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1. Statement of the main result. Let ¢ > 3 be a positive odd integer.
For an integer a with 1 < a < ¢ and (a,q) = 1, we write @ for the integer
satisfying 1 < @ < ¢, aa = 1 (mod ¢). The classical Lehmer problem is to
study the nontrivial properties of

rg)= Y1,

1<a<q
2fa+a
where the dash means that the sum runs through the integers a which are
coprime to ¢. W. P. Zhang ([4], [5]) gave an asymptotic formula for r(g):

1) r(0) = 5 6a) + OlqdP(q) og? g)

where ¢(q) and d(q) are the Euler function and divisor function, respectively.
In 1994, Zhang [6] proved

/
(2) M(g,k):= Y (a—a)*
1<a<q
2|la+a+1

. P(q)g* k(4k+1)/2 12 2

where k is a nonnegative integer.

The formula (1) was recently generalized by the present authors. Let
n > 2 be a fixed positive integer and let ¢ > 3 and ¢ be two integers with
(n,q) = (¢,q) = 1. Denote

/ /
rn(51,52,c;q): Z Z 1 (O<51,52 < 1).
a<é1q b<daq
ab=c (mod q)
nta+b
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Then
B i) = (1- 1 )a0la) + Ol (0) e )

In this paper, we deal with the Lehmer problem weighted by |a — @.|®
for a > 0, where @, is the unique integer satisfying 1 < @, < ¢ and aa. = ¢
(mod ¢q). We will give an asymptotic formula for it:

THEOREM. Let n > 2 be a fized positive integer, ¢ > 3 and ¢ be two
integers with (n,q) = (¢,q) = 1, and d be an integer with 1 < d < n. For
any integer M and a positive integer N, we write

L={a:M+1<a<M+N, (a,q) =1},

and for a > 0 define

(4) S(aq):= Y la—b]"

a,bel
ab=c (mod q)
a+b=d (modn)
Then
2
(5) S(a,q) — ¢(q) NCM+2 +O(q1/2+ENa(Nq71 4 1))7

(a+1)(a + 2)ng?
where the O constant depends on n, o and €.

NOTE. In the special case of n = 2 and d = 1 (which amounts to the
problem in (2)), we can find that a # b in the sum in (4), and thus our
result also holds for oo = 0.

Notation. We set e(x) = e*™. For y the Dirichlet character modulo g,
we denote by G(m, X) = >_,, <4 (n,g=1 X(n)e(mn/q) the Gauss sum. We write
||z|| for the distance of x from the nearest integer. ¢ always denotes a suffi-
ciently small positive real number which can be different at each occurrence.
We will use d(q) < ¢° throughout the paper without explicit statement.

2. Auxiliary lemmas. All the lemmas introduced here will be used in
estimating the error term of S(a, q).

LeEMMA 1 ([3 §5.1, Lemma 3]). Assume that U is a positive real number,
Ky is an integer, K is a positive integer, and that o« and (B are real numbers.
If a can be written in the form

s 0

a= -+

ROR) (7’,8):1,7”21, ’9’§17
r T

we have

Kot K 1 K
min|U,——— | < | —+1)(U +rlogr).
2 ( Hak+ﬂ!> (r )( ")
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LEMMA 2 ([2, Lemma 4]). Suppose that g and ¢ are integers satisfying
q >3 and (c,q) = 1. Then for any integers ki, ko, we have

Y X(©G(k1,x)G(k2, x) < d(q)q"*d(q) min{ (k1 q), (2, q)}-

x mod q
X#X°

3. Proof of the Theorem. It is obvious that

(6) Sla,g)=2 > Ja-br=2> > I°

a,beL,a<bd acLl 1>0,a+leL
ab=c (mod q) a(a+l)=c (mod q)
a+b_d (modn) 2a+1=d (mod n)

Z > Y x(e)x(ala+1)

aEE 1>0,a+leL xmodgqg
2a+1=d (mod n)

o DD O
aGE 1>0,a+leL
2a+!=d (mod n)

2
+ 50 dox@> > I"(ala+1)

x mod ¢ acl 1>0,a+lel
x#X° 2a+1=d (mod n)

=S+FE

say. Here

oD DD O
aGL [>0,a+leL
2a+1=d (mod n)

2 e
= 0 > >, !
a<M+N I<M+N—a

,9)=1 I=d—2a (modn)
(a+l,q)=1

2
-2 Y Sum Y-

a<M-+N m|q lSM+N—a
,0)=1 I=d—2a (mod n)
I=—a (modm)

From (n,q) =1 we know that there is a d’ such that

2
(7) SZM > dopm) D> I

M+1<a<M+N m]q IKM+N-—a
(a,9)=1 I=d’' (mod mn)
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Partial summation gives

M+N—a
(8) o= | uad< 3 1)
I<M+N-—a 0 I<u
I=d’ (mod mn) I=d’ (mod mn)
M+ N —a
=(M+N —a)* ——— 1
(M + @) ((a+1)mn+0( )>’
thus
2 M+ N —a
9) §=— > pu(m)(M + N - a)® <+0(1)>
o(q) MA1<asM+N mlq (+1)mn
(a,q)=1
2
== Z (M 4+ N —a)>*!
(o +1)ng M+1<a<M+N
(a,q)=1

+O(d<q> > (M—i—N—a)a).

¢(a) M+1<a<M+N
(a,9)=1

Analogously to (8), we may get

Z (M—l—N—a)a:Zu(m) Z (M + N —a)”

M+1<a<M+N mlq M+1<a<M+N
(a,9)=1 mla
#(q) +1
= 2 N¢ O(N%d .
Combining with (9), this implies that
(10) S — 2¢(Q) Na+2 + O(Na+1q_1+5).

(a+1)(a+2)ng?

The remaining task is to estimate F:

E:qj) G S ex(ala +1))

x mod ¢ M+1<a<M+N I<M+N-a
x#Xx° 2a+1=d (mod n)
2 _
= 5@ x> > °x(a(a+1)
q x mod q M+1<a<M+N I<M+N-a
X#Xx°

S((224))

J
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Making use of the identity

_ 1q§ G(k;,x)e<—‘;k) (x # X"

k=1
we obtain
2 _ P 2a+1—d\ .
E=Gae 2 XO 2 2 lZe(( " >3>
DV \modq  Mt1<a<M+N I<M4N-a  j=1
x#x°
k l
x > Gk, x < = 1) > G(kz,x>e(—“+ k2>
k1<q 1 T/ g1 q
a ({7 ke
arre(hi) XX 2 ee((3-%))
i<n k1<q—1 ko<g—1 I<N-1
2] k1tko _
x Y. el )a) D XOGHELX)GKs, X)-
M+1<a<M-+N-—I q x mod q
x#x°

Lemma 2 yields

(1) E<q®d(@)d Y > min{(ki,q), (k2. q)}

]<n k1<q 1 k2<q 1

PR (GRS I I (Gt D)
_q—3/2d Z( DI DD ):E1+E2

]<n k1<q 1 k‘2<q 1 k1<q 1 k2<q 1
kit+ko=q k1+k27#q

say.
We estimate Ey first:

(12) Ei1x
_ a y k: 2
a0 ¥l £ r(55)), 3, A2
j<nki<g-1 l<N 1 17/ My1<asm+N-1
_ o ] k
=)y Y (k)| Y (N - e<(i+1)l)
j<n k1<q—1 I<SN—-1 q
n|2j
3/2 o J k e(2j(N —=1)/n)—1
+q ) > (ka)| > le((n—i—q)l) L —eaim |
iI<nki1<q—1 I<KN-1

nt2j
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Notice that k1 /q +1/n # 0 for j < n and ky < ¢ — 1 since (n,q) = 1, we
obtain by partial summation

> (N—l)l“e<<j +k1>l> < NoH L
o R

)
I<KN-1 EH

and also

2 G ) ) = (e o)

Combining these with (12) implies

(13) B <q *Pd@NY " Y (ko) H’“ d

j<n ki<g—1
n|2j
+47%d(q) Z > kl’Q)< kll AT k11 7 )
I ]/ nll S [ (|
n’(2j
Here
kla

s RDMID U | vt

k1<qg—1 n mlqg k1<q—1 n
m<gq (k1,9)=m

-2 3

mlg  k<(g—1)/m "H

m<q (k,q)=1

1
SO SO ST
mlg  hlg k<(g—1)/(mh) HT EH
m<q

Since ||mhk/q :l:j/nH > m/q with the > constant depending on n, we have

(UIDS <X S win(E )
k1<q—1 H E mlg  hlg k<(g—1)/(mh) TiﬁH
m<q

We write mhk/q = k'/q' with k’'/q' a reduced fraction and ¢’ > 1. Then
obviously, ¢/(mh) < ¢’ < ¢/m. With Lemma 1 and (14), this gives

kla q— 1 mh) q / /
(15) E ‘kl 7 << E E ( 1) <m+q log ¢
k1<q—1 mlq hlq
m<q

< ql-i-a.
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Combining this with (13), we have
(16) El < q—1/2+€NO£+1'
Estimating Eo proceeds almost in the same way:

(17) By=q*Pd(g)) Y Y min{(ki,q), (k2,9)}

j<n ki<g—1 ka<q-1
k1+ka#q

A2 (G-, 2 G
—q’?’/Qd(Q)Z > > min{(ki,q), (k2,9)}

J<n k1<q—1 ko<q-1
k1+ka#q

K;lza <<J ~ 122>l> e((z’”‘jl__ilg;j)_(]z;}f;) - 1‘

n

- min{(k1, q), (k2,q)}
<q 3/2d Z Z Z Hkﬁkz_ﬁ‘

]<n k1<q 1 k2<q 1 n

k1+ka#q
sG-S
n q
I<KN-1 IKN-1
3/2 o min{(k1, q), (k2,9)}
SXAOLES DD DD i — 2|
]<TL k1<q 1 k2<q 1 n
k1+ka#q

" <H'ﬂl—fu ’ H’wl—f'u>

(k1,q 1
<q*d(q) N“Z Z ‘kl = ]H Z HhHﬂz_ﬁH'
j<’n k:1<q 1 k2<q 1 n
k1+ka#q

Making use of (15), we have
(18) By < ¢Y/?rENe,
By (11), (16) and (18), we obtain F < ¢'/?***N*(Nq~' + 1). With (6) and
(10), this establishes the theorem.
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