z) = €™ for x € R.
(K2) Kqn(z) is homogeneous of degree 1, that is,
’C)\Q()\Z) = )\]CQ(Z) for N\ e C* =C \ {0}
In particular, Ko(—z) = —Ka(z).
(K3) Kqo(z) has principal part z as z tends to 0, that is,
lim LQ(Z)
z—0 z

Let 2 and A be two C-lattices such that 2 C A, and R be any complete
system of representatives of A/f2. Then the following product formula holds:

(K4) Ka(z) :6(EQ<Z,Z )/Q)KQ H ICQ Z+:B
TER
2¢O

The Jacobi form Dy, associated with Ky, is deﬁned by

Do(z¢) = e(Ealz, w>/2>’m

= 1.

for z, € C\ £2.



Product formula for the Bayad function 323

Dg(z; ) has the following fundamental properties:

D1) Do(z;¢0+ p) = Do(z;¢) for any p € (2.

D2) Do(z + p; ) = e(En(p, ¢))Do(z; p) for any p € 2.
D3) Da(z; ¢) = e(Eq(z, ¢))Da(p; 2).

D4) Dg(z;¢) is homogeneous of degree —1, that is,

P R R

Dyo(Az;hp) = A 'Dg(z;¢)  for A € C*.
(D5) Dgp(z;¢) has principal part 1/z as z tends to 0, that is,
lim zDg(z; @) = 1.
z2—0
Let £2, A and R be as before. Then the main theorem in [2] gives the
following product formulas:
(D6) For any z and ¢ € C\ A,

L Ka(p):L Nl
Da(z¢) = Kalo) };Dﬂ(z + x5 p)e(—Eq(z, 9)).
(D7) For any z € C\ 4,

o _]CQ(Z)[A:Q]
H Do(z; ) I_T(z)'

In relation to the Weierstrass p-function, the following formulas hold:
(D8) For any z,¢ € C\ 12, po(z) — pa(p) = Dao(z;9)Dao(z; —¢).
(D9) For any 2 € C\ £2, plh(2) = —2[[, Do(z;¢), where ¢ runs over
the set of representatives of £2/(2 such that ¢ ¢ £2.

The Bayad function fg attached to a C-lattice {2 with basis {wy, w2} is
originally defined by
po(z) —po((w +ws)/2
ey — o 02() = onllwr +w2)2)
Po(2)

with a constant C such that

o2 — 20 (w2/2)

pa(ws/2) — pa((wi +w2)/2)
(see [1]). Of course the definition of f depends on the choice of a basis
{w1,ws} of 2. Using (D7) and (D8), fn(z) can be rewritten as follows:
f_Q(Z) _ C Dp(z; (w1 +w2)/2)
"2 Do(z;w1/2)Do(z;ws/2)

_g Ko(w1/2)Kao(w2/2) . Ka(z 4+ (w1 +w2)/2)Kn(2)
2 Ko((w1 +w2)/2) Kao(z 4+ w1 /2)Ko(z + we/2)
Koz + (w1 +w2) /2)Knl2)
Ko(z+wi/2)Ka(z +wa/2)

= (]
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A short calculation (using (D8) and (D9)) gives C1 = +e(3Eg(wa,w1)).

Hence we may adopt
1 /CQ(Z—i-(wl +w2)/2)lcg(z)
2.1 =e| =F :
( ) fQ(Z) e<8 Q(w27w1)> ICQ(Z+W1/2)KQ(Z+W2/2)
as the definition of the Bayad function. As is easily seen, f is an {2-elliptic
function and its divisor on C/f2 is

(2.2) (fo) = (wl ;“U?) +(0) — (“;) . (“;2)

The following lemma is immediate from the definition (2.1) and the formula
(K1) (see also Theorem 1.8 in [1]).

LEMMA 2.1. Under the above notation, we have

(1) fa(z) - fa(z+wi/2) =1, (2) fo(2) - fa(z +w2/2) = —1.

3. Product formula for f. Hereafter we consider the case where (2
admits complex multiplication. Let O be an order in an imaginary quadratic
number field X' and let {2 be a fixed proper O-ideal. For any fixed element
a in O, we define

Ker(a) = Kerp(a) := {x € C/2 | ax = 0}.

We call an element z in Ker(«) an a-division point of 2. In particular, z €
Ker(a) is called a primitive a-division point of 2 if ajz # 0 for any oy € O
such that a; ¢ aO. Plainly Ker(a) = o142/ and this is a finite group of
order Na, where Na is the absolute norm of a. Moreover, if z,, is a fixed
primitive a-division point of (2, then Ker(a) = {rz, | r mod O, r € O}.
Sometimes, we use the notation Ker(a) identifying it with a complete set of
representatives of a~142/12.

Let J*(2) be the set {a € O | o coprime to 20}. Bayad stated a product
formula for fo ([I, Theorem 1.8]). However, his formula is valid only under
the additional assumption v = 1 (mod 20), not stated in [1]. Here we give a
more general product formula for f;, which corrects and refines the formula
of Bayad.

THEOREM 3.1. For any a in J*(2),

D% (az; a(w + w2)/2)
falo) D%(az,(wl—i-wg)/Z =to(0) ]I folz+a)

zEKer(a)
where £n(ar) is given by
Col@)=a [ (fe@) " =a [ folz+w/2).

z€Ker(a) xEKer( )
x#0 x#0

In particular, if « =1 (mod 20), then £o(a) = £1.
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Proof. By the formulas (D1) and (D8),

Dy (az;ofwr +w)/2)  polaz) — palalw +wa)/2)

Dy(az;(wi +w)/2)  pelaz) —pa((wr +w2)/2)

for any o € J*(2), and this is an f2-elliptic function. By a tedious check
using (2.2), we see that the two 2-elliptic functions

D% (az; aw + w2)/2)
D% (az; (w1 + w2)/2)

z— folaz)

and z— H fo(z+ )

z€Ker(a)

have the common divisor

(5 e (309 (5]

zeKer(a)

on C/(2, and therefore they differ at most by a non-zero constant multiple.
Put

Dj(az;ofwr +ws)/2)
Jolaz) D2 (az; (w1 +w2)/2) H Jolz +2),

xeKer(a)

for some ¢ in C*. Then (D5) and the fact that lim, .o f(az)/f(z) = a show
that ¢ = £n(«). In particular, if &« = 1 (mod 20), then the quotient factor
D%(az;a(wl + WQ)/Q)/D?)(OZZ; (w1 4+ w2)/2) can be removed and we have
(2 (a) =1 asin [I].

In the rest of this section, we consider the value £, (a) more precisely.
Let —d = —dx f? be the discriminant of O, where —ds is the discriminant
of the maximal order Oy of ¥ and f = [Ox : O]. Now there are three
possibilities for the multiplicative group (O/20)*:

(a) (O/20)* = {1}, when d = 7 (mod 8).
(b) (O/20)* is a cyclic group of order 2, when d =0 (mod 4).
(c) (0/20)* is a cyclic group of order 3, when d = 3 (mod 8).

In case (a), since a € J*(2) & a =1 (mod 20), we have {n(a) = +1.

In case (b), we may choose a basis {wi,ws} of {2 so that w;/2 and wy/2
represent two distinct primitive 2-division points of 2, and (w1 + wa2)/2
another non-zero 2-division point. Then for any « € J*(2) such that a # 1
(mod 20), as elements of C/{2,

) w2 W w) +w2 w1+ w2

= —, oA— = —, (0% - y
2 2 2 2 2 2

and also in this case the Dg-factor in Theorem 3.1 can be deleted. However,
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note that £n(a) = £+/—1, because by Lemma 2.1 and Theorem 3.1,

—1 = folaz)folaz +wy/2) = folaz)fola(z + w1 /2))
=) JI fe+v)folz+v+wi/2) = &h(q).

veKer(a)

In case (c), the set {w1/2,w2/2, (w1 + w2)/2} represents all primitive
2-division points of 2. Then for any a € J*(2) such that « Z 1 (mod 20),
two subcases are possible:

w1 +wy Wi w1 w2 w2 w1+ w2

(I) — a8 oO— = —/—, aO— = )
2 2 2 2 2 2

(1) aw1+w2_ﬂ ag—ﬂ aﬂ—w1+w2

2 27 2 27 2 2

In subcase (I), by Lemma 2.1 and Theorem 3.1, we have

—1 = folaz)folaz +wa/2) = fol(az) fola(z +wi/2))
2 (a) D(az;(wi +w2)/2)  Dy(a(z +wi/2); (w1 +ws)/2)
D3 afwr +w2)/2) DYlals +w1/2); aler +w2)/2)
X H fo(z+v)f(z+v+w/2)
veKer(a)
_ 2(a) D% (az; (w1 + wa)/2) _ D% (a(z + w1/2); (w1 + w2)/2) .
D% (az;awr +w2)/2) D% (a(z +wi/2); a(wr +ws)/2)

Moreover, taking the limit z — 0, we have

D%(aw1/2; a(w] +w2)/2)

2 —
Lala) = D2 (0w /2; (w1 +w2)/2)

Similarly, in subcase (II), we have

_D%(awg/Q; a(w) +w2)/2)

2 —
£nla) = D% (awa/2; (w1 + w2)/2)

Hence by a simple check (using (D1) and (D2)), we can summarize that in
case (c),
_ D(a® (w1 + wa)/2; a(wi +w2)/2)

D (a?(wi + wa)/2; (w1 + w2)/2)

(3.1) &(a) =

4. The characters ¢, and £p. Let O and {2 be as in Section 3, and
fix a basis {wi,wa} of £2. Then, using (2.1), (K2) and (K4), we have
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I fel

zeKer(a)
x#0
) T+ (w1 +w2)/2)
e<8( a—1) OW?Ml)) zeg(a Kol :c+w1/2)’cn( + w2/2)
x#0

- e(é(Na - 1)E9(w2,w1))

< I Ko(z+ (w1 +w2)/2)  Kalz) Kol(z)
zeKer(a) ,C_Q(ilj) ICQ (.CL‘ + w1/2) K:Q(JJ + W2/2)
z#0

> a-1o((w1 +w2)/2) Ko(wi/2) Ko(wz/2)
/CQ w1 +w2)/2) KQ—IQ(Wl/Q) ]Caflg(UJQ/Q)
>O/C w1 JrQJQ)/Q) ICQ(wl/Z) ’CQ(WQ/Q)

1
26(8(Na 1)Eo(ws,w;

1
—e(=(Na-1)E '
e<8( a—1)Eq(ws, w1 Kao((wi +w2)/2) Ko(aw/2) Ko(aws/2)

Hence
-1

(an

z€Ker(a
x;é(]
1
= e<8(Na — 1)E9(w1,w2)>

Here we define e, by

(4.1) cola) = e(S(Na —1)Eg(wi, ws )

’CQ((Wl +w2)/2) /Cg(awl/Z) ICQ(O[WQ/2)
Ko(a(wr +w2)/2) Ko(w1/2) Ko(w2/2)

for v € J*(2), where p runs over the set {w1/2, wQ/Q, (w1 —I—cug)/Q}. Then we
have

Ko (w1 +w2)/2)

From the definition, it is easy to see that £3,(a) = 1. Of course, the definition
of e depends on the basis {w,ws} of 2. Indeed, by a short calculation, we
have the following

LEMMA 4.1. Any of three substitutions (w1,w2) — (w2, w1), (w1, ws) —
(w2, —w1) and (w1,w2) — (w1, w1 + wa) multiplies ep(a) by the quantity
x40 N(a) = xa(Na) = (—1)z™e1),

REMARK. x4 o N is a quadratic character of (O/40)*. In particular,
when N(a) =1 (mod 4) for any a € J*(2), the definition of ¢, does not
depend on the choice of a basis {w1,wa} of £2.
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In case (a) where (0/20)* = {1}, since a = 1 (mod 20) for any o €
J*(2), we have £ (a) = €4 (a) = 1.

In case (b) where (O/20)* is a group of order 2, we first choose a basis
{wi,ws} of 2 such that w;/2 and wy/2 represent two distinct primitive
2-division points of 2. Then for any o € J*(2), we have a(w; + w2)/2 =
(w1 + w2)/2 (mod 2) and £ (a) = &4(a) by (4.2). In particular, if a # 1
(mod 20), then €% (a) = —1 (see Sec. 2). Moreover, by Lemma 4.1, the same
assertion holds without any restriction on the choice of a basis {w1, ws} of 2.

In case (c) where (O/20)* is a group of order 3, (o +a+1)(w; +ws)/2
=0 (mod £2) for any o € J*(2) such that o # 1 (mod 20). For simplicity,
we let 7 = (w1 + w2)/2 and (a® + a + 1)7 = u with some u € 2. Then
from (3.1),

D%Z(a27'; ar)

(o) = D (a2r;7)
= ~e(Eala’r,ar) - Ba(a®r,7) K%Sf)&i@) I/Cc%?((c(ig)f ?12)(:))
= ~elBalo’r, (e = 1)7)) ;cfg%éﬂ%ﬁ)ﬁz (+T )u)
= —e(2Bg(ar, 7)) /éigj)
Here

2Eq(at,7) = Eg(a(w) +w2)/2, w1 + wo)
Eg(w1/2,w; + we) or Ep(wa/2,w1 + w2) (mod Z)
1

=3 (mod Z),
and hence e(2Eq(at,7)) = —1. Then
2 ) = Kbl +en)/2)

-~ Kha(wr +wn)/2)

and by (4.2), we have €% (a) = 1.

Consequently, in both cases (a) and (c) the values of e, are £1, and in
case (b) they are £1 and +1/—1 . Moreover we have the following

PROPOSITION 4.2. eq(a) depends only on the class of o modulo 40.

Proof. Assume that a; = a (mod 40), i.e. @1 = a+4u with some u € O.
Then, on one hand, since

Nay = Na+ 4 Tr(au) + 16Nu,
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we have
e<é(Na1 _ 1)E9(w1,w2)>
= e(é(Na — 1)E9(w1,wg)> : e(; Tr(aU)EQ(w1,w2)>,

where Tr is the usual trace. On the other hand, by (K1),

HICQ a1p) HICQ ap + 4up) = e HIC_Q ap),

where p runs over {w1/2, w2/2, (w1 4+ w2)/2} and M is given by
M = 2(2 Np) - Eo(u, ).
p

Moreover a short calculation shows that

M = - (Wiws +wiwz) Eg(u, o) (mod Z)

(ua + u@) Eq(wi,w2) (mod Z)

Tr(ua)Eq(wi,ws).

NI RN RN -

Hence eg(a1) = ep(a).
REMARK. In the same way as in the proof of Proposition 4.2, we find
that €% () depends only on the class of @ modulo 20.

Proposition 4.2 suggests that £ could be a character of (O/40)*. How-
ever, that is not true in general. Namely, in the next section, we shall prove

THEOREM 4.3. £o(af) = cn(a)¥Pen(B8) = ca()en(B)N® for any a,
in J*(2).

Theorem 4.3 illustrates an action of Gal(X*’/H) on en(a), where H
is the ring class field over X corresponding to the order O. Namely, let
o(B) := (BO, XY /H) be the Artin automorphism belonging to the principal
O-ideal 5O. Then

a(6)

_ N3 _ en(af)
en(w) 0ld)

At any rate, as a consequence of Theorem 4.3, we conclude that in both
cases (a) and (c), € defines a character of (O/40)* of order 2. Also in
case (b), if Na =1 (mod 4) for any o € J*(2), then e, defines a character
of (0/40)* of order 4. We are in case (b) if and only if 4|d. Moreover,
if d = 4dp and dy = 0,1 (mod 4), then always Na = 1 (mod 4) for any
a € J*(2). However in the cases where d = 4dy and dy = 2,3 (mod 4), we see

en(a)
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that Na = —1 (mod 4) for any a € J*(2) such that o # 1 (mod 20). Hence

in this case, e cannot be a character of (0O/40)*. Indeed, by Theorem 4.3,
ea(af)

ea(@)en(P)

for any «, 3 € J*(2) such that o £ 1, § # 1 (mod 20).

Here we make a slight modification. In the case where 4 |d and dy = 2,3
(mod 4), in place of £, we consider £y, defined by

1
En(a) = e(S(Na — 1))69(&).
Then €, also has the cocycle property, i.e.
En(aB) = En()"Peq(B) = Ea(a)éa(B)N
for any a, 8 € J*(2). Moreover £n(«) depends only on the class of o mod-
ulo 40 and further &% (a) = 1 for any o € J*(2). Indeed, by Remark to
Proposition 4.2, €4, () = —1 if and only if a # 1 (mod 20) and equivalently

Na # 1 (mod 4). Thus €, defines a character of (0/40)* of order 2. We
will use this modified character in Section 6.

= EQ(Oz)Nﬁ_l =-1

5. Proof of Theorem 4.3. Let the notation be as in Section 4. For a
complete proof of Theorem 4.3, it suffices to prove

eq(af) = co(a)ea(B)™,

which is equivalent to

o (KS(B(wr +w2)/2)\ N K% (a(wr + wo)/2
fg(aﬁ):ﬁg(a)ég(ﬁ)]v < IC_%( ( 1 2)/ )) 2{2( ( 1 2)/ ) .
oW1 +w2)/2) Ko(af(wi +w2)/2)
For this purpose we can apply the product formula for f in Theorem 3.1.
For simplicity, we let 7 = (w1 + w2)/2 again. Then on one hand,

w:&z(am [ felz+a

2 .
DQ(CMBZ, T) z€Ker(af)

=¢alap) [ falz+7zap),

7 mod oSO
7€0

Jo(aBz)

where z,4 is a fixed primitive a/3-division point of 2. On the other hand,

D3 (aBz;apt)  Dg(afz;afT) D) (a(B2); aT)
D(afzr) — Dp(afzar) falalf) D3 (a(B2);7)
2 .
. DQ(OZﬁZ,OCﬁT) {Q(OZ) H fQ(ﬂZ +7'1xa),

- 2 .
DQ(a'Bz’ OéT) r1 mod aO
r1€0

fa(apz)
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where x, := Bz,3 and this gives a primitive a-division point of 2. Moreover,
in the above equality,

I feBz+rwza)

r1 mod aO
r1€0

= JI feBG:+rizap)

r1 mod aO
ri1e0

H D%(Bz + r12a;T)
D%(Bz + riaq; BT)

D} (B(z + T1%ag); BT)
D%(B(z + 11ap); T)

r1 mod aO
r1e€0

2 :
= &o(B)Ne H Doz + 1zai7) H fo(z +rizas + rozg)

D2(Bz + rxy; BT
r1 mod aO 2 (ﬁ T T1%a; ﬁ ) r1 mod aO
r1€0 ro mod SO

_ Na D?)(/Bz"i_rlxa;']_) ) -
= ¢alp) H D%(Bz + rizq; BT) ;mold_laﬂofg(Zeraﬁ)'

r1 mod aO
r1e0

Here x5 := ax,g and this gives a primitive S-division point of {2. Note that
the set {r; + ary | r1 mod aO, r, mod SO} is a complete set of representa-
tives of O/a0. Hence we obtain

£a(aB) = En(a)éa(B)N - Fo(z o, B)
where

Difabziabr)  py Dl + riaair)

Fo(z a,3) = D2 (aBz;ar) D48z + riza; Br)

r1 mod aO
r1€e0

Moreover, by (D6), we have

D% (afBz;afT) _ Di_m(ﬂzﬂ') ,C?Q(ﬂT)Na _Ki—IQ(T)
D%(afzar) D2, (Bz0r) K2.,,(Br) Ki(r)Ne

xe(EQ< Z rlxa,2(1—5)7>)

r1 mod aO
_ K% (pr)Ne . K% (ar)
K2,(aBr) K%4(1)Ne
_ (’%(z(ﬂ(wl +wz)(/2))>Na Ko (a(wi +w2)/2)
K (w1 +w2)/2) Ky (af(wi +w2)/2)’

and this proves Theorem 4.3.

Fo(za,p) =
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6. Quadratic reciprocity law. Let the notation be as in the preced-
ing sections. For any «,( in J*(2) such that (o, 3) = 1, we consider the
quadratic symbol (%)2 given by

(), Lo

z€S3
where S5 is a subset of Ker(/3) such that Ker(5) is the disjoint union of {0},
Sg and —S3, and e(a,x) € {£1} is so determined that ax = e(a, z)y(x)
with a unique y(z) in Sg. As in the classical results of Eisenstein ([4], [5]),
but using our product formula of Theorem 3.1, we obtain the following

explicit quadratic reciprocity law, which refines the formula of Bayad ([I}
Theorem 1.10]).

THEOREM 6.1. For a, 8 € J*(2) such that (c, 3)

(3).2), ooz

)frz( (x)) for any

SIS 1\)\»—‘

—

Z -
Q

,_.

Proof. Since fq is an odd function, fo(ax) =
x € Sg. Thus

(5), o= 11 #2555 11 e

z€Sg z€Sp

Moreover, using the product formula of Theorem 3.1, we have

a\ D% (az; (w1 +w2)/2) ,
<5>2 - 11 (D?f(aa:;am St T1 sotesa))

z€Sg ' €Ker(a)
/7&0
= En(a)NVo- 1/2A I II fel+2)falz -2,
x€Sg x'€Sa
where )
4@ = [T Balonin) -y, o et
2 . :
€5, Dz, (o ar) 2
By (D8),
4@ _ polar) — po(T)
A xle—:S[ @9(0450) pa(ar)
= H pe(r) = po() (pn is even and {2 elliptic)
ses, P2(07) m(ﬂﬁ)
_ H Dg(t;x)Do(1; —) _ H Dg(r;x)
2<5, Dg(at;z)Do(at; —x) seKan(B) Dg(at;x)’

x#0
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and then using (D4) and (D7) (with A = 37102)

@ _ Kolar)VP Kgao(r) {/cg(m)}m Ko(fr)

A T Ky rolan) Ko™ Kol | Kalapr)

B ' Ka(ar) NB-1
_H(a,ﬁ,r){ Ko(r) } .
Here (ar)Kal57)
. Kolar)Kao(pr
H(aa ﬁa 7_) T ,C_Q(T)K:_Q(Oéﬁ’i') .
Note that H(«, 5;7) = H((, a; 7). Moreover, since
_ K&(7)
fQ(a) - EQ(a) ’C?Q(OCT)’
we have
a(a) VAR = Hia, fir)en(a)s N7,
and hence
(%), = e smza@ ™ IT T oo +o)fate - )
B/ €S54’ €Sy
Symmetrically we have
(2) = H.asmzami®d T ] ot +0)fale’ ~ o)
/2 v/ €S vESR
— H(a’ﬁ;T)eﬂ(ﬁ)%(Na—l)(_l)i(Na—l)(N,B—l)
X H H folz + 2" ) folx — ),
2€S5 2/€Sq
and hence

<a> (ﬁ) - <O‘> <ﬁ>_1:(—1)411(N0‘—1)(N,6—1)59(a)5w_1)'
B)a\a/, B)o\a/y 50(/@)%(Na—1)

This proves Theorem 6.1.

REMARK. As is explained in Section 4, £ in Theorem 6.1 is a character
of (0/40)* except for the case where d = 4dy with dy = 2,3 (mod 4). In
the exceptional case, we may replace € by £¢, because

e300 e(L(Na—1)2 VD (@) BNBD 2o (4)3 (V8D
en(ﬂ)%(Na_l) e(X(N3 - 1))%(]\7&—1) _59(5)%(1\1&_1) 50(5)§(Na—1)’

and £p is a character of (O/40)* of order 2.
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In the case where d is odd, since £, is a character of order 2, we have

3(NB-1)
EQ(OZ)Z *EQ(OJ)%(NB_D&Q(B)%(N&_D-

6Q(ﬁ)%(Ncyfl) B
In the case where d = 4dy with dy = 0,1 (mod 4), Naa = 1 (mod 4) for any
a € J*(2), and hence we have the same equality as above. In the remaining
case where d = 4dy with dy = 2,3 (mod 4), since £, is a character of order 2,
we have )

Eo(a)z(VF-1)

En (ﬁ)%(Nafl)
Next, we wish to compare our theorem with the following reciprocity law
proved by Hajir and Villegas in [4].

THEOREM 6.2 ([0, Theorem 21]). For «, 3 € J*(2) such that (o, 5) =1,
<a> <ﬂ) — (_1)i(Nafl)(Nﬁfl)R4(a)%(Nﬁfl)ﬁ4(ﬂ)%(Nafl)‘
2 2

o) eg(p)3 e,

Il
o

J6] «

In Theorem 6.2, k4 is a certain character of (O/40)* defined with the
use of the Galois action on the quotient of Dedekind n-values. For a precise
definition of k4, one should refer to [6]. Especially Lemma 12 in [6] is useful
for the computation of r4(«). Comparing Theorem 6.1 with Theorem 6.2,
the following questions arise:

Q1. What is the precise relation between k4 and e (or £0)?
Q2. Does the definition of €, depend essentially on the O-ideal (27

In the rest of this note we attempt to answer these questions. We let
{w, 1} be the basis of O where

" { (=1 ++/—d)/2 when d is odd,
V—do when d = 4d.
We take O itself for {2, and we write €1 for e defined using the basis {w, 1}.
Then by an explicit computation using Lemma 12 of [6], we obtain

THEOREM 6.3.

(i) If d is odd, both €1 and k4 are characters of order 2, and €1 = k4.
(ii) If d = 4dp and dyp = 0,1 (mod 4), both €1 and k4 are characters of
order 4, and &1 = K.
(iii) If d = 4dy and do = 2,3 (mod 4), both €1 and k4 are characters of

order 2, and €1 = k4. Here &1 is defined by
él(a):e(%(Na—l))el(a) for a € J*(2).

Now let {2 and {21 be two proper O-ideals which are similar to each
other, i.e. 21 = puf2 with some p € X. We fix a basis {w1,ws} of {2 and take
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{pw1, pwa} for a basis of 21 = pf2. Then, from the definition (4.1) and the
homogeneity of Kp(2), we see that

e (o) =eun(a) =ep(a) for any a € J*(2).

In each O-ideal class, there exists a prime ideal p such that
Np B { 1 (mod 4) when d = 4dy and dy = 0,1 (mod 4),

1 (mod 2) otherwise.
We know that

(wr) = {

where wy is the number of roots of unity contained in the ring class field
H over X corresponding to the ring O. We let {w + v, p} be a canonical
basis of p. Then v is uniquely determined modulo p. Here we may assume
additionally that

4 when d = 4dy and dp = 0,1 (mod 4),

2 otherwise,

~ [0 (mod 8) when d is odd,
~ |1 (mod 8) when d is even.

Then, by an explicit computation with the use of the basis {w+wv, p} of p, we
can confirm that ep(o) = €1(a) for any o € J*(2). Finally we can summarize
our arguments as follows:

THEOREM 6.4.

(i) When d = 4dy with dy = 0,1 (mod 4), the definition of e depends
neither on the choice of a basis of £2 nor on §2 itself, and € = €1

3
(ii) When d is odd or d = 4dy with dy = 2,3 (mod 4), for any 12, eq is

one of {e1,e1- x40 N}.
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