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1. Introduction. It is well known that infinitely many quadratic num-
ber fields and function fields have class number divisible by a given inte-
ger n (see Nagell [21] for imaginary number fields, Yamamoto [29] or Wein-
berger [28] for real number fields, and Friesen [7] for function fields). In
fact, given any integers m and n, there are infinitely many fields of fixed
degree m with class number divisible by n (see for example Azuhata and
Ichimura [3] or Nakano [22] for number fields and the first author [25, 26]
for function fields). Less is known, however, about the indivisibility of class
numbers of global fields. For example, although Kummer was able to prove
Fermat’s Last Theorem for regular primes, that is, primes p not dividing the
class number of the pth cyclotomic field, it is still unknown today whether
infinitely many regular primes exist. In 1915, Jensen did prove the existence
of infinitely many irregular primes.

In 1976, Hartung [9] showed that infinitely many imaginary quadratic
number fields have class number not divisible by 3. The analogous result
for function fields was proven in 1999 by Ichimura [14]. Horie and Onishi
[11, 12, 13], Jochnowitz [15], and Ono and Skinner [24] proved that there
are infinitely many imaginary quadratic number fields with class number not
divisible by a given prime p. Quantitative results on the density of quadratic
fields with class number indivisible by 3 have been obtained by Davenport
and Heilbronn [6], Datskovsky and Wright [4], and Kimura [17] (for relative
class numbers). Kohnen and Ono made further progress in [18]. They proved
that for all ε > 0 and sufficiently large x, the number of imaginary quadratic
number fields K = Q(

√
−D) with p - hK and D < x is

≥
(

2(p− 2)√
3(p− 1)

− ε
) √

x

log x
.
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As usual, less is known about class numbers in real quadratic fields, but
in 1999, Ono [23] obtained a similar lower bound for the number of real
quadratic fields K with p - hK and bounded discriminant; this bound is valid
for primes p with 3 < p < 5000. The results above do not give explicit fami-
lies of fields with the desired class number properties. In 1999, Ichimura [14]
constructed an explicit infinite family of quadratic function fields with class
number not divisible by 3. Moreover, Achter [1, 2] has determined the prob-
ability that a particular type of quadratic function field has class number
indivisible by a prime `. In this paper, we give a generalization of Ichimura’s
work, constructing, for a large class of q, infinitely many function fields of
any degree m, 3 - m, over Fq(T ) with class number indivisible by 3.

As in [14], the fields above are given explicitly. The idea of the proof is to
construct two towers of fields N1 ⊂ · · · ⊂ Nt = Fq(T ) and M1 ⊂ · · · ⊂Mt.
The fields are designed so that 3 - hM1 , Ni+1/Ni is cyclic, cubic, and ramified
at exactly one prime, Mi/Ni is a degree m extension, and Mi+1 is the com-
posite field of Mi and Ni+1. Together with class field theory, this is enough
to show that 3 - hMi for any 1 < i ≤ t. Thus Mt has degree m over Nt, the
rational function field, and has class number not divisible by 3.

Let q be a power of an odd prime, and Fq the finite field with q elements.
The main result is as follows:

Theorem 1. Let m > 1 be any positive integer with 3 - m. There are
a positive density of primes (and prime powers) q such that for a given
rational function field Fq(T ), there are infinitely many function fields of
degree m over Fq(T ) with divisor class number indivisible by 3.

The density of the fields constructed is at least 1/m if 4 - m. We will
say more about this later. Also note that if the divisor class number is not
divisible by 3, then the ideal class number must also be indivisible by 3 since
the ideal class group is a quotient of the class group of divisors of degree 0.

In Section 2, we will prove the main result, assuming the existence of a
positive density of primes (and prime powers) q that satisfy certain necessary
properties. We should note that the proof of Theorem 1 is fairly short; a
good deal of the paper is concerned with proving the existence of such q.
The following theorem, which is a fairly straightforward application of the
Frobenius density theorem, will be very useful to us. We will give a proof in
Section 3.

Theorem 2. Let f1, . . . , ft be irreducible polynomials in Z[x] with split-
ting fields K1, . . . ,Kt. Let Gi denote the Galois group of Ki over Q. Suppose
that G1 × · · · ×Gt is the Galois group of the composite field K1 · · ·Kt. For
each i, let di be a possible decomposition type of fi. Then there are infinitely
many primes q such that each fi decomposes modulo q with decomposition
type di.
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In Section 4, we use Theorem 2 to show that for any given m, there are
a positive density of primes q for which Theorem 1 holds. Furthermore, for
each such q satisfying the hypotheses, qr satisfies the hypotheses as well if
r is odd and (r,m) = 1.

Finally, we note that it appears likely that the main result can be ex-
tended to construct, subject to certain conditions on q, infinitely many ex-
tensions of degree m of Fq(T ), whose class number is indivisible by a given
odd prime `. This is current work [5] with Daub, Lang, Merling, and Pitiwan.

2. Proof of Theorem 1. Let ζ denote a root of the polynomial X2 +
X + 1 ∈ Fq[X]. We prove the main result under the assumption that for
any fixed positive integer m > 1 with 3 - m, there are a positive density of
primes q such that

(i) q ≡ 2 (mod 3), q - m,
(ii) there exists γ ∈ F×q such that γ + 3ζ is not a pth power in Fq(ζ) for

all primes p dividing m, and
(iii) if 4 |m, then γ + 3ζ 6∈ −4Fq(ζ)4.

We will see that (ii) and (iii) together are equivalent to the assertion that
Xm − (γ + 3ζ) is irreducible over Fq(ζ). We will prove the following.

Theorem 3. Let m > 1 be any positive integer with 3 - m. If q is
a prime satisfying conditions (i)–(iii) above, then there are infinitely many
function fields of degree m over Fq(T ) with divisor class number not divisible
by n = 3.

Let T be any transcendental element over Fq, so that Fq(T ) is the rational
function field. As in [14], we define rational functions Xn(T ) recursively as
follows:

(1) X0 = T, Xj =
X3
j−1 − 3Xj−1 − 1

3(X2
j−1 +Xj−1)

for j ≥ 1.

Note that Xj(T ) has degree 3j .
Given γ ∈ F×q satisfying (ii) above, let Ln = Fq(T )(m

√
3Xn + γ). We will

see that Xm − (3Xn + γ) is irreducible over Fq, so up to isomorphism, it
does not matter which mth root we choose. We will show that for all positive
integers n, the divisor class number of Ln is not divisible by 3, and that the
Ln are pairwise nonisomorphic.

Fix n ≥ 1. For 1 ≤ i ≤ n, define

Ni = Fq(Xn−i), Mi = Fq(Xn−i,
m
√

3Xn + γ).

It follows from (1) that

N1 ⊆ N2 ⊆ · · · ⊆ Nn = Fq(T ) and M1 ⊆M2 ⊆ · · · ⊆Mn = Ln.
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We will see that Mi has degree m over Ni for each i. Let

Pi = X2
n−i +Xn−i + 1,

and let (Pi) denote the divisor of Ni corresponding to the zeros of Pi. Since
q ≡ 2 (mod 3), we see that Pi is irreducible over Fq, so (Pi) is a prime
divisor.

The following lemma is a function field analogue of a well-known result
from class field theory. See [14] for a proof.

Lemma 1. Let l be a prime, K a finite l-Galois extension of k, and sup-
pose that exactly one prime divisor P of K is ramified over k and l - deg(P).
If l |hK , then l |hk.

The following lemma is also well-known (a proof can be found in [19]).

Lemma 2. Let k be a field , m an integer ≥ 2, and a ∈ k, a 6= 0. Assume
that for any prime p with p |m, we have a 6∈ kp, and if 4 |m, then a 6∈ −4k4.
Then xm − a is irreducible in k[x].

Lemma 3. For each i, Ni+1 is a cyclic, cubic extension of Ni, totally
ramified at (Pi), and unramified outside (Pi).

Proof. Notice that Ni+1 = Ni(Xn−i−1), and we claim that the minimal
polynomial for Xn−i−1 over Ni is

H(X) = X3 − 3Xn−iX
2 − 3(Xn−i + 1)X − 1.

Note that the polynomial is irreducible because any root in Fq(Xn−i) would
have to divide −1 and thus be a nonzero constant. But if a constant a ∈ F×q
were a root, then

a3 − 3Xn−ia
2 − 3(Xn−i + 1)a− 1 = 0.

This implies that

Xn−i =
a3 − 3a− 1

3a2 + 3a
,

contradicting the fact that Xn−i 6∈ Fq unless a = −1. It is easy to check,
however, that −1 is not a root. Thus the cubic H(X) is, in fact, the minimal
polynomial for Ni+1 over Ni.

Shanks proved in [27] that the discriminant of the polynomial X3−aX2−
(a+ 3)X − 1 is (a2 + 3a+ 9)2. It follows that the discriminant of H above
is 81(X2

n−i +Xn−i + 1)2 = 81P 2
i , so Ni+1 is a cyclic extension of Ni. Hence

the only possible ramification occurs at (Pi) and the prime at infinity. Note
that the infinite prime has degree 1, so if (Pi) were unramified, then the
Riemann–Hurwitz formula implies that

2gNi+1 − 2 = 3(2gNi − 2) + e∞ − 1.
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Since Ni and Ni+1 have genus 0, it follows that e∞ = 5, which is impossible.
So (Pi) must be ramified in Ni+1, and the ramification index is 3, since the
extension is Galois. It follows that the infinite prime is unramified, because

−2 = −6 + 2 deg(Pi) + e∞ − 1 = −3 + e∞.

Lemma 4. The prime (P1) of N1 is inert in the extension M1.

Proof. Since M1 = N1(m
√

3Xn + γ), it suffices to show that the minimal
polynomial for m

√
3Xn + γ over N1 is irreducible modulo P1. We will show

that Xm − (3Xn + γ) is irreducible modulo P1, which implies that Xm −
(3Xn + γ) is irreducible over N1 and thus must be the minimal polynomial
for m
√

3Xn + γ over N1. The result follows.
Note that since P1 is irreducible over Fq, we have

Fq[X]/(P1(X)) ∼= Fq(ζ),

so Xn−1 ≡ ζ (mod P1). By (1),

3Xn + γ ≡
Xn−1(X2

n−1 − 3)− 1
X2
n−1 +Xn−1

+ γ (mod P1)

≡ Xn−1(−Xn−1 − 4)− 1
−1

+ γ (mod P1)

≡ −Xn−1 − 1 + 4Xn−1 + 1 + γ (mod P1) ≡ 3Xn−1 + γ (mod P1).

Thus, Xm − (3Xn + γ) ≡ Xm − (3Xn−1 + γ) ≡ Xm − (3ζ + γ) (mod P1).
By Lemma 2 and conditions (ii) and (iii) we see that the polynomial
Xm− (3ζ + γ) is irreducible over Fq(ζ). Thus Xm− (3Xn + γ) is irreducible
modulo P1, as claimed.

Lemma 5. The class number of M1 is not divisible by 3.

Proof. Recall that M1 = Fq(Xn−1)(m
√

3Xn + γ). First, we claim that
the genus of M1 is 2m − 2. For ease of notation, let Z = m

√
3Xn + γ, so

M1 = Fq(Xn−1)(Z). Notice that M1Fq is a degree m extension of Fq(Xn−1)
with minimal polynomial

Xm − (3Xn + γ) = Xm −
(
X3
n−1 − 3Xn−1 − 1
X2
n−1 +Xn−1

+ γ

)
(2)

= Xm −
X3
n−1 + γX2

n−1 − (3− γ)Xn−1 − 1
X2
n−1 +Xn−1

.

It is not hard to see that Xn−1, Xn−1 + 1, and infinity are totally ramified
in M1Fq. Notice that the numerator X3

n−1 + γX2
n−1 − (3− γ)Xn−1 − 1 has

three distinct roots since the discriminant of the polynomial

U3 + γU2 − (3− γ)U − 1
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is (γ2 − 3γ + 9)2, which is nonzero. Also note that the numerator and de-
nominator in (2) are relatively prime. It is not hard to see that each of these
roots corresponds to a prime that is totally ramified prime in M1Fq. Since
q - m, each of these is tamely ramified in M1Fq. Since no other primes can be
ramified, and each of the primes above has degree 1, the Riemann–Hurwitz
formula implies that

2gM1Fq
− 2 = m(2gFq(Xn−1) − 2) +

∑
p

[e(p)− 1] deg(p)

= −2m+ 6(m− 1)(1) = 4m− 6,

which implies that gM1Fq
= 2m− 2, as claimed.

Next, observe that M1 = Fq(Z)(Xn−1) is a cubic extension of Fq(Z),
because Xn−1 is a root of

(3) X3 − (Zm − γ)X2 − (Zm − γ + 3)X − 1,

which we claim is irreducible. Otherwise, any root would have to divide −1
and therefore be a nonzero constant a. Note that a 6= −1, since if −1 were
a root of (3), we would have 1 = 0. If

a3 − (Zm − γ)a2 − (Zm − γ + 3)a− 1 = 0,

then

Zm =
a3 − 3a− 1
a2 + a

+ γ,

which implies that Zm is constant, a contradiction. This proves that (3)
is the minimal polynomial for M1 over Fq(Z). The discriminant of (3) is
[(Zm − γ)2 + 3(Zm − γ) + 9]2, so M1 is a cyclic, cubic extension of Fq(Z).

Finally, let (Q) be the divisor corresponding to

Q = (Zm − γ)2 + 3(Zm − γ) + 9 ∈ Fq(Z).

We will show that M1 is ramified only at the single prime (Q) of Fq(Z),
where 3 - 2m = deg(Q). This completes the proof, by Lemma 1, since the
prime 3 does not divide the class number of the rational function field Fq(Z).
Notice that Q is irreducible over Fq: if α is a root of Q in some extension
of Fq, then αm − γ = 3ζ, so (αm − γ)/3 has degree 2 over Fq. Then since
Xm − (3ζ + γ) is irreducible over Fq(ζ),

[Fq(α) : Fq] = [Fq(α) : Fq((αm − γ)/3)][Fq((αm − γ)/3) : Fq] = m · 2 = 2m,

which proves that Q must be irreducible over Fq. Thus the divisor (Q) is in
fact prime, and it is ramified (totally ramified since the extension is Galois)
in M1 since it divides the discriminant of M1/Fq(Z). To see that M1 is
ramified at no other prime of Fq(Z), we again use the Riemann–Hurwitz
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formula:

(4) 2(2m− 2)− 2 = 3(−2) + 2 deg(Q) +
∑

p

(ep − 1) deg(p).

Since (Q) has degree 2m, equation (4) shows that no other primes can be
ramified.

Lemma 6. If 3 - hMi and the prime divisor (Pi) of Ni is inert in Mi,
then 3 - hMi+1 and the prime divisor (Pi+1) is inert in Mi+1.

Proof. Notice that Mi+1 = MiNi+1, so by Lemma 3, Mi+1 is a cubic,
Galois extension of Mi. Also by Lemma 3, Mi+1 is totally ramified at the
prime in Mi lying over (Pi), and unramified everywhere else. Since 3 - hMi ,
Lemma 1 implies that 3 - hMi+1 . It also follows immediately that the prime
divisor (Pi+1) of Ni+1 is inert in Mi+1.

Proof of Theorem 1. From Lemmas 3, 4, and 5, we see that 3 - hM2 and
(P2) is inert in M2. Repeated application of Lemma 6 proves that Ln has
class number indivisible by 3.

To show that there are infinitely many such fields, we prove that each Ln
has genus (m−1)(3n−1), so the fields are distinct. It was shown in Lemma 5
that the genus of M1 is 2m−2. Since Ni+1 is a cyclic, cubic extension of Ni,
ramified only at (Pi), we deduce that Mi+1 is a cyclic, cubic extension of Mi.
So Mi+1/Mi is also ramified (totally) at a single prime, and since (Pi) is inert
in Mi, it has degree 2m in Mi. Note that Ln has degree 3n−1 over M1, so
by Riemann–Hurwitz,

2gLn − 2 = 3n−1(2gM1 − 2) + (3n−1 − 1)(deg(P1))

= 3n−1(4m− 6) + (3n−1 − 1)(2m) = 3n−1(6m− 6)− 2m
= 3n(2m− 2)− 2m.

Thus
gLn = 3n(m− 1)−m+ 1 = (3n − 1)(m− 1).

3. Proof of Theorem 2. The rest of the paper is devoted to the proof
that there are a positive density of primes q satisfying conditions (i)–(iii) in
Section 2. In the present section, we prove Theorem 2, a key ingredient.

Let d = (d1, . . . , dr) be a partition of an integer n. For a polynomial
f ∈ Z[x] of degree n and a prime q not dividing the discriminant of f , we say
that f decomposes modulo q with decomposition type d if the polynomial f
factors modulo q as a product of r irreducible polynomials with degrees
d1, . . . , dr. Note that for a given f , not every partition gives rise to a possible
decomposition type. For example, one can show that the polynomial f(x) =
x4 +1 is irreducible over Z, but reducible modulo q for every prime q, so the
partition (4) does not correspond to a possible decomposition type for f(x).
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A theorem in Hecke’s famous Lectures on the Theory of Algebraic Num-
bers is the following:

Theorem 4 ([10]). Let a1, . . . , at be nonzero integers such that am1
1 · · · a

mt
t

is a square if and only if mi is even for all i. For any ε1, . . . , εt ∈ {−1, 1},
there are a positive density of primes q such that(

ai
q

)
= εi for all i = 1, . . . , t.

Note that we can think of Theorem 4 in terms of the decomposition
types of the polynomials x2 − ai since ai is a square modulo q if and only
if the polynomial x2 − ai reduces modulo q with decomposition type (1, 1).
So Theorem 4 says that for the polynomials x2 − ai, 1 ≤ i ≤ t, and for any
decomposition types di, there are infinitely many primes q such that x2−ai
reduces modulo q with decomposition type di. The condition that am1

1 · · · a
mt
t

is a square if and only if mi is even can be rephrased in terms of the split-
ting fields Ki of the polynomials x2 − ai: the splitting fields K1, . . . ,Kt are
maximally disjoint, that is, for all i, the intersection of Q(

√
ai) and the com-

positum of the fields Q(√aj), j 6= i, is Q. Equivalently, the Galois group
of K1 · · ·Kt is the product of the Galois groups of the Ki. We now recall
Theorem 2, which is a much more general version of Theorem 4 that we will
need in Section 4.

Theorem 2. Let f1, . . . , ft be irreducible polynomials in Z[x] with split-
ting fields K1, . . . ,Kt. Let Gi denote the Galois group of Ki over Q. Suppose
that G1 × · · · ×Gt is the Galois group of the composite field K1 · · ·Kt. For
each i, let di be a possible decomposition type of fi. Then there are a positive
density of primes q such that each fi decomposes modulo q with decomposi-
tion type di.

To prove Theorem 2, we will use the following theorem of Frobenius.

Theorem 5 (Frobenius [8]). Let f be an irreducible polynomial over Q
with Galois group G. The density of the set of primes q for which f has a
given decomposition type d = (d1, . . . , dr) exists, and is equal to 1/#G times
the number of σ ∈ G with cycle pattern d.

Proof of Theorem 2. Let FrobK/Q(q) denote the Frobenius class of q for
the extension K/Q. If di = (di1, . . . , dir) is a possible decomposition type
for fi, then by Frobenius’s theorem, there is an element σi ∈ Gi such that the
disjoint cycle decomposition of σi considered as a permutation of the roots
of fi has lengths di1, . . . , dir. It can be shown [20, p. 33] that if FrobKi/Q(q) is
the conjugacy class of σi, then fi decomposes modulo q with decomposition
type di. Since G1 × · · · × Gt is the Galois group of H = K1 · · ·Kt, there is
a unique element g ∈ G1 × · · · × Gt such that g|Ki = σi for all i. Hence if
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FrobH/Q(q) is the conjugacy class of g, then fi decomposes modulo q with
decomposition type di for all i. By the Chebotarev Density Theorem, there
are a positive density of primes q such that FrobH/Q(q) is the conjugacy
class of g; for each such q, each fi decomposes modulo q with decomposition
type di.

We should note that the condition that the Galois group of K1 · · ·Kt is
G1 × · · · ×Gt is sufficient, but not always necessary, to obtain the result of
Theorem 2. For example, using similar methods one can prove the following
generalization of Theorem 4.

Theorem 6. Let a1, . . . , at be integers such that am1
1 · · · a

mt
t is a pth

power if and only if p |mi for all i. For any ε1, . . . , εt ∈ {−1, 1}, there are a
positive density of primes q such that ai is a pth power modulo q if εi = 1
and ai is not a pth power modulo q if εi = −1.

4. Finding q for which conditions (i)–(iii) hold. In this section,
we will use Theorem 2 to show that for a positive density of q, there is a
corresponding γ such that conditions (i)–(iii) in Section 2 are satisfied.

Let ζ be a root of X2 +X + 1 ∈ Fq[X]. Choose an integer γ such that

(5) γ ≡


p (mod p2) for all p |m with p ≡ 1 (mod 3),
3+p (mod p2) for p = 5, 11, and all p |m with p≡ 2 (mod 3),
1 (mod 4),
1 (mod 3).

As mentioned before, the primary purpose of conditions (i)–(iii) is that 3ζ+γ
is not a pth power in Fq(ζ) for any p dividing m. As the next lemma shows,
this gives rise to the following polynomials:

Fix a prime p dividing m, and let

fp(x) = 3
p∑
i=0

i≡0 (3)

(
p

i

)
xp−i − γ

p∑
i=0

i≡1 (3)

(
p

i

)
xp−i + (γ − 3)

p∑
i=0

i≡2 (3)

(
p

i

)
xp−i,

and let Σp be the splitting field for fp(x) over Q. If 4 |m, let

f4(x) = x4 − 4
3
γx3 + (2γ − 6)x2 + 4x− γ

3
.

The general idea of the rest of the paper is as follows. We show in the
next two lemmas that γ+ 3ζ is not a pth power in Fq(ζ) (that is, conditions
(i)–(iii) in Section 2 hold) if the polynomial fp has no roots modulo q for all
primes p dividing m. So we need to show that there are a positive density of
q’s for which none of the fp’s have roots modulo q. We show that each fp is
irreducible over Q. The special case where m is a power of a prime follows
from results of Frobenius and Jordan. Jordan’s theorem (Theorem 8 below)
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implies that the Galois group of fp contains an element which acts on the
roots of fp without a fixed point. By Frobenius (Theorem 5), there are a
positive density of primes q for which fp has no roots modulo q. The general
case is more involved as we must show the existence of a positive density
of primes q for which none of the fp’s have roots modulo q. To do this, we
show that the splitting fields Σp are maximally disjoint, so that the Galois
group of the compositum of the Σp’s is the product of the Galois groups of
the individual fields. Then since each individual Galois group contains an
element which acts on the roots of fp without fixed points, there must be
an element of the Galois group of the compositum which acts without fixed
points. The result follows again from Frobenius.

Note that condition (iii) on q is actually unnecessary to prove that Xm−
(γ + 3ζ) is irreducible over Fq(ζ). From (ii) we have 3ζ + γ /∈ Fq(ζ)p for all
primes p dividing m. If 4 | m, then 2 | m, so 3ζ + γ is not a square in Fq(ζ).
But we claim that −1 must be a square in Fq(ζ). Otherwise, let α be a
square root of −1. Then

Fq(α) ∼= Fq[X]/〈X2 + 1〉 ∼= Fq2 ∼= Fq(ζ).

If 3ζ + γ = −4w4 for some w ∈ Fq(ζ), then 3ζ + γ = (2w2α)2 is a square
in Fq(ζ), a contradiction. Hence, 3ζ + γ /∈ −4Fq(ζ)4. Thus condition (ii) is
sufficient to show that Xm − (3ζ + γ) is irreducible over Fq(ζ).

Lemma 7. Suppose q ≡ 2 (mod 3), so ζ 6∈ Fq. If fp(x) has no roots
modulo q for a prime q, then γ + 3ζ is not a pth power in Fq(ζ) for all p
dividing m.

Proof. Suppose, for contradiction, that γ + 3ζ = (u + vζ)p for some
u, v ∈ Fq. So

γ =
p∑
i=0

i≡0 (3)

(
p

i

)
up−ivi −

p∑
i=0

i≡2 (3)

(
p

i

)
up−ivi,

3 =
p∑
i=0

i≡1 (3)

(
p

i

)
up−ivi −

p∑
i=0

i≡2 (3)

(
p

i

)
up−ivi.

Then

0 = 3 · γ − γ · 3 = 3
p∑
i=0

i≡0 (3)

(
p

i

)
up−ivi − 3

p∑
i=0

i≡2 (3)

(
p

i

)
up−ivi

− γ
p∑
i=0

i≡1 (3)

(
p

i

)
up−ivi + γ

p∑
i=0

i≡2 (3)

(
p

i

)
up−ivi
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= 3
p∑
i=0

i≡0 (3)

(
p

i

)
up−ivi − γ

p∑
i=0

i≡1 (3)

(
p

i

)
up−ivi + (γ − 3)

p∑
i=0

i≡2 (3)

(
p

i

)
up−ivi

= vpfp(u/v).

Since v 6= 0 (otherwise ζ ∈ Fq), this proves the lemma.

So to guarantee that 3ζ+γ is not a pth power in Fq(ζ), we need to show
that the polynomials fp have no roots modulo the prime q. We will need
more information about the polynomials and their splitting fields.

Let ζ3 be a primitive cube root of unity in C.

Lemma 8. For all p, the polynomial fp is irreducible over Q.

Proof. If p is a prime dividing m, then fp(x) is Eisenstein with respect
to p (recall that 3 - m so p 6= 3). Clearly, p does not divide the leading
coefficient of fp, and p does divide all other coefficients by (5). Notice that
since γ ≡ p (mod p2) for p ≡ 1 (mod 3) and γ − 3 ≡ p (mod p2) for p ≡ 2
(mod 3), the constant term is not divisible by p2. Thus fp is Eisenstein with
respect to p and irreducible over Q.

Lemma 9. If Σp is the splitting field for fp over Q, then Σp∩Q(ζ3) = Q
for all p dividing m.

Proof. First we will show that Σp ⊂ R. Let α be any complex root of
fp(x), so fp(α) = 0. Then

3
p∑
i=0

i≡0 (3)

(
p

i

)
αp−i = γ

p∑
i=0

i≡1 (3)

(
p

i

)
αp−i + (3− γ)

p∑
i=0

i≡2 (3)

(
p

i

)
αp−i,

and it follows that

(α+ ζ3)p =
p∑
i=0

(
p

i

)
αp−iζi3(6)

=
p∑
i=0

i≡0 (3)

(
p

i

)
αp−i +

p∑
i=0

i≡1 (3)

(
p

i

)
αp−iζ3 +

p∑
i=0

i≡2 (3)

(
p

i

)
αp−iζ2

3

=
(
γ

3
+ ζ3

)[ p∑
i=0

i≡1 (3)

(
p

i

)
αp−i −

p∑
i=0

i≡2 (3)

(
p

i

)
αp−i

]
.

Similarly,

(α+ ζ2
3 )p =

(
γ

3
+ ζ2

3

)[ p∑
i=0

i≡1 (3)

(
p

i

)
αp−i −

p∑
i=0

i≡2 (3)

(
p

i

)
αp−i

]
.
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Thus

(7)
(
α+ ζ2

3

α+ ζ3

)p
=

3ζ2
3 + γ

3ζ3 + γ
,

so (
α+ ζ3
α+ ζ2

3

)p
=
(
α+ ζ2

3

α+ ζ3

)p
=

3ζ2
3 + γ

3ζ3 + γ
=

3ζ3 + γ

3ζ2
3 + γ

=
(
α+ ζ3
α+ ζ2

3

)p
,

where α denotes the complex conjugate of α. For some pth root of unity
ζp ∈ C, we then have

α+ ζ3
α+ ζ2

3

= ζp

(
α+ ζ3
α+ ζ2

3

)
.

Therefore

(8) αα+ ζ2
3α+ ζ3α+ 1 = ζp(ζ2

3α+ 1 + ζ3α+ αα).

Notice that the left hand side is real since ζ2
3α and ζ3α are conjugates. In

fact, the left hand side can be rewritten as (α+ ζ2
3 )(α+ ζ3) = |α+ ζ2

3 |2, so
the left hand side is positive. Similarly, ζ2

3α + 1 + ζ3α + αα = |α + ζ3|2 is
real and positive as well, which implies that ζp is a real, positive pth root of
unity. Thus ζp = 1, so (8) implies that

ζ3(α− α) = α− α,
and so α = α. Thus Σp ⊂ R, so Σp ∩Q(ζ3) = Q, as claimed.

Lemma 10. For any primes p1 and p2 dividing m, Σp1 ∩Σp2 = Q.

Proof. Suppose first that p1, p2 6= 2, 3. Let α be any root of fp(x). Let

Cα =
α+ ζ3
α+ ζ2

3

, so Cpα =
(α+ ζ3)p

(α+ ζ2
3 )p

=
3ζ3 + γ

3ζ2
3 + γ

by (7). Thus Cpα ∈ Q(ζ3), and so

α =
ζ3(1− Cαζ3)
Cα − 1

∈ Q(ζ3, Cα).

Note that if α1 and α2 are both roots of fp, then Cα1/Cα2 is a primitive
pth root of unity, and α1 = α2 if and only if Cα1 = Cα2 . It follows that
Σp ⊂ Q(ζ3, ζp, Cα), where ζp is a primitive pth root of unity in C.

First we show that Σp is the maximal real subfield of Q(ζ3, ζp, Cα). We
know from the above that Σp ⊂ R. It suffices to show that the composite
field ΣpQ(ζ3) equals Q(ζ3, ζp, Cα). It is clear that ΣpQ(ζ3) ⊂ Q(ζ3, ζp, Cα).
For the reverse containment, notice that Cα ∈ Q(α, ζ3) ⊂ ΣpQ(ζ3). Since all
roots α of fp are in Σp, the corresponding Cα satisfies

Cα =
α+ ζ3
α+ ζ2

3

∈ ΣpQ(ζ3).
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If α1 and α2 are distinct roots of fp, then Cα1/Cα2 is a primitive pth root
of unity, so ζp ∈ ΣpQ(ζ3) as well. Thus ΣpQ(ζ3) = Q(ζ3, ζp, Cα).

Now Q(ζ3, ζp, Cα) is a Galois extension of Q(ζ3) with Galois group G, the
metacyclic group of order p(p−1). Let σ and γ be generators of G of order p
and p− 1, respectively, where γσ = σrγ for a primitive root r modulo p. If
τ ∈ G, and τ restricted to Σp is the identity on Σp, then τ must also be the
identity on Q(ζ3, ζp, Cα) since τ fixes ζ3. Thus the Galois group of Σp/Q is
isomorphic to the Galois group of Q(ζ3, ζp, Cα)/Q(ζ3), that is, G.

Let Rp denote the maximal real subfield of Q(ζp), i.e., Rp = Q(ζp+ζ−1
p ).

Recall that Rp has degree (p−1)/2 over Q and is ramified (totally) only at p.
We also know that if p ≡ 1 (mod 4), then Q(

√
p) is the unique quadratic

subfield of Rp (and Σp), and if p ≡ 3 (mod 4), then
√
−p ∈ Q(ζp). In the

second case, Q(
√

3p) is the unique quadratic subfield of Σp. Let Ap be the
maximal abelian subfield of Σp. Then Ap is the fixed field of the commutator
subgroup of G. The commutator subgroup of G is the cyclic group generated
by γσγ−1σ−1 = σr−1. Since r−1 is relatively prime to p, this is the same as
the subgroup generated by σ. So Ap is the fixed field of 〈σ〉, which implies
that Ap has degree p− 1 over Q.

Now since Σp1 and Σp2 are both Galois extensions of Q, so is Σp1 ∩ Σp2 .
We next show that Σp1 ∩ Σp2 is an abelian extension of Q. It will then
follow that Σp1 ∩ Σp2 ⊂ Ap1 ∩ Ap2 . Let d = [Σp1 ∩ Σp2 : Q]. We claim
first that d ≤ p1 − 1. Suppose, for contradiction, that d > p1 − 1. Then
Σp1 ∩Σp2 ∩ Q(α1) 6= Q since otherwise

[Σp1 : Q] ≥ [Σp1 ∩Σp2 : Q][Q(α1) : Q] > (p1 − 1)p1,

a contradiction. ThusΣp1∩Σp2∩Q(α1) = Q(α1), which implies that Q(α1) ⊂
Σp1∩Σp2 . Then p1 | d | p2(p2−1), so p1 | (p2−1). Now Q(α1)∩Q(α2) = Q since
Q(α1) and Q(α2) have prime degrees p1 6= p2. Notice that Q(α2)∩Rp2 = Q;
otherwise, Q(α2) ∩ Rp2 = Q(α2) since Q(α2) has prime degree p2 over Q.
This is impossible since p2 does not divide (p2−1)/2. Since fp1 is Eisenstein
with respect to p1, we see that p1 is totally ramified in Q(α1). But p1 is
unramified in Rp2 ⊂ Q(ζp2), so Q(α1) ∩Rp2 = Q. It follows that

[Σp2 : Q] ≥ [Rp2 : Q][Q(α2) : Q][Q(α1) : Q] =
p1p2(p2 − 1)

2
> p2(p2 − 1),

a contradiction. So d ≤ p1−1, and furthermore, d | (p1−1), since d | p1(p1−1).
Similarly, d | (p2 − 1). The Galois group of Σp1 ∩Σp2 is therefore a quotient
of 〈γ〉, and so, cyclic.

Thus Σp1 ∩ Σp2 is a cyclic subfield of Ap1 ∩ Ap2 . Let r be the degree
of Ap1 ∩ Ap2 over Q. If r is even, then Ap1 ∩ Ap2 has a unique quadratic
subfield K. It follows that K is also the unique quadratic subfield of both
Σp1 and Σp2 . This is impossible, however, since the quadratic subfield of
Σpi is either Q(

√
pi) or Q(

√
3pi). Thus d is odd. It follows that Ap1 ∩Ap2 ⊆
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Rp1 ∩ Rp2 . But p1 is totally ramified in Rp1 (and thus in Rp1 ∩ Rp2), and
unramified in Rp2 (and thus in Rp1 ∩Rp2). So we must have Ap1 ∩Ap2 = Q.
Thus Σp1 ∩Σp2 = Q, as claimed.

If p = 2, then
f2(x) = 3x2 − 2γx+ (γ − 3).

Since γ ≡ 1 (mod 4), we see that f2 is Eisenstein with respect to 2, and Σ2

is a quadratic field, totally ramified at 2. In fact, Σ2 = Q(
√
γ2 − 3γ + 9). If

p ≡ 1 (mod 3), then γ ≡ 0 (mod p), so

γ2 − 3γ + 9 ≡ 9 6≡ 0 (mod p),

hence p is unramified in Q(
√
γ2 − 3γ + 9). If p ≡ 2 (mod 3), then γ ≡ 3

(mod p); consequently,

γ2 − 3γ + 9 ≡ 9 6≡ 0 (mod p),

so p is unramified in Q(
√
γ2 − 3γ + 9). Thus Σ2 = Q(

√
γ2 − 3γ + 9) 6=

Q(
√
p),Q(

√
3p) since p is ramified in Q(

√
p) and Q(

√
3p). Thus Σ2∩Σp = Q

for all p |m.

Lemma 11. Every quadratic subfield of Σp1 · · ·Σpt is contained in the
compositum of the quadratic subfields of Σp1 , . . . , Σpt.

Proof. Let p = p1, p1 6= 2, 3, and let K1 = Σp1 with unique quadratic
subfield Q(

√
d), and let K2 = Σp2 · · ·Σpt . Let Q(

√
di) be the unique quad-

ratic subfield of Σpi . Let G1 denote the Galois group of K1, so that G1

is isomorphic to the metacyclic group of order p(p − 1). Let G2 denote the
Galois group ofK1K2/K2, soG2 is isomorphic to the Galois group ofK1 over
K1 ∩K2. We claim that K2(

√
d) is the unique quadratic intermediate field

of the extension K1K2/K2. The result then follows by induction. If t = 2,
then suppose that there is a quadratic field Q(

√
m) with Q(

√
m) ⊂ K1K2

and Q(
√
m) 6⊂ Q(

√
d,
√
d2). Then

√
m 6∈ K2, since K2 = Σp2 has unique

quadratic field Q(
√
d2). Hence K2(

√
m) is a quadratic extension of K2, and

by the claim, K2(
√
m) = K2(

√
d). Thus

√
m/d ∈ K2, so

√
m/d ∈ Q(

√
d2)

since Q(
√
d2) is the unique quadratic subfield of K2. So

√
m =

√
d
√
m/d ∈ Q(

√
d,
√
d2),

a contradiction. This proves the base case. Now let M = Q(
√
d2) · · ·Q(

√
dt);

by induction, any quadratic subfield of K2 is contained in M . Suppose
Q(
√
m) ⊆ K1K2 and Q(

√
m) 6⊆ Q(

√
d)M . It follows that

√
m 6∈ K2, so

K2(
√
m) is a quadratic subfield of K1K2/K2. By the claim, then, K2(

√
m) =

K2(
√
d), so

√
m/d ∈ K2. Then

√
m/d ∈M , so

√
m =

√
d
√
m/d ∈ Q(

√
d)M,

a contradiction.
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To prove the claim, it suffices to show that G2 has only one subgroup
with index 2. Let P be the p-Sylow subgroup of G1, that is, P is the unique
subgroup of G1 of order p. First suppose that P ∩G2 is trivial. Then

G2
∼= G2/(G2 ∩ P ) ↪→ G1/P.

Since G1/P is cyclic, it follows that G2 is cyclic, and must therefore contain
at most one subgroup of index 2.

It remains to consider the case that P ⊂ G2. If H is any subgroup of G2

of index 2, then P ⊂ H. The second isomorphism theorem implies that

G2/H ∼= (G2/P )/(H/P ).

The group on the right is a quotient of G2/P which is cyclic of order dividing
p− 1. Thus G2/H is a quotient of a cyclic group, so there can only be one
H of any particular index.

Note that if K1 = Σ2, then K1 is itself quadratic, so the result is trivial.

For convenience, we summarize what we have proven about the unique
quadratic subfield of Σp.

Lemma 12. The unique quadratic subfield of Σp is
Q(
√
p), p ≡ 1 (mod 4);

Q(
√

3p), p ≡ 3 (mod 4), p 6= 3;
Q(
√
γ2 − 3γ + 9), p = 2; ramified at 2,

unramified at 3, 5 and all odd p |m.
Notice that for p 6= 2, 3, the quadratic subfield of Σp is unramified at 2.

Theorem 7. Let p1, . . . , pt be the distinct primes dividing m, and sup-
pose that p1 < · · · < pt. Then

Σp1 ∩Σp2Σp3 · · ·Σpt = Q.
Proof. For ease of notation, let L = Σp2Σp3 · · ·Σpt . First we will show

that p1 - [Σp1 ∩ L : Q]. Suppose that [Σp1 ∩ L : Q] = p1r for some positive
integer r, and let x1 be any root of fp1(x). In this case, we see that Q(x1) ⊂
Σp1 ∩ L; otherwise, Q(x1) ∩ (Σp1 ∩ L) = Q, and so,

[Σ1 : Q] ≥ [Q(x1) : Q][Σp1 ∩ L : Q] = p2
1r > p1(p1 − 1),

a contradiction. Thus L contains all roots of fp1(x), so L contains the split-
ting field Σp1 of fp1(x). Suppose first that p1 6= 2, 3. Then Σp1 contains the
unique quadratic subfield, Q(

√
p1) or Q(

√
3p1), both of which are ramified

at p1. But by Lemma 11, every quadratic subfield of L is contained in the
compositum of fields of the form Q(

√
pi) or Q(

√
3pi), 2 ≤ i ≤ t, and is thus

unramified outside the set {3, p2, . . . , pt}. This is a contradiction, and so we
see that p1 - [Σp1 ∩ L : Q] for p1 6= 2, 3. Next, suppose that p1 = 2. Again
by Lemma 11, every quadratic subfield of L will be ramified at at least one
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of 3, 5, p2, . . . , pt, all of which are unramified in Σ2. So p1 - [Σp1 ∩ L : Q]
for p1 = 2. Finally, if p1 = 3, then the unique quadratic subfield of Σp1 is
ramified at 2, but by Lemma 11, every quadratic subfield of L is unramified
at 2. Therefore, in this case as well, Σp1 and L cannot contain the same
quadratic field, so p1 - [Σp1 ∩ L : Q].

Thus p1 is relatively prime to [Σp1∩L : Q], so [Σp1∩L : Q] divides p1−1.
Consequently, the Galois group of (Σp1 ∩ L)/Q is cyclic. If [Σp1 ∩ L : Q] is
even, then Σp1 ∩L contains a unique quadratic subfield. But as seen above,
Σp1 and L cannot contain the same quadratic field. Thus [Σp1 ∩ L : Q]
is odd, and it follows that Σp1 ∩ L ⊂ Rp1 if p1 6= 2, 3. In this case, p1 is
totally ramified in Σp1 ∩ L, and p1 is the only prime ramified in Σp1 ∩ L.
Let d = [Σp1 ∩ L : Q], so d is odd, and d | (p1 − 1)/2. We need to show that
d = 1.

Consider the composite field

K = (Σp1 ∩ L)Rp2 · · ·Rpt .

Note that (Σp1 ∩L)∩Rp2 · · ·Rpt = Q, since p1 is totally ramified in Σp1 ∩L
and p1 is unramified in Rp2 · · ·Rpt . Thus [K : Rp2 · · ·Rpt ] = d. Now K ⊂ L,
so d divides [L : Rp2 · · ·Rpt ]. But [L : Rp2 · · ·Rpt ] divides 2t−1p2 · · · pt. If
d 6= 1, then since d is odd, after renaming, d = p2 · · · pr for some r ≤ t. Thus

p2 | d | (p1 − 1)/2,

which is a contradiction as p2 > p1. This completes the proof that Σp1 ∩ L
= Q for p1 6= 2. If p1 = 2, then we must have d = 1 since d is an odd integer
dividing p1 − 1.

Theorem 8 (Jordan [16]). Let G be a group acting on a finite set X
with cardinality n. If n ≥ 2, and G acts transitively on X, then there is an
element g ∈ G which acts on X without a fixed point.

Theorem 9. For any positive integer m > 1, there are a positive density
of primes q for which there exists a γ ∈ Z satisfying conditions (i)–(iii) from
Section 2. Moreover , if q satisfies the hypotheses, then so does qr for all odd
integers r with (r,m) = 1.

Proof. Let p1, . . . , pt be the primes dividing m with p1 < · · · < pt. First
we claim that if Gi is the Galois group of Σpi/Q, then G1 × · · · × Gpt is
the Galois group of Σp1 · · ·Σpt over Q. Clearly, Gt−1 × Gt is the Galois
group of Σpt−1Σpt , since Σpt−1 ∩ Σpt = Q. For induction, suppose that
G2 × · · · × Gt is the Galois group of Σp2 · · ·Σpt over Q. By Theorem 7,
Σp1 ∩Σp2Σp3 · · ·Σpt = Q, so G1×· · ·×Gt is the Galois group of Σp1 · · ·Σpt

over Q, as claimed. Since each Σpi is totally real, we also have

Q(ζ3) ∩Σp1Σp2 · · ·Σpt = Q.
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So if G is the Galois group of Q(ζ3)/Q, then G×G1× · · ·×Gt is the Galois
group of Q(ζ3)Σp1 · · ·Σpt over Q.

Now to prove the theorem, it suffices, by Lemma 7, to show that there
are a positive density of primes q such that q ≡ 2 (mod 3) and fpi has
no roots modulo q for all i. We apply Theorem 2 to the polynomials x2 +
x + 1, fp1 , . . . , fpt . Let d1 = (2), so that x2 + x + 1 decomposes modulo q
with decomposition type d1 (i.e. x2 + x + 1 is irreducible modulo q) if and
only if q ≡ 2 (mod 3). For 1 ≤ i ≤ t, the Galois group Gi acts transitively
on the roots of fpi , so by Theorem 8, there exists a σi in Gi such that
σi acts without fixed points. By Theorem 5, σi corresponds to a possible
decomposition type di for fpi with no linear factors. By Theorem 2, there
are a positive density of primes q such that the polynomials decompose as
desired; each such q satisfies the hypotheses of Theorem 1.

Also, notice that if q has the desired properties, so does qr if r is odd
and r and m are relatively prime. Certainly, qr ≡ 2 (mod 3) if r is odd.
Moreover, if f(x) ∈ Z[x] has degree p dividing m, and f(x) has no roots
in Fq, then suppose for contradiction that θ is a root of f(x) in Fqr . Then
[Fqr(θ) : Fq] = r, but p = [Fq(θ) : Fq] divides [Fqr(θ) : Fq], contradicting the
fact that (r,m) = 1. Thus if fpi has no roots in Fq, then fpi has no roots
in Fqr .

Remark. We have shown the existence of a positive density of q for
which the main result is true. It is possible to find the density exactly.
A prime q satisfies conditions (i)–(iii) if the fp’s have no roots modulo q.
This is equivalent to the condition that there exists an element of the Galois
group of the splitting field Σp with no fixed points. For p 6= 4, the Galois
group of fp is isomorphic to the metacyclic group of order p(p − 1). If σa,b
is defined by

σa,b(i) = ai+ b for a ∈ F×p , b ∈ Fp,
then it is not hard to see that σa,b has no fixed points if and only if a = 1
and b 6= 0. Thus p − 1 elements of the Galois group of fp have no fixed
points, and so the density of primes for which fp has no roots modulo q is
1/p = (p− 1)/p(p− 1). The Galois group of f4 is S4, and one easily checks
that exactly 9 of the 24 elements in S4 have no fixed points, so the density
of primes for which f4 has no roots modulo q is 3/8. Thus the density of
primes for which each of the fp’s has no roots modulo q is

δ =



∏
p|m

1
p
, 4 - m,

3
8

∏
p|m

1
p
, 4 |m.

If 4 - m, then we see that δ ≥ 1/m, and δ = 1/m if m is square-free.
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