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ON EXISTENCE OF SOLUTIONS FOR
THE NONSTATIONARY STOKES SYSTEM WITH
BOUNDARY SLIP CONDITIONS

Abstract. Existence of solutions for equations of the nonstationary Stokes
system in a bounded domain 2 C R? is proved in a class such that veloc-
ity belongs to W2'(£2 x (0,T)), and pressure belongs to W:°(£2 x (0,T))
for p > 3. The proof is divided into three steps. First, the existence of
solutions with vanishing initial data is proved in a half-space by applying
the Marcinkiewicz multiplier theorem. Next, we prove the existence of weak
solutions in a bounded domain and then we regularize them. Finally, the
problem with nonvanishing initial data is considered.

1. Introduction. In a bounded domain 2 C R3 with boundary S we
consider the Stokes equation with an initial condition and boundary slip
conditions. Our problem is described by the following system:

O —vAv+ Vq=F,

divev = G,
(1.1) D) To +70 Talsr =ba  (a=1,2),

v - ﬁ|ST = bg,

v]i=0 = vo,
where D(v) = {v(0;v; + 0;v;)} is the stress tensor, v(z,t) = (vi(z,t),
va(z,t),v3(x,t)) the velocity vector, q(z,t) the pressure, v the constant
viscosity coefficient, v a positive constant (slip coefficient), 7 the external
normal vector to S, and 7, (o = 1,2) tangent vectors to S.

The aim of this paper is to prove the existence of regular solutions of
(1.1). The main result of this paper is formulated in
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THEOREM 1. Let F € Ly(Q7), G € WHO(Q7) and S € Wy /P, As-
sume that there exist A, B € L,(027) such that 0G0t — div F = div B + A,
where diamsupp A < 2X, vy € Wy~ 2/p((2), bs € Wﬁ_l/p’l_l/%(ST), bo €
W~ 1/p1/2= 1np(ST) for « = 1,2. Then there exists a unique solution of
problem (1.1) such that v € W21(027), ¢ € WHO(QT) for p > 3 and

(1.2) HUHW,?J(_QT) + HqHW,}’O(.QT) < C(T>[HFHLP(QT) + HGHW;O(QT)
+ 1B, 2r) + A AL, @r) + lvollyyz-2/0 )

+ Hblegfl/P’lﬁfl/ZP(sT) + Hb3|’W;?*1/P’1*1/2P(ST)]7

where 2T = 2 x (0,T), ST = S x (0,T), b = (b1,b2,0)T and C(T) is an
increasing positive function of T'.

To prove Theorem 1 we apply the methods from [2]. First we consider
problem (1.1) in a half-space with vanishing initial data. By applying the
Fourier transform with respect to tangential directions and the Laplace
transform with respect to time we prove existence and find an appropriate
estimate employing the Marcinkiewicz theorem on multipliers. Next exploit-
ing the regularizer technique the existence of solutions to problem (1.1) with
vanishing initial data is proved in a bounded domain. Finally, by extending
the initial data we prove Theorem 1.

2. Notation. In our considerations we use the anisotropic Sobolev—
Slobodetskii spaces Wk LT, where kI € Ry, p>1, Q7 =Q x (0,T) and
Q is either {2 or S, w1th the norm

||va kl(QT) Hva kO(QT) + HUHWOZ QT)
where
T
IoWsaary = L lvg e Ioligecny = § liyaimy 4o
and
HUH]ID/VI’)C(Q): Z ||ng‘|1£p(Q)

Joe| <[K]

N Z [ Do, t) = D@, OF
HQQ

|x — $/|S+p(k [k])

i |8 v(x,t) — Ofv(z, t')|P
lollwiomy = D 10%lT om + D S | P t,’H;(Z T dtdt’,
i<[l] lé|=[11 0 0

where s = dim {2, [m] is the integral part of m, Dy = 95! --- 0y where
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a=(ay,...

ft,z[ ](5 50)’

o ) is a multiindex. We will use the Fourier-Laplace transform:
= ¢(&o, &), where

o0

5(5075) =c S e st S e_’fmd)(m,t) dx dt

0 R3

and the inverse transform
o

-~ 1
Frwldl(z,t) = (@n) @2 S *t S e p(&, €) dé deo,
0

R3
where s =&y, £ = (&1,...,&s), v = (x1,...,25) and

d
X - f = Z‘ijj-
j=1

In the case when Q7 = R? x R we can apply the Fourier transform and
define the Bessel-potential spaces given by the norm

Il e assy = 0], @asry + | Fra [EIMS(E, €)1, masry
+ 1 Fe 2 €0l (8, €)1, (ma+ ),

where qg(fo, €) is the Fourier transform of ¢(z,t).
In the proof we will use the following results.

THEOREM 2.1 (Marcinkiewicz theorem [2]). Suppose that a function 1 :
R™ — C is smooth enough and there exists a constant M > 0 such that for
every x € R™ we have
ok

——————|<M, 0<k<m, 1<ji<-<jp<m.
8l‘j1'-'8$jk

’:le o 'xjk’

Then the operator

Py(z) = !

(2m)™
is bounded in L,(R™) and

HPgHLp(R"L) S Ap,mMHgHLP(R'HL)
PROPOSITION 2.2 (see [2]). Let ¢ € W) (7). If

3
11\ 1 1 1\1
K:Z(ai+———>—+<ﬁ+———>—<1
i=1 p q)m P q)n

1D DS |1, (or) < elldllwyr(ary + (@)l Loy,
where g > p>2,¢€(0,1) and c(e) — o0 as e — 0.

| dye™vy(y) § e ™7g(2) dz
]Rm

Rm

then
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PROPOSITION 2.3 (see [3]). Let p > 2, ¢ € W2H(RQT) and ¢li—o = 0.
Then

[l 212m) < T2+ T2 Bl .

3. Problem (1.1) in the half-space with vanishing initial data.
To solve problem (1.1) we apply the regularizer technique so it must be
considered locally. We have two kinds of subdomains: interior and boundary.
Since considerations near the boundary are more complicated we restrict
ourselves to such subdomains. Therefore we consider problem (1.1) in the
half-space x3 > 0 with v|;—¢p = 0 and F' = 0. Then (1.1) takes the form

o —vAv+Vqg=0,

dive =0,

v(01v3 + 03v1) + YU1]2y—0 = b1,
v(0zv3 + O3v2) + Yv2|zy—0 = bo,

U3|13:0 = b3,

(3.1)

U’t:() = 0.

To solve (3.1) we will use the Fourier transform

(60, €', w3) = Foar [0)(€0, €', w5) = § 7 | 7 < u(a, ) da’ d,
0 R2

q(&0, &' w3) = Frar[al(60, €, 23) = S et | e7 ' g(x, 1) da’ dt,
0 R2

where s =&y, £ = (£1,&2), 2’ = (z1, x2).

Assuming b’ € W;fl/p’l/%lmp(:cg =0) and b3 € ngl/p’lfl/gp(xg =0)
and bl;—o = 0 we can extend b by zero for t < 0, where b’ = (b1, b2,0)T and
b = (by,ba,b3)T. Without loss of generality we can put v, = 1 and consider
a reduced system of the form

L(awa at)(v7 Q) =0,

dive =0,
(3.2)

A(”)’ﬂﬂs:o =b,

U‘t:o = 07

where L, A are differential operators such that
L(v,p) = v — Av + Vg,
Av) = <{8ivj + 0jvit|eg=0 = b; (i =1, 2)) .
7)3|373 = b3

Because A and L are linear operators we can consider three differential
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problems and the solution of (3.2) will be the sum of solutions of those
systems.
First we assume that by = b3 = 0 and b; # 0, second that by # 0 and
b1 = b3 = 0, and third that b3 # 0 and b; = by = 0.
First we consider the following system:
v — Av+Vqg=0,
dive =0,
0103 + 0302 |z5=0 = b1,
0203 + 03V32|g3—0 = 0,
V3]g5=0 = 0,
U|t:0 =0.

For the Fourier transforms system (3.3) takes the form

d? 2>A .
——— +r°|v;+iq=0 (fori=1,2),
(im

P g
3.4 —— 2 0.+ 2 =0
(34) ( dm§+r>v3+dx3 ’
e dus
1§101 + &0 + — = 0,
dxg

with boundary conditions

g—0, v—=0 (x3— c0),

where 2 = s+ |¢|?, arg r € (—7/4,7/4). Solving (3.4)1 2.3 with (3.5)4 we
get (see also [3])

@(g/s)e—rzg + QZ)(CU, 5/)(7:517 i§27 _|€/’)6_|£I|I37
G = —s(&,s)e 11,

v

(3.6)
where
1 . )
b = (45174517 T (16191 + 252952))

and ¢, Py, P, are functions which must be calculated from the boundary
conditions.
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From (3.6) and boundary conditions (3.5)1 2,3 we get a solution of (3.4)
and (3.5):

~ 1~ 2 1 1\~ r 6_|£/|w3 — e TT3 L
Ulz;blerx3+—1<——;>b frx3+€1 ’6‘ by,

s \ ¢ s |¢ 1§ =
—~ 1 §1éa o~ _ && 1 —le N
—(— -2 Dy (= l€ I _ g=raay]
R R e e e
~ 'Lflbl o~ 1 Zgl —rxs
U3 = 2 +<’£‘2 r2> |£|be

EIE (€] e el€les _ gmra
s ez e —r
*|§/‘$3‘

~_ 06 o
p= - bie
e

Now we get

LEMMA 3.1. Let by € Wplfl/p 1/271/27)(]1%3) Then there exists a solution
of problem (3.3) such that v(t,z) € W3 (DY), q(t,z) € WL (DY) and

p,loc p,loc
10201, %) + | Devll, oy < ellballyyr-srmarz-1/20 ga,
IVall, o < CHbl||Wp171/p,1/2—1/2p(R3)
HUHW,?*/N*/?P(RB) < chl||W;,1/,,,1/2,1/2p(R3),
where D* = R2, x [0,00), X Ry.

First we consider the pressure; its Fourier transform is ¢ = (i&1//¢'|)
-bie "3, After the inverse Fourier transform we obtain

g(a,t) = Fy L@ t) =c { e | G, &, s) déo e’
0 R2
_ CS eSt S eimlgl 7/5/1 _|§ ‘333 dé. d€

To estimate the tangential derivatives of the pressure
o0

Dgg1Q(ﬂf,t) =c S &St S oi'e ez Zf/l
N ]

we use [i&1/]¢'|| < 1, so similarly to [3], [2] we have

Eibye €17 dgy de!

1D qllL, sy < cllballyya-armrre=1/2n o)
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Now we consider the x3 derivative,

Dayq = Day[e § e § €' G(¢0, ¢/, s) deo €|
0 R2
=c°§oest | e (Dy,@)dgode’ —coxo
0 R2 0
=c et | &by e llm i g, de/ =
0 R2

This implies that
1Dz5qllz, (04 < cllballyya-1/mas

Hence

| Doy 7 (@)™ dgo de’

R2

Fiz L(igibre™ € 12),

271/2;’(]1{3).

1DzqllL, (1) < cllballyr-1m1r2-1/20 oy

Now let us consider v1, U2, 3. We put

V1 = V14 + V1B + V10, V2 =U24 + V2B,

V3 = v3a + V3B + V3,

where
~ 1~
V1A = — = ble_”’37
U g 1 N —Trx
V1B = 1 @ - e "3,
N 51 &' —r <€§,|$3 — erw3>
Vic = — b17
s ¢l &l —r
v 1 5152 —rxrs3
AT <|§/| 7") S ’
Vop = §1&2 |€'] — 7"3 e~ € les _ g—ras
2B s |&/] 1 e —r ;
Uza = %/516_”37
T
: —1 251 —TrT:
o = (g ) 5 €
@\30 — Z£1|£,| |£l| - -/l;l 67‘5 lzs _ e~ T3
s |£/|2 |f’| —r ’

Since F; ! is linear we have
9’

71 o~ _
ft,m (V1) =v1 =v14 + V1B + Vi,

Vg = V24 + V2B

201
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and v3 = v34 +v3p +v3c. We need only examine vy 4, vop,v3p. We consider

D2 via = F [-€t1a] =c | et | e 571 (&1 -by)e " deo dE’
0 R2

From & /r <& /|&1] <1 and from the Marcinkiewicz theorem we need only
estimate

- —rTr3\ — T3 T 2
Pl (6e77) = 0ty = E o,

where 6 = Fy y(e77"3) = —(w3/t%/2)e 121/t (see [3]). We put as in [3]

(3.7) Ltx)= | dy {dt' 0,0,,01(t .1, w3)br (2’ o, t—t') = by (2, t—1')].
R2 R

Now we get
(38)  ILllL, @2, <m0

< dy’( | \bl(x’—y’,t—t’)—bl(x’,t—t’)ypdx’dt’)l/p.Sdtaylol

R2 Ri/ xRy N
< Sdt S dy’ |0y191|¢(y')7
R R2
where

() = ||br(x’ =yt —t") —bi(2,t — t/)HLp(Ra).

In view of the Holder inequality, we obtain

1 2 2 l/p
11|z, (r3) < C$3< S dt X dy’ = © s/4t =Y /4t.¢p<y/)>

R, R2
1 20\
X <Sdt S de’ —— e~ 17l /4t>
tma "
R R2

where 1/p+1/g=1s0q=p/(r—1). Let

q
S, =\dt S do! L. 1ol /4t

mq

q
i _ 2 _ .2 .2
= \dt X da! =L emm1/4t . gmw2/At  —a5/At,

Setting xo = wv/t so drg = tY/2dw we have
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1
(3.9) S; = X dt S dzy tY2 dw preye x‘fe*x?/“e*ww‘le*xg/“
R: R2 t
= X dt t1/? t%q S dxq ac‘fe*zf/‘” . 6”3/‘”’(& e~w'/4 dw)
R, R R
q
< CS dt S daq 172 1 e~Ti/4t | gmai/4t,
R OR e
Taking z1 = wt'/? we have dz; = dwt/? so
oo q
(3.10) S dt S dzy t1/? T1 g—al/atg—ai/at
. i
0 R
oo 172
=c S dt fﬁTq S #1/2 quy w9/2ew" /4 =25/ 4t
0 R
o0 241 o 2+1
=c X dt L e~ T5/4t S dwwle /4 = ¢ S % e~ T5/4t,
tma tmaq
0 R 0
Taking t = |x3]?/w, we get
0o |z3] "2 o0 o—w/4
—2 2 wa/2+1 —w/4 _ _q—2mq+4
§ dw w™*|xs] og e © = x4 S dw YT
wma
To have the integral bounded we assume
q/2+3—mqg<1l so m>T7/2—2/p.
For m > 7/2 — 2/p we obtain the estimate
q 1/q
( |t S e—|z|2/4t) < caliro=ma/s
Rt XRi,
where
[(4+q—2mq)/q]-p="5p—2mp — 4,
SO
HI2HIEP(D4)
%) o] 2 /
_.p . 5p—2mp—4 ;€ =1y 12/, YY)
<c S dxs - af - x5 x dt S dy e Y ly'|* ITCh
0 0 R2 Y

Now we consider the integral
o B _ o 1
(3.11) Sy = S dxg z3P2mP4 S dt
0 0

t/2—myp ©

—x2/4t ef\y'|2/4t . |y/|o¢‘
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Taking x5 = wt'/?, we have
o0

7£3pfm1073/2
Sg =C S dt
0

—|y'|2 /4L, /e
H7/2—mp © N

For t = |y|?/w we get

0 |y/|6p72mp73+277p+2mp+a —w)d
SQ =¢ §] dw w3P—mp—3/2+2—7/2p+mp :
To have Sy bounded and independent of 3’ we need
6p—2mp—3+2—Tp+2mp+a=0
SO
3 7
(3.12) a=p+1 and 3p—§+2—§p<1sop>—1.

Thus from (3.11) and (3.12) we get

) 1|z, ey < cllballyy-r/earz=1/20 gy
1DZ, 01l 0% < ellbrllyp-1/marz=1/2m gay-

Let us consider

D2,v1a = F; ) [-&tal =c | et | & % (€2b1)e"™ dgg de'.
0 R2

Since & /1 < £2/&2 = 1 it is enough to examine the inverse Fourier transform
of & - e7"®3. As above we get

(314) ||Di2U1A||Lp(D4) S C||b1‘|W1}71/p,1/271/2p(]R3)-

Now we consider vsp:

o o o / R —1¢ x5 _ —rx3
vp=c et | et <§1§2 (I¢'] T)(!§\+7’)b1<6 : e )> dy de’

0 s €U+ ) &' —r
o0 s . e — €' |z3 — e TT3
= | est | '€ &b <£2 € >d£ de¢’.
T e e L S ’
Because we can find M > 0 such that
£261
5251 | <,
&1 +r) | —

by the Marcinkiewicz theorem and by [3] we only need to consider | D265,
where

03 = F, ) [

e T3 _ e—|§/\1¢3 :|

r—[¢']
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Then from [3] we get

D2 vapl|r, sy < CHblHW;—l/p,l/Q—l/z‘p(Rg),

(3.15) 9
Dz, 1Bz, 1) < CHb1HWpl—l/p,l/Qfl/m(Rg).
Considering
& : 2 112
_ st ¢’z i§1 T — |£ | 127 _—rxs
Usp=c\e € = —55 € bie )
ool
we get
oo - 2
. yer 1 -~
(3.16) D2 v3p =c S est S e s % bie " dénde (5 =1,2).
0 R2

Since there exists M > 0 such that & - ;/r? < M we obtain

(3.17) HDi”UfiBHLp(D‘l) < CHblHW;}—l/PJ/?—l/zP(R:S) for ' = (1‘1,.%'2).
Now using (3.13)—(3.17) we have

(318) ||D:%’UHLP(D4) S C||b1 ”Wéfl/p,l/271/2p(R3).

We have to estimate D?ESU and Dyv in the L, norm. It is enough to show
estimates for v1p and vic. We get

(3.19) D2 wug
- ftjxl(_f]z‘@lB)

i 2 e\
:CSCSt S eix§ 5_1<7’ /‘§‘>b1£?erx3d£0d£/

e U
— cosoest S €iw/5/ ] 6% . 5] (f‘e—rz;),)dgo dgl (] —-1 2)

0 R2 [ (r + 1€']) ! ’

Now the inequality
&, E €7 | 1P|,
EISIGE S ISV B (S B S

implies
||Dg2[;jle”Lp(D4) < CHbl||Wp171/p,1/271/2p(R3) (j=12).

We can see that

D2 V1ic = COSOQSt S 5% : bl 2 67‘5 ‘$3 _ efrw3
" o g 1A+ ) & = r

déo de'.
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There exists M > 0 such that

€17
[€1(1€ +7)

so we have (see [3])
||D3;.7-UIC||LP(D4) < C||b1|!W;—1/p4,1/2—1/2p(R3)-

Since

[0 €D IED) 68,
=7 e e

it follows that
”DQQ;J-'U2A”LP(’D4) < C|\b1||W;—1/p,1/2—1/2p(R3)-
In this same way we show
ID3 vsallL, (04 < cllballyya-1/m1r2-1/20 o)
1Dz, vsc |z, ) < cllballyyi-/marz-1a gs)-
From [3] we get
1Dsllz, o) < ellbrllya-1/mas5-1/20 g,
To estimate Dgsv we use
2 2 2
g—é:@v—g—é—g—é—ch].
Then we have
(3.20) IDZ,vllL, 03y < cllDevl|r, (pay + |1 D2, 0|, (Do)
+11D2,vllL,p4) + 1 D2dll 1, (D)
= CHbl||W;—1/p,1/2—1/2p(R3).

This concludes the proof of the lemma.

Now we have to consider two problems:
o — Av+Vq=0,
dive =0,
013 + 031 |z3=0 = 0,
0203 + 03032 |z5=0 = ba,
V3]z5=0 = 0,
'U’t:(] =0,
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and
0w — Av 4+ Vq =0,
dive =0,

(3.21) 0103 + 030150 = 0,

0203 + O302|55=0 = 0,

U3]z,—0 = b3.
From Lemma 3.1 with by € Wz}fl/%l/zfl/Qp(R?’) we get the estimate
(322) || D:v|lL, 4 + I DevllL, 04y + IVallL, (oo
S CHb2||Wp171/p,1/271/2p(R3)-

LEMMA 3.2. Let b3 € W,?‘””’““”(R%. Then there exists a solution
of problem (3.21) such that v e W2(D*), p € Wl (DY) and

p,loc
DNy < llslyz—os-sim sy
||D3;U||LP(D4) < c||b3|]W3—1/p4,1—1/2p(]R3)7
| D2qllz, D1y < c||b3stfl/p,l—l/%(ﬂkz)?

where D* = R2, x [0,00)4, X [0,00), R3 =R2, x [0, 00);.

Proof. First we will estimate

(1 _
UlA:ft@l(— b3€ TZ?’).

r

We have
£ ~
D2 via=7F,, (—1 bge”s).
’ T

From the Marcinkiewicz theorem it is enough to consider (see [3])

2 2
$167‘x| /4t $%x367|x| /4t

247/2 B 419/2

th:z:l (5%6_””333) = = A.

Since {z, Adz’ =0 we get

VAW) - bs(a’,t =) dy' =0,
R2
SO we can put

K(t,z)= | dy' \dt' Aty w3, 1) (bs(2' — y/,t — ') — bs(a', t — 1))
R2 R



208 W. Alame

and consider the following integrals:

y167w§/4te*|y/‘2/4t

72 Y(y'),

Si= | dy |t
R

R2

y%m3e_m§/4te_|y/‘2/4t

Sy = S dy’ S at’ 2073

R2 R

V(y'),

where ¥(y’) = [|b3 (2" —y',t —t') — bg(2',t — )| L, (ms)- From the Minkowski
and Holder inequalities we get

(3.23) |IK||L,(®2xr,) < cS1+ ¢Sy

, e/t |y’ |2 /4t Y
o §ar §ay s )

Ry R2
q 1/q
~<Sdt§dw e~ 17l Mt)
R R2
—x2/4t | —|y'|?/4t 1/p
! € 3 € !
+ CX3 ( S dt S dy t(9/27m)p wp(y ))
R R2
2q 1/q
~<Sdt§dw e~ lel Mt) ,
tm
R R2

where 1/p +1/g = 1. From Lemma 3.1 we have

q
Sdt S d.’IJ o f|w| /4t < C.,L,§+Q*2mq
R R2

(see (3.10)—(3.11)). This implies that

o0 e—x3/4t P ()
P 5p—2mp—4 - ’\2/4t /a?/) (y)
HSIHLP('DAL) <c S d{L’3.T3 X dt S dy +(7/2—=m)p eV |y| | /|a :
0 0 R2 y
Let us consider the integral
oo —ly'|?/4t
5p 2mp— 4 € a
Putting x5 = wt'/? we have
e —ly'|? /4t
5/2p—mp—3/2 e
M <c\ dtt el A

0
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Now putting t = |y/|?/w we get

o0 |y/‘2+a+5p—37p

(3.24) M<c|

g —w/4
) wl/2+5/20—7/2p © dw.

To have the integral (3.24) independent of |y’| and bounded we need
24a+5p—-3—-Tp=0

and

L 5 T,
g TP TP

soa=1+2pandp>—1/2. We can see that 2+ p(2 —1/p) =1+ 2p = «.
This implies

S |bs(z' — ¢/, t —t') — bg(a/,t —t')|P

325) 13l ) < § vE

R? R2, xR,

dx' dy' dt

< cf|balyyz-1/m1-1/20 o)

We now estimate the second integral S5. Let us consider the second term
in (3.23). Putting 5 = wv/t we obtain

2q ,—|x|? /4t oo 2q
Sdt S dx’% <ec S dtgdxl fm_lqtl/Ze—zf/ue—wg/zit'
R R2 0 R

Putting z; = wt'/? in the following integral we get

0o :L,Zq R ) 0o t1+q )
(326) S dt S dx Z1 t1/2e*$1/4t€*$3/4t <c S dt —— 67w3/4t.
0 R gme tma

Inserting ¢t = |r3]?/w into (3.26) we get
o0 t1+a 0 67w/4

2 _
S dt —— e~ @3/4t < x§+2q Imq S —— dw.
tmq w3ta—mg

We have the estimate (see [3])

s ) 1/4q
S dt do’ FL o lzl?/4t < cpldt2a—2ma)/q
tma - '
RS
Now consider the algebraic equality
[(4 +2q — 2mq)/q]p = 6p — 2mp — 4,

which implies that

o0 0 €7$§/4t67‘y/|2/4t ¢(y,)p

P Tp—2mp—4 1
182012 iy < € | das ] Vit ) & —mmm— T
0 0 R2 4

v/
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We first consider the integral

oo oo —al /4t o—|y'|? /4t
Tp—2mp—4 e 3 € /|«
S dxs g S dt /2=y Y|
0
Putting x5 = wt'/? we get the integral
© 7/2p—mp—3/2
t /2
I W/
c S dt ©/2=m)p e ly' |~
Now putting ¢ = |y/|?/w we have
1 Tp—2mp—3+24+a—9p+2mp
(3.27) v e~/ duw.

w2+7/2p—mp—3/2—9/2p+mp

To have the integral (3.27) independent of |y’| and bounded we need
w—14+a—-9p=0
and
7

3 9
o4ty 2 2,1,
TP TP s

This implies that
a=1+2p and p>—-1/2.

From (2.1) we can see that 24 p(2 —1/p) = 1+ 2p = a. And this implies
that

(328) HSQHLP(D‘L) < C||b3HW5—1/p,1—1/2p(R3).
From (3.25), (3.28) and (3.23) we get
HKHZ,(W) < CIHSIHIEP(DAL) + 02Hb3H€V571/p,171/2p(R3)
= 102,011, 0% < elbslya-1im1-1750 g

Now we write the explicit form of v7, Vs, U3:

: g 1 1 . /(2 2\
i)\ _ Zé‘l 3 e*’l‘ﬂ?g + <_ _ 5_/|> Zg(‘g ’ +T ) bgef’l’alg
T

r S
(g =) &P +r?) 7 e~ 1€ lzs _ o—ras
€] s G
- T . 12 2
L e i&(I€']° +r7)
r ro € S
5, 2 =) (P +1%) el —emre

'] $ &l =r
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1 1 /2 /(2 2)
1),

@\3 — _|£/|2 bge_rmg + .
) FKERRE s
(] = )R +72) 5 el —omres
b3
s & =r

+

As in the proof of Lemma 3.1, we can put
Uia + V1B +Uic =01, V2 =Uga + V2p +V2c, U3 =034 + Us3p + Usc-
Repeating the considerations for v;4 we have
1D, 014,04y + | D2 v2allL, 04 + 1D2vap L, 0o
+ | D2 vsallL, (Do) + | D2vss| 1, D) < CHbsHWZg—l/p,l—l/zp(R;;)-

Now we have to consider U, 4, Vo5 and vU,c with the term

e~ €'z _ o—ras

&=
for « = 1,2, 3. Let us note the algebraic equality
(€1=m)E + ) _ (€ =) +r*)

s (I€1+7)-s

Since r? = |¢/|? + s we have |¢|? — 72 = —s and this implies that
(1€1T=n)P+r) &P +r?
s & +r

It is enough to consider U3¢ of the following form:

no_ 112 2\ —1¢|zs _ ,—Tx3
tre = L= +T)b3<€ e >

- s € —r

This implies that
2 2 —|¢ ez _ —rx3
2 _ [P o o (e €
D3ivse = F; [7|£,| o &5 bs & —r .
From the Marcinkiewicz theorem it is enough to consider

(e | lzs _ o3
2 L1630, ( © .
o (e

Denoting (3.29) by A we get

Lj

Al <e 11/2(22 1 1)3

, S Adz' = 0.
R2
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Now we put
03 =\t | dy A,y wa)|[b(@' =y ;t — ') = b(a’,t — ).
R  R2
We have

[ee)

05| 2, (r3) < S dt S 172
0 R

dy’' D(y')
yi +a3+1)° vy

Y

where
w(y/) = ”b(‘r, - ylat - tl) - b(l’/,t - t,)HLp(Ri”)-

So we have the estimate

dy'y;"eP(y)  \MP
0 < dt 5
Wl = § 4§ gt o )

oo dl 1/(]
<SdtS 1/2 (4,2 y2 mq) ’
o gt (Y2 +25+1)

where 1/p+1/q = 1. From [3] we have the following inequality for the second
integral:

o

1 dt

dt\ dy’ <c .
Hi Hi 2 (y? + a3 + t)ma §)t1/2(m§+t)m‘1—1

Hence choosing, as in [3], m > %’%1 we get

dyl )1/q (3—2mq)/
dt < cxy VM,
<]§g RSQ t1/2(y2 + 2% + t)ma -

Thus we have

T (3—2mq)(p—1) ;YR YR ()
LAk <c\drzz dt dy .
L,(D*) §) 3 R+SXR2 t1/2(1‘2 +t)(2—m)p‘y/’a

We consider the integral of the form

[ doga-2m00-0 |

0 0

dt |y’ "1y’
t1/2 (xZ + t) (2—m)p

Taking w = t/x? we get (for simplicity we write 2’ = y/)

o0 © (3=2mq)(p—1)|_sja—p
S dxs S dw 2 s il
0 0

w21 £ w) C-mp|gEmp — D

where
o0

D<c S ds :L,g3*2m‘Z)(P*1)|$/|a7p|x|17(472m)p
0
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for (2 —m)p > 1/2. Putting w = z3/|2’| we obtain
0 ‘l,/’1+a—p+3p—3—2mp+1—4p+2mpw3p—3—2mp

Dse § dw (1 + w2) (G 2mp 1/2

To have the integral independent of |z’| we need
l+a—p+3p—-3+1—-4p=0 = a=2p+1.

We also need 3p —3 —2mp — ((4 —2m)p —1) < —1 so p > —1. This implies
that

105]|,,(p2) < C||53HW§*1/P11*1/2P(R3)’
SO
HD;%’U%”L;;(D“) < CHbgng—l/p,lfl/m(Rs)a
which implies that
(330) HD?C,'UHLP(DAL) S CHbgng—l/p,l—l/zp(R:;).

Similarly one can show that

(331) ||sz||Lp(’D4) S CHbS||W§71/p,171/2p(R3),
(332) ”DtU”Lp(D‘l) < ch3||W3—1/p,1—1/2p(R3).
Now from (3.48); and (3.30)—(3.32) we have

0?%v

8—1‘% = at?.] — Dilv — D372U + qu

This implies that
| D20/, ) < 1Devll1,ps) + |1 D2v|l L, p3) + |1 Dadll 1, (04

< CHbSHngl/p,lfl/?P(Rs)-

Hence v € W;ﬁm (D*). Lemma 3.2 is proved.

The next step in solving (1.1) is to consider the following problem in the
whole space:

vy —vAv+ Vg = f,
(3.33) dive =0,

v|t—o = 0.
From [3] we have

LEMMA 3.3. Let f € L,(R%). Then there exists a unique solution of
(3.33) such that v € WL (RY), g € W' (R*) and

p,loc p,loc

1D,y + D30Il (p1) + 1Dapllr,p1) < el fllL, -
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Moreover if f € L3 (R*) then q = 0, where

iv %) . ”HLp
LOV(RY) = {f € C&RY) : div f =0} .
Using Lemmas 3.2 and 3.3 we deduce the main result of this section.
LEMMA 3.4. Let p > 2, f € L,(R"), G € W (R?Y), 0,G — div f =
divB + A for (A,B) € L,(R*) and diamsupp A < \. Suppose that b =

(b1,b,0)T, b € Wy VP27V (R3Y 4nd by € Wi /PP (RS) . Then
there exists a unique solution of the system

v —vAv+Vq=f,

dive = G,

(3.34) e D) -Ti+yv-Ti=0b (i=1,2),
v - eg = bs,
U|t:0 =0,

such that v € W21 (D), ¢ € W °(D*) and
(3.35) DL, o) + 1 D30Il e) + [0l 2-1/m-1/20 o) + [V, (00)
< c(D)If 2,0 + 1B, + A~ [|AllL, @)
H[1blly1-1/p.1/2-1/20 gy + 103l y2-1/m1-1/20 gy,

where D* = R2, x [0,00)z, X Ry.

3
Proof. Let us first consider the system
Aw =G,
(3.36)
Wzs=0 =0 (w—0, 3 — 00),
where G € W'°(D*). From (3.36) we get (see [3])
IVwllyzopsy < cllGllyropay-

We put V(0w) = V(9wM) + V(9;w?). Then A(9;w™V) = div(F + B),
A(Ow®)) = A. From [3] we have

IV (0w ™) |z, 03y < (£l Ly0%) + 1Bz, 04);
IV (0w ®)|z, 04y < ¢ M AllL, D),
and this implies
(337)  IVellyzi o,
< c([|Gllwaopay + 12,04 + [ BllL, 02 + AllAll L, D4))-
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Putting v = u 4+ Vw we have a perturbation of system (3.34):
ou — Au+Vq=f*,

divu = 0,
(3.38) n-Du) -7 +vyu-Tils =b; (i=1,2),
u-n|s = by — Vu|g = b3,
uli=0 = 0,
where
ff=f-V(0Ow)+ AVw, b =b;—n-D(w)-7; —yVw - 74,
b3 = b3 — Vw,
and
1 2,00y < 1 f 2,0 + el VWl pay,
(3.39) 167 [[yyra-1/0272-1/20 () < |Billyp1-1m1/2-1/20 oy + €l Vwllyyz1 (pay

(Z = 172)7
Hb;,HWp?*l/Pvl*l/QP(RS) < ||b3”W§*1/Pv1*1/21’(R3) + CHVUJHWI?’I(D‘l)‘

Now consider the problem

Aq¢' = div f*,
(3.40) af|
il =7

Then V'], 1) < cllf*||, 1) (see [3]) and ¢" € W,-0(D?).
Now consider the problem

Aq¢' = div f*,

a/

8_511 =g, where g=vop—bs+f-n
S

foro=ar1- v, +ag vy, 5 Fag -V, 04 Vg, + asbi g + 0603 2 YU F
agbg r, —agv-n r,, where v, = (v, -W+v,7;) 7, v, =v-T; (i =1,2). Then

IV, < ellf Mz, @) + 1billyya-1/mar2-1/0 gsy + B3]l 2-1/ma-1/20 s

(see [3]) and ¢" € W,-°(D?*). Now we put ¢ = ¢’ + ¢”, where p/ is a solution
of problem (3.40). This implies the following perturbation of system (3.38):

Ou — Au+ Vg = f°,

divu = 0,
n-Du) -Ti+vyu-Tils=b; (1=1,2),
U'ﬁ|s :bg,

u’t:O = 07
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where fO = f* — V¢’ and div f° = 0. From Lemmas 3.2 and 3.3 (the case
with div f = 0) we get
[Deull 1, (p2y + |1 D2l 02y + 11V || 2,y (D)

< ATY i) + 16y 1721720 gy + B3 L1722 1720 g
Now from v = u+Vw, ¢ =¢ +4¢", b = b +n-D(Vw) -7 + yVw - 7,
(i =1,2), bg = b5 + Vw we obtain

IDevllz, (o) + 1 D30Iz, 00 + IV all L, 0y + [0l y2-1ma120 g
< (D) £z, 02y + [IBllL, (1) + AllAl L, (D4
+ ||bHW1}—l/p,1/2—1/2p(R3) + Hbs||W3—1/p,1—1/2p(R3):|.

This concludes the proof of the lemma.

4. Problem in a bounded domain. In this section we prove the
existence of solutions of the following problem in the bounded domain 27

v — Av+Vq=f,
dive =0,
(4.1) n-D(v) - T +yv-Ti|ls = by,
v-Tlg = b,
v]t=0 = 0,

where similarly to [3] we restrict our considerations to the case

fe LgiV(QT) = {f € COO(_QT) div f = O}H'”Lp‘
Lemma 4.1 If f e Lg™V(027) N Lgiv(QT) then there exists a unique

solution of (4.1) such that v € W'(2T)n W2H0QT) and g € W)0(027),
where (v, p) is a weak solution of (4.1), and

4.2)  ollwzrory + [ollwz oy +llallwioor)
< D)1 o + 1Fllzy@my + 1B, ) + AlAllL, om))-

Proof. We introduce a partition of unity. Let us define two collections
of open subsets {w®} and {2®} such that w® c Q® c 2, |, w®) =
U, 2%) = 2 with k € MUN, where R NS = ifk € M and w® NS #£ 0
if k& € M. We assume that sup diam 2(%) < 2 for some A small enough. Let
§(k) be a smooth function such that 0 < §(k) <1 and

k
§(k)(a;):{1 for x € w®,
0 forze 2\ W,
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and
IDXEW (@) < e/AM, 1< (€M) < N,
k

By 7*) we denote a “center” (a point inside) of w®) for k € 9t and a center of
wF) NS for k € M. Let us consider a local coordinate system y = (y1,Y2,Y3)
with center at n(®). If k € 91 then the part Sk = §MQK) of the boundary is
described by ys = F(y1, y2). We choose the coordinates such that F'(0) =0

and VF(0) = 0. From S € H/I?*l/p we see that F' € Wi_ﬁl/p. Extending
F to F in such a way that F(y1,y2,0) = F(y1,y2) and F' € I/Vp2 we have
F € O using the embedding theorem

CH () = W3(2) for3/p+1+a<2, ie a<l—3/p

Now we can transform (%) into a half-space by the transformation Z =
&r(y) = (Id — F)(y). Let y = Yi(z) be a transformation to the local coor-
dinates y which consists of translations and rotations. Let us introduce the
variables V = &v and Q = &g for € = €0 and | € 9. Then the equations
(4.1) take the form

WV —AV+VQ=¢-f—2Vu-VE- A -v+q-VE=F,
(4.3) divV =v-VéE= G/,

V|t:0 = 0.
Now we obtain a condition on the new functions F’, G’, A’, B’, where A’ and
B’ are to be defined. We have

(4.4) 0;G" —divF' =divB + A,
where

(4.5) B'=¢B+2VE-Vu+vAE —2qg = q - VE+ VE X rot v,
' A = €. A— BVE+ gAC.

By Lemma 3.4 we see that solutions of (4.1) satisfy

(4.6)  [Vllwz(psy + Qw2 0(ps)
< AT)F o) + Gl opsy + MA L8y + 1Bl L),

where k > 2. By Proposition 2.3 we have (see [3])

4.7 [F L. em

Pk T .
< e Ifluacar) + T lolhwgcamy + 5 Mg )
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Now consider the following problem:

Aq =0,
(4.8) dq|
871 P - g?

where g = v¢ — by (see (3.40)). This implies that [|g||y20 < cl[v]lyy10.pa).-
Then

1 c
HV(]HL,C(QT)X < N (Tl/p + Tl/Z)H“HWﬁvl(m)-

Hence by Proposition 2.3 we obtain

(49)  IVllyza ey + 1Qll 0o < e(T) <|rf|rLk<D4>
T1/k 4 T1/2
A

We would like to have a similar estimate when k& € N. We write system (4.1)
in Z-coordinates (see [3]):

OV —AzV+VzQ=F +L1(07 —VF-92)(V,Q)
— L1(02)(V,P) = F",
divy; V=G +VF -0V =G",
€y D(V) Ty +9V - €&y = P(N(0in - v + Onj - v;))
+VE-D(V)+y=1,
Veylgr =03, V] =0.
To apply Lemma 3.4 we need new A” and B” which satisfy

ol ooy + AlAlL o) + |B||Lk(m>).

(4.9a)

(4.11) 8,G" — div F" = div B" + A"
We consider, as in [3], the following system:

Ab =V, Fiji,
(4.12) by = 0.

b—0 if Z3 — oo.

By Proposition 2.2 (see [3])
(4.13) V0|2, 0.5z, . m1)) < X/ FFFNOV | Ly Doy,
We put

B" = B'~[L1(0z = VF - 92)(V.Q) — L1(02)(V, Q)] + F ;V; — Vb,

A" = A
From [3] we get

IF" |z < 1|z, + (0 + e(O)T* + AN [VIyza + eA[|Qly 0.
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From Lemma 3.4 we have (see [3])

(414)  [Viiy2r + 1Qllypo
< e(1F g + 16 o + 1Bz, + 14,

+ Qo+ e 1Fis Vil + 190,

+ IVFO,Vlly 0 + |1L1(07 — VF - 9)(V. Q)

— L1(92)(V, Q)| L(ps) + f”””mf’l)'

Now we need to estimate

|1L1(8z — VF - 02)(V,Q) — L1(82)(V, Q)| ... (0%
< C||[VPEVV |1, 04y + e[ VEVV] 1, (04 c| VFIQ| || L, (D)

We estimate only the first term of the r.h.s.:
HV2ENVV ey < IV2Fl @) IV VL @),
where | = kr/(r — k), and we have
HVVHL;C(O,T;LI(]Ri)) <(6+ 0(5)TG)HVHW371(D4)7

where d,a > 0 and ¢(d) tends to infinity as § — 0 (see [3, p. 96]). Taking
¢ < 1/2, where

1/2 1/k
ﬁ:6+c(5)T“+A“+¥+A5/’“

is a small parameter coming from the right hand sides of (4.13) and (4.14),
and f € L3V (£27), and using similar estimates to [3] we get
(4.15) HU||W§v1(QT) + HQHWZ}'O(_QT)

< c(lfllz,ery + IBllz,@r) + AllAllL,2r))-

From (4.14) and (4.15) we get the assertion of the lemma.

5. Proof of Theorem 1. Our aim is to show existence of solution
of problem (1.1). Let us first consider an extension v € W2 (27) of v

such that T|,—o = vo, vo € Wi 2/?(£2) and [Pllwz oy < CHUOHWI?_Q/,J(Q).
Assume that the solution of (1.1) has the form

v=v"4+v and q=q(x,t).
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Then problem (1.1) reduces to
0’ —vAY +Vq=F,

dive' = G’

(5.1) n-DO) T+ Tilgr =6 (1=1,2),
v' - mlgr = bs,
v'[i=0 = 0,

where

F'=-0w+vAv+ f, G'=G—divy, by=bs;—7-7,
bi = bl —ﬁ'D(ﬁ) * T —’75'?7;.
Now we have
&gG’ — diVF/ = BtG — at leﬁ—F 815 divo — I/VAE — lef
=divB+A—-vVAT so 0;G' —divF' =divB' + A,
where B’ = B — v At and we get the following estimates:
/
IF Nz, < [1Fllz, + cllvollyyz-2/e,
1 lze < G o + ellvollyyz-2rn,
”b:l”wgfl/pylﬂfl/% < ||ba||WI}71/p,l/271/2p + CHUUHngz/p (a = 1,2),
”bé”wgfl/p,lfl/Qp S ||b3||W571/p7171/2p + CHUO”W}?fQ/p-
We need to consider the following system (see [1]):
A =G
(5.2) v where w = V.
¢|ST =0,
From (5.2) we have w € W2°(22") and
Adpp = 0,G' =div(B'+ F')+ A=div(B—vAv + f — ;v + vAD) + A
= div(B+ f — 8;0) + A = div(B + f) + 4,

where A = A = V,v. Now putting A9V = div(B + f), A = A

and using similar considerations we have
VOl < cllfll, + 1B, + AlAlL,]-
This implies that w = V¢ € W' (£27) and of course
lwllyzory < c(IGlwrory + 1flL,om) + 1Bz, 2r) + MAl L, 0m),

and from G'|;—p = 0 we have w|;—g = 0. Taking v’ = v” + V4 in problem
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(5.1) we obtain
o —vAV" +Vq=F",

dive” =0,

(5.3) n-DO") T+ Tilgr =0 (i =1,2),
o Tlgr = b,
UN|t=O — 0)

where
F'"=F —Nou +vVAY,
b =b, —n-D(VY) -7 —4VY -7 (1=1,2), by =0b;—Vi-n.
Now we have the estimates
1F Nz, < I1F[|z, + clwllyz1,
(5.4) ||b§/||W;—1/p,1/2—1/2p < |\b;||W;,1/p,1/2,1/2p +cllwllyzr (i=1,2),

||bg||wg—1/%1—1/2p < ||bg||W3—1/p,1—1/2p + CHUJHng

Next we have to reduce system (5.3) to problem (4.1). Consider the following
problem:

Aq = div F”,
9q)  _
an o7 _g’

where g = F''n — b3, +v¢", ¢ = vAv" - 7.
For this elliptic problem we have the following estimate:
HqHWﬁ(Q) S c(HFHHLp(Q) + HgHW,}‘l/P(S))’
where
g(x,t) = | Gi(x —y) div F{} dy + | Ga(z — y)g(y, 1) dy.
2 s
Then

Va(x,t) = | VG div P (y,t) dy + | VGag(y, t) dy,
N S

IVall,on < | | VPGP @ty dy]| |+ VGagttray
0 S

L,(Q7T) L,(ST)

Now we can consider only one term

\ VG 07, = —\(VGa) b,
S S
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This implies that
|{veay;
s

STT s T

< || §vicay,
S

Lp(ST) Lp(ST)
<l a5y < el g sasrogory
Then
IVallL,ar)
< CHF””LP(QT) + CHb;/|’W;*1/Pv1/2*1/2P(ST) + CHbgHW;?*l/Pﬂlfl/?P(ST))'
Now putting ¢ = ¢’ + ¢, where ¢ is a solution of the system
Aqg=divF", Aq¢ =divF’,

oq o ,
%ST:h’ o =9 where h=9g—g',
we get
atv// _ VAUN + vq/ — F// _ vz‘j: F///,
dive” =0,
n-DO") 7+ " g =0 (i=1,2),
o mlgr = b,
UN|t=0 = 07
where

div F"" =divF" — Ag = 0.

Now using Lemma 4.1 we obtain a solution of system (5.5) which gives
a solution of system (1.1) given by

v=0+VY+v"'+¢ and q¢q=q¢ +q.
Now it is enough to continue the solution to the intervals [Ty, 275], [2T0, 37T0],
LT < Ty.
This proves Theorem 1 and concludes our considerations.

The author is greatly indebted to Prof. W. Zajaczkowski for fruitful
discussions and important comments during the preparation of this paper.
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