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1. Introduction. Let K be a field and G be a finite group. Let G act
on the rational function field K(z4 : g € G) by K-automorphisms defined
by g -z, = x4, for any g, h € G. Denote by K(G) the fixed field

K(z,:9e ) ={fcK(zy:9€Q)|o-f=f Yoeq}.

Noether’s problem then asks whether K(G) is rational (= purely transcen-
dental) over K. Noether’s problem is closely related to the inverse Galois
problem.

The main results about Noether’s problem for abelian groups can be
found in the survey article [Sw|. More recently, Noether’s problem for non-
abelian p-groups was investigated in [CHK| [CHPK] [HK2] Kall Ka2].

Let n > 2 be an arbitrary natural number. In this paper we will concen-
trate on certain meta-abelian groups of orders 8n and 16n with two or three
generators over a field K which contains a primitive 4nth or 2nth root of
unity.

Let G be a non-abelian group of order 8n, having a cyclic subgroup of
order 4n. Then G is generated by two elements o and 7 such that ¢%" =1,
72 = 0% and 70 = 0”7, where a,r € Z are subject to some restrictions. For
example, r must be a solution to the congruence

(1.1) 2% =1 (mod 4n).

Therefore, r = —1, &1 + 2s, where

(1.2) s(s+£1) =0 (mod n).

One solution to is clearly s = n. The solutions —1 and +1 + 2n of
give only four non-isomorphic groups, by imitating the argument of
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Hall [Ha, Th. 12.5.1, p. 187] for 2-groups. Their representations are:

Dgp = (0,7 | 0™ = 1% =1, 70 = 07 '7), the dihedral group,

SDg, = (0,7 | o™ =712 =1, 70 = 02!

2n

7), the semidihedral group,

, TO =0 T) the quaternion group,
2n+1

Qsn = o, 7|0 =17 =0

Mg, = (0,7 | 0™ =72 =1, 70 = ¢*"*17), the modular group.

If n is a power of 2, the congruence (|1.2)) has no other solutions. If n is not a
power of 2, however, (1.2) may have other solutions (e.g., s = 2 for n = 6).
Our first result is

PROPOSITION 1.1. Let G be a non-abelian group of order 8n, having a
cyclic subgroup of order 4n for any n > 2. Assume that K is a field which
contains a primitive dnth root of unity. Then K(G) is rational over K.

The next result is the following

THEOREM 1.2. Let1 — pug = {£1} - G — H — 1 be a group extension,
where H 1is isomorphic to any of the groups Dg,, SDs,, Qs, and Ms,.
Assume that K is a field which contains a primitive 4nth root of unity.
Then K(G) is rational over K.

In Section [5] we show that for some of the groups considered in Theorem
we need only a primitive 2nth root of unity in K. To this end we apply
a somewhat different approach described in Theorem [2.7] It involves calcu-
lations of the obstructions to some embedding problems, discussed recently
in [Mill, Mi2) [Zi1l, [Zi2].

2. Generalities. We list several results which will be used in what
follows.

THEOREM 2.1 ([HKI1, Theorem 1]). Let G be a finite group acting on
L(z1,...,2m), the rational function field of m variables over a field L such
that

(i) o(L) C L for any o € G;
(ii) the restriction of the action of G to L is faithful;
(iii) for any o € G,

a(ml) I

o(zm) T,
where A(o) € GLy,(L) and B(o) is an m x 1 matriz over L.

Then there exist z1,...,2m € L(x1,...,2y) such that L(zy,...,,)¢% =
LG (z1,...,2m) and 0(2) = 2z for any o € G and 1 < i < m.
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THEOREM 2.2 (JAHK| Theorem 3.1]). Let G be a finite group acting on
L(x), the rational function field of one variable over a field L. Assume that,
for any o € G, o(L) C L and o(x) = asx + by for some as,b, € L with
ay #0. Then L(z)¢ = L%(2) for some z € L[z].

THEOREM 2.3 (|CHK|, Theorem 2.3]). Let K be any field, K(x,y) the
rational function field of two variables over K, and a,b € K \ {0}. If o is
a K-automorphism on K(x,y) defined by o(x) = a/x, o(y) = b/y, then
K(z,9)'% = K(u,v), where

b
T a y_7
u ab’ v ab ’

Moreover, © + a/z = (=bu? + av? + 1) /v, y + b/y = (bu?® — av? + 1) /u,
zy +ab/(xy) = (—bu? — av? + 1)/ (uv).

In the theorem below, (., denotes a primitive eth root of unity.

THEOREM 2.4 ([Ka3, Cor. 3.2]). Let K be a field and G be a finite
group. Assume that (i) G contains an abelian normal subgroup H such that
G/H is cyclic of order n, (ii) Z[(,] is a unique factorization domain, and
(ii) ¢ € K where ¢’ = lem{ord(7),exp(H)} and 7 is some element of G
whose image generates G/H. If G — GL(V') is any finite-dimensional linear
representation of G over K, then K (V) is rational over K.

Let Br(K) denote the Brauer group of a field K, and Bry(K) its N-
torsion subgroup for any N > 1. Following Roquette [Rol, if v = [B] €
Br(K) is the class of a K-central simple algebra B and m > 1 is a multiple
of the index of B, then F,,(y) denotes the mth Brauer field of . Moreover,
F,.(v)/K is a regular extension of transcendence degree m — 1, which is ra-
tional if and only if  is trivial. The following result was essentially obtained
by Saltman [Sal, p. 541] and proved in detail by Plans [Pl, Prop. 7].

THEOREM 2.5. Let 1 - C — H — G — 1 be a central extension of
finite groups, representing an element ¢ € H?(G,C). Let K be an infinite
field and let N denote the exponent of C. Assume that N is prime to the
characteristic of K and that K contains uy, the group of Nth roots of unity.
Let there be given a decomposition C' = pn, X --- X un,, and let the corre-
sponding isomorphism H?*(G,C) = @, H*(G, un,) map € to (g;). Let there
also be given a faithful subrepresentation V' of the regular representation of
G over K, and let v; € Bry(K(V)%) C Br(K(V)%) be the inflation of ¢;
with respect to the isomorphism G = Gal(K (V)/K(V)¥). Then

K(H) is rational over the K (V)¢ -free compositum Fy,(71) - -+ Fp(yr),

where m denotes the order of G.
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We are going to formulate an important corollary of the latter theorem,
which involves some generalities for the embedding problem of fields. Let
E/F be a Galois extension with Galois group Z and let

(2.1) 1-X—=>Y—>Z-—1
s

be a group extension, i.e., a short exact sequence. The embedding problem
related to E//F and then consists in determining whether there exists
a Galois algebra (also called a weak solution) or a Galois extension (called
a proper solution) L such that E is contained in L, Y is isomorphic to
Gal(L/F), and the homomorphism of restriction of automorphisms of L to
E coincides with 7. This embedding problem will be denoted by (E/F,Y, X).

Let p be a prime, let F' be a field with characteristic not p, and let F' con-
tain all pth roots of unity. Denote by u, the cyclic group of all pth roots of
unity which is contained in F'* = F'\ {0}. We have the following well known

THEOREM 2.6 ([Ki]). Let L/F be a finite Galois extension with Galois
group G = Gal(L/F) and let 1 — p, — Y — G — 1 be a non-split
central group extension with characteristic class v € HQ(G,,up). Also, let
i+ H*(G,pp) — H%(G,L*) be a homomorphism induced by the inclusion
pp C L*. Then the embedding problem (L/F,Y, uy,) is properly solvable iff
i(y) =1¢€ H*(G,L*).

Let ¢ € Z2(G, p) represent 7y given in the statement of the latter the-
orem. Then from [Ja, Th. 8.11] it follows that H?(G,L*) is isomorphic to
the relative Brauer group Br(L/F) by i(y) — [L,G,¢], where [L,G,e] €
Br(L/F) is the equivalence class of the crossed product algebra (L,G,¢).
We know that (L,G,¢) is an F-algebra generated by L and elements u,,
o € G, with relations u; = e(1,1) = 1, upu, = (0, 7)uyr and u,xr = oTU,
for all 0,7 € G and x € L. Notice also that i(y) € Br(L/F) C Bry(F) is in
fact the inflation of € with respect to the isomorphism G = Gal(L/F). The
element i(7y) € Br,(F') is called the obstruction to the embedding problem.

THEOREM 2.7. Let p be a prime, let F' be an infinite field with char-
acteristic not p, and let F' contain all pth roots of unity. Let 1 — p, —
H — G — 1 be a non-split central extension of finite groups, representing
an element ¢ € H*(G, pip). Let L = K(z, : g € G) be the rational function
field with a G-action given by the regular representation of G over K. As-
sume that the embedding problem given by L/K(G) and the group extension
1 — pp — H— G — 1 is solvable. Then K(H) is rational over K(G).

Proof. Note that the obstruction i(y) = inf(e) € Bry(K(G)) is isomor-
phic to the crossed product algebra [L, G, €], which is split in Br, (K (V)%),
since the embedding problem is solvable. Hence Fy, () is rational over K (G),
so Theorem implies our result. m
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3. Proof of Proposition If char(K) = p > 2 and p divides n
we can apply [KP, Th. 1.6] to reduce the rationality problem to a similar
one, where p is relatively prime to the order of the given groups. Now, let
char(K) # 2. We can then assume that char(K) = 0 or char(K) is relatively
prime to 2n.

Let 6P gec K- x(g) be the representation space of the regular represen-
tation of G and let ¢ be a primitive 4nth root of unity in K. Define

An—1

v = Z (o).
=0

Then o(v) = (.
Define x1 = v, o = Tv. We find that

U:xll—)cxl,x2HCr$27 7'1[131I—>.’I]2|—>Ca(I,'1.

Applying Theorem we find that if K (z1,22)¢ is rational over K, then
sois K(G) = K(z(g) : g € G)C.
Define y1 = x1, yo = 331372_1- Then K (z1,22) = K(y1,y2) and

oy Cy ye = CTya Ty Yy, v o (Tt

By Theorem if K (y2)“ is rational over K, so is K (y1,%2)€. Finally,
K (y2)% is rational over K by Luroth’s Theorem.

If char(K) = 2, we can apply [KP, Th. 1.3] to reduce the problem to
the rationality problem for a group isomorphic to a semi-direct product of
a cyclic group of odd order with the cyclic group of order 2. Let G be such
a group. Then G = (0,7 | o™ = 72 = 1, 70 = 0’7), where m is odd and
b> = 1 (mod m). If b = 1, by [KP, Th. 1.3] and Fischer’s Theorem [Sw;
Theorem 6.1] it follows that K(G) is rational over K. Otherwise, we can
apply the same approach as in the case char(K) # 2, since both Luroth’s
Theorem and Theorem hold for any field K.

4. Proof of Theorem First, assume that char(K) = 2. Then by
IKP, Th. 1.3] we can reduce the problem to the one considered in Propo-
sition If char(K) = p and p divides n we can apply [KP, Th. 1.6] to
reduce the problem to a similar one, where p is relatively prime to the order
of the given groups. This can be achieved by taking consecutively group
extensions of the kind 1 — p, = (c*/P) — G — G — 1. Therefore, we can
assume that char(K) = 0 or char(K) is relatively prime to 2n. If the group
extension in the statement is split, [KP, Th. 1.9] yields the rationality of
K(G) over K. Therefore, we can also assume that the group extension is
non-split.

We divide the proof into several steps.
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STEP I. Let us first describe the cohomology groups H?(H, j2) for H
being isomorphic to any of the groups Ds,,, SDsg;,, Qs, and Mg,.
I.1) Let H = Dg,,. We have the non-equivalent exact sequences

1 —pp— G — Dgn — 1,

where the generators ¢ and 7 of G satisfy the relations ot = €1, 2= €9,

170 = e30 1 for €; = £1. The existence of the group G for any choice of ¢;
is easily verified. Therefore, H?(Ds,, u2) = p3 and all non-split sequences
give us six non-isomorphic groups:

G1 = Dign, G2=5Di6n, G3= Qion,

Gy=(o,7,p|o*™=1,72=pcentral, p> =1, 70 =0

),
Gs = (o,7,p| 0" =1, 7% = p central, p* = 1, 70 = 0 '7p),
Gs=(o,m,p| o™ =1,7"=1,p* =1, p central, 70 = o~ '7p).

1.2) Let H = SDsg,,. We have the non-equivalent exact sequences

1—>,u2—>GESD8n—>1,
THT

where the generators o and 7 of G satisfy the relations 0" = 1, 72 = ¢,

170 = 302" 1 for ¢ = £1 (2 < i < 3). There is no group extension for
g1 = —1. Therefore, H?(SDgy, j12) = p3 and all non-split sequences give us
three non-isomorphic groups:

Gy = (o, T, ot = 1, T p central, P2 =1,70 = o1, ’
p

2n—1
TP),
2n—17_

Gs=(o,7,p| o™ =1,72=pcentral, p> =1, 70 =0

Gy=(o,1,p|o*™=1,72=1, p> =1, p central, 70 = o .
p p p p

1.3) Let H = Qg,. We have the non-equivalent exact sequences

1 —py— G — Qsn — 1,

where the generators ¢ and 7 of G satisfy the relations o%" = 1,72 =

£20%" 70 = 30717 for ¢; = £1 (2 < i < 3). Therefore, H%(Qsn, p2) = 13
and all non-split sequences give us three non-isomorphic groups:

L),

G = (o,7,p| o =1, 7% =0%"p, p central, p*> =1, 70 = 0 '7p),
p

Gio=(o,7,p| o™ =1,7%2=0%"p, pcentral, p> =1, 70 =0~
P

Gio=(o,1,p| o™ =1,7%=0?", p> =1, p central, 7o = o '7p).
1.4) Let H = Mg,. We have the non-equivalent exact sequences

1 —pp— G — Mgy — 1,

TT
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where the generators o and 7 of G satisfy the relations 0" = 1, 72 = &9,
70 = 302" 17 for e; = £1 (2 < i < 3). Therefore, H?(Mg,, p2) = p3 and
all non-split sequences give us three non-isomorphic groups:

Gi3 = (o,7,p| o™ =1, 72 = p central, p? = 1, 70 = ¢ 17),

2t lrp),

2n+17_p>.

Gu=(o1,p|lo =172 =pcentral, p> =1, 70 =0
G5 = <o'77',p | 0_4n =1, ’7‘2 =1, p2 =1,p central, To = o

Notice we have several isomorphic pairs of groups: Gg = G11,G4 = Gig
and Gg = Gg. This becomes obvious if we replace p with 02" p.

STEP II. The rationality of K(Digp), K(SDisn) and K(Q16n) over K
can be shown in the same way as in the proofs of [HK2, Theorems 3.2 and
3.3]. One only has to replace everywhere the numbers 272,273 and 274
with 4n, 2n and n, respectively.

So, it remains to consider the nine groups G; for i = 4,5,6,7,8,12,13,
14, 15.

STEP III. Let @geG K - x(g) be the representation space of the regular
representation of G and let ¢ be a primitive 4nth root of unity in K. Define

An—1

v = Z ¢ a(oh)
=0

Then ov = (.

Define 1 = v, o = Tv, 3 = pv, x4 = pTv. Applying Theorem we
find that if K(x1,20,23,24)¢ is rational over K, then K(G) = K(xz(g) :
g € G)Y is also rational over K.

Define y; = 1 — x3, y2o = 22 — x4, Y3 = T1 + T3, Y4 = T9 + x4. Clearly,
K(x1,x9,23,24) = K(y1,Y2,Y3,y4). Then for any of the groups under con-
sideration we have

pPiYL = —Y1, Y2 = —Y2, Y3 — Y3, Y4 > Y4

Define 21 = y?, 22 = y1v2, 23 = Y3, 24 = ya. Then K(y1,y2,93,91)% =
K(z1, 22, 23, 24).

II1.1) The group G4. We find that

01wy Cx, T > (Tl w3 0 (g, wg e C g,

T.:X1 Xy T3+ Ty H— 2T,
whence

oy = Cyt, Y2 = C 2, ys = Cysy ya >
TP Y2 —YL, Y3 Ya — Us.
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Therefore,
. 2 —1
0121 (21, 22 0 29, 23 (23, 24 — (24,

Tz zngl, Zo b —29, 23 V> 24, 24 4> 23.

Define t; = 22", ty = 29, t3 = z%zl_l, t4 = z324. Since [K(z;) : K(t;)] = 4n,
we have K(zl,22,23,24)<‘7) = K(t1,to,t3,t4). The action of 7 is now given
by

Tty e 637 by v —to, by o Uity 2tg T g vty
Define S1 = tth_Qn, S9 = tQ, S3 — tgtg, Sq4 = t4. Then
T:81 — sfl, So = —89, 83 fsisgl, S4 > 84.

By Theorem if K (s1,s3,54){7 is rational over K, sois K (s1, 2, 53,54){7).
The rationality of K (s1, s3,54)'7 over K now follows from Theorem [2.3| for
r=s,y=s3a=1b=—s3

The remaining groups can be considered in a similar manner; we leave
the details to the interested reader.

5. The rationality of K(G;) for 4 <i <9 and i = 13. It is not hard
to see that, for the groups G; for 4 < i < 15, Theorem [I.2] has a short proof
by applying Theorem Moreover, we have

THEOREM 5.1. Let H be a non-abelian group of order 8n, having a cyclic
subgroup of order 4n for any n > 2, and let 1 — uo - G — H — 1 be a
group extension such that G does not have a cyclic subgroup of index 2.
Assume that K is a field which contains a primitive 4nth root of unity.
Then K(G) is rational over K.

Proof. Let H be generated by two elements o and 7 such that %" =1,

72 = 0% and 70 = o"7 for some a,r € Z. Then the pre-images & and

7 of o and 7 in G are subject to the relations %" = 1, 72 = £,6% and
76 = 90" T for some €1,e9 € po. It is easy to see now that G is metacyclic

or meta-abelian and satisfies the conditions of Theorem 2.4

We do not know the answer to the rationality problem for non-abelian
groups of order 8n having a cyclic subgroup of index 2, which are not isomor-
phic to any of the groups Dsg,,, SDgy, Qsn or Mg,. We are able, however, to
improve Theorem[I.2)regarding the groups G; for 4 < < 9 and ¢ = 13. Since
the case char(K) = p > 2 and (p,n) # 1 can be dealt with in a similar man-
ner to Sections [3| and [4] we will assume henceforth that if char(K) =p > 2
then (p,n) = 1.

Now, let H be isomorphic to Ds, or SDsg, and let L/F be an H-
extension. Then L/F contains a biquadratic extension K/F = F(y/a,Vb)/F
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such that the generators o and 7 of H act in the following way:
o:var—va, Vo= Vb, 7:Va— Va, Vb— —vb.
In [Mil] and [Zil] the reader can find two different approaches to calculating

the obstructions, displayed in the following three propositions.

PRrOPOSITION 5.2 ([Zill, Th. 2.1]). Let F be a field with char(F') # 2, let
H be isomorphic to Dg,, or SDs,, and let L/F be an H -extension containing
a biquadratic extension K/F = F(y/a,v/b)/F. Then the obstruction to the
embedding problem given by L/F and the group extension
1—-pu—-G —H—1
fori=4andi=71s (b,—1) € Br(F).
PROPOSITION 5.3 ([Zi1l Th. 2.2]). Let F be a field with char(F') # 2, let
H be isomorphic to Dg,, or SDs,, and let L/F be an H -extension containing
a biquadratic extension K/F = F(y/a,v/b)/F. Then the obstruction to the
embedding problem given by L/F and the group extension
1—-pu—-G —H—1
fori=6 andi=9is (a,—1) € Br(F).
PROPOSITION 5.4 ([Zill Th. 2.3]). Let F be a field with char(F') # 2, let
H be isomorphic to Dg,, or SDs,, and let L/F be an H -extension containing
a biquadratic extension K/F = F(y/a,v/b)/F. Then the obstruction to the
embedding problem given by L/F and the group extension
1—-pu—-G —H—1
fori=5 andi =38 is (ab,—1) € Br(F).
Next, we are going to prove the following
THEOREM b5.5. Assume that K is an infinite field with char(K) #

which contains a primitive 2nth root of unity for some n even. Then K(G;)
is rational over K for any i =4,5,6,7,8,9.

Proof. Let H be isomorphic to Dg, or SDs, and let L/F = K(x} :
h € H)/K(H) be the H-extension obtained by the rational function field
K(xp : h € H). From Propositions it then follows that the obstruc-
tion to the embedding problem given by L/F and 1 — po — G; — H — 1is
(%,—1) € Br(K(H)). Note that K has a fourth root of unity (n is even), so
the obstruction (*, —1) is always split. Then Theorem [2.7| implies the ratio-
nality of K(G;), since K(H) is rational, as we have noticed in Section |4 =

We now turn our attention to the modular group.

THEOREM 5.6. Let the modular group Mg, for n > 2 be generated by o
and T such that 0" = 12 =1 and 7o = 0?7, Assume that K contains a
primitive 2nth root of unity. Then K(Msy,) is rational over K.
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Proof. 1f char(K) = 2, then by [KPL Th. 1.3] we can reduce the problem
to the rationality problem for the group Z/2nZ x 7 /27, which has an affir-
mative answer by Fischer’s Theorem [Sw, Theorem 6.1]. Now, assume that
char(K) # 2.

Let D¢, K - 2(g) be the representation space of the regular represen-
tation of Mg, and let ¢ be a primitive 2nth root of unity in K. Define

v = Z CHz(0®) + z(a?'T)).

0<i<2n—1
Then ¢?(v) = (v and 7(v) = v. Define zg = v, 1 = o(v). Then we have
o:x9+— x1 — (x9, T:x0+> Tg, T1H— —X].
Applying Theorem m we find that if K(xg,z1)™#" is rational over K, then

so is K(Msy,).
Define yo = xo, y1 = x1/x. We find that

Ty Y1y, v1 = CYr s T Yo Yo, Y1 — i

From Theorem [2.2]it follows that if K (y1)™s» is rational over K, then so is
K (yo,y1)Ms». The rationality of K (y1)™#" follows from Luroth’s Theorem. =

We can as well improve [HK2, Theorem 3.1] concerning the rationality
of the modular 2-group. Our proof generalizes the proof of [CHK|, Theorem
3.3], where it is shown that K (M;e) is rational over K for any K.

THEOREM 5.7. Let tlhe modular group Maon for n > 4 be generated by
o and T such that 0"~ = 12 =1 and 70 = o> Tlr. Assume that K
contains a primitive 2" 3th root of unity. Then K(Man) is rational over K.

Proof. If char(K) = 2, Kuniyoshi’s Theorem [CK| Theorem 1.7] implies
the rationality of K (Man) over K. Now, assume that char(K) # 2.

Let 5 g K- x(g) be the representation space of the regular represen-
tation of Maon. We claim that we can reduce the problem to the rationality
problem for the fixed field of a function field K(zg, 21, 22, z3), where Man
acts faithfully by

0 zZg— 21 v 29 — 23 — —(20,
T 120 20, 21 b T2, 22 b 22, 23 2 <23,
¢ being a primitive 2" 3th root of unity.
Define
r; =z(o") +x(o'r), 0<i<2vl 1.
Then o(z;) = 441 and 7(x;) = T(an-241);, where the indices are taken

mod 2", Applying Theorem we find that if K(xo,...,oon-1_5)M2" is
rational over K, then so is K (Man).
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Define y; = @ — Tj on—2, Yjjon—2 = T + Tipon—2 for 0 < i < 2772 — 1.
We find that
iy = Yyr = Yon—2_1 > —Yo,
Yon—2 F> Yon—241 b= oo 2 YYon—1_ g F Yon—2,
T Yo Yo, Y1 = —Y1, Y2 > Y2, Yon2 g B —Yon—2_ 1,
Yon—2 F= Yon=2, Yon-241 = Yon—-241,--.,Yon-1_1 F Yon—-1_1.
Since Man acts faithfully on K(yo,...,ysn—2_1) we again apply Theorem

so that we only have to show the rationality of K(yo, ... ,y2n72_1)M2”
over K.

If n > 5, let (4 be a primitive 4th root of unity and define w; = (4y; —
Yiron—3, Uiyon—3 = Cal; + Yi on—3 for 0 < i < 27=3 _ 1. Now we have
O:U) = UL = Ugn-3_71 > —C4U0,
Ugn—3 = Ugn—3 1 > -+ = Ugn-2_1 > (4Ugn—3,
T:Up b Uug, Up > —Ul, U2 > U2, ...,Uyn—2_1 > —Ugn—-2_1.
We again apply Theorem so that we only have to show the rationality
of K(ug,...,ugm-3_1)M2" over K. If n > 6, let (g be a Sth root of unity
such that (2 = —(4. Define v; = (gt; — Ujyon—1, Vjpon—a = (8U; + Uj on—1 for
0<i<?2"%_1. Now we have
010> UL s Ugn—a_1 — —(8U0,
Ugn—4 = Vgn—a,1 k=« > Ugn—3_1 > (gUn—4,
T 10U — vy, V1 /> —U1, U2 > V2,...,VUyn-3_1 V> —Ugn—-3_1.
Analogously, we reduce the rationality problem for Man to the rationality

problem for K (vo,...,vem-4_1)M2" over K. Thus we can prove our claim,
proceeding by induction.

Now, let K(zg, 21, 22, 23) be a function field, where Man acts by

020 21— 29— 23— —(20,
T 120 P 20, 21 b 21, 22 b 22, 23 b —23,
: o _ . —2
¢ being a primitive 2" 3th root of unity. We have 02"~ (2;) = —z;. Define

—2
2 2"
wo = 2§, W1 = 21/ 20, W2 = 22/21, w3 = z3/z2. Then K(20,21,22,23)<" ) =

K (wp, w1, ws,ws). We find that

o wy — wgw%, w1 — wy — w3 — —(/(wiwaws),

T D wg — Wy, Wi — —Wi, Wy — —Wg, W3 — —Ws.
Theorem implies that the rationality problem for K (2, 21, 22, 23)M2”
be reduced to the rationality problem for K (w1, ws, ws)M2".

can
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Define t = wiws, x = w1, y = we. Then we have
o:t— —(/t,x—y—t/x,
ottt x e t/a, y = =/ (ty),
T:t—1t, x— —x,y— —Yy.

From Theorem [2.3)it follows that K (¢, z,y){") = K(t,u, v), where

u= RS .
:Cy—kx% :cy—kx%
We have
< t
Y+ =X
o(u) = = tgz, O'(’U):t; =
T Ty T Ty

Define w = u/v. Then o(w) = —1/w, 7(w) = w.
Calculations show that

t;y+% B Cu? + t?0?

y+% tv

Y

whence we find that .

o(u) = —————
) u((w—l—%)
Define z = u?(Cw + t2/w)/t. Then K (t,u,v){" = K(t,u? w) = K(t, z,w).
We find that
ot —(/t,w— —1/w, z+— 1/z.

Define p = (1 — 2)/(1 + 2). Hence K(t,w,2)") = K(t,w,p)'?) is rational
over K if and only if K (¢, w)<"> is. Finally, Theoremyields the rationality
of K(t, w)<a>. L]

Finally, we will prove the following

THEOREM 5.8. If K is an infinite field with char(K) # 2, which contains
a primitive 2nth root of unity for some n even, then K(Gi3) is rational
over K. Moreover, if n = 2* for k > 1 and K contains only a primitive 2% th
root of unity, then K(G13) is rational over K.

Proof. Let H be isomorphic to Mg, andlet L/F = K(z, : h € H)/K(H)
be the H-extension obtained by the rational function field K(zp : h € H).
From [Mi2| Prop. 4.4] or [Zi2, Th. 2.2] it follows that the obstruction to
the embedding problem given by L/F and 1 — pus — G13 — H — 1 is
(%,—1) € Br(K(H)). Note that K has a fourth root of unity (n is even), so
the obstruction (%, —1) is always split.
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Theorem implies that K(H) is rational over K. Therefore, Theo-
rem implies the rationality of K (G13) over K. If n = 2¥ and K contains
only a primitive 2¥th root of unity, then Theorem yields the rationality
of K(G13) over K. =
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