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Abstract. We study the existence of solutions of the nonlinear parabolic
problem

∂u

∂t
− div[|Du−Θ(u)|p−2(Du−Θ(u))] + α(u) = f in ]0, T [×Ω,

(|Du−Θ(u)|p−2(Du−Θ(u))) · η + γ(u) = g on ]0, T [× ∂Ω,
u(0, ·) = u0 in Ω,

with initial data in L1. We use a time discretization of the continuous prob-
lem by the Euler forward scheme.

1. Introduction. The purpose of this paper is to study the existence
question for the following nonlinear parabolic problem

(1.1)


∂u

∂t
− div(Φ(Du−Θ(u))) + α(u) = f in QT := ]0, T [×Ω,

Φ(Du−Θ(u)) · η + γ(u) = g on ΣT := ]0, T [× ∂Ω,
u(0, ·) = u0 in Ω,

where Ω ⊂ Rd (d ≥ 3) is an open bounded domain with Lipschitz boundary
∂Ω; T is a fixed positive number; Du is the gradient of u; α, γ,Θ are con-
tinuous functions defined on R and satisfy suitable assumptions; η denotes
the unit vector normal to ∂Ω; and

Φ(ξ) := |ξ|p−2ξ, ∀ξ ∈ Rd.
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We apply a time discretization of given continuous problem by the Euler
forward scheme and study existence, uniqueness and stability questions. We
recall that the Euler forward scheme has been used by several authors while
studying time discretization of nonlinear parabolic problems; we refer for
example to [15, 9, 17, 19] for some details. This scheme is usually used to
prove existence of solutions as well as to compute numerical approxima-
tions.

The usual weak formulations of parabolic problems in the case where
the initial data are in L1 do not ensure existence and uniqueness of so-
lutions. New formulations have recently been used, with the hope that a
new definition of solution would make it possible to obtain existence and
uniqueness. For that, three notions of solution have been adopted: solutions
named SOLA (Solution Obtained as the Limit of Approximations) defined
by A. Dallaglio [11]; renormalized solutions defined by R. Diperna and P.-L.
Lions [14]; and entropy solutions defined by Ph. Bénilan et al. [8]. We will
be interested here in the entropy formulation. Many authors have dealt with
this type of formulation: see for example [2, 7, 5, 8, 18, 24, 26, 27].

In [18], we considered the case Θ = 0 and showed by the same method
used here the existence of a unique entropy solution. The same case has
been studied by F. Andreu et al. [4]. The problem (1.1) with Dirichlet-type
boundary conditions has been studied by many authors: see for example
[1, 13, 15, 9, 19, 24].

The problem (1.1), or some special case of it, arises in many different
physical contexts. Here we shall mention two of them which are related to
turbulent flows.

• Model 1: Filtration of a fluid in a partially saturated porous medium.
This flow is governed by the equation

(1.2)
∂c(p)
∂t

= ∇a[k(c(p))(∇p+ e)],

where p is the unknown pressure, c the water content, k the conductivity
of the porous medium, a the matrix heterogeneity and −e the direction of
gravity. The Kirchhoff transformation equation

u =
p�

0

k(c(ξ)) dξ

leads to a differential equation (1.2) of the form

∂b(u)
∂t

= Da[Du+ k(b(u))e],

where the function b has the same behavior as c.
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• Model 2: Flow through a porous medium in a turbulent regime. This
model is governed by the continuity equation

∂θ

∂t
+ div v = 0

and Darcy’s law
v = −K(θ) gradφ(θ),

where θ(x, t) is the volumetric moisture content, k(θ) is the hydraulic con-
ductivity, and the total potential φ is given by

φ(θ) = ψ(θ) + z,

with ψ(θ) the hydrostatic potential and z the gravitational potential. In
turbulent regimes, the flow rate is different from that which can be predicted
by the Darcy law, and so several authors proposed a nonlinear relation
between v and K(θ) gradφ,

|v|q−2v = −K(θ) gradφ(θ), q > 2.

If e denotes the unit vector in the vertical direction, we obtain
∂θ

∂t
− div(|∇ϕ(θ)−K(θ)e|p−2(∇ϕ(θ)−K(θ)e)) = 0,

where

ϕ(θ) =
θ�

0

K(s)φ′(s) ds, p =
q

q − 1
.

This paper is organized as follows: after some preliminary results in Sec-
tion 2, we discretize the problem (1.1) in Section 3 by the Euler forward
scheme and we show the existence and uniqueness of an entropy solution for
the discretized problems. Section 4 is devoted to the analysis of the stability
of the discretized problems. We finish this paper by studying the existence
of an entropy solution to the parabolic problem (1.1).

2. Preliminaries and notations. For a measurable set Ω in Rd,
meas(U) denotes its measure, the norm in Lp(Ω) is denoted by ‖ · ‖p, and
‖·‖1,p denotes the norm in the Sobolev space W 1,p(Ω); Ci and C will denote
various positive constants. For a Banach space X and a < b, Lp(a, b;X) is
the space of measurable functions u : [a, b]→ X such that( b�

a

‖u(t)‖pX
)1/p

=: ‖u‖Lp(a,b;X) <∞.

For a given constant k > 0 we define the cut-off function Tk : R→ R by

Tk(s) :=
{
s if |s| ≤ k,
k sign(s) if |s| > k,
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where

sign(s) :=


1 if s > 0,
0 if s = 0,
−1 if s < 0.

For a function u = u(x), x ∈ Ω, we define the truncated function Tku
pointwise, i.e., for every x ∈ Ω the value of Tku at x is just Tk(u(x)).

Define Jk : R→ R+ by

Jk(x) =
x�

0

Tk(s) ds

(Jk is a primitive of Tk). We have (see [16])〈
∂v

∂t
, Tk(v)

〉
=

d

dt

( �
Ω

Jk(v)
)

in L1(]0, T [),

which implies that
t�

0

〈
∂v

∂s
, Tk(v)

〉
=

�

Ω

Jk(v(t))−
�

Ω

Jk(v(0)).

For u ∈W 1,p(Ω), we denote by τu or u the trace of u on ∂Ω in the usual
sense. In [8], the authors introduce the following spaces:

T 1,1
loc (Ω) = {u : Ω → R measurable : Tk(u) ∈W 1,1

loc (Ω) for all k > 0},
T 1,p

loc (Ω) = {u ∈ T 1,1
loc (Ω) : DTk(u) ∈ Lploc(Ω) for all k > 0},

T 1,p(Ω) = {u ∈ T 1,p
loc (Ω) : DTk(u) ∈ Lp(Ω) for all k > 0}.

For bounded Ω, we have

T 1,p(Ω) = {u : Ω → R measurable : Tk(u) ∈W 1,p(Ω) for all k > 0}.
Following [8], it is possible to give a meaning to the derivative Du of a
function u ∈ T 1,p

loc (Ω), generalizing the usual concept of weak derivative in
W 1,1

loc (Ω), thanks to the following result:

Lemma 2.1 ([8]). For every u ∈ T 1,p
loc (Ω) there exists a unique measurable

function v : Ω → Rd such that

DTk(u) = v1{|v|<k} a.e.,

where 1B is the characteristic function of the measurable set B ⊂ Rd. Fur-
thermore, u ∈ W 1,1

loc (Ω) if and only if v ∈ L1
loc(Ω), and then v ≡ Du in the

usual weak sense.

We also apply the set T 1,p
tr (Ω) introduced in [4] as the subset of functions

in T 1,p(Ω) for which a generalized notion of trace may be defined. More
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precisely u ∈ T 1,p
tr (Ω) if u ∈ T 1,p(Ω) and there exist a sequence (un)n∈N in

W 1,p(Ω) and a measurable function v on ∂Ω such that

(a) un → u a.e. in Ω,
(b) DTk(un)→ DTk(u) in L1(Ω) for every k > 0,
(c) un → v a.e. on ∂Ω.

The function v is the trace of u in the generalized sense introduced in [4].
For u ∈ T 1,p

tr (Ω), the trace of u on ∂Ω is denoted by tr(u) or u. The operator
tr(·) has the following properties:

(i) if u ∈ T 1,p
tr (Ω), then τTk(u) = Tk(tr(u)) for all k > 0,

(ii) if ϕ ∈W 1,p(Ω)∩L∞(Ω), then for all u ∈ T 1,p
tr (Ω), we have u−ϕ ∈

T 1,p
tr (Ω) and tr(u− ϕ) = tr(u)− τϕ.

In the case where u ∈W 1,p(Ω), tr(u) coincides with τu. Obviously,

W 1,p(Ω) ⊂ T 1,p
tr (Ω) ⊂ T 1,p(Ω).

3. The semi-discrete problem. In this section, we discretize the prob-
lem (1.1) by the Euler forward scheme and study the questions of existence
and uniqueness for the discretized problems. We make the following hy-
potheses:

(H1) α and γ are nondecreasing continuous real functions on R such
that α(0) = γ(0) = 0;

(H2) f ∈ L1(QT ), g ∈ L1(ΣT ) and u0 ∈ L1(Ω);
(H3) Θ is a continuous function from R to Rd such that Θ(0) = 0 and

|Θ(x) − Θ(y)| ≤ C|x − y| for all x, y ∈ R, and C is a positive
constant such that

C <
(d− p)(meas(Ω))−1/d

2(d− 1)p
.

The Euler forward scheme applied to the problem (1.1) yields the following
problems:

(Pn)


Un − τ div(Φ(DUn −Θ(Un))) + τα(Un) = τfn + Un−1 in Ω,

(Φ(DUn −Θ(Un))) · η + γ(Un) = gn on ∂Ω,

U0 = u0 in Ω,

where Nτ = T , 0 < τ < 1, 1 ≤ n ≤ N and

fn(·) =
1
τ

nτ�

(n−1)τ

f(s, ·) ds in Ω,

gn(·) =
1
τ

nτ�

(n−1)τ

g(s, ·) ds on ∂Ω.
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Recently, in [8], a new concept of solution has been introduced for the elliptic
equation

−div[a(x,Du)] = f(x) in Ω,

u = 0 on ∂Ω,

namely entropy solution. Following this idea we define the concept of entropy
solution for the problems (Pn).

Definition 3.1. An entropy solution to the discretized problems (Pn)
is a sequence (Un)0≤n≤N such that U0 = u0 and Un is defined by induction
as an entropy solution to the problem{

u− τ div(Φ(Du−Θ(u))) + τα(u) = τfn + Un−1 in Ω,

(Φ(Du−Θ(u))) · η + γ(u) = gn on ∂Ω,

i.e. Un ∈ T 1,p
tr (Ω) and for all ϕ ∈W 1,p(Ω) ∩ L∞(Ω) and all k > 0, we have

(3.1) τ
�

Ω

(Φ(DUn −Θ(Un)))DTk(Un − ϕ) +
�

Ω

(τα(Un) + Un)Tk(Un − ϕ)

+ τ
�

∂Ω

γ(Un)Tk(Un −ϕ) ≤
�

Ω

(τfn +Un−1)Tk(Un −ϕ) + τ
�

∂Ω

gnTk(Un −ϕ).

Lemma 3.2. Let hypotheses (H1)–(H3) be satisfied. If (Un)0≤n≤N is an
entropy solution of problems (Pn), then Un ∈ L1(Ω) for all n = 1, . . . , N .

Proof. Taking ϕ = 0 in (3.1), we get, for n = 1,

τ
�

Ω

Φ(DU1 −Θ(U1))DTk(U1) +
�

Ω

(τα(U1) + U1)Tk(U1)

+ τ
�

∂Ω

γ(U1)Tk(U1) ≤
�

Ω

(τf1 + u0)Tk(U1) + τ
�

∂Ω

g1Tk(U1),

i.e.

(3.2) τ
�

Ω

Φ(DU1 −Θ(U1))DTk(U1) +
�

Ω

(τα(U1) + U1)Tk(U1)

+
τ

p

�

Ω

|Θ(Tk(U1))|pτ
�

∂Ω

γ(U1)Tk(U1)

≤
�

Ω

(τf1 + u0)Tk(U1) + τ
�

∂Ω

g1Tk(U1) +
τ

p

�

Ω

|Θ(Tk(U1))|p.

On the one hand, using the inequality (see [2])

(3.3)
1
p
|ξ|p − 1

p
|η|p ≤ |ξ|p−2ξ(ξ − η), ∀ξ, η ∈ RN and 1 ≤ p <∞,
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we get
�

Ω

Φ(DU1 −Θ(U1))DTk(U1) +
1
p

�

Ω

|Θ(Tk(U1))|p ≥ 0.

On the other hand, by assumption (H1),
�

Ω

α(U1)Tk(U1) +
�

∂Ω

γ(U1)Tk(U1) ≥ 0.

Therefore, the inequality (3.2) becomes
�

Ω

U1Tk(U1) ≤ kτ [‖fn‖1 + ‖gn‖L1(∂Ω)] + ‖u0‖1 +
τ

p

�

Ω

|Θ(Tk(U1))|p.

Since
N∑
n=1

τ(‖fn‖1 + ‖gn‖L1(∂Ω)) ≤ ‖f‖L1(QT ) + ‖g‖L1(ΣT ),

by using hypothesis (H3) we get

(3.4)
�

Ω

U1Tk(U1) ≤ kC1 +
τ

p
(Ck)p ≤ kC1 +

1
p

(Ck)p,

where C1 is a constant depending on f, g, u0. Since

lim
k→0

U1Tk(U
1)

k
= |U1|,

dividing (3.4) by k and letting k → 0, we deduce by Fatou’s lemma that

‖U1‖1 ≤ C2.

Theorem 3.3. Let hypotheses (H1)–(H3) be satisfied and 1 < p < d.
Then for all N ∈ N, the problems (Pn) have a unique entropy solution
(Un)0≤n≤N such that Un ∈ T 1,p

tr (Ω) ∩ L1(Ω) for all n = 1, . . . , N .

Proof. Existence. For n = 1, we can write problem (P1) in the form

−τ div(Φ(Du−Θ(u))) + α(u) = F1 in Ω,

Φ(Du−Θ(u))η + γ(u) = G1 on ∂Ω,

where
α(s) := τα(s) + s, F1 := τf + u0, G1 := g.

By hypothesis (H2), we have (F1, G1) ∈ L1(Ω)×L1(∂Ω), and by hypothesis
(H1), α is continuous and α(s)s ≥ 0 for all s ∈ R. Therefore, using [2,
Theorem 3.1], we deduce the existence of an entropy solution U1 ∈ T 1,p

tr (Ω).
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By induction, using Lemma 3.2, we deduce in the same manner that for
n = 1, . . . , N, the problem

u− τ div(Φ(Du−Θ(u))) + τα(u) = τfn + Un−1 in Ω,

Φ(Du−Θ(u))η + γ(u) = gn on ∂Ω,

has an entropy solution Un in T 1,p
tr (Ω).

Uniqueness. We first need the following lemma.

Lemma 3.4. For all n = 1, . . . , N we have

(i) lim
h→∞

lim
k→0

1
k

�

{h<|Un|<k+h}

Φ(DUn −Θ(Un))DUn = 0,

(ii) lim
h→∞

lim
k→0

1
k

�

{h<|Un|<k+h}

|DUn|p = 0,

(iii) lim
h→∞

lim
k→0

1
k

t�

0

�

{h<|Un|<k+h}

|DUn −Θ(Un)|p = 0.

Proof. Let n = 1; for simplicity, we write u = U1.
For (i), taking ϕ = Th(u) as a test function, we get

τ
�

Ω

Φ(Du−Θ(u))DTk(u− Th(u)) +
�

Ω

(τα(u) + u)Tk(u− Th(u))

+
�

∂Ω

τγ(u)Tk(u−Th(u)) ≤
�

Ω

(τf1 +u0)Tk(u−Th(u)) +
�

∂Ω

τg1Tk(u−Th(u)).

Dividing by k and taking the limit as k → 0 and h→∞, we obtain

lim
h→∞

lim
k→0

1
k

�

{h<|u|<k+h}

Φ(Du−Θ(u))Du

≤ lim
h→∞

lim
k→0

( �

{|u|>h}

(τ |f1|+ |u0|) +
�

∂Ω∩{|u|>h}

τ |g1|
)
,

i.e.

lim
h→∞

lim
k→0

1
k

�

{h<|u|<k+h}

Φ(Du−Θ(u))Du = 0,

which proves (i).
Applying (3.3) and (i), we easily get (ii) and (iii).

Let (Un)0≤n≤N and (V n)0≤n≤N , N ∈ N, be two entropy solutions of
problems (Pn) and let ϕ ∈ W 1,p(Ω) ∩ L∞(Ω). For n = 1 we get (for sim-
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plicity, we write u = U1, v = V 1)

τ
�

Ω

Φ(Du−Θ(u))DTk(u− ϕ) +
�

Ω

(τα(u) + u)Tk(u− ϕ)

+
�

∂Ω

τγ(u)Tk(u− ϕ) ≤
�

Ω

(τf1 + u0)Tk(u− ϕ) +
�

∂Ω

τg1Tk(u− ϕ),

and

τ
�

Ω

Φ(Dv −Θ(v))DTk(v − ϕ) +
�

Ω

(τα(v) + v)Tk(v − ϕ)

+
�

∂Ω

τγ(v)Tk(v − ϕ) ≤
�

Ω

(τf1 + u0)Tk(v − ϕ) +
�

∂Ω

τg1Tk(v − ϕ).

Let h > 0. For the solution u we take ϕ = Th(v) and for the solution v
we take ϕ = Th(u) as test functions; summing the above inequalities and
letting k → 0, h→∞, using hypothesis (H1), we obtain

τ lim
h→∞

lim
k→0

1
k
II(k, h) + ‖u− v‖1 ≤ 0,

where

II(k, h) =
�

Ω

Φ(Du−Θ(u))DTk(u−Th(v))+
�

Ω

Φ(Dv−Θ(v))DTk(v−Th(u)).

Now, we consider the following decomposition:

Ω1(h) = {|u| ≤ h, |v| ≤ h}, Ω2(h) = {|u| ≤ h, |v| > h},
Ω3(h) = {|u| > h, |v| ≤ h}, Ω2(h) = {|u| > h, |v| > h},

and

II(k, h) =
4∑
i=1

Li(k, h),

where

Li(k, h) =
�

Ωi(h)

[Φ(Dv−Θ(v))DTk(v−Th(u))+Φ(Du−Θ(u))DTk(u−Th(v))].

We have

L1(k, h) =
�

Ω1(h)

Φ(Dv −Θ(v))DTk(v − u) +
�

Ω1(h)

Φ(Du−Θ(u))DTk(u− v)

= L1
1(k, h) + L2

1(k, h),

where

L1
1(k, h) =

�

Ω1(h,k)

[Φ(Dv −Θ(v))− Φ(Du−Θ(u))(Dv −Θ(v)−Du+Θ(u))],
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L2
1(k, h) =

�

Ω1(h,k)

[Φ(Dv −Θ(v))− Φ(Du−Θ(u))(Θ(v)−Θ(u))],

where
Ω1(h, k) = {|u| ≤ h, |v| ≤ h, |v − u| ≤ k}.

First, we show that

lim
h→∞

lim
k→0

1
k
L1(k, h) ≥ 0.

Case 1 < p ≤ 2. Let ε > 0. By Young’s inequality, we have

|L2
1(k, h)| ≤ ε

p′

�

Ω1(h,k)

|Φ(Dv −Θ(v))− Φ(Du−Θ(u))|p′

+
1
pε

�

Ω1(h,k)

|Θ(v)−Θ(u)|p.

Using hypothesis (H3) and the inequality (see [13])

|Φ(ξ)− Φ(η)|p′ ≤ C{(ξ − η)(Φ(ξ)− Φ(η))}β/2{|ξ|p + |η|p}1−β/2, ∀ξ, η ∈ Rd,

where β = 2 if 1 < p ≤ 2 and β = p′ if p ≥ 2, we obtain

|L2
1(k, h)| ≤ εC1

p′
L1

1(k, h) +
C2

pε
kp,

which implies

(3.5)
∣∣∣∣ limk→0

1
k
L2

1(k, h)
∣∣∣∣ ≤ εC1

p′
lim
k→0

1
k
L1

1(k, h).

If limk→0
1
kL

1
1(k, h) = +∞, we use Hölder’s inequality to get

(3.6) |L2
1(k, h)|

≤
[( �

Ω1(h,k)

|Dv −Θ(v)|p
)1/p′

+
( �

Ω1(h,k)

|Du−Θ(u)|p
)1/p′]

×
( �

Ω1(h,k)

|Θ(v)−Θ(u)|p
)1/p

.

On the other hand, taking ϕ = 0 in (3.1), we get�

{|u|≤k}

|Du−Θ(u)|p ≤ kC3, ∀k > 0.

Then, by hypothesis (H3), inequality (3.6) becomes

|L2
1(k, h)| ≤ C4(h+ k)1/p

′
k.

This implies that

lim
k→0

1
k
L1

1(k, h) + lim
k→0

1
k
L2

1(k, h) = +∞,
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so

lim
h→∞

lim
k→0

1
k
L1(k, h) = +∞.

If limk→0
1
kL

1
1(k, h) = 0, using (3.5), we obtain limk→0

1
kL

2
1(k, h) = 0. Hence

lim
h→∞

lim
k→0

1
k
L1(k, h) = 0.

If 0 < limk→0
1
kL

1
1(k, h) <∞, we take

ε =
1

h limk→0
1
kL

1
1(k, h)

in (3.5) to deduce that

lim
h→∞

lim
k→0

1
k
L2

1(k, h) = 0,

and it follows that

lim
h→∞

lim
k→0

1
k
L1(k, h) ≥ 0.

Case p > 2. By using Young’s inequality, we obtain

1
k

∣∣L2
1(k, h)

∣∣ ≤ C5ε(k + h)
p′k

+
C6

pε
kp−1, ∀ε > 0.

Taking ε = k/h2, we get

lim
h→∞

lim
k→0

1
k
L2

1(k, h) = 0.

It follows that

(3.7) lim
h→∞

lim
k→0

1
k
L1(k, h) ≥ 0.

Now, we have

L2(k, h) =
�

Ω2(h)

Φ(Dv −Θ(v))DTk(v − u)

+
�

Ω2(h)

Φ(Du−Θ(u))DTk(u− h sign(v)),

= L2
2(k, h) + L1

2(k, h)

where

L2
2(k, h) :=

�

Ω2(h)

Φ(Du−Θ(u))DTk(u− h sign(v))

=
�

Ω1
2(k,h)

Φ(Du−Θ(u))Du ≥ 0.
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And

L1
2(k, h) :=

�

Ω2(h)

Φ(Dv −Θ(v))DTk(v − u)

=
�

Ω2
2(k,h)

Φ(Dv −Θ(v))Dv −
�

Ω2
2(k,h)

Φ(Dv −Θ(v))Du

where

Ω1
2(k, h) = Ω2(h) ∩ {|u− h sign(v)| ≤ k},

Ω2
2(k, h) = {|u| ≤ h : |v| > h, |v − u| ≤ k}.

By hypothesis (H3), �

Ω2
2(k,h)

Φ(Dv −Θ(v))Dv ≥ 0.

By using Hölder’s inequality, we get∣∣∣ �

Ω2
2(k,h)

Φ(Dv −Θ(v))Du
∣∣∣ ≤ ( �

Ω2
2(k,h)

|Dv −Θ(v)|p
)1/p′( �

Ω2
2(k,h)

|Du|p
)1/p

,

where 1/p+ 1/p′ = 1. Thus, by applying Lemma 3.4, we obtain

lim
h→∞

lim
k→0

1
k

�

Ω2
2(k,h)

Φ(Dv −Θ(v))Du = 0.

Then
lim
h→∞

lim
k→0

1
k
L1

2(k, h) ≥ 0,

In the same manner, we show that

lim
h→∞

lim
k→0

1
k

(L3(k, h) + L4(k, h)) ≥ 0.

Thus
lim
h→∞

lim
k→0

1
k
II(k, h) ≥ 0.

This implies that ‖u− v‖1 ≤ 0. By induction we prove that

∀n = 1, . . . , N, Un = V n,

which gives the uniqueness of solution of problems (Pn).

4. Stability. In this section, we give some a priori estimates for the dis-
crete entropy solution (Un)1≤n≤N which we use later to derive convergence
results for the Euler forward scheme.

Theorem 4.1. Let hypotheses (H1)–(H3) be satisfied and 1 < p < d.
Then there exists a positive constant C(u0, f, g) depending on the data but
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not on N such that for all n = 1, . . . , N , we have

1. ‖Un‖1 ≤ C(u0, f, g),

2. τ
n∑
i=1

‖α(U i)‖1 + τ
n∑
i=1

‖γ(U i)‖L1(∂Ω) ≤ C(u0, f, g),

3.
n∑
i=1

‖U i − U i−1‖1 ≤ C(u0, f, g),

4.
n∑
i=1

τ‖Tk(U i)‖p1,p ≤ kC(u0, f, g).

Proof. 1 & 2: Taking ϕ = 0 as a test function in (3.1) and dividing this
inequality by k, we obtain

τ
�

Ω

(
Φ(DTk(U i)−Θ(Tk(U i)))DTk(U i) +

1
p
|Θ(Tk(U i))|p

)
+

�

Ω

U i
Tk(U i)
k

+ τ
�

Ω

α(U i)
Tk(U i)
k

+ τ
�

∂Ω

γ(U i)
Tk(U i)
k

≤ τ(‖fi‖1 + ‖gi‖L1(∂Ω)) + ‖U i−1‖1 +
1
kp
‖Θ(Tk(U i))‖pp,

i.e.
�

Ω

U i
Tk(U i)
k

+ τ
�

Ω

α(U i)
Tk(U i)
k

+ τ
�

∂Ω

γ(U i)
Tk(U i)
k

≤ τ(‖fi‖1 + ‖gi‖L1(∂Ω)) + ‖U i−1‖1 +
1
kp
‖Θ(Tk(U i))‖pp.

Using hypothesis (H3) and letting k → 0, we deduce by Fatou’s lemma that

(4.1) ‖U i‖1 + τ‖α(U i)‖1 + τ‖γ(U i)‖L1(∂Ω)

≤ τ(‖fi‖1 + ‖gi‖L1(∂Ω)) + ‖U i−1‖1.

Summing (4.1) from i = 1 to n we obtain

‖Un‖1 + τ

n∑
i=1

‖α(U i)‖1 + τ

n∑
i=1

‖γ(U i)‖L1(∂Ω)

≤ ‖f‖L1(QT ) + ‖g‖L1(ΣT ) + ‖u0‖1.

This implies inequalities 1 and 2.
3: Taking ϕ = Th(U i − sign(U i − U i−1)) (h > 1) as a test function in

(3.1) and letting h→∞, we get, for k ≥ 1,
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(4.2) τ lim
h→∞

I(k, h) + ‖U i − U i−1‖1

≤ τ [‖fi‖1 + ‖gi‖L1(∂Ω) + ‖α(U i)‖1 + ‖γ(U i)‖L1(∂Ω)],

where

I(k, h) :=
�

Ω

Φ(DU i −Θ(U i))DTk(U i − Th(U i − sign(U i − U i−1))),

=
�

Ω(k,h)∩Ω(k)

Φ(DU i −Θ(U i))D(U i),

and

Ω(k, h) := {|U i − Th(U i − sign(U i − U i−1))| ≤ k},
Ω(k) := {|U i − sign(U i − U i−1)| > h}.

As
Ω(k, h) ∩Ω(k) ⊂ {k − 1 ≤ |U i| ≤ k + h},

we conclude by using [2, Lemma 3.6] that

lim
h→∞

I(k, h) = 0.

Thus, inequality (4.2) becomes

(4.3) ‖U i − U i−1‖1 ≤ τ [‖fi‖1 + ‖gi‖L1(∂Ω) + ‖α(U i)‖1 + ‖γ(U i)‖L1(∂Ω)].

Summing (4.3) from i = 1 to n and using the stability result 2, we obtain
the stability result 3.

4: In (3.1), we take ϕ = 0 as a test function and use hypothesis (H1) to
get

τ
�

Ω

Φ(DU i −Θ(U i))DTk(U i) ≤ kτ [‖fi‖1 + ‖gi‖L1(∂Ω)] + k‖U i − U i−1‖1.

Using the inequalities

(a+ b)p ≤ 2p−1(ap + bp), ∀a, b ∈ R+ and 1 ≤ p ≤ ∞,
1
p
|ξ|p − 1

p
|η|p ≤ |ξ|p−2ξ(ξ − η), ∀ξ, η ∈ RN and 1 ≤ p <∞,

and hypothesis (H3), we deduce that

(4.4) τ‖DTk(U i)‖pp ≤ kτ [‖fi‖1 + ‖gi‖L1(∂Ω)] + k‖U i − U i−1‖1.

Now, summing (4.4) from i = 1 to n and using the stability result 3, we get
n∑
i=1

τ‖Tk(U i)‖p1,p ≤ kC(u0, f, g).
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5. Convergence and existence result. In this section, using the
above results, we build an entropy solution of problem (1.1). We start by
giving the entropy formulation of the nonlinear parabolic problem (1.1).

Definition 5.1. A measurable function u : QT → R is an entropy
solution of the parabolic problem (1.1) in QT if

u ∈ C(0, T ;L1(Ω)), Tk(u) ∈ Lp(0, T ;W 1,p(Ω))

and for all k > 0 we have

t�

0

�

Ω

Φ(Du−Θ(u))DTk(u− ϕ) +
t�

0

�

Ω

α(u)Tk(u− ϕ) +
t�

0

�

∂Ω

γ(u)Tk(u− ϕ)

≤ −
t�

0

〈
∂ϕ

∂s
, Tk(u− ϕ)

〉
+

�

Ω

Jk(u(0)− ϕ(0))−
�

Ω

Jk(u(t)− ϕ(t))

+
t�

0

�

Ω

fTk(u− ϕ) +
t�

0

�

∂Ω

gTk(u− ϕ)

for all ϕ ∈ L∞(QT ) ∩ Lp(0, T ;W 1,p(Ω)) ∩W 1,1(0, T ;L1(Ω)) and t ∈ [0, T ].

Now, we state our main result.

Theorem 5.2. Let hypotheses (H1)–(H3) be satisfied and 1 < p < d.
Then the nonlinear parabolic problem (1.1) has an entropy solution.

Proof. Let us introduce a piecewise linear extension (called the Rothe
function)

(5.1)


uN (0) := u0,

uN (t) := Un−1 + (Un − Un−1)
t− tn−1

τ
,

∀t ∈ ]tn−1, tn], n = 1, . . . , N, in Ω,

and a piecewise constant function

(5.2)

{
uN (0) := u0,

uN (t) := Un, ∀t ∈ ]tn−1, tn], n = 1, . . . , N, in Ω,

where tn := nτ.

By Theorem 3.3, for any N ∈ N, the solution (Un)1≤n≤N of problems
(Pn) is unique. Thus, uN and uN are uniquely defined. And by using the
stability results of Theorem 4.1, we deduce the existence of a constant
C(T, u0, f, g) not depending on N such that for all N ∈ N, we have
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‖uN − uN‖L1(QT ) ≤
1
N
C(T, u0, f, g),

‖uN‖L1(QT ) ≤ C(T, u0, f, g),

‖uN‖L1(QT ) ≤ C(T, u0, f, g),∥∥∥∥∂uN∂t
∥∥∥∥
L1(QT )

≤ C(T, u0, f, g),

‖Tk(uN )‖Lp(0,T ;W 1,p(Ω)) ≤ kC(T, u0, f, g),(5.3)

‖α(uN )‖L1(QT ) ≤ C(T, u0, f, g),

‖γ(uN )‖L1(ΣT ) ≤ C(T, u0, f, g).

Lemma 5.3. Let hypotheses (H1)–(H3) be satisfied and 1 < p < d. Then
the sequence (uN )N∈N converges in measure and a.e. in QT .

Proof. Let ε, r, k be positive numbers. For N,M ∈ N, we have the inclu-
sion

{|uN − uM | > r} ⊂ {|uN | > k} ∪ {|uM | > k}
∪ {|uN | ≤ k, |uM | ≤ k, |uN − uM | > r}.

On the one hand

meas{|uN | > k} ≤ 1
k
‖uN‖L1(QT ) ≤

1
k
C(T, u0, f, g).

In the same manner we have

meas{|uM | > k} ≤ 1
k
C(T, u0, f, g).

Thus, for a sufficiently large k, we have

(5.4) meas({|uN | > k} ∪ {|uM | > k}) ≤ ε/2.
On the other hand, by (5.3) we deduce that the sequence (Tk(uN )N∈N)
is bounded in Lp(QT ). Hence, there exists a subsequence, still denoted by
(Tk(uN ))N∈N, that is a Cauchy sequence in Lp(QT ) and in measure. Thus,
there exists N0 ∈ N such that for all N,M ≥ N0, we have

(5.5) meas({|uN | ≤ k, |uM | ≤ k, |uN − uM | > r}) < ε/2.

Then, by (5.4) and (5.5), (uN )N∈N converges in measure. Therefore there
exists an element u ∈M(QT ) such that

uN → u a.e. in QT .

Now, by (5.3),

(DTk(uN ))N∈N is uniformly bounded in Lp(QT ).

Hence there exists a subsequence, still denoted by (DTk(uN ))N∈N, such that

(DTk(uN ))N∈N converges to an element V in Lp(QT ).
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But
Tk(uN ) converges to Tk(u) in Lp(QT ).

Hence,
DTk(uN ) converges to DTk(u) weakly in Lp(QT ),

and by (5.3) we conclude that

Tk(u) ∈ Lp(0, T ;W 1,p(Ω)) for all k > 0.

We now prove that (uN )N∈N converges a.e. in ΣT . Set

Ak = {(t, x) ∈ ΣT : |Tk(u(t))| < k}, ∀k > 0.

Since the operator trace τ : W 1,p(Ω) → Lp(∂Ω) is compact, there is a
constant C > 0 such that

T�

0

‖Tk(uN (t))− Tk(u(t))‖L1(∂Ω) ≤ C
T�

0

‖Tk(uN (t))− Tk(u(t))‖W 1,1(∂Ω).

But Tk(uN )→ Tk(u) in L1(ΣT ); hence by a diagonal process, we can find a
subsequence uNj and a null subset D ⊂ ΣT such that

lim
j→∞

(Tk(uNj (t)))(x) = (Tk(u(t)))(x) for all (t, x) ∈ ΣT \D.

This implies that

lim
j→∞

uNj (t, x) = v(t, x) for all (t, x) ∈
∞⋃
k=1

Ak\D,

where
v(t, x) = (Tk(u(t)))(x) if (t, x) ∈ Ak.

Lemma 5.4. The sequence (uN )N∈N converges to u in C(0, T ;L1(Ω)).

Proof. Let (tn = nτN )Nn=1 and (tm = mτM )Mm=1 be two partitions of the
interval [0, T ] and let (uN (t), uN (t)), (uM (t), uM (t)) be the semi-discrete so-
lutions defined by (5.1), (5.2) and corresponding to the respective partitions.
Let ϕ ∈ L∞(QT )∩Lp(0, T ;W 1,p(Ω))∩W 1,1(0, T ;L1(Ω)) and t ∈ [0, T ]. We
rewrite (3.1) in the forms

(5.6)
t�

0

〈
∂uN

∂s
, Tk(uN − ϕ)

〉
+

t�

0

�

Ω

Φ(DuN −Θ(uN ))DTk(uN − ϕ)

+
t�

0

�

Ω

α(uN )Tk(uN − ϕ) +
t�

0

�

∂Ω

γ(uN )Tk(uN − ϕ)

≤
t�

0

�

Ω

fNTk(uN − ϕ) +
t�

0

�

∂Ω

gNTk(uN − ϕ)
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and

(5.7)
t�

0

〈
∂uM

∂s
, Tk(uM − ϕ)

〉
+

t�

0

�

Ω

Φ(DuM −Θ(uM ))DTk(uM − ϕ)

+
t�

0

�

Ω

α(uM )Tk(uM − ϕ) +
t�

0

�

∂Ω

γ(uM )Tk(uM − ϕ)

≤
t�

0

�

Ω

fMTk(uM − ϕ) +
t�

0

�

∂Ω

gMTk(uM − ϕ),

where

fN (t, x) = fn(x), gN (t, x) = gn(x) ∀t ∈ ]tn−1, tn], n = 1, . . . , N.
fM (t, x) = fm(x), gM (t, x) = gm(x) ∀t ∈ ]tm−1, tm], m = 1, . . . ,M.

Let h > 1. In inequality (5.6) we take ϕ = Tk(uM ) and in inequality (5.7)
we take ϕ = Tk(uN ). Summing both inequalities, we get, for k = 1,

t�

0

〈
∂(uN − uM )

∂s
, T1(uN − uM )

〉
+ IN,M (h) +

t�

0

�

Ω

α(uN )T1(uN − Th(uM ))

+
t�

0

�

Ω

α(uM )T1(uM − Th(uN ))

+
t�

0

�

∂Ω

[γ(uN )T1(uN − Th(uM )) + γ(uM )T1(uM − Th(uN ))]

≤
t�

0

〈
∂(uN − uM )

∂s
, T1(uN − uM )

〉
−
〈
∂uN

∂s
, T1(uN − Th(uM ))

〉
−

t�

0

〈
∂uM

∂s
, T1(uM − Th(uN ))

〉
+

t�

0

�

Ω

[fNT1(uN − Th(uM )) + fMT1(uM − Th(uN ))]

+
t�

0

�

∂Ω

[gNT1(uN − Th(uM )) + gMT1(uM − Th(uN ))],

where

IN,M (h) =
t�

0

�

Ω

Φ(DuN −Θ(uN ))DT1(uN − Th(uM ))

+
t�

0

�

Ω

Φ(DuM −Θ(uM ))DT1(uM − Th(uN )).
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We have∣∣∣∣t�
0

〈
∂(uN − uM )

∂s
, T1(uN − uM )

〉∣∣∣∣
≤
∥∥∥∥∂(uN − uM )

∂s

∥∥∥∥
L1(QT )

‖T1(uN − uM )‖L∞(QT )

≤ 2C(T, f, g, u0)‖T1(uN − uM )‖L∞(QT ).

Since
lim

N,M→∞
‖T1(uN − uM )‖L∞(QT ) = 0,

we deduce that

(5.8) lim
h→∞

lim
N,M→∞

t�

0

〈
∂(uN − uM )

∂s
, T1(uN − uM )

〉
= 0.

Similarly, we show that

lim
h→∞

lim
N,M→∞

( t�

0

〈
∂uN

∂s
, T1(uN−Th(uM ))

〉
+

t�

0

〈
∂uM

∂s
, T1(uM−Th(uN ))

〉)
=0,

lim
h→∞

lim
N,M→∞

t�

0

�

Ω

[fNT1(uN − Th(uM )) + fMT1(uM − Th(uN ))] = 0,

lim
h→∞

lim
N,M→∞

t�

0

�

∂Ω

[gNT1(uN − Th(uM )) + gMT1(uM − Th(uN ))] = 0,

and

lim
h→∞

lim
N,M→∞

t�

0

�

Ω

α(uN )T1(uN − Th(uM )) +
t�

0

�

Ω

α(uM )T1(uM − Th(uN )) = 0,

lim
N,M→∞

t�

0

�

∂Ω

[γ(uN )T1(uN − Th(uM )) + γ(uM )T1(uM − Th(uN ))] = 0.

Then, letting N,M →∞ and h→∞, we get

(5.9)

lim
h→∞

lim
N,M→∞

t�

0

〈
∂(uN − uM )

∂s
, T1(uN − uM )

〉
+ lim
h→∞

lim
N,M→∞

IN,M (h) ≤ 0.

Since 〈
∂v

∂t
, Tk(v)

〉
=

d

dt

�

Ω

Jk(v) in L1(]0, T [),
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inequality (5.9) becomes

(5.10) lim
N,M→∞

�

Ω

J1(uN (t)− uM (t)) + lim
h→∞

lim
N,M→∞

IN,M (h) ≤ 0.

Now, we show that
lim
h→∞

lim
N,M→∞

IN,M (h) ≥ 0.

We consider the decomposition

IN,M (h) =
4∑
i=1

Li(h),

where

Li(h) =
t�

0

�

Ωi(h)

Φ(DuN −Θ(uN ))DT1(uN − Th(uM ))

+
t�

0

�

Ωi(h)

Φ(DuM −Θ(uM ))DT1(uM − Th(uN )),

and

Ω1(h) = {|uN | ≤ h, |uM | ≤ h}, Ω2(h) = {|uN | ≤ h, |uM | > h},
Ω3(h) = {|uN | > h, |uM | ≤ h}, Ω4(h) = {|uN | > h, |uM | > h}.

On the one hand, we have

L1(h) =
t�

0

�

Ω1
1(h)

[Φ(DuN −Θ(uN ))− Φ(DuM −Θ(uM ))]D(uN − uM )

=
t�

0

�

Ω1
1(h)

[Φ(DuN −Θ(uN ))− Φ(DuM −Θ(uM ))]ΨΘ(uN , uM )

+
t�

0

�

Ω1
1(h)

[Φ(DuN −Θ(uN ))− Φ(DuM −Θ(uM ))](Θ(uN )−Θ(uM ))

≥
t�

0

�

Ω1
1(h)

[Φ(DTh(uN )−Θ(Th(uN )))−Φ(DTh(uM )−Θ(Th(uM )))]ΛhΘ(uN , uM ),

where
ΨΘ(uN , uM ) = DuN −Θ(uN )− (DuM −Θ(uM )),

and

ΛhΘ(uN , uM ) = Θ(Th(uN ))−Θ(Th(uM )),

Ω1
1(h) = {|uN | ≤ h, |uM | ≤ h, |uM − uM | ≤ 1}.
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Since
Θ(Th(uN ))−Θ(Th(uM ))→ 0 strongly in Lp(QT )

and
Φ(DTh(uN )−Θ(Th(uM )))− Φ(DTh(uN )−Θ(Th(uM )))

converges weakly in Lp
′
(QT ), it follows that the integral

t�

0

�

Ω1(k)

[Φ(DTh(uN )−Θ(Th(uN )))− Φ(DTh(uM )−Θ(Th(uM )))]ΛhΘ(uN , uM )

tends to zero. Therefore

lim
h→∞

lim
N,M→∞

L1(h) ≥ 0.

On the other hand, we have

L2(h) =
t�

0

�

Ω1
2(h)

Φ(DuN −Θ(uN ))DuN

+
t�

0

�

Ω2
2(h)

Φ(DuM −Θ(uM ))D(uM − uN )

≥ −
t�

0

�

Ω2
2(h)

Φ(DuM −Θ(uM ))DuN ,

where

Ω1
2(h) = {|uN | ≤ h, |uM | > h, |uN − h sign(uM )| ≤ 1},

Ω2
2(h) = {|uN | ≤ h, |uM | > h, |uN − uM | ≤ 1}.

Now, taking ϕ = Th(uN ) in (5.6), we deduce that

lim
h→∞

lim
N→∞

t�

0

�

{h≤|uN |≤h+k}

Φ(DuN −Θ(uN ))DuN = 0, ∀k > 0.

This implies

lim
h→∞

lim
N→∞

t�

0

�

{h≤|uN |≤h+k}

|DuN −Θ(uN )|p = 0, ∀k > 0,(5.11)

lim
h→∞

lim
N→∞

t�

0

�

{h≤|uN |≤h+k}

|DuN |p = 0, ∀k > 0.(5.12)



504 A. El Hachimi et al.

Now,∣∣∣ t�
0

�

Ω2
2(h)

Φ(DuM −Θ(uM ))DuN
∣∣∣

≤
( t�

0

�

{h≤|uM |≤h+1}

|DuM −Θ(uM )|p
)1/p′( t�

0

�

{h−1≤|uN |≤h}

|DuN |p
)1/p

.

Thus (5.11) and (5.12) give

lim
N,M→∞

t�

0

�

Ω2
2(h)

Φ(DuM −Θ(uM ))DuN = 0,

which implies that
lim
h→∞

lim
N,M→∞

L2(h) ≥ 0.

Similarly, we show that

lim
h→∞

lim
N,M→∞

(L3(k, h) + L4(k, h)) ≥ 0.

Therefore
lim
h→∞

lim
N→∞

I(h) ≥ 0.

Thus (5.10) becomes

(5.13) lim
N,M→∞

�

Ω

J1(uN (t)− uM (t)) = 0.

Since
1
2

�

{|uN−uM |≤1}

|uN (t)− uM (t)|2 +
�

{|uN−uM |≥1}

|uN (t)− uM (t)|

≤
�

Ω

J1(uN (t)− uM (t)),

we have�

Ω

|uN (t)− uM (t)|

=
�

{|uN−uM |≤1}

|uN (t)− uM (t)|+
�

{|uN−uM |≥1}

|uN (t)− uM (t)|

≤ C1(Ω)
( �

{|uN−uM |≤1}

|uN (t)− uM (t)|2
)1/2

+
�

{|uN−uM |≥1}

|uN (t)− uM (t)|

≤ C2(Ω)
( �

Ω

J1(uN (t)− uM (t))
)1/2

+
�

Ω

J1(uN (t)− uM (t)).
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By (5.13), we deduce that (uN )N∈N is a Cauchy sequence in C(0, T ;L1(Ω)).
Hence (uN )N∈N converges to u in C(0, T ;L1(Ω)).

Now, we prove that the limit function u is an entropy solution of the
problem (1.1). Since uN (0) = U0 = u0 for all N ∈ N, we have u(0, ·) = u0,
and inequality (5.6) implies

(5.14)
t�

0

〈
∂uN

∂s
, Tk(uN −ϕ)−Tk(uN −ϕ)

〉
+
t�

0

�

Ω

Φ(DuN −Θ(uN ))DTk(uN −ϕ)

+
t�

0

�

Ω

α(uN )Tk(uN − ϕ) +
t�

0

�

∂Ω

γ(uN )Tk(uN − ϕ)

≤ −
t�

0

〈
∂ϕ

∂s
, Tk(uN − ϕ)

〉
+

�

Ω

Jk(uN (0)− ϕ(0))−
�

Ω

Jk(uN (t)− ϕ(t))

+
t�

0

�

Ω

fNTk(uN − ϕ) +
t�

0

�

∂Ω

gNTk(uN − ϕ).

Let k = k + ‖ϕ‖∞. Then

t�

0

�

Ω

Φ(DuN −Θ(uN ))DTk(uN − ϕ)

=
t�

0

�

Ω

Φ(DTk(u
N )−Θ(Tk(u

N )))DTk(Tk(u
N )− ϕ)

=
t�

0

�

Ω

[Φ(DTk(u
N )−Θ(Tk(u

N )))DTk(u
N )

− Φ(DTk(u
N )−Θ(Tk(u

N )))Dϕ]1Q(N,k),

where Q(N, k) = {|Tk(u
N )− ϕ| ≤ k}.

Thus, the inequality (5.14) becomes

t�

0

〈
∂uN

∂s
, Tk(uN − ϕ)− Tk(uN − ϕ)

〉
−

t�

0

�

Ω

Φ(DTk(u
N )−Θ(Tk(u

N )))Dϕ1Q(N,k)

+
t�

0

�

Ω

[
Φ(DTk(u

N )−Θ(Tk(u
N )))DTk(u

N ) +
1
p
|Θ(Tk(u

N ))|p
]
1Q(N,k)
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+
t�

0

�

Ω

α(uN )Tk(uN − ϕ) +
t�

0

�

∂Ω

γ(uN )Tk(uN − ϕ)

≤ −
t�

0

〈
∂ϕ

∂s
, Tk(uN − ϕ)

〉
+

�

Ω

Jk(uN (0)− ϕ(0))−
�

Ω

Jk(uN (t)− ϕ(t))

+
t�

0

�

Ω

fNTk(uN − ϕ) +
t�

0

�

∂Ω

gNTk(uN − ϕ)
t�

0

�

Ω

1
p
|Θ(Tk(u

N ))|p1Q(N,k).

On the one hand, we have

Θ(Tk(un))→ Θ(Tk(u)) strongly in Lp(QT ),(5.15)

DTk(u
N )→ DTk(u)) weakly in Lp(QT ).(5.16)

Thus,

Φ(DTk(u
N )−Θ(Tk(u

N )))→ Φ(DTk(u)−Θ(Tk(u))) weakly in Lp
′
(QT ).

Now, as Dϕ1Q(N,k) converges in Lp(QT ), we get

t�

0

�

Ω

Φ(DTk(u
N )−Θ(Tk(u

N )))Dϕ1Q(N,k)

→
t�

0

�

Ω

Φ(DTk(u)−Θ(Tk(u)))Dϕ1Q(k),

where Q(k) = {|Tk(u)− ϕ| ≤ k}.
Using inequality (3.3), we deduce that[
Φ(DTk(u

N )−Θ(Tk(u
N )))DTk(u

N ) +
1
p
|Θ(Tk(u

N ))|p
]
1Q(N,k) ≥ 0.

Therefore, by (5.15), (5.16) and Fatou’s lemma,

t�

0

�

Ω

[
Φ(DTk(u)−Θ(Tk(u)))DTk(u) +

1
p
|Θ(Tk(u))|p

]
1Q(k)

≤ lim inf
t�

0

�

Ω

(
Φ(DTk(u

N )−Θ(Tk(u
N )))DTk(u

N )+
1
p
|Θ(Tk(u

N ))|p
)
1Q(N,k).

As, by hypothesis (H3), we have

|Θ(Tk(u
N ))|p ≤ (Ck)p,

this implies by (5.15) and the Dominated Convergence Theorem that

1
p

t�

0

�

Ω

|Θ(Tk(u
N ))|p1Q(N,k) →

1
p

t�

0

�

Ω

|Θ(Tk(u))|p1Q(k).
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By Lemma 5.4, we deduce that uN (t) → u(t) in L1(Ω) for all t ∈ [0, T ],
which implies that�

Ω

Jk(uN (t)− ϕ(t))→
�

Ω

Jk(u(t)− ϕ(t)), ∀t ∈ [0, T ].(5.17)

We follow the technique used in the proof of equality (5.8) to show that

(5.18) lim
N→∞

t�

0

〈
∂uN

∂s
, Tk(uN − ϕ)− Tk(uN − ϕ)

〉
= 0.

Finally, letting N → ∞ and using the above results, the continuities of α,
γ and the facts that

fN → f in L1(QT ),

gN → g in L1(ΣT ),

Tk(uN − ϕ)→ Tk(u− ϕ) in L∞(QT ),

Tk(uN − ϕ)→ Tk(u− ϕ) in L∞(ΣT ),

we deduce that u is an entropy solution of the nonlinear parabolic problem
(1.1).
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de l’ingénierie pétrolière, Math. Appl. 22, Springer, 1996.

[17] A. El Hachimi and J. Igbida, Bounded weak solutions to nonlinear elliptic equations,
Electron. J. Qualitat. Theory Differential Equations 2009, no. 10, 16 pp.

[18] A. El Hachimi and A. Jamea, Nonlinear parabolic problems with Neumann-type
boundary conditions and L1-data, ibid. 2007, no. 27, 22 pp.

[19] A. El Hachimi and M. R. Sidi Ammi, Thermistor problem: a nonlocal parabolic
problem, Electron. J. Differential Equations 11 (2004), 117–128.

[20] D. Kinderlehrer and G. Stampacchia, An Introduction to Variational Inequalities
and their Applications, Academic Press, 1980.
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