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THREE SOLUTIONS FOR A NONLINEAR NEUMANN

BOUNDARY VALUE PROBLEM

Abstract. The aim of this paper is to establish the existence of at least
three solutions for the nonlinear Neumann boundary-value problem involv-
ing the p(x)-Laplacian of the form

−∆p(x)u+ a(x)|u|p(x)−2u = µg(x, u) in Ω,

|∇u|p(x)−2∂u
∂ν

= λf(x, u) on ∂Ω.

Our technical approach is based on the three critical points theorem due to
Ricceri.

1. Introduction. In this paper we are interested in the multiplicity of
weak solutions of the following nonlinear Neumann boundary-value problem
involving the p(x)-Laplacian:

(P)

−∆p(x)u+ a(x)|u|p(x)−2u = µg(x, u) in Ω,

|∇u|p(x)−2∂u
∂ν

= λf(x, u) on ∂Ω,

where Ω is a bounded domain in RN (N ≥ 2) with a smooth boundary ∂Ω,
∆p(x) = div(|∇u|p(x)−2∇u) is the p(x)-Laplacian operator with p ∈ C(Ω)

and p(x) > 1 for every x ∈ Ω, ∂u/∂ν is the outer unit normal derivative
on ∂Ω, λ > 0 and µ ≥ 0 are real numbers, and a ∈ L∞(Ω) with a− :=
ess infx∈Ω a(x) > 0. We denote p− := infx∈Ω p(x) > 1 and p+ := infx∈Ω p(x).
Throughout this paper we assume the following assumptions:
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(F1) f : ∂Ω × R→ R is a Carathéodory function and satisfies

|f(x, s)| ≤ h1(x) + b1|s|α(x)−1, ∀(x, s) ∈ ∂Ω × R,

where h1(·) is in L
α(·)
α(·)−1 (∂Ω), b1 ≥ 0 is a constant, α(·) ∈ C(Ω),

and 1 < α− := infx∈Ω α(x) ≤ α+ := supx∈Ω α(x) < p−.
(F2) There exists a constant t0 > 1 such that f(x, t) < 0 when |t| ∈

(0, 1), and f(x, t) ≥ m > 0 when |t| ∈ (t0,∞), where m is a positive
constant.

(G) g : Ω × R→ R is a Carathéodory function and satisfies

|g(x, s)| ≤ h2(x) + b2|s|β(x)−1, ∀(x, s) ∈ Ω × R,

where h2(·) is in L
β(·)
β(·)−1 (Ω), b2 ≥ 0 is a constant, β(·) ∈ C(Ω), and

1 < β− := infx∈Ω β(x) ≤ β+ := supx∈Ω β(x) < p−.

The main result of this paper is the following

Theorem 1.1. Assume that p− > N and f satisfy (F1)–(F2). Then
there exist an open interval Λ ⊂ (0,∞) and a positive real number ρ such
that for each λ ∈ Λ and every function g satisfying (G), the problem (P) has
at least three solutions whose norms are less than ρ.

The study of differential equations involving the p(x)-Laplacian has re-
ceived considerable attention in recent years. The interest in studying such
problems was stimulated by their applications in elastic mechanics, fluid
dynamics and calculus of variations; for information on modeling physical
phenomena by equations involving the p(x)-growth condition we refer the
reader to [D, H, My, PMBD, R, W, Z]. Recently elliptic problems with non-
linear boundary conditions have attracted much interest: for example, see
[AEO, DS, DW, Y, TD].

In [DS], the authors obtained the existence of an unbounded sequence
of weak solutions for problem (P). In [DW], the authors considered problem
(P) in the case λ = µ = 1 and a(x) = constant and obtained nonexistence,
existence and multiplicity results. In [Y], the author obtained a number of
interesting results on existence and multiplicity of solutions of problem (P)
when a(x) = 1, using the variational method. In [AEO], the authors ob-
tained the existence of three solutions for problem (P) when g(x, u) = 0
and a(x) = 1 using the three critical points theorem established by Ric-
ceri.

Following the same lines as in [AEO, M, SD], we will prove that there
exist three weak solutions of problem (P) using a version of Ricceri’s three
critical points theorem.

This article is organized as follows. In Section 2, we recall some basic
results on the theory of Lebesgue–Sobolev spaces with variable exponent.
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We also recall a version of the three critical points theorem due to Ricceri.
In Section 3, we give the proof of our main result.

2. Preliminaries. For completeness, we first recall some facts on the
variable exponent spaces Lp(·)(Ω) andW 1,p(·)(Ω). For more details, see [ER1,
ELN, ER2, KR, FZS, FZ1, FZ2]. Suppose that Ω is a bounded open domain
in RN with smooth boundary ∂Ω and p ∈ C+(Ω) where

C+(Ω) =
{
p ∈ C(Ω) : inf

x∈Ω
p(x) > 1

}
.

Denote p− := infx∈Ω p(x) and p+ := supx∈Ω p(x). Define the variable expo-

nent Lebesgue space Lp(·)(Ω) by

Lp(·)(Ω) =
{
u : Ω → R measurable:

�

Ω

|u|p(x) dx <∞
}
,

with the norm

|u|p(x) = inf

{
τ > 0 :

�

Ω

∣∣∣∣uτ
∣∣∣∣p(x) dx ≤ 1

}
.

Define the variable exponent Sobolev space W 1,p(·)(Ω) by

W 1,p(·)(Ω) = {u ∈ Lp(·)(Ω) : |∇u| ∈ Lp(·)(Ω)},
with the norm

‖u‖ = inf

{
τ > 0 :

�

Ω

(∣∣∣∣∇uτ
∣∣∣∣p(x) +

∣∣∣∣uτ
∣∣∣∣p(x)) dx ≤ 1

}
= |∇u|p(·) + |u|p(·).

Lemma 2.1 (see [FZ1]). Both (Lp(·)(Ω), | · |p(x)) and (W 1,p(·)(Ω), ‖ · ‖)
are separable, reflexive and uniformly convex Banach spaces.

Lemma 2.2 (see [FZ1]). The Hölder inequality holds, namely
�

Ω

|uv| dx ≤
(

1

p−
+

1

q−

)
|u|p(·)|v|q(·) ∀u ∈ Lp(·)(Ω), v ∈ Lq(·)(Ω),

where 1/p(x) + 1/q(x) = 1.

Hereafter, let

p∗(x)=


Np(x)

N − p(x)
if p(x) < N ,

+∞ if p(x) ≥ N ,

p∂(x)=


(N − 1)p(x)

N − p(x)
if p(x) < N ,

+∞ if p(x) ≥ N .

Lemma 2.3 (see [Y, FZ1, FZ2]). Assume that the boundary of Ω has the
cone property.

(1) If q ∈ C+(Ω) and q(x) < p∗(x) for any x ∈ Ω, then the imbedding
of W 1,p(·)(Ω) into Lq(·)(Ω) is compact and continuous.
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(2) If q ∈ C+(Ω) and q(x) < p∂(x) for any x ∈ ∂Ω, then the trace
imbedding of W 1,p(·)(Ω) into Lq(·)(∂Ω) is compact and continuous.

An important role in manipulating generalized Lebesgue–Sobolev spaces
is played by the mapping defined in the following

Lemma 2.4 (see [KR, De, FZ1]). Let

I(u) =
�

Ω

(|∇u|p(x) + a(x)|u|p(x)) dx.

For u ∈W 1,p(·)(Ω) we have

• ‖u‖ < 1 (= 1, > 1)⇔ I(u) < 1 (= 1, > 1).

• ‖u‖ ≤ 1⇒ ‖u‖p+ ≤ I(u) ≤ ‖u‖p−.

• ‖u‖ ≥ 1⇒ ‖u‖p− ≤ I(u) ≤ ‖u‖p+.

Remark 2.5 (see [M]). If N < p− < p(x) for any x ∈ Ω then by The-
orem 2.2 in [FZ2], we deduce that W 1,p(·)(Ω) is continuously embedded in

W 1,p−(Ω). Since N < p− it follows that W 1,p−(Ω) is compactly embed-
ded in C(Ω). Thus, W 1,p(·)(Ω) is compactly embedded in C(Ω). Defining
‖u‖∞ = supx∈Ω u(x), we find that there exists a positive constant k such
that

‖u‖∞ ≤ k‖u‖a, ∀u ∈W 1,p(·)(Ω).

Proposition 2.6 (see [AEO]). Suppose f : ∂Ω×R→R is a Carathéodory
function and

|f(x, s)| ≤ h(x) + b|s|α(x)−1 for all (x, s) ∈ ∂Ω × R,

where h(·) ∈ L
α(·)
α(·)−1 (∂Ω) and b ≥ 0 is a constant, α(·) ∈ C+(∂Ω) such that

α(x) < p∂(x) for all x ∈ ∂Ω. Set

X = W 1,p(·)(Ω), F (x, u) =

u�

0

f(x, t) dt, ψ(u) = −
�

∂Ω

F (x, u(x)) dσ.

Then ψ(·) ∈ C1(X,R) and

Dψ(u, ϕ) = 〈ψ′(u), ϕ〉 = −
�

∂Ω

f(x, u(x))ϕdσ,

moreover, the operator ψ′ : X → X∗ is compact.

Finally, to prove our result in the next section, we use the following
theorem. It is equivalent to the three critical points theorem of Ricceri [Ri].
(See also [B, Theorem 2.3].)

Theorem 2.7. Let X be a separable and reflexive real Banach space;
φ : X → R a continuously Gâteaux differentiable and sequentially weakly
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lower semicontinuous functional whose Gâteaux derivative admits a contin-
uous inverse on X∗; and ψ : X → R a continuously Gâteaux differentiable
functional whose Gâteaux derivative is compact. Assume that:

(i) lim‖u‖X→∞(φ(u) + λψ(u)) =∞ for all λ > 0,
(ii) there are r ∈ R and u0, u1 ∈ X such that φ(u0) < r < φ(u1),

(iii) inf
u∈φ−1((−∞,r])

ψ(u) >
(φ(u1)− r)ψ(u0) + (r − φ(u0))ψ(u1)

φ(u1)− φ(u0)
.

Then there exist an open interval Λ ⊂ (0,∞) and a real number ρ > 0 with
the following property: for every λ ∈ Λ and every C1 functional J : X → R
with compact derivative, there exists δ > 0 such that for each µ ∈ [0, δ] the
equation φ′(u) +λψ′(u) +µJ ′(u) = 0 has at least three solutions in X whose
norms are less than ρ.

3. Proof of the main result. In this part, we will prove that for
problem (P), there exist at least three weak solutions, by using Theorem 2.7.

Definition 3.1. u ∈W 1,p(·)(Ω) is called a weak solution of problem (P)
if for all v ∈W 1,p(·)(Ω),

�

Ω

(
|∇u|p(x)−2∇u∇v + a(x)|u|p(x)−2uv

)
dx

= λ
�

∂Ω

f(x, u)v dσx + µ
�

Ω

g(x, u)v dx.

Let X denote the generalized Sobolev space W 1,p(·)(Ω). Define

F (x, t) :=

t�

0

f(x, s) ds and G(x, t) :=

t�

0

g(x, s) ds,

and the functionals

φ(u) =
�

Ω

1

p(x)

(
|∇u|p(x) + a(x)|u|p(x)

)
dx,

ψ(u) = −
�

∂Ω

F (x, u) dσx, J(u) = −
�

Ω

G(x, u) dx, ∀u ∈ X.

Arguments similar to those used in the proof of [MR, Proposition 3.1], and
Proposition 2.6, imply that φ, ψ and J are C1-functionals on W 1,p(·)(Ω)
with the derivatives given by

(φ′(u), v) =
�

Ω

(
|∇u|p(x)−2∇u∇v + a(x)|u|p(x)−2uv

)
dx,

(ψ′(u), v) = −
�

∂Ω

f(x, u)v dσx, (J ′(u), v) = −
�

Ω

g(x, u)v dx,
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for any u, v ∈ X. (See also [FD].) Thus, there exist λ, µ > 0 such that u
is a critical point of the operator φ(u) + λψ(u) + µJ(u), that is, φ′(u) +
λψ′(u) + µJ ′(u) = 0. To prove our result, it is enough to verify that φ, ψ
and J satisfy the hypotheses of Theorem 2.7.

It is obvious that (φ′)−1 : X∗ → X exists and is continuous, because
φ′ : X → X∗ is a homeomorphism by [CCD, Lemma 3.1]. Moreover J ′ :
X → X∗ is completely continuous because of the assumption (G) and [KR],
which implies J ′ is compact. ψ′ is also compact according to (F1) and Propo-
sition 2.6.

Next, we will verify that condition (i) of Theorem 2.7 is fulfilled. In fact,
by Lemma 2.4, we have

φ(u) ≥ 1

p+

�

Ω

(|∇u|p(x) + a(x)|u|p(x)) dx

=
1

p+
I(u) ≥ 1

p+
‖u‖p−a , u ∈ X, ‖u‖p−a > 1.

On the other hand, for u ∈ X such that ‖u‖a ≥ 1, we have

ψ(u) = −
�

∂Ω

F (x, u) dσ = −
�

∂Ω

( u(x)�
0

f(x, t) dt
)
dσx

≤
�

∂Ω

(
h1(x)|u(x)|+ b1

α(x)
|u|α(x)

)
dσx.

Using the Hölder inequality and the Sobolev embedding theorem, we have
for some positive constants C and C ′,�

∂Ω

h1(x)|u(x)| dσ ≤ 2‖h1‖
L

α(·)
α(·)−1 (∂Ω)

‖u‖Lα(·)(∂Ω) ≤ 2C‖h1‖
L

α(·)
α(·)−1 (∂Ω)

‖u‖a,

and �

∂Ω

|u|α(x) dσx ≤ max{‖u‖α+

Lα(·)(∂Ω)
, ‖u‖α−

Lα(·)(∂Ω)
} ≤ C ′‖u‖α+

a .

Altogether we obtain

|ψ(u)| ≤ 2C‖h1‖
L

α(·)
α(·)−1 (∂Ω)

‖u‖a +
b1
α−

C ′‖u‖α+

a .

Consequently, for any λ > 0 we have

φ(u) + λψ(u) ≥ 1

p+
‖u‖p−a − 2λC‖h1‖

L
α(·)
α(·)−1 (∂Ω)

‖u‖a −
λb1C

′

α−
‖u‖α+

a .

For p− > α+ we have

lim
‖u‖a→∞

(φ(u) + λψ(u)) =∞,

and (i) of Theorem 2.7 is verified.
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lt remains to verify conditions (ii) and (iii) in Theorem 2.7. By (F2), it
is clear that F (x, t) is increasing for t ∈ (t0,∞) and decreasing for t ∈ (0, 1)
uniformly with respect to x ∈ ∂Ω, and F (x, 0) = 0 is obvious. Moreover
F (x, t) → ∞ when t → ∞ because F (x, t) ≥ mt uniformly for x ∈ ∂Ω.
Then there exists a real number δ > t0 such that

F (x, t) ≥ 0 = F (x, 0) ≥ F (x, τ) ∀u ∈ X, t > δ, τ ∈ (0, 1).

Let c, b be real numbers such that 0 < c < min{1, k} where k is given in
Remark 2.5, and b > δ satisfies

bp
−
�

Ω

a(x) dx > 1.

When t ∈ [0, c] we have F (x, t) ≤ F (x, 0) = 0. Then
�

∂Ω

sup
0<t<c

F (x, t) dσ ≤
�

∂Ω

F (x, 0) dσx = 0.

Furthermore, since b > δ we have
�

∂Ω

F (x, b) dσx > 0.

Moreover,

1

kp+
cp

+

bp−

�

∂Ω

F (x, b) dσx > 0.

This implies

�

∂Ω

sup
0<t<c

F (x, t) dσx ≤ 0 <
1

kp+
cp

+

bp−

�

∂Ω

F (x, b) dσx.

Let u0, u1 ∈ X, where u0(x) = 0 and u1(x) = b for any x ∈ Ω. We define

r =
1

p+

(
c

k

)p+
.

Clearly r ∈ (0, 1), φ(u0) = ψ(u0) = 0,

φ(u1) =
�

Ω

a(x)

p(x)
bp(x) dx ≥ bp

−

p+

�

Ω

a(x) dx >
1

p+
· 1 > 1

p+

(
c

k

)p+
= r,

and

ψ(u1) = −
�

∂Ω

F (x, u1(x)) dσx = −
�

∂Ω

F (x, b) dσx < 0.

So we have φ(u0) < r < φ(u1). Thus (ii) of Theorem 2.7 is verified.
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On the other hand, we have

−(φ(u1)− r)ψ(u0) + (r − φ(u0))ψ(u1)

φ(u1)− φ(u0)
= −rψ(u1)

φ(u1)

= r

	
∂Ω F (x, b) dσx	
Ω
a(x)
p(x)b

p(x) dx
> 0.

Let u ∈ X be such that φ(u) ≤ r < 1. Set I(u) =
	
Ω(|∇u|p(x)+a(x)|u|p(x)) dx.

Since 1
p+
I(u) ≤ φ(u) ≤ r, for u ∈W 1,p(·)(Ω), we obtain

I(u) ≤ p+r =

(
c

k

)p+
< 1.

It follows that ‖u‖a < 1 by Lemma 2.4. Furthermore, we have

1

p+
‖u‖p+a ≤

1

p+
I(u) ≤ φ(u) ≤ r.

Thus, using Remark 2.5, we obtain

|u(x)| ≤ k‖u‖a ≤ k(p+r)1/p
+

= c ∀u ∈ X, x ∈ Ω, φ(u) ≤ r.
The above inequality shows that

− inf
u∈φ−1((−∞,r])

ψ(u) = sup
u∈φ−1((−∞,r])

−ψ(u) ≤
�

∂Ω

sup
0<t<c

F (x, t) dσx ≤ 0.

Then

inf
u∈φ−1((−∞,r])

ψ(u) >
(φ(u1)− r)ψ(u0) + (r − φ(u0))ψ(u1)

φ(u1)− φ(u0)
.

This means that condition (iii) in Theorem 2.7 is satisfied. Thus the proof
of Theorem 1.1 is complete.

Remark 3.2. Applying [B, Theorem 2.1] in the proof of Theorem 1.1,
an upper bound of the interval of parameters λ for which (P) has at least
three weak solutions is obtained when µ = 0. To be precise, in the conclusion
of Theorem 1.1 one has

Λ ⊆
]
0, h

	
Ω
a(x)
p(x)b

p(x) dx	
∂Ω F (x, b) dσx

[
for each h > 1 and b as in the proof of Theorem 1.1.

Remark 3.3. We observe that the roles of the functions f and g can be
reversed. For instance, we can study the problem

(P′)

−∆p(x)u+ a(x)|u|p(x)−2u = λf(x, u) in Ω,

|∇u|p(x)−2∂u
∂ν

= µg(x, u) on ∂Ω,

and consider the assumptions:
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(F′1) |f(x, s)| ≤ h1(x) + b1|s|α(x)−1 for all (x, s) ∈ Ω × R, where h1(·)
is in L

α(·)
α(·)−1 (Ω), b1 ≥ 0 is a constant, α(·) ∈ C(Ω), 1 < α− :=

infx∈Ω α(x) ≤ α+ := supx∈Ω α(x) < p−.
(F′2) There exists a constant t0 > 1 such that f(x, t) < 0 when |t| ∈

(0, 1), and f(x, t) ≥ m > 0 when |t| ∈ (t0,∞), where m is a
positive constant.

(G′) |g(x, s)| ≤ h2(x) + b2|s|β(x)−1 for all (x, s) ∈ ∂Ω × R, where h2(·)
is in L

β(·)
β(·)−1 (∂Ω), b2 ≥ 0 is a constant, β(·) ∈ C(Ω), 1 < β− :=

infx∈Ω β(x) ≤ β+ := supx∈Ω β(x) < p−.

Then one can easily obtain a similar result, namely

Theorem 3.4. Assume that p− > N and let f satisfy (F′1)–(F′2). Then
there exist an open interval Λ ⊂ (0,∞) and a positive real number ρ such
that for each λ ∈ Λ and every function g satisfying (G′), problem (P′) has
at least three solutions whose norms are less than ρ.
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