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The level of distribution of the special values of L-functions
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1. Introduction. Let E be an elliptic curve over Q of conductor NV,
root number w, and defined by the Weierstrass equation y? = f(x). For any
square-free d relatively prime to IV, the root number of the twisted curve
E4: dy? = f(x) is given by wy = wxq(—N), where x4 denotes the quadratic
character associated with the field Q(v/d). Then depending on N and w one
may appropriately choose a congruence class modulo 4N such that for each
d in the congruence class the root number wy is either always 1, or always
—1. In the light of the deep results of Kolyvagin, Gross and Zagier [3], it is
natural to study the central values {L(1, E%)} for the family of twists with
fixed root number 1, as in this case the nonvanishing of L(1, E%) implies that
there are at most finitely many Q-rational points on the elliptic curve E9.
On the other hand, when the root number is —1, then the central values
vanish and one studies the sequence of derivatives {L/(1, E4)} with the hope
of proving that some or many of them are nonvanishing. Of course, then it
follows that the corresponding elliptic curve has Mordell-Weil rank one, and
consequently infinitely many rational points. Such nonvanishing results are
well known when the only restriction on d is a congruence condition. This
was first established by Murty and Murty [11], and almost simultaneously,
but independently and via a totally different method, by Bump, Friedberg
and Hoffstein [1]. Later Iwaniec [7] gave a quantitative version of this result.

Goldfeld has proposed a strong conjecture regarding the distribution
of rg4 = ords—1L(s, E?) in the family of all quadratic twists {E?} (with d
square-free and (d, N) = 1). Let n(X) denote the number of curves in the
above family with d < X. Then the conjecture predicts that
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for ¢ = 0,1. This is an important unsolved problem and any partial re-
sult towards this conjecture will be highly welcome. One consequence of
the conjecture is that a positive proportion of the central values {L(1, E%)}
(respectively central derivatives {L'(1, E%)}) do not vanish. The first ex-
ample illustrating this phenomenon for L(1, E?) was given by James [9].
In his example the elliptic curve E is the —1 twist of the modular curve
Xo(14). Vatsal [16] has established that the elliptic curve E = X(19) has
a positive proportion of nonvanishing central derivatives L'(1, E%) # 0. For
general elliptic curves Ono [12] has established that the number of d < X
with L(1, E?) # 0 is at least X/(log X)® for some o < 1. In the case of
central derivatives the best known result is due to Perelli and Pomykala
[14] who show that there are at least X'~ such twists for any ¢ > 0. One
should note that Ono in [12] employs the theorem of Waldspurger relating
the central value L(1, EY) with the dth Fourier coefficient of a half-integral
weight modular form, and this is why he gets a stronger result in the case
of central values. The method used in [14], on the other hand, is totally
analytic-number-theoretic and is based on the large sieve inequalities.

Our interest in the problem of nonvanishing of special values stems from
two different arithmetic applications. First we are motivated by the following
question: “Given an elliptic curve E are there infinitely many primes p such
that the quadratic twists EP have rank zero?” In the same spirit one may
ask for prime twists of rank one. Ono and Skinner [13] settled the above
question affirmatively by transferring the problem to that about Fourier
coefficients of a half-integral weight modular form using the theorem of
Waldspurger. In this way they bypassed all the relevant problems that one
faces while dealing with such sieve-theoretic questions. However, since there
is no satisfactory analogue of Waldspurger’s result in the case of derivatives,
it is still important to study the above question using sieve theory, that is to
say, to study the level of distribution of the special values of L-functions. Our
second motivation comes from a possible Diophantine application. Consider
the family of elliptic curves {E}}tcq where

Ey: (84 1)y’ = f(2),

and f is a cubic polynomial. To show that the above algebraic family has
infinitely many fibers of rank 1, it is enough to show that there are infinitely
many square-free integers n such that all the prime factors of n are of the
form 4k+1, and the elliptic curve E™ : ny? = f(x) has rank 1. Such problems
fall naturally in the realm of sieve theory.

In this paper we study the distribution of the finite sequence {s;}, where

sa = u(d)*¥a(d)(1 - wa) L'(1, E)F(d/Y).

Here F' is a nonnegative-valued compactly supported smooth function, A is
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a square-free odd integer coprime to N, and

pa(d) = H;{H(Z)}: {1 if (1) =1 forall p| 4,

DlA 0 otherwise.

So 14 is the indicator function for the set of integers which are quadratic
residues modulo each prime divisor of A. This is an innocent sieve and it
naturally appears in many contexts, e.g. while considering numbers repre-
sented by the form u? + Av?, so we incorporate it in the definition of the
sequence. Then for any square-free £ coprime to 2N A we show that

Y sa=g(&)(c1logY + )Y + h()esY + e,
d=0 (mod §)

where c;1, co and c3 are constants which depend only on the elliptic curve,
the smooth cut-off function F' and the number A. Moreover, c; is nonzero,
and ¢(&) is a nice multiplicative function, h(&) is almost multiplicative and
the error term r¢ satisfies

Z |,r_€| < Y3/4+9/2+€‘

e<y?
The nonnegativity of the terms in the sequence {s;} follows from the result
of Gross and Zagier, and so the sequence is nicely adapted to sieve methods.
One may object that the density function is not completely multiplicative,
but we will see that the almost multiplicativity of h(€) suffices for our pur-
pose. In this context the above result then says that the level of distribution
of the sequence of central derivatives is almost vY (or “one-half”).

Similarly, one may study the sequence of central values {s;}, where

8a = p(d)*Pa(d) (1 + wa) L(1, E)F(d/Y).
In this case the asymptotic behaviour is given by
> Ba=gl&)edY + 7,
d=0 (mod &)

where g(§) is a nice multiplicative function, ¢4 is a nonzero constant and the
error term 7¢ satisfies

Z |?€| <<Y3/4+9/2+€.
e<y?

So this sequence is more natural for sieve techniques. However, we choose
to work with the sequence of central derivatives because of two reasons:
(1) to investigate any new subtlety that the term h(£) may present, and
(2) the derivatives are more interesting from the point of view of Diophantine
geometry.



242 R. Munshi

2. Statement of results. We start with the approximate functional
equation which gives a representation of the L-values at the central point
in terms of certain rapidly converging series. In the case of the derivative,
when the root number is —1 we have

L/(17 EXd) = QA(d\/Nv Xd))

where

A(X,x) = i anfl(n) v <2§(n>

n=1
Here a,,’s are the Fourier coefficients of the modular form associated to F
(by [17]), and V is the incomplete gamma function defined by
(o)
dt 1 r
PR O S PN
S

t 27
X )
It is also advisable for the sake of notational simplicity to put certain as-
sumptions on the conductor N and the root number w of the elliptic curve E.
We assume that N = 7 (mod 8) and that w = 1. Let A be a square-free odd
integer coprime to IN. Then we run d over the set of square-free odd inte-
gers coprime to 2N A, and such that (%) = 1. Hence the root number of the

twisted curve E% is —1. Let F be a compactly supported nonnegative-valued
smooth function. Then we define a finite sequence of nonnegative quanti-
ties by

d
s = n(@Poa(@) (14 (5 ) )0 EYFa/Y)
when (d,2N A) = 1, and 0 otherwise. Now we state our main result.

THEOREM 1. Suppose £ is a square-free odd integer coprime to NA.
Then we have

> sa=g(€)(c1logY + )Y + h(€)esY + e,
d=0 (mod ¢)

where c1, co and c3 are constants which depend only on the elliptic curve,
the smooth cut-off function F' and the number A. Moreover, c¢1 is nonzero,
and the error term r¢ satisfies

Z ’7,5’ <. Y3/4+9/2+€.
e<y?
The multiplicative function g(§) = HP|§ g(p) is defined by

1 1 ap ap -1
g(p):<1++1’2+’1+---> :
p p PP
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The function h(§) is almost multiplicative and is given by

1 a2 ap /20 dan
g(g)z<1+p+p’;+p’;+---> < p§’ + pfj +> log p.
pl¢

In [6] Hoffstein and Luo have stated a similar result for the sequence of
central values. Their proof is based on the theory of metaplectic forms and
is much more abstruse compared to our direct analytic-number-theoretic
approach. Their argument, in principle, should work for derivatives too,
but that would require a careful study of the related metaplectic Eisen-
stein series. Unfortunately, the full details of their proof never appeared.
The following two corollaries are immediate from the above theorem and
the standard results on combinatorial sieves ([2], [4], [8]). We just make the
following comment. The term A(¢), though not multiplicative, is of the form
h(&) = 9(&) >, w(p), where g(¢) is multiplicative and w(p) = 0(10%).
This follows from the standard bound for the Fourier coefficients. Such
almost-multiplicative functions can be dealt with by using sieves. Now for
any set P of prime numbers, set

P(z) = H p.

p<z
peEP

COROLLARY 2. Let P be a set of primes obtained by deleting a finite
number of primes. Suppose that P does not contain any of the prime factors

of 2N A. Then
Y sa>Y
(d,P(z))=1

if 2 =Y with 6 < 1/4.

From the above corollary we get results of the following form: there exist
infinitely many d with at most four prime factors, such that the Mordell-Weil
rank of the twisted elliptic curve E¢ is one. It should be possible to reduce
the number of prime divisors to three via weighted sieves. Of course, cutting
short the number to one will demand overcoming formidable difficulties,
given that the level of distribution that we achieve is only at most one-half.

COROLLARY 3. Let P be the set of primes p such that x4(p) = —1. Then
S sa>Vy/iogy
(d,P(2))=1
if 2 =Y with 6 < 1/2.
The condition ¥ 4(d) = 1 implies that d has an even number of prime

factors from the set P. Hence to make d free of primes from P we need to take
the sieving range z = /Y, which is just beyond the range allowed by the level
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of distribution proved in the theorem. So it will be very interesting if one can
improve the level of distribution by even “an epsilon”. Let us also remark
that using the above corollary we get rank one twists by discriminants having
either none or exactly two prime factors p1, p2 with xa(p1) = xa(p2) = —1.
These two primes are very near to each other and one hopes that they
contribute a small portion compared to the contribution of terms having no
such primes. However, we have not been able to prove this. Now we move to
the next important consequence which improves on the quantitative result
given by Iwaniec in [7].

COROLLARY 4. Let E be an elliptic curve with root number 1. Then for
some constants a # 0 and b we have

> w(d)P(1 - wg) L' (1L, ENF(d/Y) = aY logY +bY + O(Y3/4F9),
(d,2N)=1
Finally, a few words about the proof of the theorem. The proof closely
follows the treatment given by Soundararajan in [15]. The large sieve in-
equality proved by Heath-Brown in [5] is one of the main ingredients in [15].
Perelli and Pomykala [14] have adapted Heath-Brown’s work in the ellip-
tic curve scenario. In particular, using large sieve they prove the following
bounds: b
S (1, Bxa) 2 <. D
d<D

and

(1) S Lo + it, Exa) 2 <. (D + (Dr)?~27)(Dr)?
d<D

(where 7 = |t| + 1) uniformly for 1 < o < 3/2 and t € R. Here 3" indicates
that the sum is over square-free integers. These two bounds will be crucial
in our proof.

It is desirable to improve these bounds so that the factor D¢ is replaced
by a power of log D. Such an improvement will increase the level of distri-
bution albeit by an “epsilon”, but that may turn out to be enough to get
the Diophantine application that we described in the introduction.

3. A mean value estimate—I. We start by repeating the various
assumptions that we have made. E is an elliptic curve with conductor N
which is congruent to 7 modulo 8. Also, we are assuming that the root
number of the elliptic curve is 1. We twist E by 2d, where d is an odd
positive integer coprime to NA and A is a fixed odd integer coprime to N.
Then the root number of E2? is —1 and we have the expression

L/(la EXSd) = 2A(8d\/ﬁa XSd)'
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Since the quadratic field Q(v/2d) has discriminant 8d we are writing ygq for
the associated quadratic character. Now we fix a square-free odd positive
integer £ co-prime to NA, and a divisor a of A. Our goal in this section is
to estimate the following:

d dg
S = 2(= —=
@= ¥ uar(S)AsieEowor ().
(d,2NA¢)=1
where F' is a nonnegative-valued smooth function supported on the interval
(1,2). The importance of these parameters will become clear later.
As pu(d)? = >_2ja (1), by expanding A and interchanging the order of
summation, we get
n, 2¢ d dél?
=\ = Z\E,
S x (%) X (L))« re,
n I<X (d,2NAg)=1
(12N Agn)=1

Fatt) = PV (o)

Ry = 5 (Su0) (5 )AsieVF v r (5.

(d2NAg=1 [2|d
I>X

where

The parameter X will be chosen later. It is easy to see that R(«a) is much
smaller than the expected leading term and so we leave it as it is for the
time being, and continue our analysis with the first term. Treating the co-
primality condition in the inner sum using the Mobius function we write

S()= 3 uo)( 2 )sta.d) + o),

SN A€

TE T (5

<X dodd
(L,2NAgn)=1

We will often write § = 102, where 01 | NA and d2 | €. Also, it is clear that
we are just required to consider ¢ coprime to a. Now, we apply the Poisson
summation formula to S(e,d), and obtain

w(l) (286 2
S(a.9) géaz 2 212<n><0m)
(I,2NA¢n)=1

~ kY
. Z )*Gi(om)F; <212§(5an>

where
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which we write as P(«,d) + R(a,0), where P(«,d) is the principal term
arising from the & = 0 term, and R(«,d) includes all the nonzero k-terms.
Again, R(«,d) will contribute only to the error term, and will be evaluated
in a later section. Here G (n) is a Gauss-type sum given by

Grn)=e," Y <Z>e(cf>

amodn

1= (—1\1+4i
K T W A

and the Fourier transform is defined in the following way:

where

(2) F(y) = S (cos(2mzy) + sin(2mzy)) F(z) dx.

—00

4. The main term. Note that Go(an) = ¢(an) if an is a square and
Go(an) = 0 otherwise. So it follows that

Y mdlne) W) (269 (2 -
Ple,8) = & z—:lj n? g;{ 202 < n )(om)Fn(O)'
" (12N A¢n)=1

(k = O means that k is a square of an integer.)
Then completing the [-sum, and using the well known bound for a,,, we
deduce that

Y and(na) [2£6 2 1Y) ~
P(a,6) = 3550 WZD - <n> (an) ) QN];Jg:n)l (1 - p2> F,(0)

Y1+€
+og<X£5>.
2

Now, an = O iff n = am® (as « is square-free), and in that case

<2n£5> (a?n): (225> if (266,m) = 1,

0 otherwise.
Also,
2 2 1\ 2 2 1 1\~
o(a*m?) H - = =a‘m H 1—- H 1+-) .
plm b plam b plm b
(P, NA)=1 p|NA (p,NA)=1

We observe that
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where F(s) = § F(t)t° dt. Now substituting these in the above expression
for P(«,¢), and then interchanging the order of summation and integration,
we get

P(a,8) =Y C(O;’f)

S Yl-‘rE
5 > F(s)L(s+2)ds + O (Xfé)’

S 2T

I'(s) (8Y VN
| ()(
1)

where
B 280 1 1
R )
(p2NAg=1

and the L-series is given by
A2 ®m? 1 1\ !
@ L= > = 1l0--) I (1+2) -
(am?) p P
(m,2¢61)=1 plam
p‘NA (p,NA):l

Recall that d; is the ged of § and N A. Then using the multiplicativity of
the Fourier coefficients we obtain the following Euler product expression:

1 aa,,zoz21/2 1

L(s)=]J(1-=)x ZW < [T W x [ Les™

ot P2 N pINA (p2NAE=1
(pd10)=1

1 Qp2 Qpt
o = {1 (=) G+ i+ ) )
1 1\ ! ap2 apn
Ly(s)™ = {1+<1 + » p2(=1) + pis—1) )

The first three terms in the product are absolutely convergent in the domain
Re(s) > 3/2. Also, we note that they are free of the parameter . Only the
fourth term in the formula above depends on £. Now

[T oo =(I1n)cs I EGece)™

where

(p2NAE)=1 pl€ (p,2NA)=1
where - 0
_ P P o
Ly(s) =1+ P21 T pAlsT) T

and £(s) = [, an4)=1 £p(s), which is holomorphic up to Re(s) > 7/4. The
product [[(L,(s)Ly(s))~! converges absolutely in the region Re(s) > 3/2.
Hence L(s) has analytic continuation up to Re(s) >7/4 and can be written as

L(s) = n(s) [ T Ly(s),
plg
where 7(s) depends only on « and 1, but not on &.
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Using the analytic properties of L(s), we can evaluate P(«,d) by moving
the line of integration to —1/4 + € and collecting the residue at the double
pole s = 0. The residue gives the main term M («,d) and the integral at
—1/4 + ¢ gives the error I(a, ). So we get

Yy l+e
P(a,0) = M(a,0) + I(a,6) + O | ——= ).
(@.0) = Ma8) + 1(0,0) +0- (1)
Estimation of the error term I(a,d) is postponed to the next section. To
evaluate the main term we start with the Taylor expansion for the gamma
function, and get

L(2 +s) <8Y;\T/N>SF!(:)

G i{L(Q) log <8Y;\T/N

)Hr@ -z}

where v is the Euler constant. Hence

(5) M(a,8) = Ye(a,8){L(2)F(0)logY + AL(2) + BL'(2)},

where A and B are constants which depend only on the elliptic curve £ and
the smooth function F. The constants can be written down explicitly but
since that will be of no use to us, we leave them as undetermined. However,
it is important to have the formulas for L(2) and L'(2) ready at hand:

(6) L(2) = n(2) [ [ Lp(2),

pl¢
) re =f@ [ 6@+ 10 % 2o,
pl¢ ple P
Also, we note that
(8) n(2) =Cna ][4 ]] B
pla pl&y
where
e (DEFH-D )

J=0

1 a2 At -1
B = 1+<1_)<p+p+”.)} ,
P { p)\p*  p!

and Cp, 4 is a nonzero constant which depends only on N and A, and is
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given by

1 Ay2 G
Cna = H{l—l—(l—p)(é—l—pﬁ+'~)}

pINA
1\ ! ap2 ape
< I qi(1+=) (H+E+ )¢
(p2NA)=1 P prop

5. The error terms—I. Now we take up the task of estimating the
error terms. In this section we estimate I(a, ) and R(«). The estimation of
R(a, d) is more involved and we prefer to do this in a separate section.

5.1. The term I(c,6). Recall that

e = (e JI(5)
Loy F(3)<m

X —
2T

S

F :
-~ ) (s)L(s+2)ds

(—1/4+¢)

Writing s = —1/4 + ¢ + it, and using Phragmén-Lindeldf to the sym? L-
function of E, we get

LE+s)<1+t, [[Le+s) <&,

pl¢

hence L(2 + s) < (1 + |t])¢°. Using this bound we get
Y y3/4+e
L Y—1/4+5 €
R
5.2. The term R(c). Extracting square divisors of [=2d¢, we get

R)= Y, (ZM ) (Z)A(s%b?dsﬁ?beng)F(dif)-

I(a,0) <

(b2NAE)=1  1[b (d2NA€)=1
I>X
Now,
1 I'(s
A(z, Xsp2ae) = 3 S i ) 2°L(1 + s, Exg4e) HLp(l + s, Exgae) ds,
(2) plb

where Ly (s, Exsde) = (1 — xsae(p)app ™ + p'~2%). Then we move the line of

integration to o = ¢; summing over all square-free odd d¢ and applying the
Cauchy—Schwarz inequality and the inequality (1) we get
yl+e

dv?
Y Y e Nl ()< T

(£,2)=1 (d,2NA€)=1
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Hence we get the following bound for the average of R(«):

Y1+5 Y1+E
> 1R <> (X1) 5 5%
E<y? b>0 )b
I>X

6. The error terms—II. Now we estimate the error term coming from
the nonzero frequencies:

= En: ey “(”<2§6> 212550471 <aQn>

I<X
(1,2NAgn)=1
~ kY
. Z )*Gi(om)F; (2l2§60m>

k#0
To analyze this we use the Mellin transform identity
ang S i bTL(OSOg(t)tW1 dt) dw
2m Yot n\ ’

where b, < n° and g is smooth with ¢g(0) = 0 and rapidly decaying at
infinity, and ¢ > 1. This gives

2 Y u(l —1)k kY
R<a’5>:(a) > e X G § L@ o) (2z2§5a’w)dw’

<X k+#£0 (c)
(12N A¢)=1
where
L _ oy @ (8, _TE(M) e ar
(k) (w) - Z nv\ n k(an)a f(777w) - S t ; .
n= 0
(n,20)=1

6.1. The function L,(w). To analyze this L-series we need to use the
following properties of the Gauss sum (details can be found in [15]).

Properties of Gi(n)

(i) If n is square-free then Gi(n) = (%)\/ﬁ
(ii) (Multiplicativity) Suppose m and n are coprime odd integers. Then
Gr(mn) = Gp(m)Gg(n).
(iii) Suppose p® is the largest power of p dividing k. (If £ = 0 then set
a = 00.) Then, for g > 1,
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(0 if 8 < a is odd,
o(p?) if 8 < « is even,
Gk(pﬁ) _ —1]: B if 3=a+1is even,
< pp >pa\/]3 if 8=a+11isodd,
0 if B> a+2.
Since (a,l) = 1, from the multiplicativity of the Gauss sum it follows
that
a &6k
Lig(w) = Q) [ {1 e ( )}
(p,2lakN)=1
where
£
Qw) = Z el Gr(an) H
nla> plkN j= 0

(p,?la)—

Let x¢,s, be the primitive character associated with p — (5%]“). Then

11 {1+ wcipl/2<§f)k>}:L<w_;7E7X5,57k P(w)2(w),

(p,2lakN)=1 p

where P(w) is a finite Euler product and

ow)= ]I {1—p£p)1‘j§+ZiQ}{lJrZﬁ)fg}.

(p,2lakN)=1 p

From the above we conclude that for w = —1/2 + € + it we have the bound
Ligy(w +2) < |L(1 4+ +it, E, xe 5.0)| [SIE]"

6.2. The function f(n,w). We will not go into details, as most of the
calculation is similar to that given in [15]. Interchanging the order of inte-
gration we get

o0
2 2m|n|
,w)=|nYFw) \ V| ———=
s = miFe) § v (05
Using the contour integral representation of the incomplete gamma function
and then interchanging the integrals, we deduce that the above integral is
given by

dz
Zl—i—w :

) (cos 2wz + sgn(n) sin 272)

5 (S (cos s =)+ sentmsin 5 s - ) ) L2 1) 2,

where ¢ > max(0, Re(w)). From this we get the analytic continuation of
f(n,w) up to Re(w) > —1. Also, it follows that in the region 1 > Re(w) > —1
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we have the following bound:
_ _ nl R n
Jw)| < (1 + |w Re(w)—1/2 ex (_ | > e(w) Flw)l.
£ w)] < (1 + ) p( - o) )
Moving the line of integration to ¢ = ¢ we get the second bound
<8Y\/N>€

27|

£ (7, w)| e (1 [w])® || F(w))

To give an upper bound for R(«,d), we split the k-sum into two parts. For
larger k we use the first bound for f(n,w) and the trivial bound for the
L-function. For smaller k, our task is more delicate, and we obtain an upper
bound on average using the second bound for f(n,w).

First, we move the line of integration in the expression for R(«,d) to
c=—1/24¢ and get

Y 1
[, 9)] < g5 > QSZ]L(k2+w]‘f<2p§5 )‘]dw[.

<X ) k#£0
(L2NAfa)=

Taking n = kY/21?¢0a and using the first bound for f and summing over
k’s with |k| > K(w) := 100012¢5a(1 + |w|)(log Y)*, we get

LIRS o N W S R

<X (¢) |k|>K(w)
< exp(—logY).
For the remaining terms we seek a bound which is true on average over all

square-free ¢ < Y?. We write § = 010, with &, | NA and &, | &, and then
define d3 by £ = d2d3. Using the second bound for f, we get

Yo > IRa(a,0)]

£<YO Sl¢
y1/2+e K(w) y
<Y SEY S 3 L2+ w1+ ) o
80,0 2 z<x (¢) k=
5253<Y€
a3 Ly (xS R e,
1<X 7% (0) No3<Y0/5, k=1
§2<Y6

Then observing that d3k < 100002 (1+|w|)(log Y)*Y?? | extracting square-free
discriminants from the sum and applying the Cauchy—Schwarz inequality
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and (1), we get
DD Bafad)| < YO
£<Y? 620

This concludes the proof of our first lemma:

LEMMA 5. Let E be an elliptic curve with odd conductor, N say. Let A
be a fized odd integer coprime to N, and let £ be a fixed odd integer coprime
to NA. For a divisor a | A, set

S= ¥ (5 )AseVF v r (5.

(d2NAg)=1
Then
St = 3 uon) (2 )artast) + e,
51|NA
where the main term M («,d1) is given by
¢(€)
3
with F(0), c(a,81), L(s), A and B as given in (2)—(5), and the error term
E¢ is bounded on average by
> |Be| < YO,
£<y?

M(a,81) = Ye(a, 6y) {L(2)F(0)logY + AL(2) + BL'(2)}

7. A mean value estimate—II. In this section we consider a slightly
different sum. Let «, £, A and N be as before. Write N = N1 N3, where Ny
is square-free. Then define

o= 3w (2) (panemer($)

This sum can be analyzed in exactly the same way. Only the L-series is
slightly different and is given by the Euler product

2772, 2
GoN 20 NV 1 1
{ oyt AT (0-2) O oo IT oo
v|(aN1)*>® plaN: pINA (p2NAg)=1
(p,d1aN1)=1

We call this function Z(s) This L-series has the same analytic properties as
L(s), in particular we can write

(9) L(s) = 7i(s) [ [ Lo(s),
pl¢
where 77(s) depends on « and 47, but not on &.
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LEMMA 6. We have
S 01\~ ~
T(a) —<M>6|ZNAM(51) <ole M(ov,01) + E¢

where Eg 1s bounded on average by Z§<Y9 |Eg| < Y3/4+9/2+87 and

M (e, 61) = Ye(aNy, 61) qb(g ) {L(2)F(0)logY + AL(2) + BL'(2)}

where A and B are the same constants as in the previous lemma.

8. The theorem. Now we consider the sequence {s;}, where

sa = n(@Pva(@ (14 5 ) )P0 B F ().

If the root number of Egg is 1 then sy = 0, otherwise by Gross—Zagier [3]
we deduce that sq is nonnegative. Let

d d
I u(d)ZwA(d@(H(§)>L’<1,E,x8d5>F<Y5>-
(d,2NA)=1 (d,2N Ag)=1

Our aim is to find the asymptotic behaviour of S¢. Using the approximate
functional equation for L'(1, E, xsq¢) and expanding 1 4(d€) we obtain

Se = 2V<A)Z<2£> @) + T(a))

where S(a) and T'(«) are as in the previous sections. Hence from Lemmas
5 and 6 we get

Se = A(§)Y logY + B(§)Y + e,

where the error term 7¢ is bounded on average by

S el <. YA/t
&<y

8.1. Evaluation of A(£). From Lemmas 5 and 6, we get A(&) = A, (£)F(0)

where
A(§) = QV?A) (bg{z Z <2§61> (01)c(ev, 01)L(2)

a|A 5 |NA

> % (25 )uenetamaio)

|A 6, |NA

+

Q
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The double sums in the expression for A(£) can be evaluated without much
trouble using (6), (8) and (9). For example a little work gives

> 5 ST - T 6 T (i )

alA 51|NA pla  plo pINA plA
(01,0)=

where C), = (1 — B,/p)~!. Similarly, we can show that

(91)
> Y ATl T4 11 ClH( >
alA  §|NA plaN1  plé ol p|N2A plA
(51,0{N1):1 (p,N1) 1

Writing D* for the sum of the above two terms and setting

«  Cna 1
¢ ) H (1_2>’

(p,2NA)=1 p
we get
=C*D* [ 9(p)
pl¢
where

1 1 az apn -1

p P D pt

8.2. Fvaluation of B(§). From Lemmas 5 and 6 we observe that B(§) =
AB1(&) + BB3(&), where Bi(§) = A1(§). So it remains to evaluate By (§),
which is given by

W {MZM%IA(M) Je(a, 1)L (2)
+> > <2551> )e(aNy, 81) L' (2 )}.

alA §1|NA

Again, the contribution of the part coming from 7'(2) and 7/(2) (see (7),

(9)) can be computed as in the previous subsection. The remaining part is
given by

21/(,4 {Z > <2€5l> (61)c(er, 01)L(2)

oA 8§ |NA

+ X% (5 Jutcam i) L)

alA§i|[NA pl¢ Lp(2)
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which is equal to

Finally, we observe that

L' (2 1 a a —1/9q 4a
R T PO

p p p
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