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CONSTRUCTION OF A Φ-FUNCTION
FOR TWO CONVEX POLYTOPES

Abstract. The analytical description of Φ-functions for two convex poly-
topes is investigated. These Φ-functions can be used for mathematical mod-
elling of packing problems in the three-dimensional space. Only translations
of the polytopes are considered. The approach consists of two stages. First
the 0-level surface of a Φ-function is constructed, and secondly, the surface
is extended to get the Φ-function. The method for constructing the 0-level
surface is described in detail.

1. Introduction. Cutting and packing problems are of wide interest in
practical applications as well as in scientific investigations. There is a long
stream of publications concerning such problems. But only a small part of
them is devoted to three-dimensional (3D) placement problems for irregular
(but convex) polytopes. For an annotated review on cutting and packing
problems we refer the reader to [2]. A lot of published work is also classified
in [1].

In this paper we address in particular cutting and packing problems
where real, arbitrarily shaped objects are to be placed in a larger region, or
cut out from it.
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One of the most important topics when (3D) placement problems have to
be modelled (cf. [2], [11], [12]) is the description and handling of the interac-
tion between pairs of objects which have to be placed within a larger region.
As is known, one of the possibilities for such a modelling is to construct a
function which characterizes these interactions in the following sense. The
values of the function should distinguish between the following three sit-
uations: the two objects intersect each other, they do not have common
points, or they are tangent. A function with those properties will be called
a Φ-function. Moreover, a Φ-function should give some information on the
distance between the two objects being placed.

Φ-functions are very helpful in algorithms for solving packing and cutting
problems with arbitrarily shaped objects. Especially in algorithms where one
tries to improve a given solution (packing pattern) by local optimization
(small movements of the objects), the interaction of all objects has to be
controlled.

Based on work for general placement problems ([9], [10]) we present a
construction of a Φ-function for a pair of convex 3D polytopes. After describ-
ing the concept of Φ-function and investigating their properties (Section 2),
we consider some two-dimensional cases in Section 3. Then, in Section 4,
we construct the 0-level surface of a Φ-function for a pair of convex 3D
polytopes. In Section 5, the computation of the corresponding Φ-function is
discussed. An algorithmic description of the approach is presented in Sec-
tion 6, followed by a detailed algorithm for a special subcase (Section 7).
Some final remarks are also given.

2. The concept of Φ-functions. In a packing and cutting formulation,
the aim is to construct a function which depends on the mutual location of
two polytopes T1 and T2 and whose values give a numerical evaluation for
the following three cases:

1. T1 and T2 intersect, i.e. they have common interior points;
2. T1 and T2 are disjoint, i.e. they do not have common points;
3. T1 and T2 are in contact, i.e. they have only common frontier points.

Let intT denote the interior of a set T , and frT the frontier of T . Then
the three cases are:

1. intT1 ∩ intT2 6= ∅,
2. T1 ∩ T2 = ∅,
3. intT1 ∩ intT2 = ∅ and frT1 ∩ frT2 6= ∅.

Moreover, it is desirable that the required function values be a measure of
intersection of T1 and T2 in the first case, and define or at least estimate the
distance between the polytopes in the second case.
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In this paper, “placement” means “translating by some vector”. Each
object Ti (i = 1, 2) is given with respect to a fixed coordinate system, called
its eigen coordinate system. The origin of the system is also called the pole of
Ti. The object Ti translated by a vector ui = (xi, yi, zi) can be described by

Ti(ui) := {X ∈ R3 : X = ui + Y, Y ∈ Ti}.
ui = (xi, yi, zi) is also called the vector of placement parameters xi, yi, zi of
Ti (i = 1, 2). As usual, ui specifies the location of the origin of the eigen
coordinate system of Ti with respect to the coordinate system of the region
where the objects have to be placed. In [9] Φ-functions are introduced in
order to formalize the description of the interaction of a pair of polytopes
T1 and T2.

Definition 1. A continuous function Φ : R6 → R is called a Φ-function
of T1 and T2 if it has the following properties:

(1) Φ(u1, u2)




> 0 if T1(u1) ∩ T2(u2) = ∅,
= 0 if intT1(u1) ∩ intT2(u2)=∅, frT1(u1) ∩ frT2(u2) 6=∅,
< 0 if intT1(u1) ∩ intT2(u2) 6= ∅.

Let γ := {(u1, u2) ∈ R6 : Φ(u1, u2) = 0} denote the 0-level surface of the
Φ-function. Furthermore, let

G = {(u1, u2) : intT1(u1) ∩ intT2(u2) = ∅}
be the set of feasible placement points (or translation vectors) (u1, u2), i.e.
the set of all points such that the two translated polytopes do not intersect.

Definition 2. A Φ-function Φ is said to be normalized if Φ(u1, u2)
equals the Euclidean distance between T1(u1) and T2(u2) for all (u1, u2) ∈ G.

A Φ-function of T1 and T2 can be obtained by a natural approach, namely
the following optimization problem has to be solved for any (u1, u2) ∈ G:

(2) Ψ(u1, u2) = min
X1,X2∈R3

{‖X1−X2‖ : f1(X1−u1) ≤ 0, f2(X2−u2) ≤ 0},

where fi(X) = 0 is the equation of frTi:

(3) fi(X) =
{
> 0 if X 6∈ Ti,
≤ 0 if X ∈ Ti, i = 1, 2.

‖ · ‖ denotes the Euclidean norm.
Solving problem (2) can be significantly simplified if either u1 = 0 or

u2 = 0, i.e. either T1 or T2 is considered to be fixed. Then one of the two
problems has to be solved:

(4) Ψ1(u1) = min
X1,X2∈R3

{‖X1 −X2‖ : f1(X1 − u1) = 0, f2(X2) = 0}
∀(u1, 0) ∈ G,
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or

(5) Ψ2(u2) = min
X1,X2∈R3

{‖X1 −X2‖ : f1(X1) = 0, f2(X2 − u2) = 0}

∀(0, u2) ∈ G.
Then the function Ψ(u1, u2), (u1, u2) ∈ G, is either Ψ(u1, u2) := Ψ1(u1−u2)
or Ψ(u1, u2) :=Ψ2(u2 − u1).

The function Ψ(u1, u2) specifies the distance between T1(u1) and T2(u2).
Hence, Ψ(u1, u2) ≥ 0 for all (u1, u2) ∈ G. Thus a Φ-function can be con-
structed as a continuous extension of Ψ(u1, u2) onto the entire space R6 so
that Φ(u1, u2)|G = Ψ(u1, u2) and Φ(u1, u2) < 0 for all (u1, u2) ∈ R6 \G.

It is evident that the extension of Ψ(u1, u2) can be realized in an in-
finite number of ways. However the extension should be natural, simple
and as a rule, it should satisfy some additional requirements. For example,
a Φ-function should be such that |∇Φ(u1, 0)| is constant for (almost) all
(u1, 0) ∈ R6 \G, or smooth (almost) everywhere on R6 \G. In addition, the
construction of a Φ-function should not be more complex than the construc-
tion of a Ψ -function. In this paper, the function Φ(u1, u2) is constructed by
solving one the problems (2), (4) or (5), and by extending Ψ(u1, u2) so that
|∇Φ(0, u2)|R6\G| (or |∇Φ(u1, 0)|R6\G|) is constant almost everywhere.

A Φ-function Φ(u1, u2) constructed in this manner has certain properties
which will be required later.

1. By definition,

Φ(u1, u2) = Φ(u1 − u2, 0) = Φ(0, u2 − u1) ∀(u1, u2) ∈ G.
2. The surface γ12 = {u2 ∈ R3 : Φ(0, u2) = 0} is congruent to the frontier

of the so-called Minkowski sum ([4])

T12(u2) = T1(0) + (−1)T2(u2)

provided that T1 and T2 do not have precise entrances (i.e. Ti = cl(intTi),
i = 1, 2, where clT denotes the closure of T ; see [10]). Hence,

γ12
∼= fr(T12(u2)) = fr({X1 −X2 : X1 ∈ T1(0), X2 ∈ T2(u2)}).

Analogously, defining T21(u1) = T2(0) + (−1)T1(u1) and γ21 := {u1 ∈ R3 :
Φ(u1, 0) = 0}, we have

γ21
∼= fr((T21(u1)) = fr({X2 −X1 : X1 ∈ T1(u1), X2 ∈ T2(0)}).

It should be noted that the sets γ12 and γ21 are known to be hodographs of
functions for dense placement of objects ([13], [14]).

3. The surfaces

{u ∈ R3 : Φ(u, 0) = %} and {u ∈ R3 : Φ(0, u) = %}
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are centrally symmetric to each other for any % ≥ 0, i.e.

v ∈ {u ∈ R3 : Φ(u, 0) = %} ⇔ −v ∈ {u ∈ R3 : Φ(0, u) = %}.
4. In particular, for % = 0 we have

γ12 = {u ∈ R3 : Φ(0, u) = 0} = −{u ∈ R3 : Φ(u, 0) = 0} = −γ21,

i.e. the surfaces γ12 and γ21 are mutually centrally symmetric.
5. If T1 and T2 mutually are centrally symmetric sets then there exists

a Φ-function Φ such that Φ(u, 0) = Φ(0, u) for all (u, 0) ∈ G.
6. If T1 and T2 are polytopes then one can always find a piecewise linear

Φ-function for them.
7. If T1 and T2 are nonempty convex polytopes then γ12 and γ21 are the

frontiers of nonempty convex polytopes T12(0) and T21(0), respectively.

In order to compute Ψ by solving (2), (4) or (5), in general a Lagrangian
approach, the complete differential method or other methods for nonlinear
constraint optimization problems can be used. But in some special cases
these problems can be solved in explicit form. For example,

Φ(u1, u2) = ‖u2 − u1‖ − (R1 +R2)

=
√

(x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2 − (R1 +R2)

is a normalized Φ-function of two solid spheres with radii R1 and R2 and
centers ui = (xi, yi, zi), i = 1, 2, respectively.

However, it should be noted that if the functions f1, f2 in (3) are not
smooth, or are curves of order greater than two, then any of the problems (2),
(4) or (5) has to be solved by iterative methods. Furthermore, the solution
obtained is in general only approximate. But in contrast to the general case,
there is a straightforward possibility to construct a Φ-function of two convex
polytopes T1 and T2 which is based on properties of Φ-functions.

This approach, considered in detail below, can be sketched as follows:

1. The polytope T1 is considered to be fixed, i.e. u1 = 0.
2. Facets of the polytope T12(0) are constructed, so that γ12 is calculated.
3. Equations of all planes determined by these facets are constructed

taking into account a suitable orientation of their normal vectors.
4. Based on the equations obtained in step 3, a collection of functions

is formed which yields Φ(0, u2). Finally, a Φ-function Φ12(u1, u2) is con-
structed.

3. Examples of Φ-functions for 2D objects. In order to illustrate
the strategy for obtaining Φ-functions, we discuss three examples with simple
geometric objects in R2.
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3.1. Φ-functions of two circles. Let C1 and C2 be two circles of radii r1

and r2, respectively. When Ci (i ∈ {1, 2}) is placed with center (pole) at
(xi, yi), then the notation Ci(xi, yi) is used.

Without loss of generality, (x1, y1) = (0, 0) is assumed during the con-
struction. Then it is evident that if the pole (x2, y2) of C2 moves along the
curve

ϕ(x2, y2) = 0, where ϕ(x, y) = (r1 + r2)2 − x2 − y2,

then the circles C1(0, 0) and C2(x2, y2) are tangent. This means that the
equation ϕ(x2, y2) = 0 can be taken to describe the 0-level surface of a Φ-
function of two circles. Obviously, the function ϕ(x, y) is everywhere defined
in R2. Therefore, to extend it onto the whole space R2 to obtain a Φ-function,
it is sufficient to choose an appropriate orientation of ϕ(x, y). It is easy to
verify that if the placement parameters (x2, y2) are such that C1(0, 0) ∩
C2(x2, y2) = ∅ then −ϕ(x2, y2) > 0, and if intC1(0, 0) ∩ intC2(x2, y2) 6= ∅
then −ϕ(x2, y2) < 0. Hence,

Φ12(0, 0, x2, y2) := −ϕ(x2, y2) = x2
2 + y2

2 − (r1 + r2)2

y2

0

x2

–(r1+ r2)
2

r1+ r2

   ),,0,0( 22 yxΦ

Fig. 1. Φ-function of two circles

describes a paraboloid of rotation with vertex (0, 0,−(r1 +r2)2) (Fig. 1). By
general properties of Φ-functions, a Φ-function of two circles C1 and C2 is
as follows:

Φ12(u1, u2) = (x2 − x1)2 + (y2 − y1)2 − (r1 + r2)2.
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Another possibility is to take

ϕ̃(x, y) = r1 + r2 −
√
x2 + y2.

It is easy to see that the equations ϕ(x, y) = 0 and ϕ̃(x, y) = 0 define the
same circle of radius r1 + r2 with center at (0, 0). Therefore ϕ̃ can also be
used to construct a Φ-function. Regarding an appropriate orientation of ϕ̃
one obtains

Φ̃12(x1, y1, x2, y2) =
√

(x2 − x1)2 + (y2 − y1)2 − r1 − r2.

Φ̃12(0, 0, x2, y2) describes a cone with vertex (0, 0,−(r1 + r2)) (Fig. 2).
The functions Φ12 and Φ̃12 differ for example in their gradients:

‖∇Φ12‖ = 2
√

2 ·
√

(x2 − x1)2 + (y2 − y1)2, ‖∇Φ̃12‖ =
√

2.

0

–(r1+ r2)

x2

y2

r1+ r2

   ),,0,0( 22 yxΦ

Fig. 2. Normalized Φ-function of two circles

The value Φ̃12 (x1, y1, x2, y2) is equal to the distance between C1(x1, y1)
and C2(x2, y2) if C1(x1, y1) ∩ C2(x2, y2) = ∅. Thus, this function is a nor-
malized Φ-function according to Definition 2.

Furthermore, minΦ12(x1, y1, x2, y2) = −(r1 + r2)2 and min Φ̃12(x1, y1,
x2, y2) = −(r1 + r2), i.e. the “measure” of maximal overlap of C1(x1, y1)
and C2(x2, y2) is −(r1 + r2)2 or −(r1 + r2), respectively.

3.2. Φ-function of two rectangles. LetR1 and R2 be rectangles with sides
2a1, 2b1 and 2a2, 2b2, respectively. It is assumed that their poles coincide
with their symmetry centers. Again the placement parameters are denoted
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by (x1, y1) and (x2, y2), respectively. As above, (x1, y1) = (0, 0) is consid-
ered first. It is known [13], [8] that if the pole (x2, y2) of R2 moves along
the frontier of the rectangle R12 with vertices (A,B), (−A,B), (−A,−B),
(A,−B), where A = a1 + a2, B = b1 + b2, then the rectangles R1(0, 0) and
R2(x2, y2) are tangent. Hence,

R12 = {(x, y) ∈ R2 : −A ≤ x ≤ A,−B ≤ y ≤ B}, γ12 = frR12.

This means that frR12 is the 0-level surface of Φ12(0, 0, x2, y2) defined for
R1(0, 0) and R2(x2, y2). Hence, a representation of frR12 by means of equa-
tions is needed. Let

ψ1(x, y) = x−A, ψ2(x, y) = y −B,
ψ3(x, y) = − x− A, ψ4(x, y) = − y −B.

Then
R12 = {(x, y) ∈ R2 : ψi(x, y) ≤ 0, i = 1, . . . , 4}

and hence frR12 = {(x, y) ∈ R12 : ψ(x, y) = 0}, where

ψ(x, y) := max{ψ1(x, y), ψ2(x, y), ψ3(x, y), ψ4(x, y)}.
In these definitions an appropriate orientation is obtained if

ψ(x2, y2) < 0 if intR1(0, 0) ∩ intR2(x2, y2) 6= ∅.
Since additionally

ψ(x2, y2) > 0 if R1(0, 0) ∩R2(x2, y2) = ∅,
a Φ-function is obtained as follows:

Φ12(x1, y1, x2, y2) := ψ(x2 − x1, y2 − y1).

Note that minΦ12(x1, y1, x2, y2) = max{−A,−B}. Thus, if A = B then
Φ12(0, 0, x2, y2) describes an inverted pyramid with vertex (0, 0,−A). This
means that the maximal “intersection measure” of R1(x1, y1) and R2(x2, y2)
is −A. (In the case of A 6= B, instead of the vertex an edge occurs.)

It should be noted that Φ12 is not normalized since Φ12(u1, u2) is not
equal to the distance between R1(u1) and R2(u2) in the general case. This
happens when (u1, u2) satisfy one of the following systems:

{
ψ1(u2 − u1) > 0,
ψ4(u2 − u1) > 0,

{
ψ1(u2 − u1) > 0,
ψ2(u2 − u1) > 0,

{
ψ2(u2 − u1) > 0,
ψ3(u2 − u1) > 0,

{
ψ4(u2 − u1) > 0,
ψ3(u2 − u1) > 0.

A normalized Φ-function of two rectangles R1 and R2 is considered in
the next subsection as a particular case of a Φ-function of a rectangle and a
circle.
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3.3. Φ-function of a rectangle and a circle. Let R be a rectangle with
sides 2a and 2b, and let C be a circle of radius r. The poles of R and C
are at their symmetry centers. The placement parameters of R and C are
denoted by (x1, y1) and (x2, y2), respectively. Again, in order to construct a
Φ-function, (x1, y1) = (0, 0) is assumed.

Let A = a + r, B = b + r. It is easy to see that the rectangle and the
circle are tangent if the pole (x2, y2) of C moves along the following curve
which consists of straight-line segments and circular arcs alternately:

line((A,−b), (A, b)), arc ((A, b), (a,B)), line((a,B), (−a,B)),

arc ((−a,B), (−A, b)), line((−A, b), (−A,−b)), arc ((−A,−b), (−a,−B)),

line((−a,−B), (a,−B)), arc ((a,−B), (A,−b)).
Let

ψ1(x, y) = x−A, ψ2(x, y) = y −B,
ψ3(x, y) = − x− A, ψ4(x, y) = − y −B,

and let

ϕ1(x, y) =
√

(x− a)2 + (y − b)2 − r, ϕ2(x, y) =
√

(x+ a)2 + (y − b)2 − r,
ϕ3(x, y) =

√
(x+ a)2 + (y + b)2 − r, ϕ4(x, y) =

√
(x− a)2 + (y + b)2 − r.

The corresponding Φ-function of R(0, 0) and C(x2, y2) is

(6) Φ12(0, 0, x2, y2) :=





ϕ1(x2, y2) if x2 ≥ a, y2 ≥ b,
ϕ2(x2, y2) if x2 ≤ −a, y2 ≥ b,
ϕ3(x2, y2) if x2 ≤ −a, y2 ≤ −b,
ϕ4(x2, y2) if x2 ≥ a, y2 ≤ −b,
ϕ(x2, y2) otherwise,

where ϕ(x, y) := max{ψ1(x, y), ψ2(x, y), ψ3(x, y), ψ4(x, y)}.
However, such a representation of this Φ-function Φ12(0, 0, x2, y2) may

be unsuitable when a feasible region of an optimization placement problem
has to be described since any word information must be excluded. There-
fore we give another representation of Φ12(0, 0, x2, y2). In order to obtain it,
consider the first quadrant, i.e. x ≥ 0 and y ≥ 0. If x > a and y > b then
min{ψ1(x, y), ψ2(x, y)} < ϕ1(x, y) but ϕ1(x, y) gives the distance. There-
fore an additional function ψ12(x, y) = x + y − a − b − r is used. Since
ψ12(x, y) ≥ ϕ1(x, y) for x ≥ a and y ≥ b, ψ12(x, y) ≤ ψ1(x, y) for x ≥ a
and −b ≤ y ≤ b, and ψ12(x, y) ≤ ψ2(x, y) for −a ≤ x ≤ a and y ≥ b,
we see that for x ≥ 0 and y ≥ 0, Φ12(0, 0, x2, y2) can be represented by
min{ϕ1(x2, y2),max{ψ1(x2, y2), ψ2(x2, y2), ψ12(x2, y2)}}.

Summarizing, the following representation results:

Φ12(0, 0, x2, y2)

= min{ϕ0(x2, y2), ϕ1(x2, y2), ϕ2(x2, y2), ϕ3(x2, y2), ϕ4(x2, y2)}
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where
ϕ0(x, y) := max{ϕ(x, y), ψ12(x, y), ψ23(x, y), ψ34(x, y), ψ41(x, y)}

and ψ12(x, y) = x + y − c, ψ23(x, y) = −x + y − c, ψ34(x, y) = −x − y −
c, ψ41(x, y) = x− y− c with c := a+ b+ r. Hence, a normalized Φ-function
of a rectangle and a circle is as follows:

(7) Φ12(u1, u2) = min
i=0,...,4

ϕi(x2 − x1, y2 − y1).

In order to construct a normalized Φ-function of two rectangles R1 and R2

(as considered in Example 2) we now only have to define r, a and b in a
suitable manner. If

r := 0, a := a1 + a2 b := b1 + b2

then Φ12 defined in (6) or (7) is a normalized Φ-function of R1 and R2.

4. 0-level surface of a Φ-function for convex polytopes. In the
following, three-dimensional objects will be considered. The description is
restricted to the case of (full-dimensional) convex closed polytopes T , i.e.
int(T ) 6= ∅ and T = cl(int(T )). In this section, one of the possibilities to
construct the 0-level surface of a Φ-function of two polytopes T1 and T2 is
discussed.

An arbitrary closed polytope in R3 can be described in various ways (see
for example [3], [7], [5], [6]). In particular, any convex polytope is entirely
determined by its vertices. In many cases, a convex polytope is considered
as the intersection of a finite number of half spaces. A polytope can also be
described by its facets (two-dimensional faces). The latter variant seems to
be most suitable for the case when nonconvex polytopes have to be regarded.
So we mainly use a facet-oriented characterization of polytopes.

Let vkj = (xkj , y
k
j , z

k
j ), j = 1, . . . ,Mk, denote the vertices of the polytope

Tk, k = 1, 2. Since Tk is assumed to be convex there exists a representation
by means of a minimal number Nk of half spaces Hk

i . These half spaces are
determined by the facets of Tk. Let

hki 〈vki1, vki2, . . . , vkimi〉 = conv{vki1, vki2, . . . , vkimi}
denote the facet which is determined by the mi (mi ≥ 3) vertices vkip ∈ Vk =
{vkj : j = 1, . . . ,Mk}, p = 1, . . . ,mi. (“conv” denotes the convex hull of a
set.) To any facet hki , i = 1, . . . , Nk, there corresponds a plane

Hk
i := {v = (x, y, z) ∈ R3 : fki (v) = fki (x, y, z) = 0}

where
fki (v) = fki (x, y, z) = Aki x+Bki y + Cki z +Dk

i = 0

is determined by fki (vkip) = 0, p = 1, . . . ,mi. Regarding an appropriate ori-
entation of fki so that fki (vkjp) ≤ 0 for all p and j, a (minimal) representation
of Tk by means of half spaces is as follows:
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(8) Tk := {(x, y, z) ∈ R3 : fki (x, y, z) ≤ 0, i = 1, . . . , Nk}.
In addition, without loss of generality, it is assumed that the vertices
vki1, v

k
i2, . . . , v

k
imi

of each facet form a counterclockwise circuit when look-
ing on Tk from the outside.

z

x

O1

y

1
4v

1
6v

1
5v

1
1v

1
2v

T1

1
3v

z

O2

x

y2
1v

2
2v

2
4v

2
3v

T2

Fig. 3. Example

Table 1. Vertex coordinates of T1 and T2

T1 v1
1 v1

2 v1
3 v1

4 v1
5 v1

6 T2 v2
1 v2

2 v2
3 v2

4

x 4.0 0.0 0.0 4.0 2.0 2.0 x 5.0 2.0 3.0 0.0
y 10.0 10.0 10.0 10.0 4.0 4.0 y 15.0 15.0 14.0 9.0
z 11.0 11.0 19.0 19.0 11.0 19.0 z 4.0 4.0 10.0 4.0

In order to illustrate the notations, consider the example depicted in
Fig. 3. The vertex coordinates of T1 and T2 are given in Table 1. The facets
hki , i = 1, . . . , Nk, of Tk, k = 1, 2, are specified by appropriate sequences of
vertices:

h1
1〈v1

11, v
1
12, v

1
13, v

1
14〉 = h1

1〈v1
1 , v

1
2 , v

1
3 , v

1
4〉,

h1
2〈v1

21, v
1
22, v

1
23, v

1
24〉 = h1

2〈v1
1 , v

1
4 , v

1
6 , v

1
5〉,

h1
3〈v1

31, v
1
32, v

1
33, v

1
34〉 = h1

3〈v1
2 , v

1
5 , v

1
6 , v

1
3〉,

h1
4〈v1

41, v
1
42, v

1
43〉 = h1

4〈v1
3 , v

1
6 , v

1
4〉,

h1
5〈v1

51, v
1
52, v

1
53〉 = h1

5〈v1
1 , v

1
5 , v

1
2〉,

h2
1〈v2

11, v
2
12, v

2
13〉 = h2

1〈v2
1 , v

2
2 , v

2
3〉,

h2
2〈v2

21, v
2
22, v

2
23〉 = h2

2〈v2
1 , v

2
3 , v

2
4〉,

h2
3〈v2

31, v
2
32, v

2
33〉 = h2

3〈v2
2 , v

2
4 , v

2
3〉,

h2
4〈v2

41, v
2
42, v

2
43〉 = h2

4〈v2
1 , v

2
4 , v

2
2〉.
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Note that, in contrast to the approach described below, there also exist
some possibilities to construct a Φ-function by means of translated planes
(half space representation). But in the latter case, no facet representation
of the 0-level surface of a Φ-function is obtained and therefore it has to be
computed in another way.

In order to construct facets of the 0-level surface of a Φ-function, we as-
sume that T1 is fixed with u1 = (x1, y1, z1) = (0, 0, 0). Due to the properties
of Φ-functions mentioned in Section 2, the equation Φ (0, 0, 0, x2, y2, z2) = 0
describes the frontier of the convex polytope

T12 := {u ∈ R3 : T1 ∩ T2(u) 6= ∅} = T1 + (−1)T2(0).

Let γ12 := fr(T12). By definition, if u2 = (x2, y2, z2) ∈ γ12 then T1(0) and
T2(u2) are in contact or tangent , i.e. intT1 ∩ intT2(u2) = ∅ and fr(T1) ∩
fr(T2(u2)) 6= ∅. This implies that for any u2 ∈ γ12 there exist t∗ ∈ frT1(0)
and t∗∗ ∈ frT2(0) such that t∗ = u2 + t∗∗. On the other hand, if T1(0) and
T2(u2) are in contact (tangent) then u2 ∈ γ12 and u2 = t∗ − t∗∗.

In order to construct γ12 for two convex polytopes only the following six
situations to be in contact are of interest. In these cases (moving T2 along
the frontier of T1, or vice versa) two-dimensional faces of T12 = conv(γ12)
arise:

• a vertex or an edge or a facet of T2 is in contact with a facet of T1,
• a vertex or an edge of T1 is in contact with a facet of T2, or
• an edge of T2 is in contact with an edge of T1.

The remaining situations do not lead to (two-dimensional) facets of T12

and of γ12.
The approach given below is to successively generate all facets of the

surface γ12 and to define half spaces whose intersection is T12. In more
detail, under certain conditions any kind of contact may lead to a facet
of γ12. Taking into account that T2 is movable and T1 is fixed, we consider
successively all the six situations and discuss the rules for constructing facets
of γ12. Furthermore we formulate sufficient conditions for the resulting face
to be a facet of γ12.

1. A vertex of T2 is in contact with a facet of T1. More precisely,
let h1

i 〈v1
i1, v

1
i2, . . . , v

1
imi
〉 be some facet of T1. The plane H1

i = {(x, y, z) :
f1
i (x, y, z) = 0} determined by h1

i is a separating plane of T1(0) and T2(u)
for any u ∈ R3 with

min{f1
i (v + u) : v ∈ T2(u)} ≥ 0.

Since T2 is assumed to be convex, H1
i is a separating plane of T1(0) and

T2(u) for any u ∈ R3 with

min{f1
i (v2

j + u) : j = 1, . . . ,M2} ≥ 0.
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Let

J2
i := {j′ ∈ {1, . . . ,M2} : f1

i (v2
j′) = min{f1

i (v2
j ) : j = 1, . . . ,M2}}.

Then the facet h1
i 〈v1

i1, v
1
i2, . . . , v

1
imi
〉 determines a facet of γ12 congruent to

h1
i if card(J2

i ) = 1. Let J2
i = {α}. Then exactly one point of T2(u) may be

in contact with T1 in case H1
i is a separating plane. The set of translation

vectors u of T2 is given by

{u ∈ R3 : u = u′ − v2
α, u

′ ∈ H1
i ∩ T1(0)}.

Hence, the corresponding facet of γ12, denoted by q, is

q = 〈v1
i1 − v2

α, v
1
i2 − v2

α, . . . , v
1
imi − v2

α〉.
2. An edge of T2 is in contact with a facet of T1. This situation occurs

when card(J2
i ) = 2. Let J2

i = {α, β}, i.e. v2
α and v2

β define an edge

e2 := {v : v = λv2
α + (1− λ)v2

β , λ ∈ [0, 1]}
of T2(0). It is known that the edge e2 and the facet h1

i determine a facet q
of T12 as follows:

(9) q = h1
i + (−1)e2 := {v1 − v2 : v1 ∈ h1

i , v
2 ∈ e2}.

Since q is the Minkowski sum of h1
i and −e2, the vertices of q are in the set

Q = {v1
ij − v2

α, v
1
ij − v2

β : j = 1, . . . ,mi}. In order to identify points in Q
which are vertices of q, algorithms which work in two-dimensional space can
be used. Therefore we project h1

i and e2 onto a suitable coordinate plane,
e.g., the xy-plane, obtaining a polygon prxy(h1

i ) with vertices (x1
ij , y

1
ij), j =

1, . . . , ni, and a closed interval prxy(e2) with vertices (x2
α, y

2
α) and (x2

β, y
2
β).

Using one of the algorithms to construct the 0-level surface of a Φ-function
in R2 (see below), we identify the vertices of the projection of q, and hence,
the vertices of q. For example, if (v1

ij(x
1
ij , y

1
ij), v

2
α(x2

α, y
2
α)) is a vertex of the

polygon prxy(q) then (x1
ij − x2

α, y
1
ij − y2

α, z
1
ij − z2

α) is a vertex of q.
The choice of the projection plane depends on the angle between H1

i and
the coordinate axes (cf. below).

3. A facet of T2 is in contact with a facet of T1. This means that the
facets lie in parallel planes. As a consequence of the first two situations,
if card(J2

i ) = χ ≥ 3 then a facet of T2 may be in contact with T1. Let
J2
i = {jν : ν = 1, . . . , χ}. Since v2

jν
are vertices of T2 there exists an index s

with H2
s parallel to H1

i .
Similarly to the above, the facets h2

s and h1
i determine a facet q of T12

as follows:

(10) q = h1
i + (−1)h2

s := {v1 − v2 : v1 ∈ h1
i , v

2 ∈ h2
s}.

Now, q is the Minkowski sum of h1
i and −h2

s. Hence the vertices of q are in
Q = {v1

ij − v2
jν

: j = 1, . . . ,mi, ν = 1, . . . , χ}.
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Again, using a suitable projection and two-dimensional algorithms, we
can calculate the vertices of the projection of q, and hence also for q (see
below).

4. A vertex of T1 is in contact with a facet of T2 and 5. An edge of T1

is in contact with a facet of T2. These two cases can be handled similarly
to cases 1 and 2. Let h2

s〈v2
s1, v

2
s2, . . . , v

2
sms〉 be any facet of T2. Set

J1
s := {j′ ∈ {1, . . . ,M1} : f2

s (v1
j′) = min{f2

s (v1
j ) : j = 1, . . . ,M1}}.

If card(J1
s ) = 1 then case 4 holds, and if card(J1

s ) = 2 then case 5 occurs.
In the case of card(J1

s ) ≥ 3 no new situation arises.

6. An edge of T1 is in contact with an edge of T2. Let e2 be an edge of T2

connecting vertices v2
t and v2

h, i.e. e2 = {v : v = λv2
t + (1−λ)v2

h, λ ∈ [0, 1]},
and let e1 be an edge of T1 connecting vertices v1

t and v1
h (Fig. 4). These

two edges determine a facet q of γ12 if and only if they are not parallel and
the plane

H = {v : v = v1
t + λ(v1

h − v1
t ) + %(v2

h − v2
t ), λ, % ∈ R1} =: {v : f(v) = 0}

separates T1(0) and T2(u2) with u2 = v1
t − v2

t , i.e. f(v1
j ) ≤ 0 for j =

1, . . . ,M1, and 0 ≤ f(v2
j + u2) for j = 1, . . . ,M2, and f(v1

j ) < 0 for j 6= t, h

and f(v2
j + u2) > 0 for j 6= t, h.

z

1
tv

2
hv

)( 22 uT

T2(0)

p2

p4

p3

x

1
hv

p1

y

T1(0)

0

  2
tν

qi

Fig. 4. Two edges form a facet



Construction of a Φ-function 213

The facet q ⊂ γ12 determined by e1 and e2 may be represented as

q = e1 + (−1)e2 = {v1 − v2 : v1 ∈ e1, v2 ∈ e2}.
Hence, q is a parallelogram parallel to H with the vertices p1 = v1

t − v2
t ,

p2 = v1
h − v2

t , p3 = v1
h − v2

h, and p4 = v1
t − v2

h. Note that when calculating
such a parallelogram one has to take care of numerical stability since for
nearly parallel edges the resulting facet q becomes very thin.

Summarizing, the facets of the surface γ12 can be obtained as follows:

1. combine each facet of T1 with an appropriate element (vertex, edge or
facet) of T2,

2. combine each facet of T2 with an appropriate element (vertex or edge)
of T1, and

3. consider any pair of edges of T1 and T2 which define a separating
plane.

The set of facets q computed in this way describes the surface of γ12.

5. Φ-function of two convex polytopes. In the previous section, we
have obtained all facets

qi = 〈vi1, . . . , vimi〉, i = 1, . . . , N,

of γ12. Let {vj : j ∈ J} denote the set of vertices of γ12. It remains to find
the corresponding Φ-function.

For that purpose, for each facet qi of γ12, we construct a plane Hi = {u :
fi(u) = 0} determined by

fi(u) = fi(x, y, z) = 0 ∀u ∈ qi.
The orientation of the plane is such that fi(vj) ≤ 0 for all j ∈ J .

Obviously, fi can be calculated by solving the linear system

fi(vij) = 0, j = 1, . . . ,mi,

and choosing a suitable solution (with regard to orientation).
Since the polytopes T1 and T2 are convex, T12 can be represented as

T12 = {u ∈ R3 : fi(u) ≤ 0, i = 1, . . . , N}
= {u ∈ R3 : max{fi(u) : i = 1, . . . , N} ≤ 0}.

Hence, if T2 is placed at u2 and u2 ∈ T12 then T1(0) and T2(u2) are in
contact or they overlap. Consequently,

Φ12(0, u2) = max{f1(u2), f2(u2), . . . , fN (u2)}.
Therefore,

Φ12(u1, u2) = max{f1(u2 − u1), f2(u2 − y1), . . . , fN (u2 − u1)}
is a Φ-function of the two polytopes T1(u1) and T2(u2).
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Example (cont.). For the polytopes T1 and T2 given in Table 1 (Fig. 3),
the following 0-level surface γ12 results, characterized by its 12 facets:

q1〈v1,v2,v3,v4〉, q2〈v5,v6,v1,v4〉, q3〈v7,v8,v9,v10〉, q4〈v10,v9,v5,v4, v3〉,
q5〈v11,v12,v13〉, q6〈v12,v6,v8〉, q7〈v2,v13,v7〉, q8〈v1,v6,v12,v11〉,

q9〈v11,v13,v2,v1〉, q10〈v2,v7,v10,v3〉, q11〈v9,v8,v6,v5〉, q12〈v13,v12,v8,v7〉,
where the coordinates of the vertices of γ12 are given in Table 2. γ12 is
depicted in Fig. 5.

Table 2. Vertices of γ12

γ v1 v2 v3 v4 v5 v6 v7 v8 v9 v10 v11 v12 v13

x 4.0 0.0 0.0 4.0 0.0 0.0 −5.0 −3.0 −3.0 −5.0 1.0 −1.0 −3.0
y 1.0 1.0 1.0 1.0 −11.0 −11.0 −5.0 −11.0 −11.0 −5.0 −4.0 −10.0 −4.0
z 7.0 7.0 15.0 15.0 15.0 7.0 7.0 7.0 15.0 15.0 1.0 1.0 1.0

y

x

z

0

v9

v5

v8

v6

v10

v3

v4

v1

v2

v12

v11

v7

v13

Fig. 5. Φ-function of two polytopes

The following linear functions result for γ12: f1(u) = y − 1, f2(u) =
3x − y − 11, f3(u) = −3x − y − 20, f4(u) = z − 15, f5(u) = −z + 1,
f6(u) = −6y−z−59, f7(u) = −36x+30y−7z+19, f8(u) = 9x−3y−2z−19,
f9(u) = 6y − 5z + 39, f10(u) = −6x+ 5y − 5, f11(u) = −y − 11, f12(u) =
−18x− 6y − 7z − 71.

Hence, Φ12 (u1, u2) = max{f1(u2 − u1), f2(u2 − u1), . . . , f12(u2 − u1)} is
a Φ-function for the two polytopes. Note that it is not normalized, even if
the functions fi have a normalized coefficient vector.
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6. Algorithm for constructing γ12. In this section we present an
algorithmic description of the above computation of the surface γ12 of two
convex polytopes which are given in facet representation.

Let hki 〈vki1, vki2, . . . , vkimi〉, i = 1, . . . , Nk, denote the facets of Tk, k = 1, 2,
and let Ω denote the set of vertices of γ12; ε denotes a given tolerance.

Algorithm

Ω = ∅.
1. Considering the facets of T1 and a vertex, edge or facet of T2

For i := 1 to N1 do:

• Calculate the coefficients of f 1
i : n1

i = (A1
i , B

1
i , C

1
i )T = (v1

i2 − v1
i1) ×

(v1
i3 − v1

i1), D1
i = −(n1

i )
T v1

i1 where “×” denotes vector product.
• Compute J2

i = {j′ ∈ {1, . . . ,M2} : f1
i (v2

j′) = min{f1
i (v2

j ) : j =
1, . . . ,M2}} and let J2

i = {j1, . . . , jχ}.
• If χ = 1 then compute the facet q = 〈v1

i1 − v2
j1
, . . . , v1

imi
− v2

j1
〉 of γ12.

Otherwise, select a projection coordinate plane as follows:
— the xy-plane if |C1

i | = max{|A1
i |, |B1

i |, |C1
i |},

— the zx-plane if |B1
i | = max{|A1

i |, |B1
i |, |C1

i |},
— the yz-plane if |A1

i | = max{|A1
i |, |B1

i |, |C1
i |}.

• If χ = 2 then project facet h1
i of T1 and edge e2 of T2 with endpoints v2

j1

and v2
j2

onto the selected plane and construct the sequence of vertices
of q in accordance with item 2 of Section 4.

• If χ > 2 then project facet h1
i of T1 and facet h2

j of T2 (determined
by J2

i ) onto the selected coordinate plane. Construct facet q of γ12 in
accordance with item 3 of Section 4.

• Update the vertex set Ω of γ12 and save the representation of q with
respect to Ω.

2. Considering the facets h2
j of T2 and a vertex or edge of T1

For j = 1 to N2 do:

• Calculate the coefficients of f 2
j in analogy to step 1.

• Compute J1
j = {i′ ∈ {1, . . . ,M1} : f2

j (v1
i′) = min{f2

j (v1
i ) : i =

1, . . . ,M1}} and let J1
j = {i1, . . . , iχ}.

• If χ = 1 then compute the facet q = 〈v2
jmj
− v1

i1
, . . . , v2

j1 − v1
i1
〉.

Note that the circuit direction of the vertices in q has to be opposite
to that in h2

j .
• If χ = 2 then project facet h2

j of T2 and edge e1 of T1 with endpoints
v1
i1

and v1
i2

onto a coordinate plane selected in analogy to step 1.
Construct the facet q = 〈p1, . . . , pr〉 of γ12 in accordance with item 5
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of Section 4. If the direction of the normal n = (p2− p1)× (p3− p1) is
not opposite to that of n2

j , then change the circuit orientation of q.
• If χ ≤ 2 then update the vertex setΩ of γ12 and save the representation

of q with respect to Ω.

3. Considering the edges e1
i of T1 and the edges e2

j of T2

Form a list of edges e1
i of T1 specified by their end-vertices v1

i1
and v1

i2
,

i = 1, . . . ,K1, and a list of edges e2
j of T2 with end-vertices v2

j1
and v2

j2
,

j = 1, . . . ,K2.
For i = 1 to K1 do:
For j = 1 to K2 do:

• If ‖e1
i ‖2 ·‖e2

j‖2−((e1
i )
T e2

j )
2 < ε then the two edges are parallel, no facet

can be obtained. Otherwise calculate the normal vector n = e1
i × e2

j of
the plane H which is determined by e1

i and e2
j .

• Verification whether H is a separating plane

Set sep = true. Compute J1 = {r ∈ {1, . . . ,M1} : nT v1
r = nT v1

i1
},

µ1 = max{nT v1
r : r = 1, . . . ,M1}, ν1 = min{nT v1

r : r = 1, . . . ,M1}. If
ν1 < nT v1

i1
< µ1 or card(J1) > 2 then sep = false.

If sep = true then compute J2 = {s ∈ {1, . . . ,M2} : nT v2
s = nT v2

j1
},

µ2 = max{nT v2
s : s = 1, . . . ,M2}, ν2 = min{nT v2

s : s = 1, . . . ,M2}. If
ν2 < nT v2

j1
< µ2 or card J2) > 2 then sep = false.

If ν1 = nT v1
i1

and ν2 = nT v2
j1

or if µ1 = nT v1
i1

and µ2 = nT v2
j1

then
sep = false.

• If sep = true then calculate the facet q of γ12 in accordance with item 6
of Section 4, i.e. q has the vertices p1 = v1

i1
− v2

j1
, p2 = v1

i2 − v2
j1

,
p3 = v1

i2 − v2
j2, and p4 = v1

i1
− v2

j2. Let v1
t be any vertex of T1 not

belonging to e1
i , and let n′ = (p2 − p1)× (p3 − p1) be a normal vector

of q. If (n′)T v1
t > (n′)T v1

i1
then change the circuit orientation of q.

Update the vertex set Ω of γ12 and save the representation of q with
respect to Ω.

7. Considering two parallel facets. For completeness, in this section
we describe in detail one possibility to compute a facet q = qpt of γ12 which is
determined by two parallel facets h1

p ⊂ T1 and h2
t ⊂ T2. Here the projection

onto the xy-plane is considered; the other two cases are similar.
Let h1

p〈v1
p1, v

1
p2, . . . , v

1
pn〉 and h2

t 〈v2
t1, v

2
t2, . . . , v

2
tm〉 be facets of T1 (consid-

ered to be fixed) and T2 (which is movable), respectively. The facets are
assumed to be parallel, and the vertices v1

pi = (x1
pi, y

1
pi, z

1
pi), i = 1, . . . , n,

and v2
tj = (x2

tj , y
2
tj , z

2
tj), j = 1, . . . ,m, are given in the eigen coordinate sys-

tems. Projection of the facets onto the xy-plane yields polygons prxyh
1
p =
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〈u1
p1, u

1
p2, . . . , u

1
pn〉 and prxyh

2
t = 〈u2

t1, u
2
t2, . . . , u

2
tm〉, where u1

pi = prxyv
1
pi =

(x1
pi, y

1
pi), i = 1, . . . , n, and u2

tj = prxyv
2
tj = (x2

tj , y
2
tj), j = 1, . . . ,m. It is

assumed that the eigen coordinate systems coincide and that the circuit di-
rections of the two polygons are counterclockwise. Then the construction of
the facet q which is formed by the parallel facets h1

p and h2
t can be realized

as follows:

1. In order to obtain a first vertex of q, an initial pair of vertices u1
pk

and u2
tr is chosen such that x1

pk = min{x1
p1, x

1
p2, . . . , x

1
pn}, y1

pk = maxi{y1
pi :

x1
pi = x1

pk} and x2
tr = max{x2

t1, x
2
t2, . . . , x

2
tm}, y2

tr = minj{x2
tj : x2

tj = x2
tr}.

This choice guarantees nonoverlapping of the polygons prxyh
1
p and prxyh

2
t

when prxyh
2
t is translated by the vector u1

pk−u2
tr. As a result, the translated

vertex u2
tr coincides with vertex u1

pk and the translated origin of the eigen
coordinate system of the polygon prxyh

2
t is the projection of the first vertex

of facet q on the xy-plane.
As a consequence, the first vertex v1 of q, determined by v1

pk and v2
tr, is

v1 = v1
pk − v2

tr.

2. All subsequent vertices vl, l = 2, . . . , L (with L ≤ m + n), of facet q
can be computed step by step based on analysing the current geometrical
situation. In detail, let the current constructed vertex vl of q be formed by
u1
pi and u2

tj . Then the next vertex vl+1 of q is determined in analogy to the
two-dimensional case by a pair of vertices: either by u1

p,i+1, u2
tj (shifting T2

along an edge of T1), or by u1
pi, u

2
t,j+1 (shifting T2 along an edge of T2), or

by u1
p,i+1, u2

t,j+1 (shifting T2 along parallel edges).
More formally, let

ϑj(x1
pi, y

1
pi) =

∣∣∣∣
x1
pi − x2

tj y1
pi − y2

tj

x2
t,j+1 − x2

tj y2
t,j+1 − y2

tj

∣∣∣∣ .

If ϑj(x1
pi, y

1
pi) = ϑj(x1

p,i+1, y
1
p,i+1) then vl+1 = v1

p,i+1 − v2
t,j+1.

If ϑj(x1
pi, y

1
pi) < ϑj(x1

p,i+1, y
1
p,i+1) then vl+1 = v1

pi − v2
t,j+1.

If ϑj(x1
pi, y

1
pi) > ϑj(x1

p,i+1, y
1
p,i+1) then vl+1 = v1

p,i+1 − v2
tj .

Finally, when vertex vl+1 coincides with vertex v1 then the construction
of facet q for γ12 is terminated.

It is to be noted that in the case where an edge of T2 is parallel to a
facet of T1, the algorithm is also applicable, now with m = 2. The algorithm
does not change significantly when facets h1

p and h2
t are projected onto the

yz-plane or zx-plane. However the definition of u1
pi and u2

tj changes.

8. Concluding remarks. When dealing with 3D packing problems,
tools like Φ-functions are needed to describe or characterize the mutual po-
sition of two objects. The proposed method for computing a Φ-function of
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two convex polytopes is based on a facet-oriented description of the poly-
topes. Generalizing it to the nonconvex case is still an open problem.
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