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ON ASYMPTOTICS OF THE MAXIMUM LIKELIHOOD
SCALE INVARIANT ESTIMATOR OF THE SHAPE
PARAMETER OF THE GAMMA DISTRIBUTION

Abstract. The maximum likelihood scale invariant estimator of the shape
parameter of the gamma distribution, proposed by the authors [Statist.
Probab. Lett. 78 (2008)], is considered. The asymptotics of the mean square
error of this estimator, with respect to that of the usual maximum likelihood
estimator, is established.

1. Introduction. Let a sample x = (x1, . . . , xn) be drawn from the
gamma distribution Γ (α, σ) with an unknown shape parameter α > 0 and
an unknown scale parameter σ > 0, whose density function has the form

p(u;α, σ) =
uα−1e−u/σ

σαΓ (α)
, u > 0.

Consider the problem of estimation of α. One of the most popular estimators
is the well-known maximum likelihood estimator (ML-estimator) (e.g. [4,
Sections 9.3, 9.4], [6], [7], [8]). Let

p(x;α, σ) = σ−nα(Γ (α))−n
( n∏
j=1

xj

)α−1
exp
(
− 1
σ

n∑
k=1

xk

)
be the corresponding likelihood function. The ML-estimators α∗n and σ∗n of
α and σ, respectively, are determined by the equations

lnσ + Ψ(α) =
( n∑
j=1

lnxj
)
/n, α−

n∑
k=1

xk/(nσ) = 0,
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where Ψ(α) = d
dα lnΓ (α) = (lnΓ (α))′ is the so-called Euler psi (digamma)

function. Namely, α∗n is the root of the equation

g(α) = T (x)

with respect to α, while

σ∗n =
x

α∗n
,

where

g(α) = lnα− Ψ(α), T (x) = lnx− 1
n

n∑
j=1

lnxj , x =
1
n

n∑
k=1

xk.

Observe that the function g is strictly decreasing and takes values in
(0,∞) (e.g. Theorem 1 of [2]). Therefore, the estimator α∗n is well-defined
and unique.

Moreover,

(1) ET (x) = gn(α),

where
gn(α) = Ψ(nα)− Ψ(α)− lnn = g(α)− g(nα).

It is well-known (e.g. [10, Section 3.1], [11, Section 6.4]) that the limit
distribution, as n→∞, of the random vector n1/2(α∗n−α, σ∗n−σ) is normal
N (0, I−1(α, σ)), i.e. with zero mean vector and covariance matrix I−1(α, σ),
where I(α, σ) is the Fisher information matrix having the form

I(α, σ) =
(
Ψ ′(α) 1/σ
1/σ α/σ2

)
.

This implies that the limit distribution of the random variable n1/2(α∗n−α)
is N (0, κ2(α)), where

(2) κ2(α) = (ψ′(α)− 1/α)−1 = −1/g′(α).

Note that the estimator α∗n is scale invariant. The question arises: does
there exist a better scale invariant estimator of α? The positive answer is
given in [13]. Estimating the shape parameter α, one can consider σ as a
nuisance parameter. Therefore, it is natural to apply the maximum likeli-
hood principle to the measure defined on the σ-algebra of scale invariant
sets generated by the underlying gamma distribution. It is known (e.g. [9,
Subsection 3.2.2], [12, Section 8.3]) that the density corresponding to this
measure, with respect to that generated by N (0, 1) distribution, is given as
follows:

q(x;α) =

	∞
0 tn−1p(tx;α, σ) dt	∞

0 tn−1s(tx) dt
=

2πn/2Γ (nα)(
∑n

i=1 x
2
i )
n/2(

∏n
i=1 xi)

α−1

Γ (n/2)(Γ (α))n(
∑n

i=1 xi)nα
,
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where

s(x) = (2π)−n/2 exp
(
−1

2

n∑
k=1

x2
k

)
.

The maximum likelihood scale invariant estimator (IML-estimator) α∗∗n of α
is defined as α∗∗n ∈ arg maxα>0 q(x;α). By direct calculations one can find
that α∗∗n is the root of the equation

(3) gn(α) = T (x)

with respect to α. Therefore, the IML-estimator α∗∗n coincides with that
based on the method of moments. Of course, the estimator α∗∗n is scale in-
variant, well-defined and unique since the function gn is strictly decreasing
and takes values in (0,∞) (see Lemma 1 of [13]).

It is worth noting that the scale invariance of the maximum likelihood
estimator of a shape parameter is a quite common property in the case when
the scale is also unknown. Indeed, consider the likelihood function

p(x;α, σ) = σ−n
n∏
j=1

p(σ−1xj ;α, 1),

where α is a shape parameter taking values in (α−, α+). Assume that

max
α∈(α−,α+), σ>0

p(x;α, σ) = max
α∈(α−,α+)

max
σ>0

p(x;α, σ).

Let
σ̂(x;α) ∈ arg max

σ>0
p(x;α, σ).

Observe that for any λ > 0,

p(λx;α, σ) = λ−np(x;α, σ/λ),

whence
σ̂(λx;α) = λσ̂(x;α).

Thus,

(α∗n, σ
∗
n) ∈ arg max

α∈(α−,α+), σ>0
p(x;α, σ) = arg max

α∈(α−,α+)
p(x;α, σ̂(x;α))

= arg max
α∈(α−,α+)

(
(σ̂(x;α))−n

n∏
j=1

p((σ̂(x;α))−1xj ;α, 1)
)
.

It is evident that α∗n(λx) = α∗n(x), i.e. the estimator α∗n is scale invariant.
Therefore, it is reasonable to apply the method presented here also for other
distributions.

In [13] it is shown that the IML-estimator is better than the ML-estimator
in the sense that it has smaller bias and smaller variance. The main goal of
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this paper is to establish the asymptotics of the mean square error of α∗∗n
compared to that of α∗n.

The paper is organized as follows. Section 2 deals with the asymptotic
normality of the IML-estimator. The main result is established in Section 3
while all the auxiliary results are formulated and proved in the Appendix.

2. Asymptotic normality of the IML-estimator. As already noted,
the limit distribution of n1/2(α∗n−α), as n→∞, is N (0, κ2(α)), where κ2(α)
is defined by (2). Therefore, by Theorem 1.5 of [11, Section 5], the limit
distribution of n1/2(g(α∗n) − g(α)) is N (0, κ−2(α)). Since g(α∗n) = gn(α∗∗n ),
the limit distribution of

n1/2(gn(α∗∗n )− g(α)) = n1/2(g(α∗∗n )− g(α))− n1/2g(nα∗∗n )

is also N (0, κ−2(α)).
Now observe that the well-known asymptotic formula

Ψ(u) = lnu− 1
2u
−
∞∑
k=1

B2k

2ku2k
, u→∞

(e.g. (6.3.18) of [1]), where {Bk} are the so-called Bernoulli numbers, yields

(4) g(u) =
1
2u

+
∞∑
k=1

B2k

2ku2k
, u→∞.

From (4) it follows that n1/2g(nα) → 0 as n → ∞. Therefore, applying the
Slutsky theorem we infer that the limit distribution of

n1/2(g(α∗∗n )− g(α))− n1/2(g(nα∗∗n )− g(nα))

is again N (0, κ−2(α)).
From (4) one can also obtain that for any given α and all sufficiently

large n we have (n1/2g(nα))′ ≤ 1. Let ε > 0 be given. From Lemma 2 in the
Appendix we get, as n→∞,

P (|n1/2g(nα∗∗n )− n1/2g(nα)| ≥ ε) ≤ P (|α∗∗n − α| ≥ ε)
= P (n1/2|α∗∗n − α| ≥ n1/2ε) ≤ ce−nε2(Ψ ′(α)−1/α)/8 → 0.

Thus, as n→∞,
n1/2(g(nα∗∗n )− g(nα))→ 0

in probability. Again, the Slutsky theorem implies that the limit distribution
of

n1/2(g(α∗∗n )− g(α))

is N (0, κ−2(α)). Finally, applying Theorem 1.5 of [11, Section 5] leads to the
following result: the limit distribution of n1/2(α∗∗n − α) is the same as that
of n1/2(α∗n − α), i.e. N (0, κ2(α)).
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3. Main result. Define

R∗n = E(α∗n − α)2, R∗∗n = E(α∗∗n − α)2.

Theorem. If a sample x = (x1, . . . , xn) is drawn from a Γ (α, σ) distri-
bution, then

n2(R∗n −R∗∗n ) = D(α) + o(1), n→∞,
where

D(α) = −3[g′(α)/α+ 2g′′(α)]
4α(g′(α))3

> 0.

Proof. Take a number 1/3 < δ < 1/2 and divide the sample space (0,∞)n

into Xn = Xn,δ and Xc
n = (0,∞)n \Xn, where

(5) Xn = {x : |α∗n − α| < n−δ, |α∗∗n − α| < n−δ}.
By the Cauchy–Schwarz inequality,

n2E((α∗n − α)21Xc
n
(x)) ≤ (En2(α∗n − α)4)1/2(n2P (x ∈ Xc

n))
1/2.

In view of Lemmas 1 and 2 in the Appendix we obtain

n2P (x ∈ Xc
n) ≤ n2P (|α∗n − α| ≥ n−δ) + n2P (|α∗∗n − α| ≥ n−δ)

= n2P (n1/2|α∗n − α| ≥ n1/2−δ)

+ n2P (n1/2|α∗∗n − α| ≥ n1/2−δ)→ 0, n→∞.
Write for a moment ξn = n1/2(α∗n − α). By Lemma 1 and integration by

parts, for any γ < Ψ ′(α)/8 we have

Eeγξ
2
n = −

∞�

0

eγu
2
dP (|ξn| ≥ u) = 1 + 2γ

∞�

0

ueγu
2
P (|ξn| ≥ u) du

≤ 1 + 4γ
∞�

0

ue(γ−Ψ
′(α)/8)u2

du <∞.

Since for any γ > 0,
γ2z4 < eγz

2
, z > 0,

we deduce that for any 0 < γ < Ψ ′(α)/8,

(6) E[n1/2(α∗n − α)]4 = E|ξn|4 < γ−2Eeγξ
2
n <∞.

Therefore,
n2E((α∗n − α)21Xc

n
(x))→ 0, n→∞.

A similar reasoning with an application of Lemma 2 leads to

n2E((α∗∗n − α)21Xc
n
(x))→ 0, n→∞.

Thus, in order to prove the theorem it is enough to consider only the case
x ∈ Xn as n→∞, which we assume until the end of the proof.
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Applying the Taylor formula and formula (4) yields

g(α∗∗n )− g(α∗n) = g(α∗∗n )− gn(α∗∗n ) = g(nα∗∗n )(7)
= g(nα) + g′(nα)n(α∗∗n − α) +O(n−1−2δ)

=
1

2nα
− α∗∗n − α

2nα2
+O(n−1−2δ).

On the other hand, using the Taylor formula one can obtain

(8) g(α∗∗n )−g(α∗n) = g′(α∗n)(α
∗∗
n −α∗n)+

g′′(α∗n)
2

(α∗∗n −α∗n)2+O(|α∗∗n −α∗n|3).

Similarly,

g′(α∗n) = g′(α) + g′′(α)(α∗n − α) +O(n−2δ),(9)
g′′(α∗n) = g′′(α) +O(n−δ).(10)

By substituting (9) and (10) into (8), we have

(11) g(α∗∗n )− g(α∗n)

= g′(α)(α∗∗n − α∗n)
(

1 +
g′′(α)
g′(α)

(α∗n − α) +
g′′(α)
2g′(α)

(α∗∗n − α∗n) +O(n−2δ)
)
.

Comparing (7) and (11), we get

(12) g′(α)(α∗∗n −α∗n)(1+Ln(α)+O(n−2δ)) =
1

2nα
− α

∗∗
n − α
2nα2

+O(n−1−2δ),

where

Ln(α) =
g′′(α)
2g′(α)

[2(α∗n − α) + α∗∗n − α∗n] =
g′′(α)
2g′(α)

[α∗n − α+ α∗∗n − α].

From (12) it follows that

(13) α∗∗n − α∗n =
α− (α∗∗n − α)

2nα2g′(α)(1 + Ln(α))
+O(n−1−2δ)

=
α− (α∗∗n − α)

2nα2g′(α)

(
1− g′′(α)

2g′(α)
[α∗n − α+ α∗∗n − α]

)
+O(n−1−2δ).

This can be rewritten as

α∗∗n − α = α∗n − α+
1

2nαg′(α)
− α∗∗n − α

2nα2g′(α)
− g′′(α)(α∗∗n − α)

4nα(g′(α))2

− g′′(α)(α∗n − α)
4nα(g′(α))2

+O(n−1−2δ).

Therefore, we obtain

(14) An(α)(α∗∗n − α) = Bn(α)(α∗n − α) + Cn(α) +O(n−1−2δ),
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where

An(α) = 1 +
1

2nα2g′(α)
+

g′′(α)
4nα(g′(α))2

,

Bn(α) = 1− g′′(α)
4nα(g′(α))2

, Cn(α) =
1

2nαg′(α)
.

Set bn(α) = E(α∗n − α). Applying the Taylor formula, we obtain

g(α∗n)− g(α) = g′(α)(α∗n − α) +
g′′(α)

2
(α∗n − α)2 +O(n−3δ).

Further,

(15) E(g(α∗n)− g(α)) = g′(α)bn(α) +
g′′(α)

2
R∗n +O(n−3δ).

On the other hand, by (3) and (1) we have

(16) E(g(α∗n)− g(α)) = −g(nα).

Comparing (15) and (16) and making use of (4) we get

(17) bn(α) = − 1
2nαg′(α)

− g′′(α)
2g′(α)

R∗n +O(n−3δ).

Observe that from (14) it follows that

A2
n(α)R∗∗n = B2

n(α)R∗n + C2
n(α) + 2Bn(α)Cn(α)bn(α) +O(n−2−2δ),

or, by substituting (17),

A2
n(α)R∗∗n = B2

n(α)R∗n + C2
n(α)− 2Bn(α)C2

n(α)

−Bn(α)Cn(α)
g′′(α)
g′(α)

R∗n +O(n−1−3δ).

Therefore,

n2(R∗∗n −R∗n) = n2R∗n

(
B2
n(α)−Bn(α)Cn(α)g′′(α)/g′(α)

A2
n(α)

− 1
)

(18)

+ n2 C
2
n(α)− 2Bn(α)C2

n(α)
A2
n(α)

+ o(1).

Since the limit distribution of n1/2(α∗n − α), as n→∞, is N (0, κ2(α)), and

E[n1/2(α∗n − α)]4 <∞
(see (6)), by the moment continuity theorem (e.g. Theorem 4 of [5, Section 1,
§6]) we obtain

E[n1/2(α∗n − α)]2 → κ2(α) = −1/g′(α), n→∞.
Thus,

(19) nR∗n = −1/g′(α) + o(1), n→∞.
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The proof is finished by substituting (19) into (18) and taking into ac-
count Lemma 3 below, formula (4) and the relations

n

(
B2
n(α)−Bn(α)Cn(α)g′′(α)/g′(α)

A2
n(α)

− 1
)

= − 3g′′(α)
2α(g′(α))2

− 1
α2g′(α)

+ o(1),

n2C
2
n(α)− 2Bn(α)C2

n(α)
A2
n(α)

= − 1
4α2(g′(α))2

+ o(1).

Appendix

Lemma 1. If a sample x = (x1, . . . , xn) is drawn from a Γ (α, σ) distri-
bution, then for any z > 0 and any c > 1 there exists N = N(z, c) such that
for all n ≥ N ,

P (n1/2|α∗n − α| ≥ z) ≤ ce−Ψ
′(α)z2/8.

Proof. Consider the random function (cf. [5, §23])

Zn(β) =
p(x;α+ β, 1)

p(x;α, 1)
, β > −α.

Fix z > 0. Since

{|α∗n − α| ≥ z} = { sup
|β|≥z

Zn(β) ≥ sup
|β|≤z

Zn(β)} ⊂ { sup
|β|≥z

Zn(β) ≥ Zn(0) = 1},

we have
P (n1/2|α∗n − α| ≥ z) ≤ P (sup

β∈B
Zn(β) ≥ 1),

where
B = (−α,−z/

√
n] ∪ [z/

√
n,∞).

From the Markov inequality, we obtain

P (sup
β∈B

Zn(β) ≥ 1) ≤ E(sup
β∈B

Zn(β))1/2 = E sup
β∈B

Z1/2
n (β).

Then

E sup
β∈B

Z1/2
n (β) ≤

(
sup
β∈B

∞�

0

p1/2(u;α, 1)p1/2(u;α+ β, 1) du
)n
.

Simple calculation yields
∞�

0

p1/2(u;α, 1)p1/2(u;α+ β, 1) du =
Γ (α+ β/2)

(Γ (α)Γ (α+ β))1/2
.

Let us investigate the properties of the function

%(u) =
Γ (α+ u/2)

(Γ (α)Γ (α+ u))1/2
, u > −α.
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Clearly,

(20) (ln %(u))′ =
1
2

[
Ψ

(
α+

u

2

)
− Ψ(α+ u)

]
.

Since Ψ(u) is increasing, it follows that %(u) is increasing in (−α, 0) and
decreasing in (0,∞) with maximum equal to 1 at u = 0. Furthermore,

ln %(−u) < ln %(u), 0 < u < α.

Indeed, the function %̃(u) = ln %(u)− ln %(−u) has %̃(0) = 0 and

%̃′(u) =
1
2

[
Ψ

(
α+

u

2

)
+ Ψ

(
α− u

2

)
− Ψ(α+ u)− Ψ(α− u)

]
> 0

since the function Ψ(α + z) + Ψ(α − z) is decreasing because (Ψ(α + z)
+ Ψ(α − z))′ < 0 in view of Ψ ′(α + z) < Ψ ′(α − z) for z > 0 (Ψ ′(u) is
decreasing).

Hence,

sup
β∈B

%(β) = %

(
z√
n

)
.

By the Taylor formula, for all sufficiently large n we obtain

(21) %

(
z√
n

)
= 1 +

%′′(0)
2
· z

2

n
+ o(n−1).

But from (20) it follows that

%′(u) =
%(u)

2

[
Ψ

(
α+

u

2

)
− Ψ(α+ u)

]
.

Therefore,

%′′(u) =
%′(u)

2

[
Ψ

(
α+

u

2

)
− Ψ(α+ u)

]
+
%(u)

2

[
1
2
Ψ ′
(
α+

u

2

)
− Ψ ′(α+ u)

]
and

%′′(0) = −1
4
Ψ ′(α) < 0.

Substitution into (21) yields

%

(
z√
n

)
= 1− Ψ ′(α)z2

8n
+ o(n−1).

Thus, for any c > 1 and all sufficiently large n we obtain(
sup
β∈B

∞�

0

p1/2(u;α, 1)p1/2(u;α+ β, 1) du
)n

=
(

1− Ψ ′(α)z2

8n
+ o(n−1)

)n
≤ ce−Ψ ′(α)z2/8.

The proof is complete.
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Lemma 2. If a sample x = (x1, . . . , xn) is drawn from a Γ (α, σ) distri-
bution, then for any z > 0 and any c > 1 there exists N = N(z, c) such that
for all n ≥ N ,

P (n1/2|α∗∗n − α| ≥ z) ≤ ce−(Ψ ′(α)−1/α)z2/8.

Proof. The method of establishing this result is similar to that of proving
Lemma 1. Consider the random function

Zn(β) =
q(x;α+ β)

q(x;α)
=
Γ (n(α+ β))(

∏n
i=1 xi)

α+β−1

(Γ (α+ β))n(
∑n

i=1 xi)n(α+β)
·
(Γ (α))n(

∑n
i=1 xi)

nα

Γ (nα)(
∏n
i=1 xi)α−1

=
Γ (n(α+ β))(Γ (α))n

(Γ (α+ β))nΓ (nα)
·

(
∏n
i=1 xi)

β

(
∑n

i=1 xi)nβ
.

Then

Z1/2
n (β) =

(Γ (n(α+ β)))1/2(Γ (α))n/2

(Γ (α+ β))n/2(Γ (nα))1/2
·

(
∏n
i=1 xi)

β/2

(
∑n

i=1 xi)nβ/2
.

Therefore,

EZ1/2
n (β) =

(Γ (n(α+ β)))1/2

(Γ (α+ β))n/2(Γ (nα))1/2(Γ (α))n/2

·
∞�

0

. . .

∞�

0

(u1 . . . un)α+β/2−1

(u1 + · · ·+ un)nβ/2
e−(u1+···+un) du1 . . . dun.

The change of variables v1 = u1, . . . , vn−1 = un−1, vn = u1 + · · ·+ un yields

EZ1/2
n (β) =

(Γ (n(α+ β)))1/2

(Γ (α+ β))n/2(Γ (nα))1/2(Γ (α))n/2

·
∞�

0

. . .

∞�

0

∞�

v1+···+vn−1

[v1 . . . vn−1(vn − v1 − · · · − vn−1)]α+β/2−1

v
nβ/2
n

· e−vn dvn . . . dv2dv1.

The next change of variables v1 = vnz1, . . . , vn−1 = vnzn−1 gives

EZ1/2
n (β) =

(Γ (n(α+ β)))1/2

(Γ (α+ β))n/2(Γ (nα))1/2(Γ (α))n/2

∞�

0

vnα−1
n e−vn dvn

·
�
. . .

�

A

[z1 . . . zn−1(1− z1 − · · · − zn−1)]α+β/2−1 dz1 . . . dzn−1

=
(Γ (n(α+ β)))1/2(Γ (nα))1/2

(Γ (α+ β))n/2(Γ (α))n/2

·
�
. . .

�

A

[z1 . . . zn−1(1− z1 − · · · − zn−1)]α+β/2−1 dz1 . . . dzn−1
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=
(Γ (n(α+ β)))1/2(Γ (nα))1/2

(Γ (α+ β))n/2(Γ (α))n/2

1�

0

z
α+β/2−1
1 dz1

1−z1�

0

z
α+β/2−1
2 dz2 . . .

. . .

1−z1−···−zn−2�

0

z
α+β/2−1
n−1 (1− z1 − · · · − zn−2 − zn−1)α+β/2−1 dzn−1

=
(Γ (n(α+ β)))1/2(Γ (nα))1/2

(Γ (α+ β))n/2(Γ (α))n/2
In,

where

A = {(z1, . . . , zn−1) : z1 > 0, . . . , zn−1 > 0, z1 + · · ·+ zn−1 < 1}.
Now we calculate In. Observe that

a�

0

uy(a− u)z du = ay+z+1B(y + 1, z + 1), y, z > −1,

where B(·, ·) is the beta-function. Then
1−z1−···−zn−2�

0

z
α+β/2−1
n−1 (1− z1 − · · · − zn−2 − zn−1)α+β/2−1dzn−1

= (1− z1 − · · · − zn−2)2α+β−1B(α+ β/2, α+ β/2).

Therefore,

In = B(α+ β/2, α+ β/2)
1�

0

z
α+β/2−1
1 dz1

1−z1�

0

z
α+β/2−1
2 dz2 . . .

. . .

1−z1−···−zn−3�

0

z
α+β/2−1
n−2 (1− z1 − · · · − zn−3 − zn−2)2α+β−1 dzn−2.

Again,
1−z1−···−zn−3�

0

z
α+β/2−1
n−2 (1− z1 − · · · − zn−3 − zn−2)2α+β−1 dzn−2

= (1− z1 − · · · − zn−3)3α+3β/2−1B(α+ β/2, 2(α+ β/2)),

and we obtain
In = B(α+ β/2, α+ β/2)B(α+ β/2, 2(α+ β/2))

·
1�

0

z
α+β/2−1
1 dz1

1−z1�

0

z
α+β/2−1
2 dz2 . . .

. . .

1−z1−···−zn−4�

0

z
α+β/2−1
n−3 (1− z1 − · · · − zn−4 − zn−3)3α+3β/2−1 dzn−3.
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Repeating this calculation, we get

In = B(α+ β/2, α+ β/2)B(α+ β/2, 2(α+ β/2))
. . . B(α+ β/2, (n− 1)(α+ β/2))

=
(Γ (α+ β/2))n

Γ (n(α+ β/2))
.

Thus,

EZ1/2
n (β) =

(Γ (n(α+ β)))1/2(Γ (α+ β/2))n(Γ (nα))1/2

(Γ (α+ β))n/2Γ (n(α+ β/2))(Γ (α))n/2
= (∆n(β))n.

Let us investigate the properties of the function

∆n(u) =
Γ (α+ u/2)(Γ (n(α+ u)))1/(2n)(Γ (nα))1/(2n)

(Γ (α+ u))1/2(Γ (α))1/2(Γ (n(α+ u/2)))1/n
, u > −α.

Clearly,

ln∆n(u) = lnΓ (α+ u/2)− 1
2

lnΓ (α+ u)− 1
2

lnΓ (α)

+
1
2n

lnΓ (n(α+ u)) +
1
2n

lnΓ (nα)

− 1
n

lnΓ (n(α+ u/2)),

(ln∆n(u))′ =
1
2
Ψ(α+ u/2)− 1

2
Ψ(α+ u) +

1
2
Ψ(n(α+ u))(22)

− 1
2
Ψ(n(α+ u/2))

=
1
2

[gn(α+ u)− gn(α+ u/2)].

Since gn(u) is decreasing (see Lemma 1 of [13]), it follows that ∆n(u) is
increasing in (−α, 0) and decreasing in (0,∞) with maximum equal to 1 at
u = 0. Furthermore,

ln∆n(−u) < ln∆n(u), 0 < u < α.

Indeed, the function ∆̃n(u) = ln∆n(u)− ln∆n(−u) has ∆̃n(0) = 0 and

∆̃′n(u) =
1
2

[
gn(α+ u) + gn(α− u)− gn

(
α+

u

2

)
− gn

(
α− u

2

)]
> 0

since the function ζ(z) = gn(α + z) + gn(α − z) is increasing because
(gn(α+z)+gn(α−z))′ > 0 in view of g′n(α+z) > g′n(α−z) for z > 0 (g′n(u)
is increasing).

Hence,

sup
β∈B

∆n(β) = ∆n

(
z√
n

)
.
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Now observe that from (22) it follows that

∆′n(u) =
∆n(u)

2

[
gn(α+ u)− gn

(
α+

u

2

)]
,

∆′′n(u) =
∆′n(u)

2

[
gn(α+ u)− gn

(
α+

u

2

)]
+
∆n(u)

2

[
g′n(α+ u)− 1

2
g′n

(
α+

u

2

)]
,

∆′′′n (u) =
∆′′n(u)

2

[
gn(α+ u)− gn

(
α+

u

2

)]
+∆′n(u)

[
g′n(α+ u)− 1

2
g′n

(
α+

u

2

)]
+
∆n(u)

2

[
g′′n(α+ u)− 1

4
g′′n

(
α+

u

2

)]
.

Therefore,

∆(k)
n (0) =

1
2

(
1− 1

2k−1

)
g(k−1)
n (α), k ≥ 1.

Since for all sufficiently large n (see (4)),

g(k−1)
n (α) = g(k−1)(α) +O(n−1),

by the Taylor formula we obtain, for all sufficiently large n,

∆n

(
z√
n

)
= 1 +

∆′′n(0)
2
· z

2

n
+O(n−2) = 1 +

g′(α)z2

8n
+O(n−2).

Thus, for any c > 1 and all sufficiently large n,

E sup
β∈B

Z1/2
n (β) ≤

(
1− (Ψ ′(α)− 1/α)z2

8n
+ o(n−1)

)n
≤ ce−(Ψ ′(α)−1/α)z2/8.

The proof is complete.

Lemma 3. For u > 0, g′(u)/u+ 2g′′(u) > 0.

Proof. We use the method utilized e.g. in the proof of Lemma 1 in [3].
Consider the function

q(u) =
g′(u)
u

+ 2g′′(u) = − 1
u2
− Ψ ′(u)

u
− 2Ψ ′′(u), u > 0.

From the integral representations [1, formula (6.4.1)]

Ψ ′(u) =
∞�

0

te−ut

1− e−t
dt, Ψ ′′(u) = −

∞�

0

t2e−ut

1− e−t
dt,
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and the evident relations
1
u

=
∞�

0

e−ut dt,
1
u2

=
∞�

0

te−ut dt,

by the convolution theorem for Laplace transforms we get

q(u) =
∞�

0

e−utd(t) dt, u > 0,

where

d(t) = −t+
2t2

1− e−t
−

t�

0

v

1− e−v
dv, t > 0.

Differentiating yields

d′(t) =
h(t)

(et − 1)2
, t > 0,

where

h(t) = 3t(e2t − et)− 2t2et − (et − 1)2 = (3t− 1)e2t − (2t2 + 3t− 2)et − 1.

Making use of the series representation for et, we obtain

h(t) =
∞∑
k=3

ckt
k

k!
,

where
ck = 2k−1(3k − 2) + 2− k − 2k2.

Since ck > 0 for any k ≥ 3, we conclude that d′(t) > 0, and therefore, for
any t > 0,

d(t) > lim
s→0

d(s) = 0.

Thus, q(u) > 0 for any u > 0. The proof is complete.
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