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Abstract. We use a combination of modified Newton method and Tikho-
nov regularization to obtain a stable approximate solution for nonlinear ill-
posed Hammerstein-type operator equations K F'(x) = y. It is assumed that
the available data is y° with ||y — 3°|| < 6, K : Z — Y is a bounded linear
operator and F' : X — Z is a nonlinear operator where X,Y, Z are Hilbert
spaces. Two cases of F' are considered: where F'(xg)~! exists (F”(zo) is the
Fréchet derivative of F' at an initial guess xo) and where F' is a monotone
operator. The parameter choice using an a priori and an adaptive choice
under a general source condition are of optimal order. The computational
results provided confirm the reliability and effectiveness of our method.

1. Introduction. This paper is devoted to nonlinear ill-posed Hammer-
stein-type operator equations. Recall that [13,/14.|16,17] an equation

(1.1) (KF)z =y

is called a nonlinear ill-posed Hammerstein-type operator equation. Here F :
D(F) C X — Z, is a nonlinear operator, K : Z — Y is a bounded linear
operator and X, Z,Y are Hilbert spaces with corresponding inner product
<' ) '>X7 < ) ')Zv < ) '>Y7 and norm H ’ HX7 || ’ ||Z7 H ’ HY respectively. A typical
example of a Hammerstein-type operator is the nonlinear integral operator

1

(Az)(t) ==\ k(s,) f (s, 2(s)) ds

0

where k(-,-) € L?([0,1] x [0,1]), = € L?[0,1] and ¢ € [0, 1].
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The above integral operator A admits a representation of the form A =
KF where K : L?[0,1] — L?[0,1] is a linear integral operator with kernel
k(t,s) defined as

1

Kz S k(t,s)z(s)ds
0
1

and F : D(F) C L?[0,1] — L?[0,1] is a nonlinear superposition operator
(cf. [24]) defined as

(1.2) Fx(s) = f(s,x(s)).

The third author and his collaborators [13}[14}|16}|17] studied ill-posed Ham-
merstein-type equations extensively under some assumptions on the Fréchet
derivative of F. Precisely, in [13,17], it is assumed that F'(x¢)~! exists
and in [16] it is assumed that F'(x)~! exists for all x in a ball of radius r
around xg.

Note that if the function f in is differentiable with respect to the
second variable and Oa2f(t,z(t)) > k1 for all x € B,(zp) and ¢ € [0, 1], then
F’ (u)~! exists and is a bounded operator for all u € B, (o) (see [17, Remark

2.1]); here 02 f (¢, s) represents the partial derivative of f with respect to the
second variable.

Throughout this paper it is assumed that the available data is y° with

ly —4°lly <6,
and hence one has to consider the equation
(1.3) (KF)x =1°

instead of ([L.1)). Observe that the solution x of (1.3 can be obtained by

solving

(1.4) Kz=1’
for z and then solving the nonlinear problem
(1.5) F(z) =z

In [16], to solve (|1.5]), George and Kunhanandan considered the sequence
defined iteratively by

xfl—&—l,a = mfz,a - F/(:Efl,a)_l(F(xfz,a) - Zi)
where $8’a =z and
(1.6) 2o = (K"K +al) " K*(y° — KF(x0)) + F (o),

and obtained local quadratic convergence.
Recall that a sequence (z,) in X with lim x,, = =* is said to be convergent
of order p > 1 if there exist positive reals ci, co such that for all n € N

|xn —2¥||x < cre” 2P
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If the sequence (z,) has the property that ||z, — 2*||x < c14", 0 < ¢ < 1,
then (x,,) is said to be linearly convergent. For an extensive discussion of
convergence rate see Kelley [23].

In |17], George and Nair studied the modified Lavrent’ev regularization
2, = (K +aol) 'y’ — KF())
to obtain an approximate solution of (|1.4), and introduced modified New-
ton’s iteration

o = Th10 — F'(@0) N(F(ah_14) — Flwog) = 23)

na Tn—1 n—1,a

to solve ([1.5) and obtained local linear convergence. In fact in [16] and [17],
a solution Z of ([L.1]) is called an zg-minimum norm solution if

(L7)  |F(&) = F(zo)llz := min{||[F () = F(2o0)||z : KF(2) =y, € D(F)}.

We assume throughout that the solution Z satisfies (1.7). In [13,[14}/16}/17],
it is assumed that the ill-posedness of ([1.1]) is due to the nonclosedness of
the operator K. In this paper we consider two cases:

CASE (1): F'(x9) ! exists and is a bounded operator, i.e., (1.5) is regu-
lar.

CASE (2): F is monotone [26,31], Z = X is a real Hilbert space and
F'(x9)~! does not exist, i.e., (1.5) is ill-posed.

The case when F' is not monotone and F’(zg)~! does not exist is the
subject matter of the forthcoming paper.

One of the advantages of (approximately) solving and to ob-
tain an approximate solution for is that one can use any regularization
method [8,22] for linear ill-posed equations for solving , and any it-
erative method [10,/12] for solving . In fact in this paper we consider
Tikhonov regularization [11,13l|15//16,20] to approximately solve and we
consider a modified two-step Newton method [11/64|7,9,21,25] to solve .
Note that the regularization parameter « is chosen according to the adap-
tive method considered by Pereverzev and Schock [28] for linear ill-posed
operator equations and the same parameter « is used to solve the nonlin-
ear operator equation , so the choice of the regularization parameter
does not depend on the nonlinear operator F'; this is another advantage over
treating as a single nonlinear operator equation.

This paper is organized as follows. Preparatory results are given in Sec-
tion 2. Section 3 contains the proposed iterative method for Case (1) and
Case (2). Section 4 deals with the algorithm implementing the proposed
method. Numerical examples are given in Section 5. Finally the paper ends
with some conclusions in Section 6.
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2. Preparatory results. In this section we consider the Tikhonov reg-
ularized solution 28 defined in (1.6)) and obtain a priori and a posteriori
error estimates for |[F(&) — 23||z. The following assumption is required to
obtain the error estimate.

ASsSUMPTION 2.1. There exists a continuous, strictly increasing function
¢ :(0,a] = (0,00) with a > || K*K||y—x satisfying

L] lim,\%o (p(A) = O,

A
° ig%(m < p(a) for all A € (0,al, and
e there exists v € X with ||v||x <1 such that
F(z) — F(z0) = o(K*K)v.

THEOREM 2.2 (see [16, (4.3)]). Let 25 be as in (1.6) and suppose As-

sumption 2.1] holds. Then
)
(2.1) 17 (2) = 2212 S‘P(a)‘f‘ﬁ-

2.1. A priori choice of the parameter. Note that the bound p(a)+
§/y/a in (2.1) is of optimal order for the choice a := as which satisfies
plas) = §/ag. Let p(A) == A/ t(A\), 0 < X < |[K|%. Then § =
Vas p(as) = P(p(as)) and

as = ¢~ (P7(9))-
So the relation (2.1)) leads to ||[F(2) — 23|z < 2¢71(0).

2.2. An adaptive choice of the parameter. In this paper, we pro-
pose choosing the parameter « according to the adaptive choice established
by Pereverzev and Shock [2§] for ill-posed problems. We denote by Dy the
set of possible values of the parameter «,

Dy ={oi=aou®* :i=0,1,..., M}, p>1
Then the adaptive choice of a numerical value k for the parameter a uses
the rule
(2.2) k:=max{i: o; € Dy}
where D}, = {o; € Dy« |23, — zg].HZ <46/\/05,j=0,1,...,i—1}. Let

(2.3) l:=max{i: p(a) < §/\/a;}.

We will use the following theorem from [16] for our error analysis.

THEOREM 2.3 (cf. [16, Theorem 4.3]). Let | be as in (2.3)), k be as in
1j and zgk be as in || with o = ay,. Then I < k and

IF@) - Al < (2452 a1
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3. Convergence analysis. Throughout this paper we assume that
the operator F' has a uniformly bounded Fréchet derivative F'(-) for all
x € D(F). In the earlier papers [16,[18,/19] the authors used the following
assumption:

AssumMpPTION 3.1 (cf. [30, Assumption 3]). There exists a constant
Ky > 0 such that for every z,u € By(xg) U B,(2) C D(F) and v € X
there exists an element &(z,u,v) € X such that

[F'(z) = Fl(w)]v = F'(u)®(z,u,v), [z, u,0)|lx < Kollv]xllz — ullx-

The hypotheses of Assumption may not hold or may be very time-
consuming or impossible to verify in general. In particular, just as for well-
posed nonlinear equations, the computation of the Lipschitz constant K,
even if this constant exists, is very difficult. Moreover, there are classes of
operators for which Assumption [3.1]is not satisfied but the iterative method
converges.

In the present paper, we extend the applicability of the Newton-type
iterative method under less computational cost. We achieve this under the
following weaker assumption:

ASSUMPTION 3.2. Let zg € X. There exists a constant kg such that for
every u € By(z9) C D(F') and v € X, there exists @¢(zg, u,v) € X satisfying

[F'(z0) — F'(w)]v = F'(20)Po(z0,u,v),
|®(z0, u,v)||x < kollvllx|lzo — vl x.

Note that
ko < Ko

in general and Ky/ko can be arbitrarily large. The advantages of the new
approach are:

(1) Assumption is weaker than Assumption

(2) The computational cost of finding the constant kg is less than that
for the constant K, even when Ko = k.

(3) The sufficient convergence criteria are weaker.

(4) The computable error bounds on the distances involved (includ-
ing ko) are less costly and more precise than the old ones (includ-
ing Kp).

(5) The information on the location of the solution is more precise.

(6) The convergence domain of the iterative method is larger.

These advantages are also important in computations since they provide
under less computational cost a wider choice of initial guesses for the itera-
tive method and the computation of fewer iterates to achieve a desired error
tolerance. Numerical examples for (1)—(6) are presented in Section 4.



112 M. E. Shobha et al.

3.1. Iterative method for Case (1) In this subsection for an initial
guess o € X, we consider the sequence v’ defined iteratively by

n,op?
é ) § é
Un,ap, = Un,ap — F/<m0) 1(F(Unak) - Zak)
where vg a, = T0, to obtain an approximation 0 . of z such that F'(z) = gk.
Let
1 1
(31) yn,ak = 'U2n71,ak7
é 1
(32) anrl,ak = U2n,ak7
for n > 0. We will use the following notations:
M = ||[F'(z0)l|x-z,
B = |IF (z0) llz-x,
1 1
ko < 4min{1, 5},
50 < 7~Oé()’
4ko
11 8o
P= M\ tkoB ~ Yo )
do
a1,
Vp P Ja
and
é 1 6
(3 3) Cnap * T ||yn ap  Tn akHXﬂ Vn > 0.

0
For convenience, we write x,, y, and e, for =’ o yd o, and e . respec-
tively.
Further we define

(34) q = kor7 re (7’1,7’2)

where

r =

— VT = ko, rg_mln{l 1+,/1—4k0%}

Qko kO 2'If()

Note that r is well defined because v, < 1/(4kg). We will use the relation
eo < 7y, which can be seen as follows:

co = llyo — ollx = [ (wo) ™ (F(0) — 23, )llx

<N F'(20) Ml zosx | (F (o) — 25,) |2

< BIIF(20) = Zay, + Zay, — 2o, |12

< BlIF(z0) = F(#)l|z + |20y — 25, 1l2]

< B[Mp+d/a] < BIMp+ do/y/ao] = 7.



Newton-type iterative methods 113

THEOREM 3.3. Let e,,q be as in (3.3)), (3.4), and x,,y, be as in (3.2)),
(3-1) with § € (0,80). Then by Assumption 3.2 and Theorem 2.3, x,,yn €
By (z0) and the following estimates hold for all n > 0:

(@) [[Zn+1 — ynllx < qllyn — 2allx,
(b) yn+1 — Znt1llx < Pllyn — zallx,
(c) en < q2"fyp.

Proof. Suppose x,,y, € Br(z¢). Then

Tn+l —Yn = Yn — Tn — F/(xO)_l(F(yn) - F(xn))

= F'(wo) "' [F"(20) (yn — @n) — (F(yn) — F(2))]
1

= F'(wo) " [F'(w0) = F'(@n + t(yn — @0))] (yn — x0) dt,
0

and hence by Assumption we have

[2ns1 = ynllx < korllyn — znllx < qllyn — 2nllx-
This proves (a).
To prove (b) we observe that

ent1 = |Yn+1 — Tny1llx = [|[Tng1 — Yn — F,($O)_1(F(33n+1) — F(yn))llx
1

= [P @) 1F @) = F/ (9o + s = )] dt (w1 = 9m)
0
< korllyn — Znt1llx < @ll@n — ynllx.
The last but one step follows from Assumption and the last step follows
from (a). This completes the proof of (b), and (c) follows from (b).
Now we shall show by induction that z,,y, € B,(xg). For n =1,

x1 — Yo = Yo — xo — F'(z0) " (F(yo) — F(0))

= F'(z0) ' [F'(x0)(yo — w0) — (F(y0) — F(x0))]
1

= F'(z0) 7 | [F'(0) — F'(wo + t(yo — 20))] (%o — o) dt,
0

and hence by Assumption we have

X

ko
(3.5) |21 — wollx < EHZJO — zo/% < koreo.
So by the triangle inequality and ({3.5))

lz1 — 2ol x < |z1 — yollx + llyo — xollx

€0 Yo
< (1+ < < <L
<( Q)eo_l_q_l_q_r

I
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i.e., 1 € By(zp). Observe that
ly1 — a1]lx = [la1 —yo — F' (o) (F(x1) — Flyo))llx
< kor[lz1 — yollx,
and hence by ,
(3.6) lyr — 21 x < ¢ eo.
Therefore by , and the triangle inequality,

ly1 = wollx < llyr — z1llx + llzn — @ollx
< (1+4q+¢°)eo
< f—_oq < 1% <r,
i.e., y1 € Br(xg). Suppose Ty, Ym € Br(x¢). Then

[Zmi1 = zollx < llemsr — 2mlx + 2m = Tmallx + -+ [l21 — 2ollx

< )

<(¢g+1)(em+em-1+-- +eo)

< (g + D@+ 4+ Deg
1_q2m+1

S(q+1) 1_ a2 €

< 9O o W o

ST, ST=4 S

ie., Tm+1 € Br(xg), and

[Ym+1 = 2ollx < [Ymi1 — Tmarllx + [[Tme1 — 2ol x
< @em+ (@+ Vem+ (@ + Dem—r + -+ (q+ Deg
<(*+qg+Dem+ (g+ Vem1 + -+ (¢+ 1eo
(@™ + o+ @+ + g+ Deo
CI g

< —L K
1—q_1—q_r’

VAN

IN

i.e., Ymt+1 € Br(zp). Thus by induction, ,,, y, € B, (xg). This completes the
proof of the theorem.
The main result of this section is the following theorem:

THEOREM 3.4. Let x,, and y, be as in (3.2) and (3.1), and suppose the
assumptions of Theorem[3.3| hold. Then (z,) is a Cauchy sequence in By (z)

and converges to :J:g”c € B, (xg). Further F(xgk) = zgk and

e

6 2
o —al, Ix < Cg®" uhere € = 722
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Proof. Using the relations (b) and (c) of Theorem we obtain

m—1 m—1

|Zntm — xnllx < Z [Zn+it1 — Tnyillx < Z + q)enti
=0 =0
m—1

i
= (14 q)g¥e0 + (1 + q)g®™Veg + - - + (1 + )™ ™eq
<A+ 1+ + P+ + "o

_ (o2 ym+1
S anﬁfyp S Can.

1—
Thus z,, is a Cauchy sequence in B,(zg), and hence it converges, say to
xik € By(zg). Observe that

37 |F(zn) = 20,12 = IF'(@0)(zn — yn)llz < |1 F'(x0) | x5zl (0 — ya) |z
< Me, < Mq2n7p'

Nowfby letting n — oo in || we obtain F(x‘sak) = zgk. This completes the
proof.

Hereafter we assume that
|2 —xollx <p <.
THEOREM 3.5. Suppose that Assumption [3.2] holds. Then

B
1P (&) - 2,z

A B
& — 28, llx < —

Proof. Note that kgr < 1, and by Assumption we have
|2 = 20, lx < 1& = ad, + F'(z0) ' [F(2),) = F(&) + F(2) — 23, ]llx
< |[F (o)~ [F! (o) (& — ,) + F(x,) — F(&)]1x
+ HF'(%)_I(F(i“) — 20,)llx
< kollzo — & — t(za, — )| x|& — a2, |Ix + BIF(@) - 23, |l
< kor|l& —af, |z + 5HF( ) = 2,1z
This completes the proof.
The following theorem is a consequence of Theorems [3.4] and

THEOREM 3.6. Let x,, be as in (3.2)), and suppose that the assumptions
of Theorems [3.4] and [3.5] hold. Then

p

&= eallx < O™ + T I1F(3) = 20,12

1-k
where C is as in Theorem 3.4
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Observe that from Section 2.2, | < k and a5 < ay41 < poy, we have
) ) 0

< <p
Var T oo Vas

This leads to the following theorem:

= pp(as) = pp~ " (6).

THEOREM 3.7. Let x, be as in (3.2)), and suppose that the assumptions
of Theorems and [3.5] hold. Let
ny, := min{n : ¢*" < §\/ay }.
Then
|12 = @n,llx = O™ (5)).

3.2. Iterative method for Case (2). F is a monotone operator (i.e.,
(F(z)— F(y),z—y) >0 for all z,y € D(F)), Z = X is a real Hilbert space
and F'(zg)~! does not exist. Thus the ill-posedness of ([1.1)) in this case is
due to the ill-posedness of F' as well as the nonclosedness of the range of the

linear operator K. The following assumptions are needed in addition to the
earlier assumptions for our convergence analysis.

AssUMPTION 3.8. There exists a continuous, strictly increasing function
¢1: (0,b0] — (0,00) with b > ||[F'(x0)|| x—x satisfying
e limy 0 ¢1(A) =0,

ap1(A)
<
. ig% Ata S ¢1(a) for all A € (0,b],

e there exists v € X with ||v||x <1 (cf. [26]) such that

o — T = @1 (F,(l‘o))v.
ASsuMPTION 3.9. For each = € Bj(xg) there exists a bounded linear
operator G(z,zg) (see [29]) such that

F'(z) = F'(20)G (2, 20)
with HG(-TaxO)HX—)X S /62.

The iterative method for this case is

~§ -5 -1 =5 5 Ak 5
Un,a, = Unyay, — R(ﬂ?o) F(Un,ak) — Zqy + ?(Un,ak - m0)
where @  := x is the initial guess and R(zqg) := F'(xzg) + (ag/c)I, with
0,01
c < ay. Let
~0 ~0
(38) yn,oak = v2n—1,ak7
~0 ~0
(39) xn—i—l,oak - v?n,ak7

for n > 0.
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First we prove that Z, o, converges to the zero 20 of

G,
af 5
(3.10) F(z)+ ?(LE —20) = 24,
and then we prove that :cgak is an approximation for .
Let
(311) é’(rsl,ak = Hg’gptk - ‘fi‘z,ak”X7 Vn Z 0

For the sake of simplicity, we use the notation z,, gy, and é, for ji,ak’
372,% and é‘;ak respectively.

Hereafter we assume that || — xo||x < p < 7 where

with dy < /ag. Let

Yo = Mp+ ;270,
and define
(3.12) q = ko, T € (r1,72),
where
1= \/T—4koy, (1 1+4/1—4kov,
= T ,  To= mm{ko, o }

THEOREM 3.10. Let &, and q1 be as in (3.11) and (3.12)), ,, and g, be
as in and with § € (0,600], and suppose Assumption holds.
Then, for all n > 0:

(@) 120 — Gn-1llx < @1llfn—1 — Tn-1llx,

() g — Znllx < Q%Hgn—l — Zn-1]x,

(c) én < Q%n:yﬂ'

Proof. Suppose Ty, §n € Bi(zg). Then

i'n - gn—l = gn—l - jn—l

523

= Rlao) ™ (FGs) = F@u) + 2o = 500)

~ R(ao) ! [R(a:o)@n_l )

— (F(jn-1) = F(#n-1)) — =

Cc

(In—1 — i’n—l)]

= R(z0) "\ [F'(20) = (F(§n-1) = F(#n-1)))(fn—1 — En—1) dt.
0
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Now since ||R(zo) ' F’(z0)||x—x < 1, (a) follows as in Theorem Again
observe that

~ ~ — ~ (6723998
€n < —Yn—1— R(xﬂ) ! <F(In) - Zik + ?k(xn - 330)) H
X

+HR<xo>1(F@n_1> A+ G — a0 )H

H 1[3 = Gn-1) = (F(@n) = F(Jn1)) = = (itn = G >H
X
1
< [[AGe0) § 1 (0) — (F@0) — Pl dt (B — )|
0

So the remaining part of the proof is analogous to the proof of Theorem

THEOREM 3.11. Let ¢, and Z, be as in (3.8)) and (3.9), and suppose
the assumptions of Theorem 3.10] hold. Then (%) is a Cauchy sequence in
Bi(x0) and converges to 2 o, € Bi(wo). Further

F(204,) +*( b, — T0) = 20y,

and

Vo

|x < C@" where C = .
IL—aq

||jn - c Ol

Proof. Analogously to the proof of Theorem [3.4] one can prove that Z,, is
a Cauchy sequence in Bj(zg), and hence it converges, say to x? o, € Br(o)
and

= [|1R(20)(Zn — 7n) |l x
X

IR(xo) || x—x1(Zn — 7n)llx < (1F'(z0)l x=x + r/c)én
(IF (o) x—x + ar/c)gi™ 0 < (|F'(z0) | x=x + cr/c)ai Fp-

Now by letting n — oo in (3.13) we obtain F(al,,) + (cw/c)(xl,, — o)
= zgk. This completes the proof.

(3.13) HF(@) — 20+ (@0 — w0)

<
<

1 kor

Assume that ko < and for simplicity that ¢1(a) < ¢(a) for a > 0.

THEOREM 3.12. Suppose :c o, 18 the solution of and Assumptions

B.2], 3.8 and [3.9] hold. Then
| — 220, | x = O(™H(9)).
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Proof. Note that c(F(:cg’ak) ) + (22 To4, — T0) =0, s0

(F' (o) + o) (2 cak*i)
= (F'(wo) + a ) (200, —2) — e(F(20,0,) = 20,) — ar(@s — 20)

)
= Oék(l“o - l‘) + F,(LU())( g,ak - i') - C[F(.Tiak) - chk]
= ag(wo — &) + F'(20) (20, — &) = [F(20,) — F(&) + F(2) = 20, ]
= ag(wo — &) = e(F(2) = 20,) + F'(20) (20,0, — &) = c[F(20,,) — F(2)]

Thus
(3.14) 2l — &lx
< (F' (w0 + a D)™ (zo — &) x
+ [[(F'(z0) + ard) " e(F (&) — 20,) |l x
+ [(F'(w0) + ) T [F (w0) (0., — &) — e(F(20,0,) — F(#))]llx
< Jlaw(F'(z0) + arI) " (zo — &)l x + |F (&) — 20, |lx

1
+ (P (0) + cw) ™ [ [F(0) = oF (@ + t(al o, — ), — ) dt]|
0
= [|aw(F'(w0) + axD) " (x0 — &)|x + [ F(@) — 25, [Ix +T.
So by Assumption [3.9] we obtain
(3.15)
1
I < |[(F/(20) + ) ™ [ [P (o) = F'( + tad o, — ))](al o, — &) dt]|
0
1
-1 N 5 .
+(1-c H (o) +al) ' F'(z SG (T4 t(x Cak — 1), 20) (70 0, — T) dtHX

< kol q, — 2llx + (1 - C)k2Hch o~ Zlx,
and hence by (3.14) and (3.15]), we have
o~ i < I £ o) Mo )l PG~
’ 1—(1—c)ky — kor
p1(an) + (24 2245) ng ™ (6)
- 1—(1—c¢)ky — kot
= 0(4~1(9)).
This completes the proof of the theorem.
The following theorem is a consequence of Theorems and
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THEOREM 3.13. Let Z,, be as in (3.9), and suppose that the assumptions
of Theorems and [312] hold. Then

& = Znllx < Cqi™ + O~ 1(5))
where C is as in Theorem m

THEOREM 3.14. Let &, be as in (3.9), and suppose that the assumptions
of Theorems and hold. Let

ng :=min{n : ¢¥" < 5/\/ar}.
Then
|12 = &, lx = O(W™H(9)).

REMARK 3.15. Let us denote by 71, 7,, ¢, do the parameters using Ko
instead of kg for Case 1 (and similarly for Case 2). Then we have

1 <71, 060<d, V< q=<4q.

Moreover, strict inequalities hold in the preceding estimates if ky < Kp.
Let hg = 4kovy, and h = 4Ky7y,. We can certainly choose v, sufficiently
close to 7,. Then we have h < 1 = hg < 1 but not necessarily vice versa
unless kg = Ko and v, = 7,. Finally, ho/h — 0 as ko/Kg — 0. The last
estimate shows by how many times our new approach using kg can expand
the applicability of the old approach using Ky for these methods. Hence, all
the above justifies the claims made in the introduction of the paper. Finally
we note that the results obtained here are useful even if Assumption [3.]]
is satisfied but the sufficient convergence condition h < 1 is not satisfied
but hg < 1 is satisfied. Indeed, we can proceed with the iterative method
described in Case (1) (or Case (2)) until a finite step N such that h < 1
with 93‘15\, 41,0y 38 a starting point for faster methods such as . Such an
approach has already been employed in [2], [5] and [4] where the modified
Newton’s method is used as a predictor for Newton’s method.

4. Algorithm. Note that for 7,7 € {0,1,..., M},
20 =20 = (aj— o)) (K*K 4 a;I) N (K*K + oy ) "HK*(y° — KF(x0))).

o Q;
The algorithm for implementing the iterative methods considered in Sec-
tion 3 involves the following steps:

° ap =02

o a; = pFag, p>1;

e solve (K*K + o;)w; = K*(3y° — KF(x0)) for wy;
o solve (K*K + «a;l)z; = (0 — o)w; for z5, j < i;
o if ||z x >4/1/, then take k =i — 1;

e otherwise, repeat with 7 4+ 1 in place of i;
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e choose nj, = min{n : ¢** < §/,/ax} in Case (1) and n, = min{n :

g3 < §/\/ay} in Case (2);
e solve z,, using the iteration (3.2) or Z,, using the iteration (3.9).

5. Numerical examples. We present five numerical examples in this
section. First, we consider two examples to illustrate the algorithm consid-
ered in the above sections. We apply the algorithm by choosing a sequence
(V) of finite-dimensional subspaces of X with dim Viy = N+1. Precisely Viy
is the space of linear splines in a uniform grid of N + 1 points in [0, 1]. Then
we present two examples where Assumption is satisfied but Assumption
is not. In the last example we show that ky/Kjy can be arbitrarily small.

EXAMPLE 5.1. In this example for Case (1), we consider the operator
KF :D(KF) C L*(0,1) — L*(0,1) with K : L?(0,1) — L?(0,1) defined by

where

and

F:D(F) C L*(0,1) — L*(0,1)
defined by F(u) := u®. Then the Fréchet derivative of F' is given by F’(u)w
= 3(u)?w.

In our computation, we take

837t 2 b 35 348
y(t) =

=2 - % 2 and ¢ =y+6.
6160 16 110 80 112 M4 v =yt
Then the exact solution is

We use 5
=05+ — —(t—t8
zo(t) = 0.5+ 56( )

as our initial guess.

We choose ag = (1.3)262, = 1.2, § = 0.0667, the Lipschitz constant kg
equals approximately 0.23 and r = 1, so that ¢ = kgr = 0.23. The iterations
and corresponding error estimates are given in Table 1. The plots of the
exact solution and the approximate solution obtained are given in Figures 1

and 2. The last column of Table 1 shows that the error ||z,, — Z||x is of
order O(5/?).
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Table 1

N ok oan o, - dx Mt
16 4 0.0231 0.5376 2.0791

32 4 0.0230 0.5301 2.0523

64 4 0.0229 0.5257 2.0359

128 4 0.0229 0.5234 2.0270 i
256 4 0.0229 0.5222 2.0224
512 4 0.0229  0.5216 2.0200
1024 4 0.0229 0.5213 2.0188 °

0.2

0.4 06

- exactsoln
approx.soln

0.8 1 0

N =32

0.6

N =64

Fig. 1. Curves of the exact and approximate solutions

EXAMPLE 5.2. In this example for Case (2), we consider the operator
KF:D(KF)C L*0,1) — L?*(0,1) with K : L?(0,1) — L?(0,1) defined by

1
K(x) Sk Yz (s) ds

0
and F : D(F) C L*(0,1) — L*(0,1) defined by

1
F(u) := \k(t, s)u®(s) ds,
0
where
Kt S):{(l—t)s, 0<s<t<1,
’ (1—-s)t, 0<t<s<l.

Then for all z(t),y(t) with z(t) > y(t) (see [30, Section 4.3]),

1
(F(z) = Fy),o —y) = | | [kt 5) (@ = 5) () ds| (2 = ) (1) dt = 0,
0

O e =



Newton-type iterative methods

+ exactsoln
—— approx.soln

+  exactsoln

—— approx.soln

123

N =128 N = 256
15 15
- exactsoln - exactsoln
approx.soln approx.soln
V4
/
7
| / ‘
05 05
0 02 04 06 08 1 0 02 04 06 08
N =512 N = 1024

Fig. 2. Curves of the exact and approximate solutions

Thus the operator F' is monotone. Its Fréchet derivative is given by

1

F'(w)w =3 S k(t, s)u(s)*w(s) ds.

0

So for any u € B, (xg), where zo(s) > k3 > 0 for all s € (0,1), we have

F'(u)w = F'(0)G (u, zo)w,

where G(u,zq) = (u/x0)>.
In our computation, we take

1 t13 t3
)= — (0 — =
y(t) 110<156 6 "

Then the exact solution is

25t
156

) and y° =y +0.

i(t) =t

We use
zo(t) =

3+
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as our initial guess, so that the function x¢ — Z satisfies the source condition

Foo) () = erF o) (-

where ¢1(A\) = A. Thus we expect to have an accuracy of order at least
0(5'/2).

We choose ap = (1.3)d, § = 0.0667 =: ¢, the Lipschitz constant kg equals
approximately 0.21 as in [30] and 7 = 1, so that ¢; = ko7 = 0.21. The results
of the computation are presented in Table 2. The plots of the exact solution

. 3

and the approximate solution obtained are given in Figures 3 and 4.

Table 2
N koo |, il Pl
8 4 00494  0.1881 0.7200
16 4 0.0477 0.1432 0.5531
32 4 0.0473 0.1036 0.4010
64 4 0.0472 0.0726 0.2812
128 4 0.0471 0.0491 0.1900
256 4 0.0471 0.0306 0.1187 N
512 4 0.0471 0.0140 0.0543 ’ e e '
1024 4 0.0471 0.0133 0.0515 N = 16
01 L T 01 = -«

Fig. 3. Curves of the exact and approximate solutions

In the next two cases, we present examples for nonlinear equations where

Assumption is satisfied but Assumption is not.
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+ exactsoln
approx.soln

N =128 N = 256

N exact soln +  exactsoln
approx.soln 0.9 approx.soln

0 0.2 04 0.6 0.8 1 0 0.2 04 0.6 0.8 1

N =512 N =1024

Fig. 4. Curves of the exact and approximate solutions

EXAMPLE 5.3. Let X =Y =R, D = [0,00), g = 1 and define a
function F' on D by

(5.1) F(z)

pl+1/i
1+ 1/i

where c¢1, ¢y are real parameters and ¢ > 2 an integer. Then F'(x) = A
is not Lipschitz on D. Hence, Assumption [3.1]is not satisfied. However the
central Lipschitz condition (Assumption holds for kg = 1.

Indeed, we have

1F' () — F'(x0)||x = &/ — 2’| =

+ c1x + co,

|z — 0]

mgifl)/i B S Vi
S0 ) )
[1F"(z) = F'(z0) | x < kolz — zol.
EXAMPLE 5.4. We consider the integral equations
b
(5.2) u(s) = f(s) + A\ G(s, )u(t) /" dt, neN
a
Here, f is a given continuous function satisfying f(s) > 0 for s € [a,b], A is
a real number, and the kernel G is continuous and positive in [a, b] X [a, b].
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For example, when G(s, t) is the Green kernel, the corresponding integral
equation is equivalent to the boundary value problem

W =Mt w(a) = fla), u(b) = f(b).
Such problems have been considered in [1-5].
Equations (5.2) generalize equations of the form
b
(5.3) u(s) = | G(s, tyu(t)" dt
studied in [1-5]. Instead of (5.2)) we can try to solve the equation F(u) =0
where
F:QCCla,b] = Cla,b], 2={ueCla,b]:u(s)>0,s¢€E|a,b]}

and b

F(u)(s) = u(s) — f(s) — A| G(s,tyu(t) /" dt.
a
The norm we consider is the max-norm.
The derivative F’ is given by
b
1
F'(u)v(s) = v(s) — )\(1 + ) SG(s,t)u(t)l/"v(t) dt, wvefl

a
First of all, we notice that F’ does not satisfy a Lipschitz-type condition
in £2. Let us consider, for instance, [a,b] = [0,1], G(s,t) = 1 and y(t) = 0.
Then F'(y)v(s) = v(s) and

b
1 n
IF(@) = F'lctasctan = (14 ) falt " .

If F’ were a Lipschitz function, then

[F'(z) = F' (Wl clap»clap) < Lillz = yllcran,
or, equivalently, the inequality

1

(5.4) (S]x(t)l/” dt < Ly max z(s)

would hold for all z € {2 and for a constant Ly. But this is not true. Consider,
for example, the functions
zj(t) =t/j, j=>1,t€[0,1].
If these are substituted into (5.4]), we have
1 Ly 1—-1/n .

- < Zs < Ls(1+1/n), Vj>1.

e <Y A
This inequality is not true when 7 — co.
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Therefore, condition (5.4]) is not satisfied in this case. Hence Assump-
tion [3.1] is not satisfied. However, Assumption [3.2] holds. To show this, let

zo(t) = f(t), = min f(s), a>0.
s€a,b]

Then for v € (2,

I[F'(z) = F'(z0)]v[ ¢l

b
= |\ <1 + i) max ‘ §G(s,t)(x(t)1/” — f®Y™m(t) dt

< <1 + 1) max Go(s, 1)

n J s€la,b]
where
_ G(s, t)|z(t) — f(t)]
Gl ) = O 3 oD g + - pye 7 1)
Hence,

b
M1 +1/n
I (@) — Feo)ollcay = AL/ e § G(s.)dt i = ol i

,y(n—l)/n s€la,b
< kollz — 2ol cfa,p)»

where

A +1/n)

ko
,y(nfl)/n

N

and
b

N = max SG(s,t) dt.

s€(a,b] 5

Then Assumption holds for sufficiently small A.
EXAMPLE 5.5. Define a scalar function F' by
F(z) = doz + di + dasin eBT =0,

where d;, 1 = 0,1, 2, 3, are given parameters. Then it can easily be seen that
for d3 large and do sufficiently small, ko/K( can be arbitrarily small.

6. Conclusion. We presented an iterative method which is a combina-
tion of a modified Newton method and Tikhonov regularization to obtain an
approximate solution for a nonlinear ill-posed Hammerstein-type operator
equation K F(x) =y, with the available noisy data 3° in place of the exact
data y. In fact we considered two cases, where F’(zo)~! exists and where
F is monotone but F’(zo)~! does not exist. In both cases, the derived er-
ror estimates using an a priori and balancing principle are of optimal order
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with respect to the general source condition. The results of computational
experiments confirm the reliability of our approach.

Acknowledgements. Ms. Shobha thanks National Institute of Tech-
nology Karnataka, India, for financial support.
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