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SOLVABILITY OF THE STATIONARY STOKES SYSTEM
IN SPACES H2

−µ, µ ∈ (0, 1)

Abstract. We consider the stationary Stokes system with slip boundary
conditions in a bounded domain. Assuming that data functions belong to
weighted Sobolev spaces with weights equal to some power of the distance
to some distinguished axis, we prove the existence of solutions to the problem
in appropriate weighted Sobolev spaces.

1. Introduction. We consider the following problem for the Stokes sys-
tem:

(1.1)
−∆v +∇p = f in Ω,

div v = g in Ω,

v · n̄ = 0, n̄D(v)τ̄α = 0, α = 1, 2, on ∂Ω,

where v = v(x) = (v1(x), v2(x), v3(x)) is the velocity and p = p(x) is the
pressure, Ω = Ω∗ ∩ D, D = {x = (x1, x2, x3) : 0 < r < ∞, 0 < φ < 2π,
x3 ∈ R}; r, φ, x3 are cylindrical coordinates, i.e. x1 = r cosφ, x2 = r sinφ;
Ω∗ ⊂ R3 is a bounded domain with boundary ∂Ω∗, ∂Ω = ∂Ω∗ \ γ0, γ0 =
∂Ω∗ ∩ {(x1, x2, x3) : 0 < r < ∞, φ = 0, x3 ∈ R}. Moreover, n̄ is the unit
outward vector normal to ∂Ω and τ̄α, α = 1, 2, is a unit tangent vector
to ∂Ω.

We add to the system (1.1) the following conditions:

(1.2)
v|Γ0 = v|Γ2π ,

n̄T(v, p)|Γ0 = −n̄T(v, p)|Γ2π ,

where Γ0 = Ω∗ ∩ {(x1, x2, x3) : 0 < r < ∞, φ = 0, x3 ∈ R}, Γ2π = Ω∗ ∩
{(x1, x2, x3) : 0 < r < ∞, φ = 2π, x3 ∈ R}, T(v, p) = D(v) − pI, D(v) =
{vi,xj + vj,xi}i,j=1,2,3, I is the unit matrix.
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We assume that

(1.3)
�

Ω

g dx = 0.

We also assume the following conditions on Ω∗:
(1.4) Ω∗ contains a distinguished axis L which is perpendicular to ∂Ω∗;

L = {x : r = 0}
(1.5) there exist neighbourhoods of points x(1), x(2) ∈ L ∩ ∂Ω∗ in ∂Ω∗

which are flat, i.e. they are contained in the tangent planes at x(i),
i = 1, 2, to ∂Ω∗.

The aim of the paper is to prove the solvability of problem (1.1)–(1.2) in
weighted Sobolev spaces H2

−µ(Ω), µ ∈ (0, 1). To formulate the main result
we introduce a global Cartesian system (x1, x2, x3) in R3 such that L is the
x3 axis.

Let Ω ⊂ R3 be a domain. Then we define the spaces:

L2,−µ(Ω) =
{
u : ‖u‖L2,−µ(Ω) =

( �

Ω

u2|x′|−2µ dx
)1/2

<∞
}
,

H1
−µ(Ω) =

{
u : ‖u‖H1

−µ(Ω) =
[ �
Ω

(u2
,x|x′|−2µ + u2|x′|−2(µ+1)) dx

]1/2
<∞

}
,

H2
−µ(Ω) =

{
u : ‖u‖H2

−µ(Ω) =
[ �
Ω

(u2
,xx|x′|−2µ + u2

,x|x′|−2(µ+1)

+ u2|x′|−2(µ+2)) dx
]1/2

<∞
}
, µ ∈ R.

In the above definitions x = (x1, x2, x3) ∈ R3, x′ = (x1, x2). Moreover, we
do not distinguish vector and scalar-valued functions. Let u = (u1, . . . , un).
Then u2 =

∑n
i=1 u

2
i , u

2
,x =

∑n
i=1

∑3
j=1 u

2
i,xj

, u2
,xx =

∑n
i=1

∑3
j,k=1 u

2
i,xjxk

.

Let V be the closure of the set {g ∈ H1(Ω) : g vanishes in a neighbour-
hood of L and

	
Ω g dx = 0} in H1

−µ(Ω).
Now, we can formulate the main result of the paper.

Main Theorem. Let µ ∈ (0, 1), ∂Ω∗ ∈ C2, f ∈ L2,−µ(Ω), g ∈ V .
Moreover, let conditions (1.3)–(1.5) be satisfied. Then there exists a unique
solution v ∈ H2

−µ(Ω), p ∈ H1
−µ(Ω) of problem (1.1)–(1.2) and

(1.6) ‖v‖H2
−µ(Ω) + ‖p‖H1

−µ(Ω) ≤ c(‖f‖L2,−µ(Ω) + ‖g‖H1
−µ(Ω)).

We prove the Main Theorem in several steps. First, in Section 3 we
consider the problem
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(1.7)

−∆v +∇p = f in R3 \ C̄δ0 ,
div v = g in R3 \ C̄δ0 ,
v = 0 on ∂Cδ0 ,

v → 0 as |x| → ∞,

where Cδ0 = {x ∈ R3 : 0 < |x′| < δ0}, δ0 < R/2, R > 0, f ∈ L2,−µ(R3 \ C̄δ0),
g ∈ H1

−µ(R3 \ C̄δ0), supp g ⊂ (R3 \ C̄δ0) ∩ CR,a(x0
3), CR,a(x0

3) = {x ∈ R3 :
|x′| < R, |x3 − x0

3| < a}, x0 = (0, 0, x0
3) ∈ L is a point. We show that

under the assumption that (v, p) ∈ H2
−µ(R3 \ C̄δ0) × H1

−µ(R3 \ C̄δ0) with
supp v ⊂ (R3 \ C̄δ0) ∩ CR,a(x0

3), supp p ⊂ (R3 \ C̄δ0) ∩ CR,a(x0
3) is a solution

to system (1.7), the following estimate holds:

(1.8) ‖v‖H2
−µ(R3\C̄δ0 ) + ‖p‖H1

−µ(R3\C̄δ0 )

≤ c(‖f‖L2,−µ(R3\C̄δ0 ) + ‖g‖H1
−µ(R3\C̄δ0 )),

where c > 0 does not depend on δ0.
Estimate (1.8) is derived by applying the Fourier transform with respect

to the variable x3 and by using the properties of two-dimensional equations
with a parameter (see Section 2).

In Section 4 we first consider problem (1.1) in Ω \ C̄δ with slip boundary
conditions on ∂(Ω \ C̄δ) and with data fδ ∈ L2,−µ(Ω \ C̄δ) and gδ ∈ H1

−µ(Ω \
C̄δ) such that their extensions by zero to Ω, f̄δ ∈ L2,−µ(Ω) and ḡδ ∈ H1

−µ(Ω),
approximate f and g in L2,−µ(Ω) and H1

−µ(Ω), respectively. For a solution
(vδ, pδ) ∈ H2(Ω \ C̄δ)×H1(Ω \ C̄δ) of such a problem we prove the estimate

(1.9) ‖vδ‖H2
−µ(Ω\C̄δ) + ‖pδ‖H1

−µ(Ω\C̄δ) ≤ c(‖fδ‖L2,−µ(Ω\C̄δ) + ‖gδ‖H1
−µ(Ω\C̄δ))

with a constant c > 0 independent of δ.
To derive estimate (1.9) we localize the problem in neighbourhoods of

four types of points:

(a) near an interior point of L;
(b) near a point where L meets ∂Ω∗;
(c) near an interior point of Ω but at a positive distance from L;
(d) near a point of ∂Ω at a positive distance from L.

In cases (a) and (b) solutions of localized problems satisfy estimate (1.8). In
cases (c) and (d) we obtain similar estimates to (1.8) by using the results in
non-weighted Sobolev spaces (see [6]) and the equivalence of Hk and Hk

−µ
norms (k = 1, 2).

As a consequence of the above four cases and using a partition of unity
we get (1.9).
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Next, we show that (v̄δ, p̄δ) ∈ H2
µ(Ω)×H1

−µ(Ω) where v̄δ and p̄δ are the
extensions by zero of vδ and pδ to Ω and (v̄δ, p̄δ) satisfies

‖v̄δ‖H2
−µ(Ω) + ‖p̄δ‖H1

−µ(Ω) ≤ c(‖f̄δ‖L2,−µ(Ω) + ‖ḡδ‖H1
−µ(Ω)).

The above inequality implies the convergence of (v̄δ, p̄δ) to a function (v, p) ∈
H2
−µ(Ω) × H1

−µ(Ω) which is a solution to problem (1.1)–(1.2) and satisfies
estimate (1.6).

A slight modification of the proof suffices to obtain the Main Theorem
in the case of Ω being a cylinder with a lateral surface of class C2.

Now, we will review previous results concerning the solvability of the
stationary Stokes system in different function spaces.

The stationary three-dimensional Stokes system has been treated before
in the usual Sobolev and Hölder spaces in the papers [4, 6, 8, 9, 10] and in
the book [2]. More precisely, in [4, 6] it is proved that there exists a solution
v ∈ W l+2

r (Ω), ∇p ∈ W l
r(Ω), r > 1, l ≥ 0, of system (1.1) with g = 0 in a

bounded domain Ω ⊂ R3 and with the boundary condition u|∂Ω = a under
the assumptions that f ∈W l

r(Ω) and a ∈W l+2−1/r
r (∂Ω).

Analogous solvability results in Hölder spaces C l+α+2(Ω̄), l≥0, 0<α<1,
can be found in [4, 6, 10]. In [5] the solvability of the nonstationary Stokes
system with nonhomogeneous Dirichlet boundary conditions was proved in
the case of nonzero g. In [7] the nonstationary system (1.1) with the Neumann
boundary condition T(v, p)n̄|∂Ω = 0, where T(v, p) = {Tij(v, p)}i,j=1,2,3 =
{−δijp+ν(vi,xj+vj,xi)}i,j=1,2,3, is considered. The existence of solutions (v, p)
either with v ∈W 2

2 (Ω), ∇p ∈ L2(Ω) under the assumption that f ∈ L2(Ω),
or v ∈ C2+α(Ω), ∇p ∈ Cα(Ω) under the assumption that f ∈ L2(Ω) ∩
Cα(Ω), is obtained.

Solvability results in the space W 2
2 (Ω) in the case of some other bound-

ary conditions and in the case of an unbounded domain Ω were given by
Solonnikov and Schadilov [9].

In contrast to the proof of the Main Theorem, the proofs of the above
mentioned existence results base on the technique of potentials.

In [8] Solonnikov examines the solvability of (1.1) in weighted Sobolev
spaces H2

µ, µ ∈ (0, 1), in a domain Dθ = dθ × R, where dθ = {x ∈ R2 : 0 <
φ < θ} is an angle such that θ ∈ (0, 2π). Boundary conditions imposed on the
boundary of Dθ correspond to the boundary conditions assumed for a free
boundary problem for the stationary Navier–Stokes equations. Moreover, the
weight in [8] is the distance from the edge of Dθ.

The only paper concerning the solvability of both the stationary and
nonstationary Stokes system in the weighted Sobolev spaces with µ ∈ R \ Z
is [11], where the two-dimensional Stokes system is considered; we use the
results of [11] in Sections 3 and 4.
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Moreover, the results of [11] are used in [13], where the estimate and the
existence for solutions of the initial-boundary value problem to the nonsta-
tionary Stokes system with slip boundary conditions are proved.

The present paper is divided into four sections. In Section 2 some auxil-
iary lemmas are formulated. Section 3 is devoted to deriving estimate (1.3),
and Section 4 contains the proof of the Main Theorem.

2. Auxiliary lemmas. In Section 3 (see Corollary 3.5) we derive some
inequality for a solution (v, p) ∈ H2

−µ(R3)×H1
−µ(R3) of the problem

(2.1)

−∆v +∇p = f in R3,

div v = g in R3,

v → 0 as |x| → ∞,
v|Γ0 = v|Γ2π ,

n̄T(v, p)|Γ0 = −n̄T̄(v, p)|Γ2π .

Let us denote

ũ(x′, ξ) ≡ Fu(x′, ξ) =
�

R
e−ix3ξu(x′, x3) dx3.

Then applying the transform F to problem (2.1) we get

(2.2)

−∆′ṽ′ +∇′p̃ = f̃ ′ − ξ2ṽ′ ≡ h̃′ in R2 for a.e. ξ ∈ R,
div′ ṽ′ = −iξṽ3 + g̃ ≡ k̃ in R2 for a.e. ξ ∈ R,
ṽ′ → 0 as |x′| → ∞

and

(2.3)
−∆′ṽ3 = f̃3 − ξ2ṽ3 + iξφ̃ ≡ h̃3 in R2 for a.e. ξ ∈ R,
ṽ3 → 0 as |x′| → ∞,

where ∆′ = ∂2
x1

+ ∂2
x2
, ∇′ = (∂x1 , ∂x2), ũ′ = (ũ1, ũ2), ũ ∈ {ṽ, f̃ , h̃}, div′ ṽ =

ṽ1,x1 + ṽ2,x2 . We treat (2.2) and (2.3) as two-dimensional problems with a
parameter ξ.

Lemma 2.1 (see [11, Lemma 2.4]). Let µ ∈ R\Z, δ0 > 0, h̃′ ∈ L2,−µ(R3),
k̃ ∈ H1

−µ(R3). Let ṽ′(·, ξ) ∈ H2
−µ(R2), p̃(·, ξ) ∈ H1

−µ(R2) be for almost all ξ ∈
R a solution of problem (2.1). Moreover, assume that ṽ′ ∈ L2(R;H2

−µ(R2)),
p̃ ∈ L2(R;H1

−µ(R2)). Then

(2.4) ‖ṽ′‖L2(R;H2
−µ(R2)) + ‖p̃‖L2(R;H1

−µ(R2)) ≤ c(‖h̃′‖L2,−µ(R3) + ‖k̃‖H1
−µ(R3)).

Similarly, we have

Lemma 2.2. Let µ ∈ R \ Z, δ0 > 0, h̃3 ∈ L2,−µ(R3). Let ṽ3(ξ, ·) ∈
H2
−µ(R2) be for almost all ξ ∈ R a solution of problem (2.3). Moreover, let
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ṽ3 ∈ L2(R;H2
−µ(R2)). Then

‖ṽ3‖L2(R;H2
−µ(R2) ≤ c‖h̃3‖L2,−µ(R3).

In the proof of Lemma 3.4 we consider the following auxiliary equation:

(2.5)
∆φ = div h in R3,

φ→ 0 as |x| → ∞.

Lemma 2.3. Let h ∈ L2,µ(R3), µ ∈ (0, 1). Then there exists a solution to
(2.5) such that ∇φ ∈ L2,µ(R3) and

(2.6) ‖∇φ‖L2,µ(R3) ≤ c‖h‖L2,µ(R3).

Proof. As h ∈ L2,µ(R3), there exists a sequence h̄δ ∈ C∞0 (R3) such that
supp h̄δ ⊂ R3 \ C̄δ and
(2.7) h̄δ → h in L2,µ(R3) as δ → 0.

Consider the problem

(2.8)
∆φδ = div hδ in R3,

φδ → 0 as |x| → ∞.
Let E = E(x − y) be the fundamental solution to equation (2.8). Then

a solution of (2.8) can be written in the form

φδ(x) =
�

R3

E(x− y) div y hδ(y) dy = −
�

R3

∇yE(x− y)hδ(y) dy.

Hence
∇xφδ(x) = −

�

R3

∇x∇yE(x− y)hδ(y) dy.

From [1] we have the estimates

‖∇φδ‖L2,µ(R3) ≤ c‖hδ‖L2,µ(R3), ‖φδ‖L2,µ(R3) ≤ c‖hδ‖L2,µ(R3).

Hence

(2.9) ‖φδ‖W 1
µ(R3) ≤ c‖h̄δ‖L2,µ(R3),

where

W 1
µ(R) =

{
u : ‖u‖W 1

µ(R3)

=
( �

R3

|x′|2µ |φ(x)|2 dx+
�

R3

|x′|2µ |∇φ(x)|2 dx
)1/2

<∞
}
.

The solution φδ of (2.8) satisfies the identity

(2.10)
�

R3

∇φδ∇ψ dx = −
�

R3

hδ∇ψ dx

for all ψ with ∇ψ ∈ L2,−µ(R).
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By estimate (2.9) there exists φ ∈W 1
µ(R3) such that

φ̄δ → φ in W 1
µ(R3) as δ → 0

and φ satisfies identity (2.10). Therefore, φ is a solution of (2.5) such that
∇φ ∈ L2,µ(R3). Moreover, φ satisfies (2.6).

Now, let (v, p) be a solution of problem (1.7). Introduce the functions

w̄ =
{
w in R3 \ C̄δ0 ,
0 in Cδ0 ,

where w ∈ {v, p, f, g}, w̄ ∈ {v̄, p̄, f̄ , ḡ}.
In Sections 3 and 4 we use

Lemma 2.4. Let µ ∈ (0, 1) and let (v, p) ∈ H2
−µ(R3\C̄δ0)×H1

−µ(R3\C̄δ0)
such that supp v ⊂ (R3 \ C̄δ0) ∩ CR,a, supp p ⊂ (R3 \ C̄δ0) ∩ CR,a be a
solution of problem (1.7) with f ∈ L2,−µ(R3 \ C̄δ0), g ∈ H1

−µ(R3 \ C̄δ0)
such that supp f ⊂ (R3 \ C̄δ0) ∩ CR,a, supp g ⊂ (R3 \ C̄δ0) ∩ CR,a. Then
(v̄, p̄) ∈ H2

−µ(R3) × H1
−µ(R3) and (v̄, p̄) satisfies (2.1) with f, g replaced by

f̄ , ḡ.

Proof. Set v̂r = v · er, v̂φ = v · eφ, v̂3 = v · e3, p̂(r, φ, x3) = p(x1, x2, x3),
f̂r = f · er, f̂φ = f · eφ, f̂3 = f · e3, ĝ(r, φ, x3) = g(x1, x2, x3), er =
(cosφ, sinφ, 0), eφ = (− sinφ, cosφ, 0), e3 = (0, 0, 1), where r, φ, x3 are the
cylindrical coordinates.

Next, introducing the new variable τ = − ln r we denote

ur(τ, φ, x3) = v̂r(e−τ , φ, x3), uφ(τ, φ, x3) = v̂φ(e−τ , φ, x3),

u3(τ, φ, x3) = v̂3(e−τ , φ, x3), q(τ, φ, x3) = p̂(e−τ , φ, x3),

hr(τ, φ, x3) = e−2τ f̂r(e−τ , φ, x3), hφ(τ, φ, x3) = e−2τ f̂φ(e−τ , φ, x3),

h3(τ, φ, x3) = e−2τ f̂3(e−τ , φ, x3), k(τ, φ, x3) = e−τ ĝ(e−τ , φ, x3).

The problem (2.1) rewritten in the variables τ, φ, x3 takes the form

−(ur,ττ + ur,φφ + e−2τur,x3x3 − ur − 2uφ,φ + q + q,r) = hr

in (−∞, A)× (0, 2π)× R,
−(uφ,ττ + uφ,φφ + e−2τuφ,x3x3 − uφ + 2ur,φ − q,φ) = hφ

in (−∞, A)× (0, 2π)× R,
(2.11) −(u3,ττ + u3,φφ + e−2τu3,x3x3 − e−τq,x3) = h3

in (−∞, A)× (0, 2π)× R,
−ur,τ + uφ,φ + e−τu3,x3 + ur = k in (−∞, A)× (0, 2π)× R,
u|φ=0 = u|φ=2π in (−∞, A)× R,
(−uφ,τ + ur,φ − uφ)|φ=0 =(−uφ,τ + ur,φ − uφ)|φ=2π in (−∞, A)×R,
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(2.11)
[cont.]

[2(uφ,φ + ur)− q]|φ=0 = [2(uφ,φ + ur)− q]|φ=2π in (−∞, A)× R,
(uφ,x3 + u3,φ)|φ=0 = (uφ,x3 + u3,φ)|φ=2π in (−∞, A)× R,
u|r=A = 0 in (0, 2π)× R,
u→ 0 as τ → −∞,

where A = − ln δ0.
Let us extend the functions ur, uφ, u3, hr, hφ, h3, q, k by zero to functions

ūr, ūφ, ū3, h̄r, h̄φ, h̄3, q̄, k̄ defined in (−∞,+∞)× (0, 2π)× (−∞,+∞), i.e.

w̄ =
{
w in (−∞, A)× (0, 2π)× R,
0 in (A,+∞)× (0, 2π)× R,

where w ∈ {ur, uφ, u3, hr, hφ, h3, q, k}, w̄ ∈ {ūr, ūφ, ū3, h̄r, h̄φ, h̄3, q̄, k̄}. From
the assumptions it easily follows that ūr, ūφ, ū3 ∈ H2(R × (0, 2π) × R), q̄ ∈
H1(R× (0, 2π)×R) and (ūr, ūq, ūφ, q̄) satisfies problem (2.11)1,2,3,4,5,6,7,9 in
R× (0, 2π)× R.

Therefore, by the equivalence of Hk
−µ and Hk norms in this case, the

assertion of the lemma follows.

3. Estimates. The aim of this section is to prove the following theorem.

Theorem 3.1. Let µ ∈ (0, 1) and let (v, p) ∈ H2
−µ(R3 \ C̄δ0)×H1

−µ(R3 \
C̄δ0) such that supp v ⊂ (R3 \ C̄δ0) ∩ CR,a, supp p ⊂ (R3 \ C̄δ0) ∩ CR,a be
a solution to problem (1.7) with f ∈ L2,−µ(R3 \ C̄δ0), g ∈ H1

−µ(R3 \ C̄δ0),
supp f ⊂ (R3 \ C̄δ0) ∩ CR,a, supp g ⊂ (R3 \ C̄δ0) ∩ CR,a. Then

(3.1) ‖v‖H2
−µ(R3\C̄δ0 ) + ‖p‖H1

−µ(R3\C̄δ0 )

≤ c(‖f‖L2,−µ(R3\C̄δ0 ) + ‖g‖H1
−µ(R3\C̄δ0 )),

where c > 0 is independent of δ0.

To prove Theorem 3.1 we need some auxiliary estimates for solutions of
problem (2.1) which will be derived in Lemmas 3.2–3.4 below.

In Lemmas 3.2–3.4 below we assume that (v, p) is a solution to problem
(2.1) such that supp v ⊂ (R3 \ C̄δ0) ∩ CR,a, supp p ⊂ (R3 \ C̄δ0) ∩ CR,a and
supp f ⊂ (R3 \ C̄δ0) ∩ CR,a, supp g ⊂ (R3 \ C̄δ0) ∩ CR,a.

Lemma 3.2. Let µ ∈ (0, 1), ε ∈ (0, 1) and let ṽ, p̃, f̃ , g̃ denote the Fourier
transforms with respect to x3 of the functions v, p, f, g (see Section 2). More-
over, assume that�

R
dξ

�

R2

ξ2|p̃|2|x′|−2µ dx′ +
�

R
dξ

�

R2

|ṽ|2|x′|−2µ−2 dx′ <∞,

�

R
dξ

�

R2

|f̃ |2|x′|−2µ dx′ +
�

R
dξ

�

R2

ξ2|g̃|2|x′|−2µ dx′ <∞.
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Then solutions (v, p) of (2.1) satisfy the inequality

(3.2)
�

R
dξ

�

R2

ξ2(|∇′ṽ|2 + ξ2|ṽ|2)|x′|−2µ dx′

≤ ε
�

R
dξ

�

R2

ξ2|p̃|2|x′|−2µ dx′ + c

(
1
ε

) �

R
dξ

�

R2

ξ2|ṽ|2|x′|−2µ−2 dx′

+ c

(
1
ε

) �

R
dξ

�

R2

(|f̃ |2 + ξ2|g̃|2)|x′|−2µ dx′,

where c = c(1/ε) is an increasing function.

Proof. Differentiate problem (2.1) with respect to x3 and apply the Fou-
rier transform F to get

(3.3)

−iξ∆′ṽ′ + iξ3ṽ′ + iξ∇′p̃ = iξf ′ in D,

iξ(ṽ1,x1 + ṽ2,x2) = −ξ2ṽ3 + iξg̃ in D,

−iξ∆′ṽ3 + iξ3ṽ3 = ξ2p̃+ iξf̃3 in D.

Multiplying (3.3)1 by −iξṽ′|x′|−2µ, and (3.3)3 by −iξṽ3|x′|−2µ, and then
integrating the results with respect to x′ and ξ we obtain�

R
dξ

�

R2

ξ2(|∇′ṽ|2 + ξ2|ṽ|2)|x′|−2µ dx′

= 2µ
�

R
dξ

�

R2

ξ2∇′ṽ · ṽ|x′|−2µ−1∇′|x′| dx′

− 2µ
�

R
dξ

�

R2

ξ2p̃ṽ′ · |x′|−2µ−1∇′|x′| dx′ +
�

R
dξ

�

R2

ξ2f̃ · ṽ|x′|−2µ dx′

−
�

R
dξ

�

R2

ξ2g̃p̃|x′|−2µ dx′

Hence�

R
dξ

�

R2

ξ2(|∇′ṽ|2 + ξ2|ṽ|2)|x′|−2u dx′

≤ ε

2

�

R
dξ

�

R2

ξ2(|∇′ṽ|2 + ξ2|ṽ|2)|x′|−2µ dx′ +
ε

2

�

R
dξ

�

R2

ξ2|p̃| |x′|−2µ dx′

+ c

(
1
ε

) �

R
dξ

�

R2

ξ2|ṽ|2|x′|−2µ−2 dx′ + c

(
1
ε

) �

R
dξ

�

R2

(|f̃ |2 + ξ2|g̃|2)|x′|−2µ dx′.

For sufficiently small ε estimate (3.2) follows.

Now, we have to estimate the first two terms on the r.h.s. of (3.2). In the
next lemma we estimate the first term.
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Lemma 3.3. Let µ ∈ (0, 1) and�

R
dξ

�

R2

ξ2|ṽ|2|x′|−2µ−2 dx′ <∞,

�

R
dξ

�

R2

|f̃ |2|x′|−2µ dx′ +
�

R
dξ

�

R2

ξ2|g̃|2|x′|−2µ dx′ +
�

R
‖g̃‖2H1

−µ(R2) dξ <∞.

Then solutions of (2.1) satisfy the inequality

(3.4)
�

R
(‖ṽ‖2H2

−µ(R2) + ‖p̃‖2H1
−µ(R2)) dξ

+
�

R
dξ

�

R2

ξ2(|∇′ṽ|2 + ξ2|ṽ|2)|x′|−2µ dx′

+
�

R
dξ

�

R2

ξ2|p̃|2|x′|−2µ dx′

≤ c
�

R
dξ

�

R2

ξ2|ṽ|2|x′|−2µ−2 dx′ + c
(
‖f‖2L2,−µ(R3) +

�

R
‖g̃‖2H1

−µ(R2) dξ
)
.

Proof. First, we will derive an estimate for
	
R dξ

	
R2 ξ

2|p̃|2|x′|−2µ dx′. To
do this we use the system

(3.5)

−∆φ+∇η = 0 in R3,

div φ = p|x′|−µ in R3,

φ→ 0 as |x| → ∞.
Solutions of (3.5) satisfy the estimate

(3.6) ‖∇φ‖2L2(R3) ≤ c‖p‖
2
L2,−µ(R3).

Substituting φ = ψ|x′|−µ in (3.6) we get

(3.7)
�

R3

[|∇′(ψ|x′|−µ)|2 + |ψ,x3 |2|x′|−2µ] dx ≤ c
�

R3

|p|2|x′|−2µ dx′.

Differentiating system (3.5) with respect to x3 we obtain, instead of (3.7),�

R3

[|∇′(ψ,x3 |x′|−µ)|2 + |ψ,x3x3 |2|x′|−2µ] dx ≤ c
�

R3

|p,x3 |2|x′|−2µ dx′.

Next, applying the Fourier transform F yields

(3.8)
�

R
dξ

�

R2

[ξ2|∇′(ψ̃|x′|−µ)|2 + ξ4|ψ̃|2|x′|−2µ] dx′ ≤ c
�

R
dξ

�

R2

ξ2|p̃|2|x′|−2µ dx′.

Let ζ ∈ C∞0 (R+) be a function such that 0 ≤ ζ(t) ≤ 1 for t ∈ R+,
ζ(t) = 0 for t ≤ a/2, ζ(t) = 1 for t ≥ a and |ζ̇| ≤ c/a, a > 0.

Multiplying (2.1)1 by ¯̃
ψ′|x′|−2µζ(|ξ| |x′|) and (2.2) by ¯̃

ψ3|x′|−2µζ(|ξ| |x′|)
and then integrating the result with respect to x′ we get
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�

R2

(−∆′ṽ + ξ2ṽ) · ¯̃
ψ|x′|−2µζ dx′ +

�

R2

(p,x1

¯̃
ψ1 + p,x2

¯̃
ψ2 − iξp̃ ¯̃

ψ3)|x′|−2µζ dx′

=
�

R2

f̃
¯̃
ψ|x′|−2µζ dx′.

Hence

(3.9)
�

R2

[p̃( ¯̃
ψ1|x′|−µ),x1 + p̃( ¯̃

ψ2|x′|−µ),x2 + p̃iξψ̃3|x′|−µζ] dx′

+
�

R2

p̃[ ¯̃
ψ1|x′|−µ(|x′|−µζ),x1 + ¯̃

ψ2|x′|−µ(|x′|−µζ),x2 ] dx′

=
�

R2

[∇′ṽ · ∇′( ¯̃
ψ|x′|−2µζ) + ξ2ṽ · ¯̃

ψ|x′|−2µ] dx′ −
�

R2

f̃ · ¯̃
ψ|x′|−2µζ dx′.

Inserting φ = ψ|x′|−µ in (3.5)2 and next applying the Fourier transform with
respect to x3 gives

div′(ψ̃′|x′|−µ)− iξψ̃3|x′|−µ = p̃|x′|−µ.

Therefore (3.9) implies
�

R
ξ2 dξ

�

R2

|p̃|2|x′|−2µζ dx′

≤ c
�

R
ξ2dξ

�

R2

|p̃|2|ψ̃|2(|x′|−2µ−1ζ + |x′|−2µζ̇|ξ|) dx′

+ c
�

R
ξ2dξ

�

R2

[|∇′ṽ||∇′(ψ̃|x′|−µ)| |x′|−µζ

+ |∇′ṽ| |ψ̃| |x′|−2µ−1ζ + |∇′ṽ| |ψ̃| |x′|−2µ|ξ|ζ̇

+ ξ2|ṽ| |ψ̃| |x′|−2µζ] dx′ + c
�

R
ξ2dξ

�

R2

|f̃ | |ψ̃| |x′|−2µζ dx′.

Using the properties of the function ζ we obtain
�

R
ξ2 dξ

�

R2

|p̃| |x′|−2µ dx′ ≤ ε1

�

R
ξ2 dξ

�

R2

|p̃|2|x′|−2µζ dx′

+ c

(
1
ε1

) �

R
ξ2dξ

�

R2

|ψ̃|2|x′|−2µ−2ζ dx′ + ε2

�

R
ξ4 dξ

�

R2

|ψ̃|2|x′|−2µ|ζ̇| dx′

+ c

(
1
ε2

) �

R
ξ2 dξ

�

R2

|p̃|2|x′|−2µ|ζ̇| dx′

+ ε3

�

R
ξ2 dξ

�

R2

[|∇′(ψ̃|x′|−µ)|2 + |ψ̃|2|x′|−2µ−2]ζ dx′
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+ c

(
1
ε3

) �

R
ξ2 dξ

�

R2

|∇′ṽ|2|x′|−2µζ dx′

+ ε4

�

R
ξ4 dξ

�

R2

|ψ̃|2|x′|−2µ|ζ̇| dx′ + c

(
1
ε4

) �

R
ξ2 dξ

�

R2

|∇′ṽ|2|x′|−2µ|ζ̇| dx′

+ ε5

�

R
ξ4 dξ

�

R2

|ψ̃|2|x′|−2µζ dx′ + c

(
1
ε5

) �

R
ξ4 dξ

�

R2

|ṽ|2|x′|−2µζ dx′

+ c

(
1
ε5

) �

R
dξ

�

R2

|f̃ |2|x′|−2µζ dx′.

Notice that |x′|−1 ≤ (2/a)|ξ| for (x′, ξ) such that |x′| |ξ| ∈ supp ζ. Therefore,
assuming that ε1 = 1/2 and adding 1

2

	
R ξ

2 dξ
	
R2 |p̃|2|x′|−2µ(1 − ζ) dx′ to

both sides of the above inequality gives

1
2

�

R
ξ2 dξ

�

R2

|p̃|2|x′|−2µ dx′ ≤ 1
2

�

R
ξ2 dξ

�

R2

|p̃|2|x′|−2µ(1− ζ) dx′

+
(
c

(
1
ε1

)
1
a2

+
cε2

a
+
cε3

a2
+
cε4

a
+ cε5

) �

R
ξ4 dξ

�

R2

|ψ̃|2|x′|−2µ dx′

+ cε3

�

R
ξ2 dξ

�

R2

|∇′(ψ̃|x′|−µ)|2 dx′ + c

(
1
ε2

)
1
a

�

R
ξ2 dξ

�

R2

|p̃|2|x′|−2µ dx′

+ c

(
1
ε3
,

1
ε4
,

1
a

) �

R
ξ2 dξ

�

R2

|∇′ṽ|2|x′|−2µ dx′

+ c

(
1
ε5

)
1
a

�

R
ξ4 dξ

�

R2

|ṽ|2|x′|−2µ dx′ + c

(
1
ε5

) �

R
dξ

�

R2

|f̃ |2|x′|−2µ dx′.

Since 1 − ζ 6= 0 for (ξ, x′) such that |ξ| < a|x′|, in view of (3.8) we get, for
sufficiently small εi (i = 2, . . . , 5) and for sufficiently large a,

(3.10)
�

R
ξ2dξ

�

R2

|p̃|2|x′|−2µ dx′ ≤ c
�

R
dξ

�

R2

|p̃|2|x′|−2µ−2 dx′

+ c
�

R
ξ2dξ

�

R2

(|∇′ṽ|2 + ξ2|ṽ|2)|x′|−2µ dx′ + c
�

R
dξ

�

R2

|f̃ |2|x′|−2µ dx′.

Using (3.10) in (3.2) we obtain, for sufficiently small ε,

(3.11)
�

R
dξ

�

R2

ξ2(∇′ṽ|2 + ξ2|ṽ|2)|x′|−2µ dx′ ≤ cε
�

R
dξ

�

R2

|p̃|2|x′|−2µ−2 dx′

+ c
�

R
dξ

�

R2

ξ2|ṽ|2|x′|−2µ−2 dx′ + c
�

R
dξ

�

R2

(|f̃ |2 + ξ2|g̃|2)|x′|−2µ dx′.
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Now, Lemmas 2.1–2.2 yield the estimates

(3.12)
�

R
(‖ṽ‖2H2

−µ(R2) + ‖p̃‖2H1
−µ(R2)) dξ ≤ c

�

R
(ξ4‖ṽ′‖2L2,−µ(R2)

+ ξ2‖ṽ3‖2H1
−µ(R2) + ‖f̃‖2L2,−µ(R2) + ‖g̃‖2H1

µ(R2)) dξ

and

(3.13)
�

R
‖ṽ3‖2H2

−µ(R2) dξ ≤ c
�

R
(ξ4‖ṽ3‖2L2,−µ(R2) + ξ2‖p̃‖2L2,−µ(R2)) dξ.

By (3.11)–(3.13) we have, for sufficiently small ε,

(3.14)
�

R
(‖ṽ′‖2H2

−µ(R2) + ‖p̃‖2H1
−µ(R2)) dξ ≤ c

(
‖f‖2L2,−µ(R3)

+
�

R
‖g̃‖2H1

−µ(R2) dξ +
�

R
dξ

�

R2

ξ2|ṽ′|2|x′|−2µ−2 dx′
)
.

Inequalities (3.10), (3.11), (3.13) and (3.14) yield (3.4). This ends the proof.

In the last step of the proof of Theorem 3.1 we need to estimate the
integral

	
R dξ

	
R2 ξ

2|ṽ|2|x′|−2µ−2 dx′. In order to do this we define

Q1 = {(x′, ξ) ∈ R2 × R : |ξ| |x′| ≤ a1},
Q2 = {(x′, ξ) ∈ R2 × R : |ξ| |x′| ≥ a2},
Q3 = {(x′, ξ) ∈ R2 × R : a1 ≤ |ξ| |x′| ≤ a2},

where a1, a2 are positive numbers.

Lemma 3.4. Let µ ∈ (0, 1) and
�

R
dξ

�

R2

|ṽ|2|x′|−2µ−4 dx′ +
�

R
dξ

�

R2

ξ4|ṽ|2|x′|−2µ dx′ <∞,

�

R
dξ

�

R2

|f̃ | |x′|−2µ dx′ +
�

R
dξ

�

R2

(|∇′g̃|2 + ξ2|g̃|2) dx′ <∞.

Moreover, assume that the assumptions of Theorem 3.1 concerning the sup-
ports of v, p, f and g are satisfied. Then solutions of (2.1) satisfy

(3.15)
�

R
dξ

�

R2

ξ2|ṽ|2|x′|−2µ−2 dx′ ≤ 2a2
1

�

R
dξ

�

R2

|ṽ|2|x′|−2µ−4 dx′

+
2
a2

2

�

R
dξ

�

R2

ξ4|ṽ|2|x′|−2µ dx′

+ c(a1, a2)
�

R
dξ

�

R2

(|f̃ |2 + |∇′g̃|2 + ξ2|g̃|2)|x′|−2µ dx′.
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Proof. In view of the definitions of Qi we have

(3.16)
�

R
dξ

�

R2

ξ2|ṽ|2|x′|−2µ−2 dx′ =
3∑
i=1

�

Qi

ξ2|ṽ|2|x′|−2µ−2 dξ dx′

≤ a2
1

�

Q1

|ṽ|2|x′|−2µ−4 dx′ +
1
a2

2

�

Q2

ξ4|ṽ|2|x′|−2µ dx′ +
1

a2+2µ
1

�

Q3

|ṽ|2ξ4+2µ dx′.

To examine the last term on the r.h.s. of (3.16) we introduce the sets

d1(ξ) = {x′ ∈ R2 : |ξ| |x′| ≤ a1},
d2(ξ) = {x′ ∈ R2 : |ξ| |x′| ≥ a2},
d3(ξ) = {x′ ∈ R2 : a1 ≤ |ξ| |x′| ≤ a2},

and for λ > 0 we define

Ωλ = {(x′, ξ) ∈ (R2)× R : λ|ξ| |x′| ≤ 1},
wλ(ξ) = {x′ ∈ R2 : λ|ξ| |x′| ≤ 1}.

Notice that Q3 ⊂ Ωλ for λ ∈ (0, a−1
2 ]. Next, we introduce a function χ ∈

C∞(R+) with the properties: χ(t) = 1 for t ≤ 1, χ(t) = 0 for t ≥ 2,
0 ≤ χ(t) ≤ 1 for t ∈ R+ and χ′(t) ≤ 2 for t ∈ R+.

Denote χλ(x′, ξ) = χ(λ|ξ| |x′|). Then χλ(x′, ξ) = 1 for |ξ| |x′| ≤ λ−1 and
χλ(x′, ξ) = 0 |ξ| |x′| ≥ 2λ−1.

Let φ̃ be a solution of the equation

div′(∇′φ̃− ṽ′χ2
λ)− iξ(−iξφ̃− ṽ3χ

2
λ) = 0 in R3,(3.17)

φ̃→ 0 as |x′| → ∞.

Multiplying (2.2)1 by ¯̃v′χ2
λ − ∇′

¯̃
φ, (2.3) by ¯̃v3χ

2
λ + iξ

¯̃
φ, adding the results,

integrating over R2 (by using integration by parts) and using (3.17) together
with the assumption about the supports of v and p we obtain�

R2

∇′ṽ′ · ∇′(¯̃v′χ2
λ −∇′

¯̃
φ) dx′ +

�

R2

ξ2ṽ′(¯̃v′χ2
λ −∇′

¯̃
φ) dx′

+
�

R2

∇′ṽ3 · ∇′(¯̃v3χ
2
λ + iξφ̃) dx′ +

�

R2

ξ2ṽ3(¯̃v3χ
2
λ − iξφ̃) dx′

=
�

R2

[f̃ ′(¯̃v′χ2
λ −∇′

¯̃
φ) + f̃3(¯̃v3χ

2
λ + iξ

¯̃
φ)] dx′.

Hence by (2.2)2 we have�

R2

(|∇′ṽ|2 + ξ2|ṽ|2)χ2
λ dx

′ =
�

R2

∇′ṽ¯̃v · 2∇χλχλ dx′ +
�

R2

(f̃ ′ · ¯̃v′ + f̃3
¯̃v3)χ2

λ dx
′

−
�

R2

(f̃ ′ · ∇′ ¯̃φ+ f̃3iξ
¯̃
φ) dx′ +

�

R2

∇′g̃ · ∇′ ˜̄φdx′ −
�

R2

ξ2g̃ ˜̄φdx′.
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Continuing, we get

(3.18)
�

R2

(|∇′ṽ|2 + ξ2|ṽ|2)χ2
λ dx

′ ≤ ε1

2

�

R2

|∇′ṽ|2χ2
λ dx

′

+
2
ε1

�

R2

|ṽ|2|∇χλ|2 dx′ +
ε2

2

�

R2

|ξ|2+2µ|ṽ|2|x′|2µχ2
λ dx

′

+
1

2ε2

1
|ξ|2+2µ

�

R2

|f̃ |2|x′|−2µχ2
λ dx

′

+
ε3

2

�

R2

|ξ|2+2µ(|∇′φ̃|2 + ξ2|φ̃|2)|x′|2µ dx′

+
1

2ε3

1
|ξ|2+2µ

�

R2

(|f̃ |2 + |∇′g̃|2 + ξ2|g̃|2)|x′|−2µ dx′.

For (x′, ξ) such that λ|ξ| |x′| ∈ suppχλ we have

(3.19) |x′|2µ|ξ|2µ ≤ (2/λ)2µ.

Therefore, taking ε1 = 1, ε2 = (λ/2)2µ in (3.18) and then multiplying (3.18)
by |ξ|2+2µ and integrating with respect to ξ yields

(3.20)
1
2

�

R
dξ |ξ|2+2µ

�

R2

(|∇′ṽ|2 + ξ2|ṽ|2)χ2
λ dx

′

≤ 2
�

R
dξ |ξ|2+2µ

�

R2

|ṽ|2|∇χλ|2 dx′

+
ε3

2

�

R
dξ |ξ|4+4µ

�

R2

(|∇′φ̃|2 + ξ2|φ̃|2)|x′|2µ dx′

+ c

(
1
λ

) �

R
dξ

�

R2

(|f̃ |2 + |∇′g̃|2 + ξ2|g̃|2)|x′|−2µ dx′.

To examine the term�

R
dξ |ξ|4+4µ

�

R2

(|∇′φ̃|2 + ξ2|φ̃|2)|x′|2µ dx′ =
�

R3

|∂2+2µ
x3
∇φ|2|x′|2µ dx

(where ∂2+2µ
x3 is the fractional derivative) we rewrite equation (3.17) in the

form
∆φ = div(v ∗ F−1χ2

λ) in R3,

where ∗ denotes convolution with respect to x3. Then ∂2+2µ
x3 φ satisfies the

equation
∆∂2+2µ

x3
φ = div ∂2+2µ

x3
(v ∗ F−1χ2

λ).
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Therefore, by Lemma 2.3,
�

R3

|∂2+2µ
x3
∇φ|2|x′|2µ dx ≤ c1

�

R3

|∂2+2µ
x3

v ∗ F−1χ2
λ|2|x′|2µ dx,

and the Parserval identity together with (3.19) implies
�

R
dξ

�

R2

|ξ|4+4µ(|∇′φ̃|2 + ξ2|φ̃|2)|x′|2µ dx′ ≤ c1

�

R
dξ

�

R2

|ξ|4+4µ|ṽ|2χ4
λ|x′|2µ dx′

≤ c1

(
2
λ

)2µ �

R
dξ

�

R2

|ξ|4+2µ|ṽ|2χ2
λ dx

′,

where we also used the inequality χ2
λ ≤ 1.

Assuming that (ε3/2)c1(2/λ)2µ = 1/4, inequality (3.20) gives

(3.21)
1
4

�

R
dξ |ξ|2+2µ

�

R2

(|∇′ṽ|2 + ξ2|ṽ|2)χ2
λ dx

′

≤ 2
�

R
dξ |ξ|2+2µ

�

R2

|ṽ|2|∇χλ|2 dx′

+ c

(
1
λ

) �

R
dξ

�

R2

(|f̃ |2 + |∇′g̃|2 + ξ2|g̃|2)|x′|−2µ dx′.

Using in (3.21) the inequality |∇χλ| ≤ 2λ|ξ| and assuming that λ ≤ 2 we
obtain
�

R
dξ |ξ|2+2µ

�

wλ(ξ)

ξ2|ṽ|2 dx′ ≤ 32λ2
�

R
dξ|ξ|2+2µ

�

wλ/2(ξ)\wλ(ξ)

ξ2|ṽ|2 dx′

+ c

(
1
λ

) �

R
dξ

�

R2

(|f̃ |2 + |∇′g̃|2 + ξ2|g̃|2)|x′|−2µ dx′.

Multiplying by (λ/2)2µ+2 we get

(3.22)
(
λ

2

)2µ+2 �

R
dξ |ξ|2+2µ

�

wλ(ξ)

ξ2|ṽ|2 dx′

≤ 2 · 43+µλ2

(
λ/2
2

)2µ+2 �

R
dξ |ξ|2+2µ

�

wλ/2(ξ)\wλ(ξ)

ξ2|ṽ|2 dx′

+ c(λ)
�

R
dξ

�

R2

(|f̃ |2 + |∇′g̃|2 + ξ2|g̃|2)|x′|−2µ dx′.

Let 2 · 43+µλ2 ≤ 1/2. Then iterating (3.22) k times we obtain
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(3.23)
(
λ

2

)2µ+2 �

R
dξ |ξ|2+2µ

�

wλ(ξ)

ξ2|ṽ|2 dx′

≤ 1
2k

(
λ/2k

2

)2µ+2 �

R
dξ |ξ|2+2µ

�

wλ/2
k+1

(ξ)\wλ/2k (ξ)

ξ2|ṽ|2 dx′

+ c

(
k,

1
λ

) �

R
dξ

�

R2

(|f̃ |2 + |∇′g̃|2 + ξ2|g̃|2)|x′|−2µ dx′,

where

wλ/2
k+1

(ξ) \ wλ/2k(ξ) =
{
x′ ∈ R2 :

1
λ/2k

≤ |x′| |ξ| ≤ 1
λ/2k+1

}
.

Since |ξ| ≤ (2k+1/λ)|x′|−1 for (x′, ξ) such that x′ ∈ wλ/2k+1
(ξ) \ wλ/2k(ξ),

the first term on the r.h.s. of (3.23) is estimated by

1
2k

(
λ

2k+1

)2µ+2 �

R
dξ ξ2

�

wλ/2
k+1

(ξ)\wλ/2k (ξ)

|ṽ|2
(

2k+1

λ

)2µ+2

|x′|−2µ−2 dx′

=
1
2k

�

R
dξ ξ2

�

wλ/2
k+1

(ξ)\wλ/2k (ξ)

|ṽ|2|x′|−2µ−2 dx′

≤ 1
2k

�

R
dξ ξ2

�

R2

|ṽ|2|x′|−2µ−2 dx′

Hence

(3.24)
�

R
dξ |ξ|2+2µ

�

wλ(ξ)

ξ2|ṽ|2 dx′ ≤ 1
2k

(
2
λ

)2µ+2 �

R
dξ ξ2

�

R2

|ṽ|2|x′|−2µ−2 dx

+ c(λ, k)
�

R
dξ

�

R2

(|f̃ |2 + |∇′g̃|2 + ξ2|g̃|2)|x′|−2µ dx′.

Let k be so large that k > 2 + 2µ and 1/(2k−2−3µλ2µ+2a2+2µ
1 ) ≤ 1/2. Then

by (3.16) and (3.24) inequality (3.15) follows.

As a consequence of Lemmas 3.2–3.4 we can formulate

Corollary 3.5. Let µ ∈ (0, 1) and let (v, p) ∈ H2
−µ(R3) ×H2

−µ(R3) be
such that supp v ⊂ (R3\C̄δ0)∩CR,a, supp p ⊂ (R3\C̄δ0)∩CR,a be a solution to
problem (2.1) with f ∈ L2,−µ(R3), g ∈ H1

−µ(R3), supp f ⊂ (R3 \ C̄δ0)∩CR,a,
supp g ⊂ (R3 \ C̄δ0) ∩ CR,a. Then
(3.25) ‖v‖H2

−µ(R3) + ‖p‖H1
−µ(R3) ≤ c(‖f‖L2,−µ(R3) + ‖g‖H1

−µ(R3)).

Proof. Using (3.15) in (3.4) and assuming that a1 is sufficiently small and
a2 is sufficiently large, we obtain inequality (3.25). This ends the proof.
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Proof of Theorem 3.1. Estimate (3.1) holds by Lemma 2.4 and Corollary
3.5.

4. Existence of a solution to problem (1.1). Let Cδ = {x ∈ R3 :
0 < |x′| < δ}, δ ≤ δ0 < R/2, R > 0. Let µ ∈ (0, 1), f ∈ L2,−µ(Ω). Then we
introduce the functions fδ = f in Ω \ Cδ. Let g ∈ V . Then there exists a
sequence ḡδ ∈ H1(Ω) with ḡδ = 0 in Cδ and

	
Ω ḡδ dx = 0 such that

(4.1) ḡδ → g in H1
−µ(Ω), where ḡδ =

{
gδ in Ω \ C̄δ,
0 in Cδ.

Now, we consider the auxiliary problem

(4.2)

−∆vδ +∇pδ = fδ in Ω∗ \ C̄δ,
div vδ = gδ in Ω∗ \ C̄δ,
vδ = 0 on {x ∈ Ω∗ : |x′| = δ},
n̄ · D(v) · τ̄α = 0, v · n̄ = 0, α = 1, 2, on ∂Ω∗ \ C̄δ.

In view of the assumptions on Ω (see (1.3)–(1.4)) there exists a unique
solution vδ ∈ H2(Ω \ C̄δ), pδ ∈ H1(Ω \ C̄δ) with

	
Ω\C̄δ pδ dx = 0 of problem

(4.2).

Lemma 4.1. For the solution (vδ, pδ) satisfying the condition

(4.3)
�

Ω\C̄δ

pδ dx = 0,

we have the estimate

(4.4) ‖pδ‖L2(Ω\C̄δ) + ‖vδ‖H1(Ω\C̄δ) ≤ c(‖fδ‖L2(Ω\C̄δ) + ‖gδ‖H1(Ω\C̄δ))

where c > 0 does not depend on δ.

Proof. First, notice that (vδ, pδ) satisfies the identity

(4.5)
�

Ω\C̄δ

Dvδ : Dψ dx+
�

Ω\C̄δ

pδ divψ dx =
�

Ω\C̄δ

fδ · ψ dx−
�

Ω\C̄δ

∇gδ · ψ dx

for every ψ ∈ H1(Ω \ C̄δ) with ψ = 0 on {x ∈ Ω : |x′| = δ}. Inserting ψ = vδ
in (4.5) and using the Korn inequality we get

‖vδ‖2H1(Ω\C̄δ) ≤ ε1(‖vδ‖2L2(Ω\C̄δ) + ‖pδ‖2L2(Ω\C̄δ))(4.6)

+ c(1/ε1)(‖fδ‖2L2(Ω\C̄δ) + ‖gδ‖2H1(Ω\C̄δ)).

Now, let φ be a solution of the problem

div φ = pδ in Ω∗ \ C̄δ,
φ|∂(Ω∗\C̄δ) = 0.
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By [3], φ satisfies

(4.7) ‖φ‖H1(Ω\C̄δ) ≤ c‖pδ‖L2(Ω\C̄δ),

where c > 0 does not depend on δ. Inserting ψ = φ to (4.5) we get

‖pδ‖2L2(Ω\C̄δ) ≤ ε2‖φ‖2H1(Ω\C̄δ) + c

(
1
ε2

)
(‖fδ‖2L2(Ω\C̄δ)(4.8)

+ ‖gδ‖H1(Ω\C̄δ)‖∇vδ‖
2
L2(Ω\C̄δ)).

Therefore, assuming that ε1, ε2 are sufficiently small, by (4.6)–(4.8) and the
Poincaré inequality, the estimate (4.4) follows.

Let µ ∈ (0, 1). Since (vδ, pδ) ∈ H2(Ω\C̄δ)×H1(Ω\C̄δ), we have (vδ, pδ) ∈
H2
−µ(Ω \ C̄δ)×H1

−µ(Ω \ C̄δ). Now, our aim is to prove that for some solution
(vδ, pδ) of (4.2), where pδ may differ by a constant from pδ satisfying (4.3),

(4.9) ‖vδ‖H2
−µ(Ω\C̄δ)+‖pδ‖H1

−µ(Ω\C̄δ) ≤ c(‖fδ‖L2,−µ(Ω\C̄δ)+‖gδ‖H1
−µ(Ω\C̄δ)),

where c > 0 is a constant independent of δ.
To do this we need to localize problem (4.2) in neighbourhoods of four

types of points:

(a) near an interior point of L;
(b) near a point where L meets ∂Ω∗;
(c) near an interior point of Ω but at a positive distance from L;
(d) near a point of ∂Ω at a positive distance from L.

Localization of problem (4.2) near an interior point of L. Let
x0 = (0, 0, x0

3) be an arbitrary point of L ∩ Ω∗ and let ζ ∈ C∞0 (Ω) be a
function with the properties: 0 ≤ ζ(x) ≤ 1 for x ∈ Ω∗; supp ζ ⊂ Ω̃ ≡ CR,a =
{x : |x′| < R, |x3 − x0

3| < a}, where R > 0, a > 0 are such that C̄R,a ⊂ Ω∗;
ζ(x) = 1 for x ∈ CR/2,a/2; |Dαζ(x)| ≤ cαγ

−|α|, γ = min(R, a). Then the
function (ṽδ, p̃δ) = (vδζ, pδζ) is a solution of the problem

(4.10)

−∆ṽδ +∇p̃δ = f̃δ − 2∇vδ∇ζ − vδ∆ζ + pδ∇ζ ≡ F̃δ
in Ω̃ ∩ (Ω∗ \ C̄δ),

div ṽδ = g̃δ + vδ · ∇ζ ≡ G̃δ in Ω̃ ∩ (Ω∗ \ C̄δ),
ṽδ = 0 on ∂[Ω̃ ∩ (Ω∗ \ C̄δ)],

where f̃δ = fδζ, g̃δ = gδζ.

Lemma 4.2. Let µ ∈ (0, 1), δ ≤ δ0 < R/2, fδ ∈ L2,−µ(Ω \ C̄δ), gδ ∈
H1
−µ(Ω \ C̄δ), gδ = 0 on ∂(Ω \ C̄δ),

	
Ω\C̄δ gδ dx = 0. Then the solution
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(ṽδ, p̃δ) of problem (4.10) satisfies the estimate

(4.11) ‖ṽδ‖H2
−µ(Ω̃∩(Ω\C̄δ)) + ‖p̃δ‖H1

−µ(Ω̃∩(Ω\C̄δ))

≤ c δ0

γ
(‖pδ‖L2,−µ−1(Ω\C̄δ) + ‖∇vδ‖L2,−µ−1(Ω\C̄δ) + ‖vδ‖L2,−µ−2(Ω\C̄δ))

+ c(‖fδ‖L2,−µ(Ω\C̄δ) + ‖gδ‖H1
−µ(Ω\C̄δ)),

where c > 0 is independent of δ.

Proof. Let us extend the functions ṽδ, p̃δ, F̃δ, g̃δ by zero on R3\(CR,a\C̄δ)
to functions still denoted by ṽδ, p̃δ, F̃δ, g̃δ such that ṽδ and p̃δ satisfy the
problem

(4.12)

−∆ṽδ +∇p̃δ = F̃δ in R3 \ C̄δ,
div ṽδ = G̃δ in R3 \ C̄δ,
ṽδ = 0 on ∂Cδ,

ṽδ → 0 as |x| → ∞,

where Cδ = {x ∈ R3 : 0 < |x′| < δ}. Since (ṽδ, p̃δ) ∈ H2
−µ(R3 \ C̄δ) ×

H1
−µ(R3 \ C̄δ), by Theorem 3.1 we have the estimate

(4.13) ‖ṽδ‖H2
−µ(R3\C̄δ) + ‖p̃δ‖H1

−µ(R3\C̄δ)

≤ c(‖F̃δ‖L2,−µ(R3\C̄δ) + ‖G̃δ‖H1
−µ(R3\C̄δ))

≤ c(‖f̃δ‖L2,−µ(R3\C̄δ) + ‖g̃δ‖H1
−µ(R3\C̄δ) + ‖∇vδ∇ζ‖L2,−µ(Ω\C̄δ)

+ ‖vδ∆ζ‖L2,−µ(Ω\C̄δ) + ‖pδ∇ζ‖L2,−µ(Ω\C̄δ) + ‖vδ∇ζ‖L2,−µ−1(Ω\C̄δ)).

Consider the third term on the r.h.s. of (4.13). We have

‖∇vδ∇ζ‖L2,−µ(Ω\C̄δ) = ‖∇vδ∇ζ‖L2,−µ(supp∇ζ∩(Ω\C̄δ))

≤ ‖∇vδ∇ζ‖L2,−µ(supp∇ζ∩(Ω\C̄δ0 )) + ‖∇vδ∇ζ‖L2,−µ(supp∇ζ∩(Cδ0\C̄δ))

First, using Lemma 4.1 we get
‖∇vσ∇ζ‖L2,−µ(supp∇ζ∩(Ω\C̄δ0 )) ≤ c‖∇vδ‖L2(Ω\C̄δ)

≤ c(‖fδ‖L2(Ω\C̄δ) + ‖gδ‖L2(Ω\C̄δ)).

Next, we obtain

‖∇vδ∇ζ‖L2,−µ(supp∇ζ∩(Cδ0\C̄δ))
≤ c δ0

γ
‖∇vδ‖L2,−µ−1(Ω\C̄δ).

Hence

‖∇vδ∇ζ‖L2,−µ(Ω\C̄δ) ≤ c
δ0

γ
‖∇vδ‖L2,−µ−1(Ω\C̄δ)

+ c(‖fδ‖L2,−µ(Ω\C̄δ) + ‖gδ‖L2,−µ(Ω\C̄δ)).
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The terms ‖vδ∆ζ‖L2,−µ(Ω\C̄δ), ‖vδ∇ζ‖L2(Ω\C̄δ) and ‖pδ∇ζ‖L2,−µ(Ω\C̄δ) are
estimated in the same way.

Taking into account the above estimates and inequality (4.13) we obtain
(4.11). This ends the proof.

Localization of problem (4.2) near a point where L intersects
∂Ω∗. Let L ∩ ∂Ω∗ = {x(1), x(2)}. We localize problem (4.2) in neighbour-
hoods of the points x(1) and x(2). Consider for example x(1) and let x(1) ∈
Ω̃ ∩ ∂Ω∗, where Ω̃ = CR,a = {x ∈ R3 : |x′| < R, |x3 − x

(1)
3 | < a}, and

diam Ω̃ = λ. Next, introduce a function ζ ∈ C∞0 (Ω̃) such that 0 ≤ ζ(x) ≤ 1
for x ∈ Ω̃, ζ(x) = 1 for x ∈ w̃ ≡ CR/2,a/2. Since vδ = 0 on ∂Ω∗, the functions
ṽδ = vζ and p̃δ = pδζ satisfy in Ω̃ ∩ (Ω∗ \ C̄δ) the same problem as in the
previous case, i.e. problem (4.10).

Lemma 4.3. Let the assumptions of Lemma 4.2 be satisfied. Then the
solution (ṽδ, p̃δ) of problem (4.10) in Ω̃ ∩ (Ω∗ \ C̄δ) satisfies estimate (4.11).

Proof. By conditions (1.3)–(1.4) we can assume that the neighbourhood
Ω̃ ∩ ∂Ω∗ of x(1) is flat, i.e. we can introduce a local Cartesian coordinate
system y = (y1, y2, y3) with origin at x(1) such that the y3 axis is directed
opposite to the outward vector normal to ∂Ω∗ and Ω̃ ∩ ∂Ω∗ lies in the plane
y3 = 0. Problem (4.10) is described in some coordinates x = (x1, x2, x3).
Thus, passing to the coordinates y can be made by a rotation and translation.
Denote this mapping by y = Y (x). Then extending appropriately by zero
the functions ṽδ, p̃δ, F̃δ, g̃δ we see that problem (4.10) takes the form

−∆v̂δ +∇p̂δ = F̂δ in R3
+ \ C̄+δ,

div v̂δ = Ĝδ in R3
+ \ C̄+δ,

v̂δ = 0 on {y ∈ R3 : |y′| = δ},
∂v̂δi
∂y3

= 0, i = 1, 2, v̂δ3 = 0 on {y ∈ R3 : y3 = 0} \ {y ∈ R3 : |y′| < δ},

where R3
+ = {y ∈ R3 : y3 > 0}, C+δ = {y ∈ R3

+ : |y′| < δ}, û(y) =
u(Y −1(y)), u ∈ {ṽδ, p̃δ, F̃δ, G̃δ}.

Now, set

W (y′, y3) =
{
w(y′,−y3) for y3 < 0,
w(y′, y3) for y3 > 0,

U(y′, y3) =
{−u(y′,−y3) for y3 < 0,
u(y′, y3) for y3 > 0,

where w ∈ {v̂δ1, v̂δ2, p̂δ, ĝδ, F̂δ1, F̂δ2}, W ∈ {Vδ1, Vδ2, Pδ,Kδ, Hδ1, Hδ2}, u ∈
{v̂δ3, F̂δ3}, U ∈ {Vδ3, Hδ3}. Then (Vδ, Pδ) ∈ H2

−µ(R3 \ C̄δ) × H1
−µ(R3 \ C̄δ)
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satisfies the problem

−∆Vδ +∇Pδ = Hδ in R3 \ C̄δ,
div Vδ = Kδ in R3 \ C̄δ,
Vδ = 0 on ∂Cδ,

Vδ → 0 as |x| → ∞.
Using Theorem 3.1 and repeating the argument from the proof of Lemma
4.2 we obtain

‖ṽδ‖H2
−µ(Ω̃∩(Ω\C̄δ)) + ‖p̃δ‖H1

µ(Ω̃∩(Ω\C̄δ))

≤ c(‖v̂δ‖H2
−µ(R3

+\C̄+δ)
+ ‖p̂δ‖H1

−µ(R3
+\C̄+δ)

)

≤ c(‖Vδ‖H2
−µ(R3\C̄δ) + ‖Pδ‖H1

−µ(R3\C̄δ))

≤ c(‖Hδ‖L2,−µ(R3\C̄δ) + ‖Kδ‖H1
−µ(R3\C̄δ))

≤ c(‖F̂δ‖L2,−µ(R3
+\C̄+δ)

+ ‖Ĝδ‖H1
−µ(R3

+\C̄+δ)
)

≤ c δ0

γ
(‖pδ‖L2,−µ−1(Ω\C̄δ) + ‖∇vδ‖L2,−µ−1(Ω\C̄δ) + ‖vδ‖L2,−µ−2(Ω\C̄δ))

+ c(‖fδ‖L2,−µ(Ω\C̄δ) + ‖gδ‖H1
−µ(Ω\C̄δ)).

This ends the proof.

Localization of problem (4.2) near a point lying at some distance
from L. Let x0 ∈ Ω∗ be such that dist(x0, L) > R/2. We can assume that
x0 ∈ Ω̃, where Ω̃ ⊂ Ω∗ is a cylinder such that Ω̃ ∩ C̄δ = ∅, and we choose a
function ζ ∈ C∞0 (Ω̃) with the same properties as in the case of x0 ∈ L∩Ω∗.

Let ṽδ = vδζ, p̃δ = pδζ. Then (ṽδ, p̃δ) satisfies problem (4.10) in Ω̃ =
(Ω∗ \ C̄δ) ∩ Ω̃. By extending by zero the data and ṽδ, p̃δ to R3, the problem
is reduced to a problem in R3.

Lemma 4.4. Let the assumptions of Lemma 4.2 be satisfied. Then the
solution (ṽδ, p̃δ) of problem (4.10) in Ω̃ satisfies the estimate

(4.14) ‖ṽδ‖H2
−µ(Ω̃) + ‖p̃δ‖H1

−µ(Ω̃) ≤ c(‖fδ‖L2,−µ(Ω\C̄δ) + ‖gδ‖H1
−µ(Ω\C̄δ)),

where c > 0 is independent of δ.

Proof. Assume that dist(Ω̃, L) > R/4. Then estimate (4.14) follows im-
mediately as a consequence of the equivalence of Hk

−µ and Hk (k = 1, 2)
norms in this case and the regularity theory for the Stokes system in the
usual Sobolev spaces (see [2, 6]) as well as Lemma 4.1.

The case of x0 ∈ ∂Ω∗, x0 6∈ L can be treated as the previous case, i.e.
straightening ∂Ω∗ in a neighbourhood of x0 we can reduce the problem to a
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problem in the halfspace R3
+. Then using the same argument as in the proof

of Lemma 4.4 we can formulate the lemma below.

Lemma 4.5. Let the assumptions of Lemma 4.3 hold. Then the solu-
tion (ṽδ, p̃δ) of problem (4.11) in a domain Ω̃ ∩ Ω∗, where Ω̃ ∩ ∂Ω∗ 6= 0,
dist(Ω̃, L) > R/4 and diam Ω̃ = λ (λ is sufficiently small) satisfies the
estimate

‖ṽδ‖H1
−µ(Ω̃∩Ω) + ‖p̃δ‖H1

−µ(Ω̃∩Ω) ≤ c(‖fδ‖L2,−µ(Ω\C̄δ) + ‖gδ‖H1
−µ(Ω\C̄δ)),

where c > 0 is independent of δ.

As a consequence of Lemmas 4.2–4.5 we get

Corollary 4.6. There is a solution (vδ, pδ) ∈ H2(Ω \ C̄δ)×H1(Ω \ C̄δ)
satisfying inequality (4.9) with c > 0 independent of δ.

Proof. Let {ζi} be a partition of unity associated with a covering {Ω̃i}
of Ω∗ by cylinders and assume that supi diam Ω̃i = λ, where λ is sufficiently
small.

Let (ṽiδ, p̃
i
δ) = (vδζi, pδζi) (where pδ satisfies (4.3)) be one of the four

localized problems. Then vδ =
∑

i ṽ
i
δ, pδ =

∑
i p̃δ is the solution of (4.2)

satisfying the inequality

‖vδ‖H2
−µ(Ω\C̄δ) + ‖pδ‖H1

−µ(Ω\C̄δ)

≤ c δ0

γ
(‖pδ‖L2,−µ−1(Ω\C̄δ) + ‖∇vδ‖L2,−µ−1(Ω\C̄δ) + ‖vδ‖L2,−µ−2(Ω\C̄δ))

+ c(‖fδ‖L2,−µ(Ω\C̄δ) + ‖gδ‖H1
−µ(Ω\C̄δ)).

Therefore, assuming that δ0 is sufficiently small we get inequality (4.9).

Now, we can finish the proof of the Main Theorem.

Proof of the Main Theorem. Let (vδ, pδ) be a solution of (4.2) satisfying
(4.9). In particular, (vδ, pδ) is a weak solution satisfying the identities�

Ω\C̄δ

Dvδ : Dψ1 dx+
�

Ω\C̄δ

pδ divψ1 dx =
�

Ω\C̄δ

fδ · ψ1 dx−
�

Ω\C̄δ

∇gδ · ψ1 dx

for every ψ1 ∈ H1(Ω \ C̄δ) with ψ1 = 0 on {x ∈ Ω : |x′| = δ} and�

Ω\C̄δ

div vδ ψ2 dx =
�

Ω\C̄δ

gδ ψ2 dx

for every ψ2 ∈ H1(Ω \ C̄δ) with ψ2 = 0 on {x ∈ Ω : |x′| = δ}. Extending
the functions vδ, pδ, fδ, gδ by zero to the functions v̄δ ∈ H1

−µ−1(Ω) with
v̄δ,xix3 ∈ L2,−µ(Ω), i = 1, 2, 3, p̄δ ∈ L2,−µ−1(Ω) with p̄δ,x3 ∈ L2,−µ(Ω),
ḡδ ∈ H1

−µ(Ω), next extending ψ1, ψ2 by zero to ψ̄1, ψ̄2 and assuming that
ψ̄1 = φ1|x′|−2µ, ψ̄2 = φ2|x′|−2µ where φ1 ∈ H1(Ω), φ1 = 0 on {x ∈ Ω :
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|x′| = δ}, φ2 ∈ H1(Ω), φ2 = 0 on {x ∈ Ω : |x′| = δ} (φ1 and φ2 vanish in
Cδ) we find that the following identities hold:

(4.15)
�

Ω

Dv̄δ : D(φ1|x′|−2µ) dx+
�

Ω

p̄δ div φ1|x′|−2µ dx

− 2µ
�

Ω

p̄δφ1 · ∇|x′| |x′|−2µ−1 dx =
�

Ω

f̄δ · φ1|x′|−2µ dx−
�

Ω

∇ḡδ · φ1|x′|−2µ dµ

for every function φ1 ∈ H1(Ω) vanishing in Cδ and

(4.16)
�

Ω

div v̄δφ2|x′|−2µ dx =
�

Ω

ḡδφ2|x′|−2µ dx

for every φ2 ∈ H1(Ω) vanishing in Cδ.
Moreover, by estimate (4.9) the function (v̄δ, p̄δ) satisfies

(4.17) ‖v̄δ‖H1
−µ−1(Ω) +

3∑
i=1

‖v̄δ,xix3‖L2,−µ(Ω) + ‖p̄δ‖L2,−µ−1(Ω)

+ ‖p̄δ,x3‖L2,−µ(Ω) + ‖v̄δ‖H2
−µ(ΩR/2) + ‖p̄δ‖H1

−µ(ΩR/2)

≤ c(‖f̄δ‖L2,−µ(Ω) + ‖ḡδ‖H1
−µ(Ω)),

where c > 0 does not depend on δ, ΩR/2 = {x ∈ Ω : dist(x, L) > R/2}.
Now, our aim is to show that (v̄δ, p̄δ) ∈ H2

−µ(Ω)×H1
−µ(Ω) and the norm

of (v̄δ, p̄δ) is bounded by the right-hand side of (4.17).
Let x0 ∈ L∩Ω∗ be an arbitrary point and consider the localized problem

(4.10). Next, let (ṽδ, p̃δ) be the solution of problem (4.12) and denote by
(¯̃vδ, ¯̃pδ) the extension of (ṽδ, p̃δ) by zero onto R3. Then ¯̃vδ = vδζ = v̄δζ ≡ ˜̄vδ,
¯̃pδ = pδζ = p̄δζ = ˜̄pδ and by using the same argument as in the proof of
Lemma 2.4 we conclude that (˜̄vδ, ˜̄pδ) ∈ L2(R;H2

−µ(R2)) ∩ L2(R;H1
−µ(R2))

and (˜̄vδ, ˜̄pδ) satisfies the following two-dimensional system for a.e. x3 ∈ R:

(4.18)

−∆′ ˜̄v′δ +∇′ ˜̄pδ = ¯̃
f ′δ − ˜̄v′δ,x3x3

− 2∇v̄′δ∇ζ

− v̄′δ∆ζ + p̄δ∇′ζ ≡ ¯̃F ′δ in R2,

˜̄vδ1,x1 + ˜̄vδ2,x2 = −˜̄vδ3,x3 + ¯̃gδ + v̄δ · ∇ζ ≡ ¯̃Gδ in R2,

−∆′ ˜̄vδ3 = ¯̃
fδ3 − ˜̄vδ3,x3x3 − ˜̄pδ,x3 − 2∇v̄δ3∇ζ

− v̄δ3∆ζ + p̄δζ,x3 ≡
¯̃Fδ3,

where ∆′ = ∂2
x1

+ ∂2
x2
, ∇′ = (∂x1 , ∂x2), h′ = (h1, h2), h ∈ {˜̄vδ, v̄δ, ¯̃Fδ}.
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Moreover, by Lemmas 2.1–2.2,

(4.19) ‖˜̄v′δ‖L2(R;H2
−µ(R2)) + ‖ ˜̄pδ‖L2(R;H1

−µ(R2))

≤ c(‖ ¯̃ ′
Fδ‖L2,−µ(R3) + ‖ ¯̃Gδ‖H1

−µ(R3))

≤ c(‖f̄ ′δ‖L2,−µ(Ω) + ‖˜̄v′δ,x3x3
‖L2,−µ(Ω) + ‖∇v̄δ‖L2,−µ(Ω) + ‖v̄δ‖L2,−µ(Ω)

+ ‖p̄δ‖L2,−µ(Ω) + ‖ḡδ‖H1
−µ(Ω))

and

(4.20) ‖˜̄vδ3‖L2(R;H2
−µ(R2)) ≤ c‖

¯̃Fδ3‖L2,−µ(R3)

≤ c(‖f̄δ3‖L2,−µ(Ω) + ‖˜̄vδ3,x3x3‖L2,−µ(Ω)

+ ‖p̄δ,x3‖L2,−µ(Ω) + ‖∇v̄δ3‖L2,−µ(Ω) + ‖v̄δ3‖L2,−µ(Ω) + ‖p̄δ‖L2,−µ(Ω)),

where c > 0 does not depend on δ.
Using estimate (4.17) in (4.19)–(4.20) we get

(4.21) ‖˜̄vδ‖L2(R;H2
−µ(R2))+‖ ˜̄pδ‖L2(R;H1

−µ(R2)) ≤ c(‖f̄δ‖L2,−µ(Ω)+‖ḡδ‖H1
−µ(Ω)).

In the case of x0 ∈ L∩∂Ω∗ we also consider problem (4.18) but for almost
all x3 = y3 ∈ R+. Then, by using the same argument as above we get

(4.22) ‖˜̄vδ‖L2(R+;H2
−µ(R2)) + ‖ ˜̄pδ‖L2(R+;H1

−µ(R2))

≤ c(‖f̄δ‖L2,−µ(Ω) + ‖ḡδ‖H1
−µ(Ω)).

Now, estimates (4.17) and (4.21)–(4.22) yield the inequality

‖v̄δ‖H2
−µ(Ω) + ‖p̄δ‖H1

−µ(Ω) ≤ c(‖f̄δ‖L2,−µ(Ω) + ‖ḡδ‖H1
−µ(Ω)).

Hence, by the completeness of H1
−µ(Ω) and L2,−µ(Ω) there exists (v, p) ∈

H2
−µ(Ω)×H1

−µ(Ω) such that

v̄δ → v in H2
−µ(Ω),

p̄δ → p in H1
−µ(Ω).

By (4.1) and the definition of fδ the functions v and p satisfy identities
(4.15)–(4.16) for every φ1 ∈ H1

−µ(Ω) and φ2 ∈ H1
−µ(Ω), respectively. More-

over, inequality (1.5) holds. This ends the proof.
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