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BEST POSSIBLE ESTIMATES OF SOLUTIONS TO THETRANSMISSION PROBLEM FORTHE LAPLACE OPERATOR WITH N DIFFERENT MEDIAIN A CONICAL DOMAIN
Abstrat. We investigate the behavior of weak solutions to the transmis-sion problem for the Laplae operator with N di�erent media in a neighbor-hood of a boundary onial point. We establish a preise exponent of thedereasing rate of the solution.1. Introdution. LetG ⊂ R

n, n ≥ 2, be a bounded domain with bound-ary ∂G that is a smooth surfae everywhere exept at the origin O ∈ ∂Gand near O it is a onvex onial surfae with vertex at O and aperture ω0 ∈
(0, π). We assume that G =

⋃N
i=1Gi is divided into N subdomains Gi, i =

1, . . . , N , by N−1 hyperplanes Σk, k = 1, . . . , N−1, where O belongs to ev-ery Σk and Gi∩Gj = ∅, i 6= j. Let ωi be the aperture of Gi at O. De�ne θk =
ω1+· · ·+ωk, thus ω0 = θN . Let D ⊆ ∂G be the part of ∂G where we onsiderthe Dirihlet boundary ondition. We onsider the transmission problem
(L)





Li[u] ≡ ai∆ui − piui(x) = fi(x), x ∈ Gi, i = 1, . . . , N ;

[u]Σk
= 0, Sk[u] ≡

[
a
∂u

∂nk

]

Σk

+
1

|x| βk(φ)u(x) = hk(x),

x ∈ Σk, k = 1, . . . , N − 1;

B[u] ≡ α(x) · a ∂u
∂~n

+
1

|x| γ(φ)u(x) = g(x), x ∈ ∂G \ O,where ai > 0, pi ≥ 0 (i = 1, . . . , N) are onstants;
α(x) =

{
0 if x ∈ D,
1 if x /∈ D;2000 Mathematis Subjet Classi�ation: 35J25, 35J60, 35J85, 35B65.Key words and phrases: ellipti equations, transmission problem, onial points.[445℄ © Instytut Matematyzny PAN, 2007



446 M. Borsuk
~n denotes the unit outward normal to ∂G \ O; moreover

• u(x) = ui(x), x ∈ Gi; f(x) = fi(x), x ∈ Gi; a|Gi
= ai, et.;

• [u]Σk
denotes the jump of u aross Σk, i.e.

[u]Σk
= uk(x)|Σk

− uk+1(x)|Σk
, uk(x)|Σk

= lim
Gk∋x→x∈Σk

u(x),

uk+1(x)|Σk
= lim

Gk+1∋x→x∈Σk

u(x);

•
[
a ∂u

∂~nk

]
Σk

denotes the jump of the o-normal derivative of u aross Σk,i.e.
[
a
∂u

∂~nk

]

Σk

= ak
∂uk

∂~nk

∣∣∣∣
Σk

− ak+1
∂uk+1

∂~nk

∣∣∣∣
Σk

,

where ~nk denotes the unit outward normal to Σk.The transmission problems often appear in di�erent �elds of physis andtehnique. For instane, an important problem in the eletrodynamis ofsolid media is the eletromagneti proesses in ferromagneti media withdi�erent dieletri onstants. These problems also appear in solid mehanisif a body onsists of omposite materials.Here we obtain best possible estimates of weak solutions of problem (L)near a onial boundary point. Analogous results were established in [3℄ forthe Dirihlet and Robin problems in a onial domain without interfaes.Many mathematiians have onsidered the transmission problems. First,V. A. Il'in [9℄, O. A. Ladyzhenskaya and N. N. Ural'tseva [10℄, Z. G. Shef-tel [13℄ and M. V. Borsuk [2℄ studied general interfae problems for seondorder ellipti operators in smooth domains. Later other mathematiians stud-ied transmission problems in nonsmooth domains in some partiular ases(see the referenes in [11, 12, 5℄). General interfae problems in polygonaland polyhedral domains were onsidered in [11, 12℄. Regularity results interms of weighted Sobolev spaes have been obtained in [5℄ for two- andthree-dimensional transmission problems for the Laplae operator.A prinipal new feature of this artile is the derivation of sharp estimatesfor solutions of (L) in n-dimensional (n ≥ 2) oni domains with N di�erentmedia (N ≥ 2). We show some examples. We also note that our methodsare di�erent from those in [11, 12℄.We introdue the following notations:
• Sn−1 : the unit sphere in R

n entered at O;
• (r, φ), φ = (φ1, . . . , φn−1) : the spherial oordinates of x ∈ R

n withpole O:
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x1 = r cosφ1,

x2 = r cosφ2 sinφ1,...
xn−1 = r cosφn−1 sinφn−2 . . . sinφ1,

xn = r sinφn−1 sinφn−2 . . . sinφ1.

• C : the onvex rotational one {x1 > r cos(ω0/2)} with vertex O;
• ∂C : the lateral surfae of C, {x1 = r cos(ω0/2)};
• Ω : a domain with smooth boundary ∂Ω obtained by interseting theone lateral surfae ∂C with Sn−1, ∂Ω = ∂C ∩ Sn−1;
• Ωi : intersetion of Gi and Sn−1 (i = 1, . . . , N); thus Ω =

⋃N
i=1Ωi;

• Gb
a = {(r, ω) | 0 ≤ a < r < b; ω ∈ Ω} ∩G : a layer in R

n;
• Γ b

a = {(r, φ) | 0 ≤ a < r < b; φ ∈ ∂Ω} ∩ ∂G : the lateral surfae of Gb
a;

• Gd = G \Gd
0, Γd = ∂G \ Γ d

0 , d > 0;

• Σ =
∑N−1

k=1 Σk, where Σk = G ∩ {φ1 = ω0/2 − θk}, k = 1, . . . , N − 1;

• σ =
∑N−1

k=1 σk, where σk = Σk ∩Ω;
• Σb

a = Gb
a ∩Σ; Σd = Σ \Σd

0 , d > 0;
• (Gi)

b
a = {(r, ω) | 0 ≤ a < r < b; ω ∈ Ω} ∩Gi, i = 1, . . . , N ;

• (Σk)
b
a = Gb

a ∩Σk, k = 1, . . . , N − 1;
• Ω̺ = Gd

0 ∩ {|x| = ̺}, 0 < ̺ < d.We assume without loss of generality that there exists d > 0 suh that
Gd

0 is a onvex rotational one with vertex O and aperture ω0, thus(1.1) Γ d
0 =

{
(r, φ)

∣∣∣∣x
2
1 = cot2

ω0

2

n∑

i=2

x2
i ; r ∈ (0, d), φ1 =

ω0

2
, ω0 ∈ (0, π)

}
.

0 0

1

2

N

1

2

N

O

1
x

Fig. 1



448 M. BorsukWe use the standard funtion spaes: Ck(Gi) with the norm |ui|k,Gi
; theLebesgue spae Lq(Gi), q ≥ 1, with the norm ‖ui‖q,Gi ; the Sobolev spae

W k,q(Gi) with the norm ‖ui‖k,q;Gi
; the diret sums C

k(G)=Ck(G1)∔· · ·∔
Ck(GN ) with the norm |u|k,G =

∑N
i=1 |ui|k,Gi

; Lq(G)=Lq(G1)∔· · ·∔Lq(GN )with the norm ‖u‖Lq(G) =
∑N

i=1(
T
Gi

|ui|q dx)1/q; W
k,q(G)=W k,q(G1)∔· · ·∔

W k,q(GN ) with the norm ‖u‖k,q;G =
∑N

i=1(
T
Gi

∑k
|β|=0 |Dβui|q dx)1/q. We de-�ne the weighted Sobolev spaes V

k
q,α(G) = V k

q,α(G1) ∔ · · · ∔ V k
q,α(GN ) forinteger k ≥ 0 and real α, where V k

q,α(Gi) denotes the spae of all distributions
u ∈ D′(Gi) satisfying rα/q+|β|−k|Dβui| ∈ Lq(Gi), i = 1, . . . , N. Vk

q,α(G) is aBanah spae for the norm
‖u‖Vk

q,α(G) =
N∑

i=1

(\
Gi

k∑

|β|=0

rα+q(|β|−k)|Dβui|q dx
)1/q

.

V
k−1/q
q,α (∂G) is the spae of funtions ϕ on ∂G with the norm ‖ϕ‖

V
k−1/q
q,α (∂G)

=

inf ‖Φ‖Vk
q,α(G), where the in�mum is taken over all funtions Φ suh that

Φ|∂G = ϕ in the sense of traes. We write
W

k(G) ≡ W
k,2(G), W

◦ k
α(G) ≡ V

k
2,α(G), W

◦ k−1/2
α (∂G) ≡ V

k−1/2
2,α (∂G).Definition 1. A funtion u is alled a weak solution of problem (L)provided that u ∈ C

0(G) ∩ W
◦

1
0(G) and u satis�es the integral identity

(II)
\
G

auxjηxj dx+
\
Σ

1

r
β(φ)u(x)η(x) ds+

\
∂G

α(x)
1

r
γ(φ)u(x)η(x) ds

=
\

∂G

α(x)g(x)η(x) ds+
\
Σ

h(x)η(x) ds−
\
G

(pu(x) + f(x))η(x) dx

for all η ∈ C
0(G)∩W

◦
1
0(G) (summation over repeated indies from 1 to n isunderstood); here\

G

f(x) dx =
N∑

i=1

\
Gi

fi(x) dx,
\
Σ

h(x) ds =
N−1∑

k=1

\
Σk

hk(x) ds, et.
Remark 1. We assume that u|∂G∩D = 0.We assume that M0 = maxx∈G |u(x)| is known.Lemma 1.1. Let u be a weak solution of (L). For any η ∈ C

0(G) ∩
W
◦

1
0(G),
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(II)loc

\
G̺

0

{auxiηxi + (f(x) + pu(x))η(x)} dx =
\

Ω̺

a
∂u

∂r
η(x) dΩ̺

+
\

Γ ̺
0

α(x)

(
g(x) − 1

r
γ(φ)u(x)

)
η(x) ds+

\
Σ̺

0

(
h(x) − 1

r
β(φ)u(x)

)
η(x) ds

for a.e. ̺ ∈ (0, d).Proof. The proof is analogous to the proof of [3, Lemma 5.2, pp. 167�170℄.De�ne numbers
(1.2)





a∗ = min{a1, . . . , aN} > 0, a∗ = max{a1, . . . , aN} > 0;

p∗ = max{p1, . . . , pN} ≥ 0;[a℄Σk
= ak − ak+1, k = 1, . . . , N − 1;

a0 = max1≤k≤N−1 |[a]Σk
|; ã = max(a∗, a0).We assume that:(a) f ∈ Lq/2(G) ∩ L2(G); q > n;(b) γ(φ) ≥ γ0 > ã tan(ω0/2) on ∂G; βk(φ) ≥ β0 > ã tan(ω0/2) on

Σk, k = 1, . . . , N − 1;() there exist numbers f0, g0, h0 ≥ 0, s > 1, β ≥ s− 2 suh that
|f(x)| ≤ f0|x|β, |g(x)| ≤ g0|x|s−1, |hk(x)| ≤ h0|x|s−1, k=1, . . . , N −1.Our main result is the following theorem. Let(1.3) λ =

2 − n+
√

(n− 2)2 + 4ϑ

2
,where ϑ is the smallest positive eigenvalue of the problem (EVP) (see Sub-setion 2.2).Theorem 1.2. Let u be a weak solution of problem (L), and assume thatonditions (a)�() are satis�ed. Let G and the parameters in (a)�() be suhthat λ > 1. Then there are d ∈ (0, 1) and onstants C0, c > 0 depending onlyon n, a∗, a∗, p∗, λ, q, ω0, f0, h0, g0, β0, γ0, s,M0,measG, diamG suh that forall x ∈ Gd

0,
|u(x)| ≤ C0

(
‖u‖2,G + f0 +

1√
γ0
g0 +

1√
β0
h0

)(1.4)
×





|x|λ if s > λ,
|x|λ lnc(1/|x|) if s = λ,
|x|s if s < λ.



450 M. BorsukSuppose, in addition, that
γ ∈ C

1(∂G), f ∈ V
0
q,2q−n(G), h ∈ V

1−1/q
q,2q−n(Σ),

g ∈ V
1−1/q
q,2q−n(∂G), q > n,and there is a number

τs := sup
̺>0

̺−s(‖h‖
V

1−1/q
q,2q−n(Σ̺

̺/2
)
+ ‖g‖

V
1−1/q
q,2q−n(Γ ̺

̺/2
)
).(1.5)Then for all x ∈ Gd

0,
|∇u(x)| ≤ C1

(
‖u‖2,G + f0 +

1√
γ0
g0 +

1√
β0
h0 + τs

)(1.6)
×





|x|λ−1 if s > λ,
|x|λ−1 lnc(1/|x|) if s = λ,
|x|s−1 if s < λ.Furthermore,

• u ∈ V
2
q,2q−n(G), q > n and

‖u‖
V2

q,2q−n(G̺
0) ≤ C2

(
‖u‖2,G + f0 +

1√
γ0
g0 +

1√
β0
h0 + τs

)(1.7)
×





̺λ if s > λ,
̺λ lnc(1/̺) if s = λ,
̺s if s < λ;

• if f ∈ W
◦

0
α(G),

T
Σ r

α−1h2(x) ds <∞,
T
∂G r

α−1g2(x) ds <∞, where(1.8) 4 − n− 2λ < α ≤ 2,then u ∈ W
◦

1
α−2(G) and

(1.9)
\
G

a(rα−2|∇u|2 + rα−4u2) dx+
\
Σ

rα−3β(φ)u2(x) ds

+
\

∂G

α(x)rα−3γ(φ)u2(x) ds

≤ C
{\

G

(u2 + (1 + rα)f2(x)) dx+
\
Σ

rα−1h2(x) ds

+
\

∂G

α(x)rα−1g2(x) ds
}
,

where the onstant C > 0 depends only on q, n, a∗, a∗, α, λ and thedomain G.



Transmission problem in a onial domain 4512. Preliminaries2.1. Auxiliary formulae. Let us reall some well known formulae relatingto spherial oordinates (r, ω1, . . . , ωn−1) entered at the onial point O:
• dx = rn−1drdΩ,
• dΩ̺ = ̺n−1dΩ,
• dΩ = J(φ)dφ denotes the (n−1)-dimensional area element of the unitsphere,
• J(φ) = sinn−2 φ1 sinn−3 φ2 . . . sinφn−2,
• dφ = dφ1 . . . dφn−1,
• ds denotes the (n− 1)-dimensional area element on ∂G;
• dσ denotes the (n− 2)-dimensional area element on ∂Ω;
• ds = rn−2drdσ;

• |∇u|2 =
(

∂u
∂r

)2
+ 1

r2 |∇φu|2, where |∇φu| is the projetion of the vetor
∇u onto the tangent plane to the unit sphere at the point φ,

• |∇φu|2 =
∑n−1

i=1
1
qi

(
∂u
∂φi

)2
, where q1 = 1 and qi = (sinφ1 · · · sinφi−1)

2for i ≥ 2,
• ∆u = ∂2u

∂r2 + n−1
r

∂u
∂r + 1

r2∆φu,

• ∆φu = 1
J(φ)

∑n−1
i=1

∂
∂φi

(J(φ)
qi

∂u
∂φi

)
, the Laplae�Beltrami operator,

• divφ~u = 1
J(φ)

∑n−1
i=1

∂
∂φi

(J(φ)
qi
ui

)
.

C = C(. . . ), c = c(. . . ) denote onstants depending only on the quantitiesappearing in parentheses. Hereafter, the same letters C, c will (generally) beused to denote di�erent onstants depending on the same set of arguments.By a diret alulation we obtainLemma 2.1.
(2.1) xi cos(~n, xi)|Γ d

0
= 0, cos(~n, x1)|Γ d

0
= − sin

ω0

2
,

xi cos(~nk, xi)|Σk
= 0, k = 1, . . . , N − 1(the latter is the equation of Σk).2.2. Auxiliary inequalities. We need some statements and inequalities.The eigenvalue problem. Let Ω ⊂ Sn−1 with smooth boundary ∂Ω bethe intersetion of the one C with Sn−1. Let ~ν be the exterior normal to

∂C at points of ∂Ω and ~τk be the exterior normal to Σk with respet to Ωk(lying in the tangent plane to Ωk), k = 1, . . . , N − 1. Let γ(φ), φ ∈ ∂Ω,be a positive bounded pieewise smooth funtion, and βk(φ) be a positiveontinuous funtion on Σk, k = 1, . . . , N − 1. We onsider the eigenvalue



452 M. Borsukproblem for the Laplae�Beltrami operator ∆φ on the unit sphere
(EVP)





ai(∆φψi+ϑψi)=0, φ∈Ωi, ai are positive onstants; i=1, . . . , N,

[ψ]σk
= 0,

[
a
∂ψ

∂~τk

]

σk

+ βk(φ)ψ|σk
= 0, k = 1, . . . , N − 1,

α(φ)a
∂ψ

∂~ν
+ γ(φ)ψ|∂Ω = 0,whih is to determine all values ϑ (eigenvalues) for whih (EVP) has nonzeroweak solutions (eigenfuntions).From the variational priniple we obtain the Friedrihs�Wirtinger in-equality (the proof is analogous to one in �2.4 of [3℄):Theorem 2.2. Let ϑ be the smallest positive eigenvalue of problem (EVP).Let Ω ⊂ Sn−1. Let ψ ∈ W

1(Ω) satisfy the boundary and onjuntion ondi-tions from (EVP) in the weak sense. Let γ(φ) be a positive bounded pieewisesmooth funtion on ∂Ω, and βk(φ) be a positive ontinuous funtion on σk,
k = 1, . . . , N − 1. Then

ϑ
\
Ω

aψ2(φ) dΩ ≤
\
Ω

a|∇φψ|2 dΩ +
N−1∑

k=1

\
σk

βk(φ)ψ2(φ) dσ(2.2)
+
\

∂Ω

α(φ)γ(φ)ψ2(φ) dσ.Beause of (1.3), the Friedrihs�Wirtinger inequality will be written inthe following form:
λ(λ+ n− 2)

\
Ω

aψ2(φ) dΩ ≤
\
Ω

a|∇φψ|2 dΩ +
\
σ

β(φ)ψ2(φ) dσ(2.3)
+
\

∂Ω

α(φ)γ(φ)ψ2(φ) dσfor all ψ(φ) ∈ W
1(Ω) satisfying the boundary and onjuntion onditionsfrom (EVP) in the weak sense. Multiplying (2.3) by rn−5+α and integratingover r ∈ (0, d) we obtainCorollary 2.3.

(2.4)
\

Gd
0

arα−4u2 dx≤ 1

λ(λ+n−2)

{ \
Gd

0

arα−2|∇u|2 dx+
\

Σd
0

rα−3β(φ)u2(x) ds

+
\

Γ d
0

α(x)rα−3γ(φ)u2(x) ds
}
, ∀α,

for all u ∈ W
◦

1
α−2(G

d
0) suh that u(·, ω) satis�es the boundary and onjun-tion onditions from (EVP) in the weak sense.



Transmission problem in a onial domain 453Now we use the Hardy inequality (see [8, Theorem 330℄) to get:Proposition 2.4 (Hardy�Friedrihs�Wirtinger inequality). Let u ∈
C

0(G) ∩ W
◦

1
α−2(G) with u(0) = 0 and suppose u(·, ω) satis�es the boundaryand onjuntion onditions from (EVP) in the weak sense. Let βk(φ), γ(φ)be positive bounded pieewise smooth funtions. Then

(2.5)
\

Gd
0

arα−4u2 dx ≤ H(λ, n, α)
{ \

Gd
0

arα−2|∇u|2 dx

+
\

Σd
0

rα−3β(φ)u2(x) ds+
\

Γ d
0

rα−3α(x)γ(φ)u2(x) ds
}
,

H(λ, n, α) =
1

λ(λ+ n− 2) + 1
4(4 − n− α)2

, α ≤ 4 − n.

The proof is similar to that in [3, �2.5.2℄.Lemma 2.5. Let Gd
0 be a onial domain and ∇u(̺, ·) ∈ L2(Ω) a.e. ̺ ∈

(0, d). Assume that
U(̺) =

\
G̺

o

ar2−n|∇u|2 dx+
\

Σ̺
0

r1−nβ(φ)u2(x) ds(2.6)
+
\

Γ ̺
0

r1−nγ(φ)u2(x) ds <∞, ̺ ∈ (0, d).

Then \
Ω

a

(
̺u

∂u

∂r
+
n− 2

2
u2

)∣∣∣∣∣
r=̺

dΩ ≤ ̺

2λ
U ′(̺).(2.7)

Proof. Writing U(̺) in spherial oordinates,
U(̺) =

\̺
0

r2−n
(\

Ω

a|∇u|2 dΩ
)
rn−1 dr

+
\̺
0

r1−n
(\

Σ

β(φ)|u|2 dσ +
\

∂Ω

γ(φ)|u|2 dσ
)
rn−2 dr

=
\̺
0

r
\
Ω

a
(
u2

r +
1

r2
|∇φu|2

)
dΩ dr

+
\̺
0

1

r

(\
Σ

β(φ)|u|2 dσ +
\

∂Ω

γ(φ)|u|2 dσ
)
dr



454 M. Borsukand di�erentiating with respet to ̺ we obtain
U ′(̺) =

\
Ω

a

(
̺

(
∂u

∂r

)2

+
1

̺
|∇φu|2

)∣∣∣∣
r=̺

dΩ(2.8)
+

1

̺

(\
Σ

β(φ)u2(̺, φ) dσ +
\

∂Ω

γ(φ)u2(̺, φ) dσ
)
.

Moreover, by Cauhy's inequality, we have ̺u∂u
∂r ≤ ε

2u
2 + 1

2ε̺
2
(

∂u
∂r

)2 for all
ε > 0. Then\
Ω

a

(
̺u

∂u

∂r
+
n− 2

2
u2

)∣∣∣∣
r=̺

dΩ ≤ ε+ n− 2

2

\
Ω

au2 dΩ +
̺2

2ε

\
Ω

a

(
∂u

∂r

)2

dΩ.

Thus hoosing ε = λ we obtain, by the Friedrihs�Wirtinger inequality (2.3),\
Ω

a

(
̺u

∂u

∂r
+
n− 2

2
u2

)∣∣∣∣
r=̺

dΩ

≤ ε+ n− 2

2λ(λ+ n− 2)

\
Ω

a|∇φu|2 dΩ +
̺2

2ε

\
Ω

a

(
∂u

∂r

)2

dΩ

+
ε+ n− 2

2λ(λ+ n− 2)

(\
Σ

β(φ)u2(̺, φ) dσ +
\

∂Ω

γ(φ)u2(̺, φ) dσ
)

=
̺

2λ
U ′(̺).We also need the well known inequalities\

Γ

v ds ≤ C
\
G

(|v| + |∇v|) dx, ∀v ∈ W
1,1(G), ∀Γ ⊆ ∂G,(2.9) \

∂G

v2 ds ≤
\
G

(
δ|∇v|2 +

1

δ
c0v

2

)
dx, ∀v ∈ W

1,2(G), ∀δ > 0.(2.10)
2.3. Quasi-distane rε(x). Further, we de�ne a funtion rε(x) as follows.We �x Q = (−1, 0, . . . , 0) ∈ Sn−1 \ Ω and onsider the unit radius-vetor

~l = OQ = {−1, 0, . . . , 0}. We denote by ~r the radius-vetor of the point
x ∈ G and introdue the vetor ~rε = ~r − ε~l for ε > 0. Sine ε~l /∈ Gd

0 for all
ε ∈ (0, d), it follows that rε(x) = |~r − ε~l| 6= 0 for all x ∈ G. It is easy to seethat rε(x) has the following properties:1. There exists h > 0 suh that rε(x) ≥ hr and rε(x) ≥ hε for all x ∈ G,where

h =

{
1 if x1 ≥ 0,
sin(ω0/2) if x1 < 0.



Transmission problem in a onial domain 455Proof. From the de�nition of rε(x) we know that
r2ε = (x1 + ε)2 +

n∑

i=2

x2
i = (x1 + ε)2 + r2 − x2

1 = r2 + 2εx1 + ε2.If x1 ≥ 0 we obtain either r2ε ≥ r2, so rε ≥ r, or r2ε ≥ ε2, so rε ≥ ε.If x1 = r cosφ ≤ 0, φ ∈ [π/2, ω0/2], we obtain by the Cauhy inequality:either
|2εr cosφ| ≤ r2 cos2 φ+ ε2 ⇒ 2εr cosφ ≥ −r2 cos2 φ− ε2 ⇒ rε ≥ r sin(ω0/2)or
|2εr cosφ|≤ε2 cos2 φ+ r2 ⇒ 2εr cosφ≥−r2 − ε2 cos2 φ⇒ rε≥ε sin(ω0/2).2. If x ∈ Gd, then rε(x) ≥ d/2 for all ε ∈ (0, d/2),3. limε→0+ rε(x) = r for all x ∈ G.4. |∇rε|2 = 1 and ∆rε = (n− 1)/rε.Lemma 2.6. Let v ∈ C

0(G) ∩ W
1(G) with v(0) = 0 and suppose v(·, ω)satis�es the boundary and onjuntion onditions from (EVP) in the weaksense. Let β(φ), γ(φ) > 0. Then for any ε > 0,(2.11) \

Gd
0

arα−4
ε v2 dx ≤ H(λ, n, α)

{ \
Gd

0

arα−2
ε |∇v|2 dx

+
\

Σd
0

rα−3
ε β(φ)v2(x) ds+

\
Γ d

0

rα−3
ε α(x)γ(φ)v2(x) ds

}
,

where H(λ, n, α) is de�ned by (2.5).Lemma 2.7. Let v ∈ C
0(G) ∩ W

1(G) and suppose that v(·, ω) satis�esthe boundary and onjuntion onditions from (EVP) in the weak sense. Let
β(φ), γ(φ) > 0. Then for any ε > 0,
(2.12)

\
Gd

0

arα−2
ε r−2v2 dx ≤ 1

λ(λ+n−2)

{\
Gd

0

arα−2
ε |∇v|2 dx

+
\

Σd
0

r−1rα−2
ε β(φ)v2(x) ds+

\
Γ d

0

r−1rα−2
ε α(x)γ(φ)v2 ds

}
.

For the proof of these lemmas see Lemmas 2.37 and 2.32 in [3℄.2.4. The Cauhy problem for a di�erential inequalityTheorem 2.8. Let U be an inreasing , nonnegative di�erentiable fun-tion de�ned on [0, 2d] and satisfying
(CP)

{
U ′(̺) − P(̺)U(̺) + N (̺)U(2̺) + Q(̺) ≥ 0, 0 < ̺ < d,

U(d) ≤ U0,



456 M. Borsukwhere P(̺), N (̺), Q(̺) are nonnegative ontinuous funtions de�ned on
[0, 2d] and U0 is a onstant. Then

U(̺) ≤ exp
(d\̺

B(τ) dτ
){
U0 exp

(
−

d\̺
P(τ) dτ

)(2.13)
+

d\̺
Q(τ) exp

(
−

τ\̺
P(σ) dσ

)
dτ

}

with
B(̺) = N (̺) exp

(2\̺̺
P(σ) dσ

)
.(2.14)

Proof. See [3, �1.10, Theorem 1.57℄.2.5. The omparison priniple. We onsider the seond order linear de-generate operator Q of the form
(2.15) Q(u, η) ≡

\
Gd

0

{auxiηxi + (f(x) + pu(x))η(x)} dx−
\

Ωd

a
∂u

∂r
η(x) dΩd

−
\

Γ d
0

α(x)

(
g(x) − 1

r
γ(φ)u(x)

)
η(x) ds−

\
Σd

0

(
h(x) − 1

r
β(φ)u(x)

)
η(x) ds

for u ∈ C
0(Gd

0) ∩ W
◦

1
0(G

d
0) and nonnegative η ∈ C

0(Gd
0) ∩ W

◦
1
0(G

d
0).Proposition 2.9. Let β(φ), γ(φ) be positive pieewise smooth funtions ,

0 < a∗ ≤ a ≤ a∗, p ≥ 0 and d≪ 1. Let u,w ∈ C
0(Gd

0) ∩ W
◦

1
0(G

d
0) satisfy

Q(u, η) ≤ Q(w, η)(2.16)for all nonnegative η ∈ C
0(Gd

0) ∩ W
◦

1
0(G

d
0) and also

u(x) ≤ w(x), x ∈ Ωd ∪ (Γ d
0 ∩ D),(2.17)in the weak sense. Then u(x) ≤ w(x) in Gd

0.Proof. De�ne z(x) = u(x) − w(x). Then
0 ≥ Q(u, η) −Q(w, η) =

\
Gd

0

{azxiηxi + pz(x)η(x)} dx(2.18)
+
\

Γ d
0

α(x)
1

r
γ(φ)z(x)η(x) ds+

\
Σd

0

1

r
β(φ)z(x)η(x) ds

−
\

Ωd

a
∂z

∂r
η(x) dΩd



Transmission problem in a onial domain 457for all nonnegative η ∈ C
0(Gd

0) ∩W
◦

1
0(G

d
0). De�ne

(Gd
0)

+ := {x ∈ Gd
0 | u(x) > w(x)} ⊂ Gd

0,

(Σd
0)+ := {x ∈ Σd

0 | u(x) > w(x)} ⊂ Σd
0 ,

(Γ d
0 )+ := {x ∈ Γ d

0 | u(x) > w(x)} ⊂ Γ d
0 ,and assume that (Gd

0)
+ 6= ∅. As a test funtion in the integral inequality(2.18), we hoose η = max{(u − w), 0}. Then it follows from (2.17) and(2.18) that\

(Gd
0)+

(a|∇z|2 + pz2(x)) dx+
\

(Γ d
0 )+

α(x)
1

r
γ(φ)z2(x) ds+

\
(Σd

0 )+

1

r
β(φ)z2(x) ds≤0.

This implies that z(x) = 0 almost everywhere in (Gd
0)

+, ontrary to ourassumption that (Gd
0)

+ 6= ∅. Thus Proposition 2.9 is proved.3. The barrier funtion. A preliminary estimate of the modulusof the solution. Consider the linear operators Li ≡ ai∆, i = 1, . . . , N ,with the numbers (1.2).Lemma 3.1 (Existene of the barrier funtion). Fix numbers β0, γ0 >
ã tan(ω0/2), δ > 0, g0, h0 ≥ 0 and let γ(φ) ≥ γ0 on ∂G, βk(φ) ≥ β0on Σk, k = 1, . . . , N − 1. There exists m > 0, depending only on ω0, anumber κ0 ∈ (0, (δ0/ã) cot(ω0/2) − 1) (where δ0 = min(β0, γ0)), numbers
B > 0 and d ∈ (0, 1) and a funtion w ∈ C

1(G0)∩C
2(G0) that depend onlyon ω0, the elliptiity onstants a∗, a∗ of the operators Li and the quantities

γ0, β0, δ0, g0, h0, ω0 suh that for any κ ∈ (0,min(δ,κ0)) the following hold :
L[w(x)] ≤ −a∗m2|x|κ−1, x ∈ Gd

0 ∩G±;(3.1)
B[w(x)] ≥ g0|x|δ, x ∈ Γ d

0 ;(3.2)
Sk[w(x)] ≥ h0|x|δ, x ∈ Σd

k , k = 1, . . . , N − 1;(3.3)
0 ≤ w(x) ≤ c0(κ0, B, ω0)|x|κ+1, x ∈ Gd

0;(3.4)
|∇w(x)| ≤ c1(κ0, B, ω0)|x|κ, x ∈ Gd

0.(3.5)Proof. Let (x, y, x′) ∈ R
n, where x = x1, y = x2, x′ = (x3, . . . , xn). In

{x1 ≥ 0} we onsider the one K with vertex O suh that K ⊃ Gd
0 (wereall that Gd

0 ⊂ {x1 ≥ 0}). Let ∂K be the lateral surfae of K and let
∂K ∩ yOx = Γ± be x = ±my, where m = cot(ω0/2), 0 < ω0 < π, suh that
x > m|y| in the interior of K. We shall onsider the funtion
(3.6) w(x; y, x′) ≡ xκ−1(x2 −m2y2) +Bxκ+1with some κ ∈ (0, 1), B > 0.



458 M. BorsukLet us alulate the ation of Li on the funtion (3.6). For t = y/x, |t| < 1/hwe obtain Liw = −m2xκ−1ςi(κ), where ςi(κ) = ai{(κ2 − 3κ + 2)t2 + 2 −
m−2(1 +B)(κ2 + κ)}. Sine ςi(0) = 2ai(t

2 + 1) ≥ 2ai ≥ 2a∗ and sine ςi(κ)are quadrati polynomials there exists a number κ0 > 0 depending only on
a∗, a∗,m suh that ςi(κ) ≥ a∗ for κ ∈ [0,κ0]. Therefore we obtain (3.1).Now, notie that

Γ± : x = ±my, m = cot(ω0/2), 0 < ω0 < π.(3.7)Then on Γ+ :

{
x = r cos(ω0/2),

y = r sin(ω0/2),

{
∠(~n, x) = π/2 + ω0/2,

∠(~n, y) = ω0/2,
(3.8)

on Γ− :

{
x = r cos(ω0/2),

y = −r sin(ω0/2),

{
∠(~n, x) = π/2 + ω0/2,

∠(~n, y) = π + ω0/2,
(3.9)
(3.10) sin

ω0

2
=

1√
1 +m2

, cos
ω0

2
=

m√
1 +m2

.Therefore
wx = (1 + κ)xκ(1 +B) − (κ − 1)m2y2xκ−2

⇒ wx

∣∣
Γ±

= [2 +B(1 + κ)]xκ,(3.11)
wy = −2m2yxκ−1 ⇒ wy|Γ±

= ∓2mxκ.Beause of ∂w
∂~n

∣∣
Γ±

= wx cos∠(~n, x)
∣∣
Γ±

+ wy cos ∠(~n, y)
∣∣
Γ±

and (3.8)�(3.11),we get
∂w

∂~n

∣∣∣∣
Γ±

= −rκ
mκ

(1 +m2)(κ+1)/2
{2(1 +m2) +B(1 + κ)}.Hene, by (3.7) and γ(φ) ≥ γ0 > ã tan(ω0/2) on ∂G, it follows that

B[w]|Γ d
±

=
mκ

(1 +m2)(κ+1)/2
rκ{Bmγ(φ) − α(x)a(B(1 + κ) + 2(1 +m2))}

≥ mκ

(1 +m2)(κ+1)/2
rκ{Bmγ0 −Ba∗(1 + κ) − 2a∗(1 +m2)}.Sine m > a∗/γ0 and κ0 < mγ0/a

∗ − 1, for κ ≤ κ0 we obtain
B[w]|Γ d

±
≥ mκ0rκ

(1 +m2)(κ0+1)/2
{B(mγ0 − a∗ − a∗κ0) − 2a∗(1 +m2)}(3.12)

≥ g0r
δ, r ∈ (0, d),if we hoose κ ≤ δ, so rκ ≥ rδ, and

B ≥
{
g0(1 +m2)(κ0+1)/2

mκ0
+ 2a∗(1 +m2)

}
· 1

mγ0 − a∗(1 + κ0)
.(3.13)Thus, (3.2) is proved.



Transmission problem in a onial domain 459Now we prove (3.3). First, on Σk we have x = r cos(ω0/2 − θk), y =
r sin(ω0/2 − θk), so y = mkx, where mk = tan(ω0/2 − θk). Therefore
w|Σk

= (B + 1 −m2m2
k)x

1+κ = (B + 1 −m2m2
k)r

1+κ cos1+κ(ω0/2 − θk)

=
B + 1 −m2m2

k

(1 +m2
k)

(1+κ)/2
r1+κ.Further,

cos(~nk, x) = cos(π/2 − ω0/2 + θk) = sin(ω0/2 − θk) =
mk√

1 +m2
k

,

cos(~nk, y) = cos(π − ω0/2 + θk) = − cos(ω0/2 − θk) = − 1√
1 +m2

kon Σk, k = 1, . . . , N − 1, and in virtue of
wx|Σk

=
(1 + κ)(1 +B) + (1 − κ)m2m2

k

(1 +m2
k)

κ/2
·rκ, wy|Σk

= − 2m2m2
k

(1 +m2
k)

κ/2
·rκ,we obtain

∂w

∂nk

∣∣∣∣
Σk

= mk · (1 + κ)(1 +B) + (1 − κ)m2m2
k + 2m2

(1 +m2
k)

(1+κ)/2
· rκ.Thus,

Sk[w] =

βk(φ)(B+1−m2m2
k)+mk[a]Σk

{(1+κ)(1+B)+(1−κ)m2m2
k+2m2}

(1+m2
k)

(1+κ)/2
· rκ.Sine 0 < ω1 ≤ θk < ω0 for all k = 1, . . . , N−1, we have |mk| < tan(ω0/2) =

1/m for all k = 1, . . . , N − 1. Now, as βk(φ) ≥ β0 > ã tan(ω0/2) on Σk,
k = 1, . . . , N − 1, and κ0 < mβ0/a0 − 1, for κ ≤ κ0 we get

Sk[w] ≥ {β0Bm−a0((1+κ0)B+2(1+m2))} mκ0

(1 +m2)(1+κ0)/2
· rκ(3.14)

≥ rδ ·h0,if we hoose κ ≤ δ, so rκ ≥ rδ, and
B ≥

{
h0(1 +m2)(κ0+1)/2

mκ0
+ 2a0(1 +m2)

}
· 1

mβ0 − a0(1 + κ0)
.(3.15)Thus, (3.3) is proved.Now we show (3.4). Let us rewrite the funtion (3.6) in spherial oordi-nates. Realling that h = cot(ω0/2), we obtain
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w(x; y, x′) = (1 +B)(r cosφ)1+κ − h2r2 sin2 φ(r cosφ)κ−1

= r1+κ cosκ−1 φ

(
B cos2 φ+

χ(φ)

sin2(ω0/2)

)
, ∀φ ∈ [−ω0/2, ω0/2],where χ(φ) = sin(ω0/2 − φ) · sin(ω0/2 + φ). We �nd that χ′(φ) = − sin 2φand χ′(φ) = 0 for φ = 0. Now we see that χ′′(0) = −2 cos 0 = −2 < 0. Inthis way we have

max
φ∈[−ω0/2,ω0/2]

χ(φ) = χ(0) = sin2(ω0/2)and therefore
w(x; y, x′) ≤ r1+κ cosκ−1 φ (B cos2 φ+ 1) ≤ r1+κ cosκ+1 φ

(
B +

1

cos2 φ

)

≤ r1+κ0

(
B +

1

cos2(ω0/2)

)
.Hene (3.4) follows. Finally, (3.5) follows in the same way, in virtue of(3.11).Now we an estimate |u(x)| for u satisfying (L) in the neighborhood ofthe onial point.Theorem 3.2. Let u be a weak solution of problem (L) and let u sat-isfy assumptions (a)�(). Then there exist numbers d ∈ (0, 1) and κ > 0depending only on a∗, n, ω0, f0, h0, g0, β0, γ0, s and the domain G suh that

|u(x) − u(0)| ≤ C0|x|κ+1, x ∈ Gd
0,(3.16)where the positive onstant C0 depends only on a∗, n, ω0, f0, h0, g0, β0, γ0,

s, M0 and the domain G, and does not depend on u.Proof. Without loss of generality we may suppose that u(0) ≥ 0. Con-sider the barrier funtion w de�ned by (3.6) with κ ∈ (0,κ0) and the funtion
v(x) = u(x) − u(0). For these, we shall verify Proposition 2.9. Let us alu-late the ation of Q on these funtions. Beause of the de�nition (2.15) andby integration by parts, we have
Q(Aw, η) ≡

\
Gd

0

{Aawxiηxi + (f(x) +Apw(x))η(x)} dx−
\

Ωd

Aa
∂w

∂r
η(x) dΩd

−
\

Γ d
0

α(x)

(
g(x) − 1

r
γ(φ)Aw(x)

)
η(x) ds

−
\

Σd
0

(
h(x) − 1

r
β(φ)Aw(x)

)
η(x) ds
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=
\

Gd
0

(f(x) +Apw(x) −Aa∆w)η(x) dx

+
\

Γ d
0

(B[Aw] − g(x))η(x) ds+
\

Σd
0

(S[Aw] − h(x))η(x) ds

with any A > 0. Hene, by Lemma 3.1 and onditions (b), () we obtain
Q(Aw, η) ≥

\
Gd

0

{f(x) +Aa∗m
2rκ−1}η(x) dx(3.17)

+
\

Γ d
0

(Ag0r
δ − g(x))η(x) ds+

\
Σd

0

(Ah0r
δ − h(x))η(x) ds

≥
\

Gd
0

rκ−1{Aa∗m2 − f0r
β+1−κ}η(x) dx

+ g0
\

Γ d
0

(Arδ − rs−1)η(x) ds+ h0

\
Σd

0

(Arδ − rs−1)η(x) ds

≥ 0beause of 0 < κ < κ0, if κ0, δ, A are hosen suh that
κ0 ≤ β + 1, δ ≤ s− 1, A ≥ max

{
1,

f0

a∗m2

}
.(3.18)On the other hand,

Q(v, η) ≡ −
\

Gd
0

pu(0)η(x) dx−
\

Γ d
0

γ(ω)

r
u(0)η(x) ds−

\
Σd

0

σ(ω)

r
u(0)η(x) ds≤0

and thus
Q(v, η) ≤ Q(Aw, η)(3.19)for all nonnegative η ∈ C

0(Gd
0) ∩W

◦
1
0(G

d
0).Now we ompare v(x) and w(x) on Ωd. Sine x2 ≥ h2y2 in K, from (3.6)we have

w(x)|r=d ≥ Bd1+κ cosκ+1(ω0/2).(3.20)On the other hand,
v(x)|Ωd

= (u(x) − u(0))|Ωd
≤M0(3.21)and therefore from (3.20)�(3.21) we obtain

Aw(x)|Ωd
≥ ABd1+κ cosκ+1(ω0/2) ≥ ABd1+κ

m1+κ0

(1 +m2)(1+κ0)/2
≥M0

≥ v|Ωd
,



462 M. Borsukif we hoose A possibly greater:
A ≥ M0(1 +m2)(1+κ0)/2

B(md)1+κ0
,(3.22)where B satis�es inequalities (3.13) and (3.15).Finally, if Γ d

0 ∩D 6= ∅ and u(x) = g(x), x ∈ Γ d
0 ∩D, where |g(x)| ≤ g0|x|s,then

v(x) = u(x) − u(0) ≤ u(x) = g(x) ≤ g0|x|s, x ∈ Γ d
0 ∩ D;

Aw|Γ d
0 ∩D = ABr1+κ cosκ+1 ω0

2
≥ ABr1+κ

m1+κ0

(1 +m2)(1+κ0)/2
≥ g0r

s

≥ v|Γ d
0 ∩D,if κ0 ≤ s− 1 and if we inrease A:

A ≥ (1 +m2)(1+κ0)/2

Bm1+κ0
g0,(3.23)where B satis�es inequalities (3.13) and (3.15). Thus, if we hoose largenumbers B > 0, A ≥ 1 aording to (3.13), (3.15), (3.18), (3.22), (3.23) weensure the validity of Proposition 2.9.Therefore, by that proposition,

u(x) − u(0) ≤ Aw(x), x ∈ Gd
0.(3.24)Similarly, we derive the estimate u(x) − u(0) ≥ −Aw(x), if we onsider anauxiliary funtion v(x) = u(0) − u(x). Our theorem is thus proved in virtueof (3.4).Now we will estimate the modulus of the gradient of the solution ofproblem (L) near a onial point.Theorem 3.3. Let u be a weak solution of problem (L), and suppose thatassumptions (b)�() are satis�ed. Let κ > 0 be de�ned by Lemma 3.1 with

κ0 ≤ β + 1. Then there exists a number d > 0 suh that
|∇u(x)| < C1|x|κ, x ∈ Gd

0,(3.25)where the onstant C1 does not depend on u, but depends only on a∗, a∗, n,
ω0, f0, h0, g0, β0, γ0, s, M0 and the domain G.Proof. Consider the set G̺

̺/2 ⊂ G, 0 < ̺ < d. We make the transforma-tion x = ̺x′, v(x′) = ̺−1−κu(̺x′). The funtion v(x′) satis�es
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(L′)





ai∆
′vi + pi̺

2vi(x
′) = ̺1−κfi(̺x

′), x′ ∈ (Gi)
1
1/2, i = 1, . . . , N ;

[v(x′)](Σk)1
1/2

= 0, k = 1, . . . , N − 1;
[
a
∂v

∂n′k

]

(Σk)1
1/2

+
1

|x′| βk(φ)v(x′) = ̺−κhk(̺x
′),

x′ ∈ (Σk)
1
1/2, k = 1, . . . , N − 1;

α(x′) · a ∂v
∂n′

+
1

|x′| γ(φ)v(x′) = ̺−κg(̺x′), x′ ∈ Γ 1
1/2.Now we apply [10, Theorem 16.2, Chapter III℄ to get

max
x′∈G1

1/2

|∇′v(x′)| ≤M ′
1.(3.26)Returning to the variable x and the funtion u we obtain, from (3.26),

|∇u(x)| ≤M1̺
κ, x ∈ G̺

̺/2, 0 < ̺ < d.Putting now |x| = 2
3̺ we obtain the desired estimate (3.25).Corollary 3.4. Let u be a weak solution of problem (L) and supposethat the assumptions of Theorem 3.3 are satis�ed. Then u(0) = 0 and there-fore the inequality (3.16) takes the form

|u(x)| ≤ C0|x|κ+1, x ∈ Gd
0.(3.27)Proof. From the boundary ondition it follows that

γ(φ)u(x) = |x|g(x) − α(x) · a|x| ∂u
∂n
, x ∈ ∂G \ O.By the assumption (b)�() and the estimate (3.25), we obtain

γ0|u(x)| ≤ γ(φ)|u(x)| ≤ |x| |g(x)|+ a∗|x| |∇u| ≤ g0|x|s + C1a
∗|x|κ+1.By letting |x| tend to 0 we dedue, beause of the ontinuity of u, that

γ0|u(0)| ≤ 0 and taking into aount γ0 > 0, we �nd u(0) = 0.4. Loal estimate at the boundary. We now derive the loal bound-edness (near the onial point) of a weak solution of (L) in ase D = ∅.Theorem 4.1. Let u be a weak solution of (L). Let assumptions (a)�()be satis�ed. Suppose, in addition, that h ∈ L∞(Σ0) and g ∈ L∞(∂G). Then
sup
Gκ̺

0

|u(x)| ≤ C

(1 − κ)n/t
{̺−n/t‖u‖t,G̺

0
+ ̺2(1−n/q)‖f‖q/2,G̺

0
(4.1)

+ ̺(‖g‖∞,Γ ̺
0

+ ‖h‖∞,Σ̺
0
)}for any t > 0, κ ∈ (0, 1) and ̺ ∈ (0, d), where C = C(n, a∗, a∗, t, q, G).



464 M. BorsukProof. We an assume without loss of generality that u ≥ 0 and n ≥ 3(for the general ase see [7, �8.6℄ or [4, �1, Chapter 4℄). We apply the Moseriteration method.First we assume that t ≥ 2. We onsider the integral identity (II) andmake the oordinate transformation x = ̺x′. Let G′ be the image of G, ∂G′be the image of ∂G, and Σ′
k be the images of Σk, k = 1, . . . , N − 1. We have

dx = ̺ndx′ and ds = ̺n−1ds′. In addition, we de�ne
(4.2)

v(x′) = u(̺x′), F(x′) = ̺2f(̺x′),

G(x′) = ̺g(̺x′), H(x′) = ̺h(̺x′).Then (II) means
(II)′

\
G′

{avx′
j
ηx′

j
+ p̺2v(x′)η(x′)} dx′ + ̺

\
Σ′

1

|x′| β(φ)v(x′)η(x′) ds′

+ ̺
\

∂G′

1

|x′| γ(φ)v(x′)η(x′) ds′

=
\

∂G′

G(x′)η(x′) ds′ +
\

Σ′
0

H(x′)η(x′) ds′ −
\

G′

F(x′)η(x′) dx′

for all η ∈ C
0(G′) ∩ W

◦
1
0(G

′). Now de�ne
k = k(̺) = a−1

∗ (‖F‖q/2,G1
0
+ ‖G‖∞,Γ 1

0
+ ‖H‖∞,Σ1

0
)(4.3)and set

v(x′) = v(x′) + k.(4.4)Observe that
(4.5)

|F|v =
1

k
|F| · kv =

1

k
|F|(v − v) · v

=
1

k
|F| · v2 − 1

k
|F| · vv ≤ 1

k
|F| · v2;

|H|v ≤ 1

k
|H| · v2; |G|v ≤ 1

k
|G| · v2in the same way. As a test funtion in the integral identity (II)′ we hoose

η(x′) = ζ2(|x′|)vt−1(x′),where ζ(|x′|) ∈ C
∞
0 ([0, 1]) is a nonnegative funtion to be further spei�ed.By the hain and produt rules, v is indeed a test funtion in (II)′ and also

ηx′
i
= (t− 1)vt−2vx′

i
ζ2(|x′|) + 2ζζx′

i
vt−1(x′),



Transmission problem in a onial domain 465so that by substitution into (II)′, sine p ≥ 0 we obtain
(t− 1)

\
G1

0

a|∇′v|2vt−2ζ2(|x′|) dx′ + ̺
\

Σ1
0

1

|x′| β(φ)(v(x′)− k)vt−1(x′)ζ2(|x′|) ds′

+ ̺
\

Γ 1
0

1

|x′| γ(φ)(v(x′) − k)vt−1(x′)ζ2(|x′|) ds′

≤ − 2
\

G1
0

a(̺x′)ζx′
j
vx′

j
vt−1ζ(|x′|) dx′ +

\
Γ 1

0

G(x′)vt−1(x′)ζ2(|x′|) ds′

+
\

Σ1
0

H(x′)vt−1(x′)ζ2(|x′|) ds′ −
\

G1
0

F(x′)vt−1(x′)ζ2(x′) dx′.

By () and (4.5), it follows that
(4.6) (t− 1)

\
G1

0

a|∇′v|2 · vt−2ζ2(|x′|) dx′

≤
\

G1
0

(
2a∗|∇′v| · |∇′ζ| · vt−1ζ(|x′|) +

1

k
|F(x′)| · vtζ2(|x′|)

)
dx′

+
1

k
‖G‖∞,Γ 1

0
·
\

Γ 1
0

vt(x′)ζ2(|x′|) ds′ + 1

k
‖H‖∞,Σ1

0
·
\

Σ1
0

vt(x′)ζ2(|x′|) ds′.

By the Cauhy inequality, for any ε > 0,
2a∗|∇′v| · |∇′ζ| · vt−1ζ ≤ 2(

√
a|∇′v| · vt/2−1ζ) ·

(
a∗√
a∗
vt/2|∇′ζ|

)

≤ εa|∇′v|2 · vt−2ζ2 +
(a∗)2

εa∗
vt|∇′ζ|2.To estimate the boundary integrals we apply the inequality (2.10). Thenfrom (4.6) it follows that

(4.7) (t− 1)
\

G1
0

a|∇′v|2 · vt−2ζ2(|x′|) dx′ ≤ ε
\

G1
0

a|∇′v|2 · vt−2ζ2(|x′|) dx′

+
\

G1
0

(
(a∗)2

εa∗
vt · |∇′ζ|2 +

1

k
|F(x′)| · vtζ2(|x′|)

)
dx′

+
1

k
(‖G‖∞,Γ 1

0
+ ‖H‖∞,Σ1

0
) ·
\

G1
0

(
δ|∇′(ζvt/2)|2 +

1

δ
c0v

tζ2

)
dx′, ∀ε, δ > 0.
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(4.8)

|∇′(ζvt/2)|2 ≤ 2(ζ2|∇′(vt/2)|2 + vt|∇′ζ|2),

|∇′(vt/2)|2 =
t2

4
vt−2|∇′v|2it follows that

|∇′(ζvt/2)|2 ≤ t2

2
vt−2|∇′v|2ζ2 + 2vt|∇′ζ|2.(4.9)Now, by (4.7), (4.9), hoosing ε = t−1

2 we �nd that
(4.10)

t− 1

2

\
G1

0

a|∇′v|2 · vt−2ζ2(|x′|) dx′

≤ δt2

2a∗
·
‖G‖∞,Γ 1

0
+ ‖H‖∞,Σ1

0

k
·
\

G1
0

a|∇′v|2 · vt−2ζ2(|x′|) dx′

+
1

k

\
G1

0

{
|F(x′)| + c0

δ
(‖G‖∞,Γ 1

0
+ ‖H‖∞,Σ1

0
)

}
· vtζ2(|x′|) dx′

+
\

G1
0

{
2(a∗)2

(t− 1)a∗
+

2δ

k
(‖G‖∞,Γ 1

0
+ ‖H‖∞,Σ1

0
)

}
vt · |∇′ζ|2 dx′, ∀δ∈(0, 1].

We now hoose δ = t−1
2t2

; by the de�nition of k in (4.3) the last inequality(4.10) may be rewritten as\
G1

0

a|∇′v|2 · vt−2ζ2(|x′|) dx′ ≤
(

8(a∗)2

a∗(t− 1)2
+

4a∗
t2

)
·
\

G1
0

|∇′ζ|2vt(x′) dx′

+
4

t− 1

\
G1

0

(
2a∗c0t2

t− 1
+

|F(x′)|
k

)
· vtζ2(|x′|) dx′.

But, by (4.8), this means that
(4.11)

\
G1

0

a|∇′(vt/2)|2ζ2(|x′|) dx′ ≤
(

2t2(a∗)2

a∗(t− 1)2
+ a∗

)
·
\

G1
0

|∇′ζ|2vt(x′) dx′

+
t2

t− 1

\
G1

0

(
2a∗c0t2

t− 1
+

|F(x′)|
k

)
· vtζ2(|x′|) dx′.

Further, as t ≥ 2 we have
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2c0a∗

t2

(t− 1)2
= 2c0a∗

(
1 +

2

t− 1
+

1

(t− 1)2

)
≤ 8c0a∗;

2(a∗)2t2

a∗(t− 1)2
≤ 8(a∗)2

a∗
.Therefore the inequality (4.11) an be rewritten as\

G1
0

a|∇′(vt/2)|2ζ2(|x′|) dx′ ≤ C1(1 + t)2
\

G1
0

a(|∇′ζ|2 + ζ2(|x′|))vt dx′(4.12)
+ C2(1 + t)2

\
G1

0

|F(x′)|
k

· avtζ2(|x′|) dx′,

where the onstants C1, C2 depend only on c0, a∗, a∗ and are independentof t. Setting
w(x′) =

√
a · vt/2(x′)(4.13)from (4.12) we obtain\

G1
0

|∇′w|2ζ2(|x′|) dx′ ≤ C1(1 + t)2
\

G1
0

(|∇′ζ|2 + ζ2(|x′|))w2(x′) dx′(4.14)
+ C2(1 + t)2

\
G1

0

|F(x′)|
k

· w2(x′)ζ2(|x′|) dx′.

The desired iteration proess an now be ontinued from (4.14). By theSobolev imbedding theorem we have
‖ζw‖2

2n
n−2

,G1
0
≤ C∗

\
G1

0

(|∇′ζ|2w2(x′) + ζ2(|x′|)|∇′w|2) dx′, n ≥ 3,(4.15)
where C∗ depends only on n and the domain G. Using the Hölder inequality\

G1
0

|F (x′)| · w2(x′)ζ2(x′) dx′ ≤ ‖F‖q/2,G1
0
· ‖wζ‖2

2q
q−2

,G1
0
, q > 2,(4.16)

we get from (4.14)�(4.16)
‖ζw‖2

2n
n−2

,G1
0
≤ C3(1 + t)2

\
G1

0

(|∇′ζ|2 + ζ2(|x′|))w2(x′) dx′(4.17)
+ C4(1 + t)2

∥∥∥∥
|F(x′)|
k

∥∥∥∥
q/2,G1

0

· ‖wζ‖2
2q

q−2
,G1

0
, q > n.By the interpolation inequality for Lq norms,

‖ζw‖ 2q
q−2

,G1
0
≤ ε‖ζw‖ 2n

n−2
,G1

0
+ ε

n
n−q ‖ζw‖2,G1

0
, q > n, ∀ε > 0,(4.18)from (4.17)�(4.18) it follows that
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‖ζw‖ 2n

n−2
,G1

0
≤ (1 + t)

√
C3 · ‖(ζ + |∇′ζ|)w‖2,G1

0
(4.19)

+ (1 + t)
√
C4

∥∥∥∥
|F(x′)|
k

∥∥∥∥
1/2

q/2,G1
0

× (ε‖wζ‖2
2n

n−2
,G1

0
+ ε

n
n−q ‖ζw‖2,G1

0
), q > n, ∀ε > 0.Choosing ε = 1

2
√

C4
(1 + t)−1

∥∥ |F(x′)|
k

∥∥−1/2

q/2,G1
0
we obtain

‖ζw‖ 2n
n−2

,G1
0
≤ C(1 + t)

q
q−n ‖(ζ + |∇′ζ|)w‖2,G1

0
, q > n ≥ 3,(4.20)where C depends only on c0, n, a∗, a∗, q, diamG, and is independent of t.Realling the de�nition (4.13) of w and taking into aount that t ≥ 2 from(4.20) we �nally establish the inequality

‖ζ · vt/2‖ 2n
n−2

,G1
0
≤ Ct

q
q−n ‖(ζ + |∇′ζ|) · vt/2‖2,G1

0
, q > n ≥ 3.(4.21)This inequality an now be iterated to yield the desired estimate.For all κ ∈ (0, 1) we de�ne G′

(j) ≡ G
κ+(1−κ)2−j

0 , j = 0, 1, 2, . . . . It is easyto verify that Gκ

0 ≡ G′
(∞) ⊂ · · · ⊂ G′

(j+1) ⊂ G′
(j) ⊂ · · · ⊂ G′

(0) ≡ G1
0. Nowwe onsider a sequene of ut-o� funtions ζj ∈ C

∞(G′
(j)) suh that

0≤ζj(x′)≤1, ζj(x
′) ≡ 1 in G′

(j+1), ζj(x
′) ≡ 0 for |x′|>κ + 2−j(1−κ);

|∇′ζj | ≤
2j+1

1 − κ
for κ + 2−j−1(1 − κ) < |x′| < κ + 2−j(1 − κ).We also de�ne the number sequene tj = t

(
n

n−2

)j , j = 0, 1, 2, . . . . Now werewrite the inequality (4.21) replaing ζ(|x′|) by ζj(x
′) and t by tj; thentaking the tjth roots, we obtain

‖v‖tj+1,G′

(j+1)
≤

(
C

1 − κ

)2/tj

· 4j/tj · (tj)
2q

q−n
· 1
tj ‖v‖tj ,G′

(j)
.After iteration, we �nd that

‖v‖tj+1,G′

(j+1)
≤

{
Ct

1
q−1

1 − κ
·
(

n

n− 2

) q
q−n

}2
∑

∞

j=0 1/tj(4.22)
× 4

∑
∞

j=0 j/tj · ‖v‖t,G1
0
.Notie that the series ∑∞

j=0 j/tj is onvergent by the d'Alembert ratio test,and ∑∞
j=0 1/tj = n/2t is a geometri series. Therefore from (4.22) we get

‖v‖tj+1,G′

(j+1)
≤ C

(1 − κ)n/t
‖v‖t,G1

0
.
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sup

x′∈Gκ

0

|v(x′)| ≤ C

(1 − κ)n/t
‖v‖t,G1

0
.Hene, by the de�nition (4.4) of v(x′) and (4.3) of k, we obtain

sup
x′∈Gκ

0

v(x′) ≤ C

(1 − κ)n/t
(‖v‖t,G1

0
+ ‖F‖q/2,G1

0
+ ‖G‖∞,Γ 1

0
+ ‖H‖∞,Σ1

0
).Returning to the variables x, u via (4.2) and onsidering the similar inequal-ity with u replaed by −u, we obtain the required estimate (4.1) in the ase

t ≥ 2.Let now 0 < t < 2. We onsider (4.1) with t = 2:
sup

x∈Gκ̺
0

|u(x)| ≤ C

[(1 − κ)̺]n/2
‖u‖2,G̺

0
+K(̺),(4.23)where

K(̺) =
C

(1 − κ)n/2
{̺2(1−n/q)‖f‖q/2,G̺

0
+ ̺(‖g‖∞,Γ ̺

0
+ ‖h‖∞,Σ̺

0
)}.Now, using the Young inequality with s = 2

t and s′ = 2
2−t we an write

C

[(1 − κ)̺]n/2
‖u‖2,G̺

0
=

C

[(1 − κ)̺]n/2

( \
G̺

0

ut · u2−t dx
)1/2(4.24)

≤ (sup
G̺

0

|u(x)|)1−t/2 · C

[(1 − κ)̺]n/2
‖u‖t/2

t,G̺
0

≤ 1

2
sup
G̺

0

|u(x)| + C1

[(1 − κ)̺]n/t
‖u‖t,G̺

0
.De�ne ψ(s) = supx∈Gs

0
|u(x)|. Then from (4.23)�(4.24) it follows that

ψ(κ̺) ≤ 1

2
ψ(̺) +

C1

[(1 − κ)̺]n/t
‖u‖t,G̺

0
+K(̺), κ ∈ (0, 1).(4.25)Further we apply the following statement:Proposition 4.2 (see [4, Lemma 4.1 in Chapter 2℄). Let ψ be a boundednonnegative funtion de�ned on [0, ̺]. Suppose that

ψ(σ) ≤ δψ(s) +
A

(s− σ)α
+Bfor any 0 ≤ σ < s ≤ ̺, where δ ∈ (0, 1), and A, B and α are nonnegativeonstants. Then

ψ(r) ≤ C

[
A

(R− r)α
+B

]
, 0 ≤ r < R ≤ ̺,(4.26)where C depends only on α, δ.



470 M. BorsukBy this proposition, letting r = κ̺, R = ̺, δ = 1/2, α = n/t, A =
C1‖u‖t,G̺

0
, B = K(̺) from (4.25) we obtain the validity of the requiredestimate (4.1) in the ase 0 < t < 2.The proof of Theorem 4.1 is omplete.5. Global integral estimates. First we will obtain a global estimatefor the Dirihlet integral.Theorem 5.1. Let u be a weak solution of problem (L). Let assumptions(a)�() be satis�ed. Suppose, in addition, that D = ∅. Then

(5.1)
\
G

a|∇u|2 dx+
\
Σ

β(φ)

r
u2(x) ds+

\
∂G

γ(φ)

r
u2(x) ds

≤ C

{\
G

(u2(x) + f2(x)) dx+
1

β0

\
Σ

rh2(x) ds+
1

γ0

\
∂G

rg2(x) ds

}
,

where the onstant C depends only on p∗.Proof. Setting in (II) η(x) = u(x) and using the lassial Hölder in-equality, by assumptions (a), (), we get
(5.2)

\
G

a|∇u|2 dx+
\
Σ

β(φ)

r
u2(x) ds+

\
∂G

γ(φ)

r
u2(x) ds

≤ p∗
\
G

u2(x) dx+
\
Σ

|u| |h(x)| ds+
\

∂G

|u| |g(x)| ds+
\

∂G

|u| |f(x)| dx.

By the Cauhy inequality, in view of (), we obtain\
Σ

|u| |h(x)| ds =
\
Σ

(√
β(φ)

r
|u|

)(√
r

β(φ)
|h(x)|

)
ds

≤ 1

2

\
Σ

β(φ)

r
u2(x) ds+

1

2β0

\
Σ

rh2(x) ds;\
∂G

|u| |g(x)| ds =
\

∂G

(√
γ(φ)

r
|u|

)(√
r

γ(φ)
|g(x)|

)
ds

≤ 1

2

\
∂G

γ(φ)

r
u2(x) ds+

1

2γ0

\
∂G

rg2(x) ds;\
∂G

|u| |f(x)| dx ≤ 1

2

\
∂G

|u|2 dx+
1

2

\
∂G

|f |2 dx.

Hene we get the desired inequality (5.1).



Transmission problem in a onial domain 471Further, we will obtain a global estimate for the weighted Dirihlet inte-gral.Theorem 5.2. Let u be a weak solution of problem (L) and let λ be asin (1.3), and κ0 be as in Lemma 3.1. Let assumptions (a)�() be satis�ed.Suppose, in addition, that λ>1 and 0<κ≤min(s− 1,κ0, λ− 1) as well as
f ∈ W

◦ 0
α(G),

\
Σ

rα−1h2(x) ds <∞,
\

∂G

rα−1g2(x) ds <∞,

where
2 − n− 2κ < α ≤ 2.(5.3)Then u ∈ W

◦
1
α−2(G) and

(5.4)
\
G

a(rα−2|∇u|2 + rα−4u2) dx+
\
Σ

rα−3β(φ)u2(x) ds

+
\

∂G

α(x)rα−3γ(φ)u2(x) ds

≤ C
{\

G

(u2 + (1 + rα)f2(x)) dx+
\
Σ

rα−1h2(x) ds+
\

∂G

α(x)rα−1g2(x) ds
}
,

where the onstant C > 0 depends only on q, n, a∗, a∗, α, λ and the domain G.Proof. Setting in (II) η(x) = rα−2
ε u(x), sine ηxi = rα−2

ε uxi + (α − 2)
· rα−3

ε
xi−εli

rε
u(x) we obtain

(5.5)
\
G

arα−2
ε |∇u|2 dx+

\
Σ

r−1rα−2
ε β(φ)u2(x) ds+

\
∂G

α(x)r−1rα−2
ε γ(φ)u2(x) ds

=
2 − α

2

\
G

arα−4
ε (xj − εlj)(u

2)xj dx−
\
G

(pu(x) + f(x))rα−2
ε u(x) dx

+
\
Σ

rα−2
ε u(x)h(x) ds+

\
∂G

α(x)rα−2
ε u(x)g(x) ds.

We transform the �rst integral on the right by integrating by parts:
(5.6)

\
G

arα−4
ε (xj − εlj)

∂u2

∂xj
dx =

N∑

i=1

\
Gi

air
α−4
ε (xj − εlj)

∂u2
i

∂xj
dx

= −
\
G

au2 ∂

∂xi
(rα−4

ε (xi − εli)) dx+
N∑

i=1

\
∂Gi

aiu
2
i r

α−4
ε (xj − εlj) cos(~n, xj) ds
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= −

\
G

au2 ∂

∂xi
(rα−4

ε (xi − εli)) dx+
\

∂G

au2rα−4
ε (xi − εli) cos(~n, xi) ds

+
N−1∑

k=1

[a]Σk

\
Σk

u2rα−4
ε (xi − εli) cos(~nk, xi) ds,

beause of [u]Σk
= 0, k = 1, . . . , N − 1. By elementary alulation we have:(1) ∂

∂xi
(rα−4

ε (xi − εli)) = nrα−4
ε + (α − 4)(xi − εli)r

α−5
ε

xi − εli
rε

=

(n+ α− 4)rα−4
ε ;(2) by (2.1), (xi−εli) cos(~nk, xi)|Σk

= ε cos(~nk, x1)|Σk
= ε sin(ω0/2−θk),

k = 1, . . . , N − 1;(3) from the representation ∂G = Γ d
0 ∪ Γd and by (2.1), we obtain

(xi − εli) cos(~n, xi)|Γ d
0

= −ε sin(ω0/2), so\
∂G

au2rα−4
ε (xi − εli) cos(~n, xi) ds

=
\

Γd

au2rα−4
ε (xi − εli) cos(~n, xi) ds− ε sin

ω0

2

\
Γ d

0

au2rα−4
ε ds.

Hene and from (5.6) it follows that
(5.7)

2 − α

2

\
G

arα−4
ε (xi − εli)

∂u2

∂xi
dx

=
(2 − α)(4 − n− α)

2

\
G

arα−4
ε u2 dx− ε

2 − α

2
sin(ω0/2)

\
Γ d

0

au2rα−4
ε ds

+
2 − α

2

\
Γd

au2rα−4
ε (xi − εli) cos(~n, xi) ds

+ ε

N−1∑

k=1

[a]Σk

\
Σk

u2rα−4
ε sin(ω0/2 − θk) ds.

From (5.5), (5.7) we obtain
(5.8)

\
G

arα−2
ε |∇u|2 dx+

\
Σ

r−1rα−2
ε β(φ)u2(x) ds+

\
∂G

α(x)r−1rα−2
ε γ(φ)u2(x) ds

+ ε
2 − α

2
sin

ω0

2

\
Γ d

0

au2rα−4
ε ds =

(2 − α)(4 − n− α)

2

\
G

arα−4
ε u2 dx
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+

2 − α

2

\
Γd

au2rα−4
ε (xi − εli) cos(~n, xi) ds

+ ε

N−1∑

k=1

[a]Σk

\
Σk

u2rα−4
ε sin(ω0/2 − θk) ds−

\
G

(pu(x) + f(x))rα−2
ε u(x) dx

+
\
Σ

rα−2
ε u(x)h(x) ds+

\
∂G

α(x)rα−2
ε u(x)g(x) ds.

Now we estimate the integral over Γd. Beause on Γd, rε ≥ hr ≥ hd, so
(α − 3) ln rε ≤ (α − 3) ln(hd), sine α ≤ 2 we have rα−3

ε |Γd
≤ (hd)α−3 andtherefore

(5.9)
2 − α

2

\
Γd

au2rα−4
ε (xi − εli) cos(~n, xi) ds

≤ 2 − α

2

\
Γd

arα−3
ε u2 ds ≤ 2 − α

2
(hd)α−3

\
Γd

au2 ds

≤ cδ
\

Gd

u2 dx+ δ
\

Gd

|∇u|2 dx, ∀δ > 0,

by (2.10).Further, by the Cauhy inequality and beause of γ(φ) ≥ γ0 > 0,
ug =

(
r1/2 1√

γ(φ)
|g|

)
(r−1/2

√
γ(φ)|u|)

≤ δ1
2
r−1γ(φ)u2 +

1

2δ1γ0
rg2(x), ∀δ1 > 0;taking into aount property (1) of rε we obtain\

∂G

rα−2
ε |u| |g| ds ≤ δ1

2

\
∂G

rα−2
ε

1

r
γ(φ)u2 ds(5.10)

+
1

2δ1γ0

\
∂G

rα−1g2(x) ds, ∀δ1 > 0.

Similarly, beause of β(φ) ≥ β0 > 0,\
Σ

rα−2
ε |u| |h(x)| ds ≤ δ1

2

\
Σ

rα−2
ε

1

r
β(φ)u2 ds(5.11)

+
1

2δ1β0

\
Σ0

rα−1h2(x) ds, ∀δ1 > 0,
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G

rα−2
ε uf(x) dx ≤ δ

2

\
G

ar−2rα−2
ε u2 dx(5.12)

+
1

2a∗δ

\
G

rαf2(x) dx, ∀δ > 0.

Now we use the representation G = Gd
0 ∪Gd. Then\

G

prα−2
ε u2(x) dx =

\
Gd

0

prα−2
ε u2(x) dx+

\
Gd

prα−2
ε u2(x) dx.

Therefore \
Gd

0

prα−2
ε u2(x) dx =

\
Gd

0

ar−2rα−2
ε u2(x) · pr

2

a
dx(5.13)

≤ p∗

a∗
d2
\

Gd
0

ar−2rα−2
ε u2(x) dx

as well as, in view of property (2) of rε(x),\
Gd

prα−2
ε u2(x) dx ≤ p∗(d/2)α−2

\
G

u2(x) dx.(5.14)
Finally, we estimate the integral ε∑N−1

k=1 [a]Σk

T
Σk
u2rα−4

ε sin(ω0/2 − θk) ds.First, by (1.2), we get
ε

N−1∑

k=1

[a]Σk

\
Σk

u2rα−4
ε sin(ω0/2 − θk) ds ≤ a0ε

N−1∑

k=1

\
Σk

u2rα−4
ε ds(5.15)

= a0ε
\
Σ

rα−4
ε u2(x) ds.

Further, we use the representation Σ = Σε
0 ∪Σε. Then, by property (1) of rεand in view of the inequality (3.27) of Corollary 3.4, we get

(5.16) ε
\

Σε
0

rα−4
ε u2(x) ds ≤

\
Σε

0

rα−3
ε u2(x) ds ≤ C2

0 measσ ·
ε\
0

rα+2κ+n−3 dr

=
C2

0 measσ

α+ 2κ + n− 2
εα+2κ+n−2,beause of α + 2κ + n − 2 > 0, by our assumption (5.3). Similarly, for theintegral over Σε we obtain
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ε
\

Σε

rα−4
ε u2(x) ds ≤ ε · measσ ·

R\
ε

rα+2κ+n−4 dr(5.17)
= measσ ·





εRα+2κ+n−3 − εα+2κ+n−2

α+ 2κ + n− 3
if α+ 2κ + n− 3 6= 0,

ε ln
R

ε
if α+ 2κ + n− 3 = 0,where R = max1≤k≤N−1 diamΣk. Thus, from (5.15)�(5.17) we get

ε ·
N−1∑

k=1

[a]Σk

\
Σk

u2rα−4
ε sin(ω0/2 − θk) ds ≤ J(ε),(5.18)

where
(5.19) J(ε) = ε · a0 · measσ

×





Rα+2κ+n−3

α+ 2κ + n− 3
+

(
C2

0

α+ 2κ + n− 2
− 1

α+ 2κ + n− 3

)
εα+2κ+n−3if α+ 2κ + n− 3 6= 0,

C2
0 + ln

R

ε
if α+ 2κ + n− 3 = 0,provided that α+ 2κ + n− 2 > 0. HeneCorollary 5.3.

lim
ε→+0

J(ε) = 0, so lim
ε→+0

ε ·
N−1∑

k=1

[a]Σk

\
Σk

u2rα−4
ε sin(ω0/2 − θk) ds = 0.

As a result, from (5.8)�(5.18) we obtain
(5.20)

\
G

arα−2
ε |∇u|2 dx+

\
Σ

r−1rα−2
ε β(φ)u2(x) ds

+
\

∂G

α(x)r−1rα−2
ε γ(φ)u2(x) ds+ ε

2 − α

2
sin

ω0

2

\
Γ d

0

au2rα−4
ε ds

≤ J(ε) +
(2 − α)(4 − n− α)

2

\
G

arα−4
ε u2 dx

+

(
δ

2
+
p∗

a∗
d2

) \
Gd

0

ar−2rα−2
ε u2 dx+ c(p∗, a∗, α, d)

\
G

(a|∇u|2 + u2) dx

+
δ1
2

{\
Σ

r−1rα−2
ε β(φ)u2(x) ds+

\
∂G

α(x)r−1rα−2
ε γ(φ)u2(x) ds

}
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+

1

2δ1γ0

\
∂G

rα−1g2(x) ds+
1

2δ1β0

\
Σ

rα−1h2(x) ds

+
1

2a∗δ

\
G

rαf2(x) dx, ∀δ, δ1 > 0.Now it is lear that it is su�ient to onsider the ase α < 4 − n. Firstwe apply Lemma 2.6. Then from (5.20) we get
(5.21)

(
1 − 2(2 − α)(4 − α− n)

(4 − n− α)2 + 4λ(λ+ n− 2)

){\
G

arα−2
ε |∇u|2 dx

+
\
Σ

1

r
rα−2
ε β(φ)u2(x) ds+

\
∂G

α(x)
1

r
rα−2
ε γ(φ)u2(x) ds

}

≤ J(ε) +

(
δ

2
+
p∗

a∗
d2

) \
Gd

0

ar−2rα−2
ε u2 dx

+ c(p∗, a∗, α, d)
\
G

(a|∇u|2 + u2) dx+
1

2δ1γ0

\
∂G

rα−1g2(x) ds

+
δ1
2

{\
Σ

r−1rα−2
ε β(φ)u2(x) ds+

\
∂G

α(x)r−1rα−2
ε γ(φ)u2(x) ds

}

+
1

2δ1β0

\
Σ

rα−1h2(x) ds+
1

2a∗δ

\
G

rαf2(x)dx, ∀δ, δ1 > 0, ∀ε > 0.But we have
2(2 − α)(4 − α− n)

(4 − n− α)2 + 4λ(λ+ n− 2)
< 1,(5.22)provided α > 4 − n− 2λ; this is indeed satis�ed, in view of α > 2 − n− 2κand 0 < κ ≤ λ− 1. Therefore (5.22) is true. Now we apply Lemma 2.7 andhoose δ1 = 2

λ(λ+n−2)

(
δ
2 + p∗

a∗
d2

). As a result we obtain
(5.23)

(
1 − 2(2 − α)(4 − α− n)

(4 − n− α)2 + 4λ(λ+ n− 2)

){\
G

arα−2
ε |∇u|2 dx

+
\
Σ

1

r
rα−2
ε β(φ)u2(x) ds+

\
∂G

α(x)
1

r
rα−2
ε γ(φ)u2(x) ds

}

≤ J(ε) + c(p∗, a∗, α, d)
\
G

(a|∇u|2 + u2) dx

+
1

2δ1γ0

\
∂G

rα−1g2(x) ds+
2

λ(λ+ n− 2)

(
δ

2
+
p∗

a∗
d2

){ \
G

arα−2
ε |∇u|2 dx
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+
\
Σ

r−1rα−2
ε β(φ)u2(x) ds+

\
∂G

α(x)r−1rα−2
ε γ(φ)u2(x) ds

}

+
1

2δ1β0

\
Σ

rα−1h2(x) ds+
1

2a∗δ

\
G

rαf2(x)dx, ∀δ, ε > 0.Now we an hoose
d =

√
δa∗
2p∗

, δ =
λ(λ+ n− 2)

4

(
1 − 2(2 − α)(4 − α− n)

(4 − n− α)2 + 4λ(λ+ n− 2)

)
.Thus we get

(5.24)
\
G

arα−2
ε |∇u|2 dx+

\
Σ

1

r
rα−2
ε β(φ)u2(x) ds+

\
∂G

α(x)
1

r
rα−2
ε γ(φ)u2(x) ds

≤ C(p∗, n, a∗, α, λ)

{
J(ε) +

\
G

(a|∇u|2 + u2 + rαf2(x)) dx

+
1

γ0

\
∂G

α(x)rα−1g2(x) ds+
1

β0

\
Σ

rα−1h2(x) ds

}
, ∀ε > 0.Now we an let ε→ +0 by the Fatou theorem. From Corollary 5.3 it followsthat

(5.25)
\
G

arα−2|∇u|2 dx+
\
Σ

rα−3β(φ)u2(x) ds+
\

∂G

α(x)rα−3γ(φ)u2(x) ds

≤ C(p∗, n, a∗, α, λ)

{ \
G

(a|∇u|2 + u2 + rαf2(x)) dx

+
1

γ0

\
∂G

α(x)rα−1g2(x) ds+
1

β0

\
Σ

rα−1h2(x) ds

}
.Now applying Theorem 5.1, by the Hardy�Friedrihs�Wirtinger inequality(2.5), from (5.25) we get the desired estimate (5.4).6. Loal integral weighted estimatesTheorem 6.1. Let u be a weak solution of problem (L) and λ > 1 be asin (1.3). Let assumptions (a)�() be satis�ed and D = ∅. Then u ∈ W

◦
1
2−n(G)and there are d ∈ (0, 1), a onstant C > 0 depending only on n, s, λ, a∗, G,Σand a c = const(n, λ, a∗, p∗) suh that for all ̺ ∈ (0, d),

(6.1)
\

G̺
0

(ar2−n|∇u|2 + r−nu2(x)) dx+
\

Σ̺
0

r1−nβ(φ)u2(x) ds

+
\

Γ ̺
0

r1−nγ(φ)u2(x) ds
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≤ C

(
‖u‖2

2,G + f2
0 +

1

γ0
g2
0 +

1

β0
h2

0

)
·





̺2λ if s > λ,
̺2λ lnc(1/̺) if s = λ,
̺2s if s < λ.Proof. From Theorem 5.2 it follows that u ∈ W

◦
1
2−n(G), so it is enough toprove the estimate (6.1). Setting η(x) = r2−nu(x) in (II)loc, by the de�nition(2.6) we obtain

U(̺) = ̺
\
Ω

au(x)
∂u

∂r

∣∣∣∣
r=̺

dΩ +
\

Γ ̺
0

α(x)r2−nu(x)g(x) ds(6.2)
+
\

Σ̺
0

r2−nu(x)h(x) ds

+
\

G̺
0

{(n−2)ar−nu(x)xiuxi−pr2−nu2(x)−r2−nu(x)f(x)} dx.

By the Gauss�Ostrogradski�� divergene theorem, we �nd that
(6.3) (n− 2)

\
G̺

0

ar−nu(x)xiuxi dx =
n− 2

2

\
G̺

0

ar−nxi
∂u2

∂xi
dx

=
n− 2

2

{
−
\

G̺
0

au2(x)(nr−n − nr−n) dx+ ̺−n
\

Ω̺

au2(x)xi cos(r, xi) dΩ̺

+
N−1∑

k=1

[a]Σk

\
(Σk)̺

0

r−nu2(x)xi cos(nk, xi) ds+
\

Γ ̺
0

α(x)ar−nu2(x)xi cos(n, xi) ds
}
.

By Lemma 2.1,
xi cos(nk, xi)|Σk

= 0, k = 1, . . . , N − 1;

xi cos(n, xi)|Γ ̺
0

= 0, xi cos(r, xi)|Ω̺ = ̺,we have
(n− 2)

\
G̺

0

ar−nu(x)xiuxi dx =
n− 2

2

\
Ω

au2(x) dΩ.(6.4)
Beause of Lemma 2.5, from (6.2)�(6.4) it follows that

U(̺) ≤ ̺

2λ
U ′(̺) +

\
Γ ̺

0

r2−n|u(x)| · |g(x)| ds+
\

Σ̺
0

r2−n|u(x)| · |h(x)| ds(6.5)
+ p∗

\
G̺

0

r2−nu2 dx+
\

G̺
0

r2−n|u(x)| · |f(x)| dx.

We shall obtain an upper bound for eah integral on the right. First,applying the Cauhy and Hardy�Friedrihs�Wirtinger inequality (2.5), wehave, for any δ > 0,
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Γ ̺

0

r2−n|u| |g| ds =
\

Γ ̺
0

(r(1−n)/2
√
γ(φ)|u|)

(
r(3−n)/2 1√

γ(φ)
|g|

)
ds(6.6)

≤ δ

2

\
Γ ̺

0

r1−nγ(φ)|u|2ds+
1

2δγ0

\
Γ ̺

0

r3−n|g|2 ds;\
Σ̺

0

r2−n|u| |h| ds =
\

Σ̺
0

(r(1−n)/2
√
β(φ)|u|)

(
r(3−n)/2 1√

β(φ)
|g|

)
ds(6.7)

≤ δ

2

\
Σ̺

0

r1−nβ(φ)|u|2 ds+
1

2δβ0

\
Σ̺

0

r3−n|h|2 ds;

\
G̺

0

r2−n|u(x)| |f(x)| dx≤ δ

2a∗

\
G̺

0

ar−n|u|2 dx+
1

2δ

\
G̺

0

r4−n|f |2 dx(6.8)
≤ δ

2a∗λ(λ+ n− 2)
U(̺)+

1

2δ

\
G̺

0

r4−n|f |2 dx;

p∗
\

G̺
0

r2−nu2 dx ≤ p∗̺2
\

G̺
0

r−nu2 dx ≤ p∗

a∗λ(λ+ n− 2)
̺2U(̺).(6.9)

Thus from (6.5)�(6.9) we get
(6.10) {1 − c1(n, λ, a∗, p

∗)(δ + ̺2)}U(̺) ≤ ̺

2λ
U ′(̺)

+
1

2δ

{ \
G̺

0

r4−n|f |2 dx+
1

γ0

\
Γ ̺

0

r3−n|g|2 ds+
1

β0

\
Σ̺

0

r3−n|h|2 ds
}
, ∀δ > 0.

But, by ondition (),\
G̺

0

r4−n|f |2 dx+
1

γ0

\
Γ ̺

0

r3−n|g|2 ds+
1

β0

\
Σ̺

0

r3−n|h|2 ds

≤ c0(G)

2s

(
f2
0 +

1

γ0
g2
0 +

1

β0
h2

0

)
· ̺2s.Thus from (6.10) we have the di�erential inequality (CP) of �2.4 with

P(̺) =
2λ

̺
· {1 − c1(n, λ, a∗, p

∗)(δ + ̺2)}, ∀δ > 0; N (̺) ≡ 0;

Q(̺) =
c0λ

2s

(
f2
0 +

1

γ0
g2
0 +

1

β0
h2

0

)
· δ−1̺2s−1, ∀δ > 0(6.11)

U0 = C
{\

G

(u2 + (1 + r4−n)f2(x)) dx+
\
Σ

r3−nh2(x) ds+
\

∂G

r3−ng2(x) ds
}
,by (5.4) with α = 4 − n.
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P(̺) =

2λ

̺
− 2λc1(n, λ, a∗, p

∗)(̺ε−1 + ̺);

Q(̺) =
c0λ

2s

(
f2
1 +

1

γ0
g2
1 +

1

β0
h2

1

)
· ̺2s−1−ε.Now for 0 < ̺ < τ < d we have

−
τ\̺
P(s) ds = −2λ ln

(
τ

̺

)
+ 2λc1

(
sε

ε
+
s2

2

)∣∣∣∣
τ

̺

≤ ln

(
̺

τ

)2λ

+ 2λc1

(
dε

ε
+
d2

2

)
,so

exp
(
−

d\̺
P(τ) dτ

)
≤

(
̺

d

)2λ

exp

{
2λc1

(
dε

ε
+
d2

2

)}
= K0

(
̺

d

)2λ

;

exp
(
−

τ\̺
P(τ) dτ

)
≤ K0

(
̺

τ

)2λ

,

where K0 = exp{2λc1(dε/ε+ d2/2)}. We have as well
d\̺
Q(τ) exp

(
−

τ\̺
P(σ) dσ

)
dτ

≤ λc0K0

2s

(
f2
0 +

1

γ0
g2
0 +

1

β0
h2

0

)
̺2λ

d\̺
τ2s−2λ−ε−1 dτ

≤ λc0K0

2s

(
f2
0 +

1

γ0
g2
0 +

1

β0
h2

0

)
· d

s−λ

s− λ
̺2λ,sine s > λ and we an hoose ε = s − λ. Therefore in our ase K0 =

exp
{
2λc1

(
ds−λ

s−λ + d2

2

)}
.Now we apply Theorem 2.8. Then from (2.13), by the above inequalitiesand (2.5) for α = 4 − n, we obtain the statement of (6.1) for s > λ.2) s = λ. Taking in (6.11) any funtion δ(̺) > 0 instead of δ > 0, weobtain the problem (CP) with

P(̺) =
2λ(1 − c1δ(̺))

̺
− 2λc1̺; N (̺) = 0;

Q(̺) =
c0
2

(
f2
0 +

1

γ0
g2
0 +

1

β0
h2

0

)
· δ−1(̺)̺2λ−1.We hoose δ(̺) = 1

2λ ln(ed/̺) , 0 < ̺ < d, where e is the Euler number. Then
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−

d\̺
P(τ)dτ ≤ ln

(
̺

d

)2λ

+ c1

d\̺ dτ

τ ln(ed/τ)
+ λc1d

2

= ln

(
̺

d

)2λ

+ c1 ln ln

(
ed

̺

)
+ λc1d

2,so
exp

(
−

d\̺
P(τ) dτ

)
≤

(
̺

d

)2λ

lnc1

(
ed

̺

)
exp(λc1d

2).In this ase we also have
d\̺
Q(τ) exp

(
−

τ\̺
P(σ) dσ

)
dτ

≤ λc0

(
f2
0 +

1

γ0
g2
0 +

1

β0
h2

0

)
eλc1d2 · ̺2λ ln1+c1

(
ed

̺

) d\̺dτ
τ

≤ λc0

(
f2
0 +

1

γ0
g2
0 +

1

β0
h2

0

)
eλc1d2 · ̺2λ ln2+c1

(
ed

̺

)
.Now we apply Theorem 2.8, and from (2.13), by the inequalities obtained,we get

U(̺) ≤ c2

(
U0 + f2

0 +
1

γ0
g2
0 +

1

β0
h2

0

)
̺2λ lnc 1

̺
, 0 < ̺ < d <

1

e
,where c = const(n, λ, a∗, p∗). Thus we proved the statement of (6.1) for

s = λ.3) 0 < s < λ. Now similar to ase 1), by (6.11) we have
exp

(
−

d\̺
P(τ) dτ

)
≤

(
̺

d

)2λ(1−c1δ)

· eλd2
.In this ase we also have

d\̺
Q(τ) exp

(
−

τ\̺
P(σ) dσ

)
dτ

≤ λc0e
λd2

2sδ

(
f2
0 +

1

γ0
g2
0 +

1

β0
h2

0

)
· ̺2λ(1−c1δ)

d\̺
τ2s−2λ(1−c1δ)−1 dτ

≤ c0c3(n, λ, a∗, p
∗, d, s)

(
f2
0 +

1

γ0
g2
0 +

1

β0
h2

0

)
· ̺2s,if we hoose δ ∈ (

0, λ−s
λc1

).



482 M. BorsukNow we apply Theorem 2.8, and then from (2.13), by the above inequal-ities, we obtain
U(̺) ≤ c4

(
U0̺

2λ(1−c1δ) +

(
f2
0 +

1

γ0
g2
0 +

1

β0
h2

0

)
· ̺2s

)

≤ c5

(
U0 + f2

0 +
1

γ0
g2
0 +

1

β0
h2

0

)
̺2s.Thus we have proved the statement of (6.1) for s < λ.7. The power modulus of ontinuity at the onial point forweak solutionsProof of Theorem 1.2. De�ne

ψ(̺) =





̺λ if s > λ,
̺λ lnc(1/̺) if s = λ,
̺s if s < λ,(7.1)

for 0 < ̺ < d, where c > 0 is determined by Theorem 6.1..By Theorem 4.1 we have
(7.2) sup

G
̺/2
0

|u(x)| ≤ C{̺−n/2‖u‖2,G̺
0
+ ̺2(1−n/q)‖f‖q/2,G̺

0

+ ̺(‖g‖∞,Γ ̺
0

+ ‖h‖∞,Σ̺
0
)}where C = C(n, a∗, a∗, q, G) and q > n. Now by Theorem 6.1,

(7.3) ̺−n/2‖u‖2,G̺
0
≤ 2n/2

( \
G̺

0

r−nu2(x) dx
)1/2

≤ C

(
‖u‖2,G + ‖f‖2,G + ‖g‖2,∂G + ‖h‖2,Σ0 + f0 +

1√
γ0
g0 +

1√
β0
h0

)
ψ(̺).Further, by assumption (),

(7.4) ̺2(1−n/q)‖f‖q/2,G̺
0
+ ̺(‖g‖∞,Γ ̺

0
+ ‖h‖∞,Σ̺

0
)

≤ c

(
f0 +

1√
γ0
g0 +

1√
β0
h0

)
ψ(̺).From (7.2)�(7.4) it follows that

sup
G

̺/2
̺/4

|u(x)| ≤ C

(
‖u‖2,G + ‖f‖2,G + ‖g‖2,∂G + ‖h‖2,Σ0

+ f0 +
1√
γ0
g0 +

1√
β0
h0

)
ψ(̺).Putting now |x| = 1

3̺ we �nally obtain the desired estimate (1.4).
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̺/4

and G̺
̺/2

⊂ G2̺
̺/4
, ̺ > 0. We perform thehange of variables x = ̺x′ and u(̺x′) = ψ(̺)v(x′). Then the funtion v(x′)satis�es

(L′′)





ai∆
′vi + pi̺

2vi(x
′) =

̺2

ψ(̺)
fi(̺x

′), x′ ∈ (Gi)
1
1/2, i = 1, . . . , N ;

[v(x′)](Σk)1
1/2

= 0, k = 1, . . . , N − 1;
[
a
∂v

∂n′k

]

(Σk)1
1/2

+
1

|x′| βk(φ)v(x′) =
̺

ψ(̺)
hk(̺x

′),

x′ ∈ (Σk)
1
1/2, k = 1, . . . , N − 1;

α(x′) · a ∂v
∂n′

+
1

|x′| γ(φ)v(x′) =
̺

ψ(̺)
g(̺x′), x′ ∈ Γ 1

1/2.By the Sobolev imbedding theorems,
sup

x′∈G1
1/2

|∇′v(x′)| ≤ c‖v‖
W2,q(G1

1/2
), q > n.(7.5)

By the loal Lp a priori estimate [13℄, for the solution of the equation of
(L′′) in the domains (Gi)

2
1/4, i = 1, . . . , N , and near smooth portions of theboundaries (Σk)

2
1/4, k = 1, . . . , N − 1, and Γ 2

1/4 we have
‖v‖

W2,q(G1
1/2

) ≤ c

{
̺2

ψ(̺)
‖f‖

Lq(G2
1/4

) +
̺

ψ(̺)
‖h‖

W1−1/q,q(Σ2
1/4

)(7.6)
+

̺

ψ(̺)
‖g‖

W1−1/q,q(Γ 2
1/4

) + ‖v‖
Lq(G2

1/4
)

}
.Returning bak to the variables x, from (7.5) and (7.6), it follows that

sup
G̺

̺/2

|∇u| ≤ c̺−1{̺−n/q‖u‖
Lq(G2̺

̺/4
)
+ ̺2−n/q‖f‖

q,G2̺
̺/4

+ ̺2−n/q‖g‖
V

1−1/q
q,0 (Γ 2̺

̺/4
)
+ ̺2−n/p‖h‖

V
1−1/q
q,0 (Σ2̺

̺/4
)
}and̺

2−n/q‖u‖
V2

q,0(G
̺
̺/2

) ≤ c{̺−n/q‖u‖
Lq(G2̺

̺/4
)
+ ̺2−n/q‖f‖

q,G2̺
̺/4

+ ̺2−n/q‖g‖
V

1−1/q
q,0 (Γ 2̺

̺/4
)
+ ̺2−n/q‖h‖

V
1−1/q
q,0 (Σ2̺

̺/4
)
}or

sup
G̺

̺/2

|∇u| ≤ c̺−1{|u|0,G2̺
̺/4

+ ‖f‖
V0

q,2q−N (G2̺
̺/4

)

+ ‖g‖
V

1−1/q
q,2q−n(Γ 2̺

̺/4
)
+ ‖h‖

V
1−1/q
q,2q−n(Σ2̺

̺/4
)
}
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‖u‖

V2
q,2q−n(G̺

̺/2
) ≤ c{|u|

0,G2̺
̺/4

+ ‖f‖
V0

q,2q−N (G2̺
̺/4

)

+ ‖g‖
V

1−1/q
q,2q−n(Γ 2̺

̺/4
)
+ ‖h‖

V
1−1/q
q,2q−n(Σ2̺

̺/4
)
}.Hene, beause of (1.4), (1.5) and assumption (), the required results (1.6)and (1.7) follow.Now we an make the statement of Theorem 5.2 more preise. In fat, theestimate (1.4) proved above allows us to onsider in Theorem 5.2 the value

κ=λ−1. As a result we obtain the last statement of our theorem and the esti-mate (1.9) with the best possible exponent that satis�es the inequality (1.8).8. Examples: Eigenvalue transmission problem in a ompositeplane domain with an angular point. We study the transmission bound-ary value problem (L). Let G ⊂ R
2 be a bounded domain with boundary

∂G that is a smooth urve everywhere exept at the origin O ∈ ∂G. Near Oit is a fan that onsists of N orners with verties at O. Thus
G =

N⋃

i=1

Gi; ∂G =
N+1⋃

j=0

Γj ; Σ =
N−1⋃

k=1

Σk.Here Σk, k = 1, . . . , N − 1, are rays that divide G into angular domains Gi,
i = 1, . . . , N. Let ωi be the aperture at the vertex O in Gi, i = 1, . . . , N.De�ne θk = ω1 + · · · + ωk. If (r, ω) are the polar oordinates of (x, y), then
ω = 0 is the equation of the ray Γ0 and ω = θN is the equation of the ray
ΓN+1. Let Γ =

⋃N
j=1 Γj be the urvilinear portion of ∂G.

2

0

2

0

k
1

2

N

nn

n

1
n

2
n

kn

1Nn

1

2
k

1N

1

2
k

N

1
G

2
G

NG

x

y

01N

OFig. 2



Transmission problem in a onial domain 4858.1. Three-media transmission problem. Our goal is the derivation of theeigenvalue equation that orresponds to our transmission problem for N = 3.Let S1 be the unit irle in R
2 entered at O. We de�ne Ωi = Gi ∩ S1,

i = 1, 2, 3. The eigenvalue problem is the following (see also [11, 12℄):




ψ′′
i + λ2ψi(ω) = 0, ω ∈ Ωi (i = 1, 2, 3);

ψ1(ω1) = ψ2(ω1); ψ3(θ2) = ψ2(θ2);

a2ψ
′
2(ω1) − a1ψ

′
1(ω1) + β1ψ1(ω1) = 0;

a3ψ
′
3(θ2) − a2ψ

′
2(θ2) + β2ψ2(θ2) = 0;

α0ψ
′
1(0) − γ0ψ1(0) = 0;

α3ψ
′
3(θ3) − γ3ψ3(θ3) = 0,

(8.1)
where α0 = α|Γ0 = α|ω=0, α3 = α|Γ4 = α|ω=θ3, γ0 = γ(0), γ3 = γ(θ3).We �nd the general solution of (8.1):

ψi(ω) = Ai cos(λω) +Bi sin(λω),

ψ′
i(ω) = −λAi sin(λω) + λBi cos(λω) (i = 1, 2, 3),where Ai, Bi (i = 1, 2, 3) are any onstants. From the boundary onditionof (8.1) we obtain a homogeneous algebrai system of six linear equationsfor Ai, Bi (i = 1, 2, 3). The determinant of the system must be zero for anontrivial solution to exist. This gives the required eigenvalue equation:

(8.2) [λ2α3a3(β1γ0 + λ2α0a1) − γ3(β1β2γ0 + λ2α0β2a1 − λ2γ0a
2
2)]

· sin(λω1) sin(λω2) sin(λω3)

+λ · [λ2α3a3(β1α0 − γ0a1) − γ3(β1β2α0 − γ0β2a1 − λ2α0a
2
2)]

· cos(λω1) sin(λω2) sin(λω3)

+λ · [γ3a3(β1γ0 + λ2α0a1) + α3(β1β2γ0 + λ2α0β2a1 − λ2γ0a
2
2)]

· sin(λω1) sin(λω2) cos(λω3)

+λ2 · [γ3a3(β1α0 − γ0a1) + α3(β1β2α0 − γ0β2a1 − λ2α0a
2
2)]

· cos(λω1) sin(λω2) cos(λω3)

+λa2 · [γ3(β2γ0 + λ2α0a1 + β1γ0) − λ2α3γ0a3] · sin(λω1) cos(λω2) sin(λω3)

+λ2a2 · [γ3(β2α0 + α0β1 − γ0a1) − λ2α3α0a3] · cos(λω1) cos(λω2) sin(λω3)

−λ2a2 · [γ0γ3a3 + α3(β2γ0 + λ2α0a1 + β1γ0)] · sin(λω1) cos(λω2) cos(λω3)

−λ3a2 · [α0γ3a3 + α3(β2α0 + α0β1 − a1γ0)] · cos(λω1) cos(λω2) cos(λω3)=0.We onsider the speial ases of boundary onditions.
• Dirihlet problem: α0 = α3 = β1 = β2 = 0; γ0 = γ3 = 1. Then
a2

2 · sin(λω1) sin(λω2) sin(λω3) − a1a3 · cos(λω1) sin(λω2) cos(λω3)

− a1a2 · cos(λω1) cos(λω2) sin(λω3) − a2a3 · sin(λω1) cos(λω2) cos(λω3) = 0.



486 M. BorsukIn the isotropi ase (a1 =a2 =a3) we hene obtain the well known result:
sin(λθ3) = 0, so λn =

πn

θ3
, n = 1, 2, . . . .Corollary: λ = π/θ3 > 1 if ω1 + ω2 + ω3 < π.

• Neumann problem: α0 = α3 = 1; β1 = β2 = γ0 = γ3 = 0. Then
a2

2 · cos(λω1) sin(λω2) cos(λω3) + a2a3 · cos(λω1) cos(λω2) sin(λω3)

+ a1a2 · sin(λω1) cos(λω2) cos(λω3) − a1a3 · sin(λω1) sin(λω2) sin(λω3) = 0.In the isotropi ase (a1 =a2 =a3) we hene obtain the well known result:
sin(λθ3) = 0, so λn =

πn

θ3
, n = 0, 1, 2, . . . .Corollary: λ = π/θ3 > 1 if ω1 + ω2 + ω3 < π.

• Mixed problem: α0 = γ3 = 1, α3 = β1 = β2 = γ0 = 0. Then
a2

2 · cos(λω1) sin(λω2) sin(λω3) + a1a3 · sin(λω1) sin(λω2) cos(λω3)

+ a1a2 · sin(λω1) cos(λω2) sin(λω3) − a2a3 · cos(λω1) cos(λω2) cos(λω3) = 0.In the isotropi ase (a1 =a2 =a3) we hene obtain the well known result:
cos(λθ3) = 0, so λn =

π(2n− 1)

2θ3
, n = 1, 2, . . . .Corollary: λ = π/2θ3 > 1 if ω1 + ω2 + ω3 < π/2.

• Robin problem: α0 = 1, α3 = −1; β1 = β2 = 0.

(λ2a1a3 − γ0γ3a
2
2) · sin(λω1) sin(λω2) sin(λω3)

−λ · (γ3a
2
2 + γ0a1a3) · cos(λω1) sin(λω2) sin(λω3)

−λ · (γ3a1a3 + γ0a
2
2) · sin(λω1) sin(λω2) cos(λω3)

+ (γ0γ3a1a3 − λ2a2
2) · cos(λω1) sin(λω2) cos(λω3)

−λa2 · (γ3a1 + γ0a3) · sin(λω1) cos(λω2) sin(λω3)

+ a2 · (γ3γ0a1 − λ2a3) · cos(λω1) cos(λω2) sin(λω3)

+ a2 · (γ0γ3a3 − λ2a1) · sin(λω1) cos(λω2) cos(λω3)

+λa2 · (γ3a3 + a1γ0) · cos(λω1) cos(λω2) cos(λω3) = 0.In the isotropi ase (a1 = a2 = a3) we hene obtain the well known result(see [3, Example 1, �10.1.7℄)
tan(λθ3) =

λ(γ0 + γ3)

λ2 − γ0γ3
.8.2. Two-media transmission problem. Setting in the above derived equa-tions ω2 = 0, β2 = 0 we get the orresponding results for domains with twodi�erent media (N=2). The eigenvalue problem in this ase has the form
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ψ′′
i + λ2ψi(ω) = 0, ω ∈ Ωi (i = 1, 2);

ψ1(ω1) = ψ2(ω1);

a2ψ
′
2(ω1) − a1ψ

′
1(ω1) + β1ψ1(ω1) = 0;

α0ψ
′
1(0) − γ0ψ1(0) = 0;

α2ψ
′
2(θ2) − γ2ψ2(θ2) = 0.

(8.3)
The eigenvalue equation is

[λ2(α2γ0a2 − α0γ2a1) − β1γ0γ2] · sin(λω1) sin(λω2)(8.4)
+λ(λ2α0α2a2 − α0β1γ2 + γ0γ2a1) · cos(λω1) sin(λω2)

+λ(λ2α0α2a1 + λβ1α2γ0 + γ0γ2a2) · sin(λω1) cos(λω2)

+λ2(α0γ2a2 + β1α0α2 − α2γ0a1) · cos(λω1) cos(λω2) = 0.Here we onsider in detail the 2-dimensional transmission problem withtwo di�erent media (ω1 = ω2 = ω0/2) for the Laplae operator in an angularsymmetri domain and investigate the orresponding eigenvalue problem.Suppose n = 2, the domain G lies inside the orner
G0 = {(r, ω) | r > 0; −ω0/2 < ω < ω0/2}, ω0 ∈ (0, 2π);

O ∈ ∂G and in some neighborhood of O the boundary ∂G oinides with thesides of the orner ω = −ω0/2 and ω = ω0/2. We de�ne Γ± = {(r, ω) | r > 0;
ω = ±ω0/2}, Σ0 = {(r, ω) | r > 0; ω = 0} and put σ(ω)|Σ0 = σ(0) = σ =
const ≥ 0, γ(ω)|ω=±ω0/2 = γ± = const > 0. We onsider the followingproblem:





∆u± = f±(x), x ∈ G±;
[u]Σ0 = 0,

[
a
∂u

∂~n

]

Σ0

+
1

|x| σu(x) = h(x), x ∈ Σ0,
α±

∂u±
∂~n

+
1

|x| γ±u±(x) = g±(x), x ∈ Γ± \ O,(8.5)
where

α± =

{
0 if Γ± ∈ D,
±1 if Γ± /∈ D.It is well known that the homogeneous problem (f(x)=0, h(x)=0, g(x)=0)has a solution of the form u(r, ω) = rλψ(ω), where λ is an eigenvalue and

ψ(ω) is a regular eigenfuntion assoiated to this λ of the problem




ψ
′′

+ + λ2ψ+(ω) = 0, ω ∈ (0, ω0/2);

ψ
′′

− + λ2ψ−(ω) = 0, ω ∈ (−ω0/2, 0);

ψ+(0) = ψ−(0); a+ψ
′
+(0) − a−ψ′

−(0) = σψ(0);

±α±ψ′(±ω0/2) + γ±ψ(±ω0/2) = 0.

(8.6)



488 M. Borsuk1) Case λ = 0, σ > 0. In this ase the solution of our equations hasthe form ψ±(ω) = A± · ω + B±. From the boundary onditions we obtain
B+ = B− = B and for A+, A−, B we have the system





a+A+ − a−A− − σB = 0,(
α+ +

ω0

2
γ+

)
A+ + γ+B = 0,

−
(
α− +

ω0

2
γ−

)
A− + γ−B = 0.Sine A2

+ +A2
− +B2 6= 0, the determinant of the system must be zero, thatis,

σ

(
α+ +

ω0

2
γ+

)(
α− +

ω0

2
γ−

)
+ a+γ+

(
α− +

ω0

2
γ−

)(8.7)
+ a−γ−

(
α+ +

ω0

2
γ+

)
= 0.Thus if (8.7) holds, then λ = 0 and the orresponding eigenfuntion is

ψ(ω) =




−γ+

(
α− +

ω0

2
γ−

)(
ω +

a+

σ

)
− a−γ−

σ

(
α+ +

ω0

2
γ+

)
, ω ∈ (0, ω0/2),

γ−

(
α+ +

ω0

2
γ+

)(
ω − a−

σ

)
− a+γ+

σ

(
α− +

ω0

2
γ−

)
, ω ∈ (−ω0/2, 0).2) Case λ 6= 0. In this ase the solution of our equations has the form

ψ±(ω) = A± cos(λω) +B± sin(λω).From the boundary onditions we obtain A+ = A− = A and for A,B+, B−we have the system




σA− λa+B+ + λa−B− = 0,(
γ+ cos

λω0

2
− λα+ sin

λω0

2

)
A+

(
γ+ sin

λω0

2
+ λα+ cos

λω0

2

)
B+ = 0,

(
γ− cos

λω0

2
− λα− sin

λω0

2

)
A−

(
γ− sin

λω0

2
+ λα− cos

λω0

2

)
B− = 0.Sine A2 + B2

+ + B2
− 6= 0, the determinant must be zero; this means that λis de�ned from the transendental equation

(8.8) σ(λ2α+α− + γ+γ−) + λ2(a+ − a−)(α−γ+ − α+γ−)

+λ[σ(α−γ+ + α+γ−) + (a+ + a−)(γ+γ− − λ2α+α−)] sin(λω0)

+ [σ(λ2α+α− − γ+γ−) + λ2(a+ + a−)(α−γ+ + α+γ−)] cos(λω0) = 0.Now we investigate eah type of boundary onditions separately.



Transmission problem in a onial domain 489The Dirihlet problem: α± = 0. The equation (8.8) takes the form σ(1−
cos(λω0)) + λ(a+ + a−) sin(λω0) = 0. Hene

λ =





π

ω0
if σ = 0,the least positive root of tan

λω0

2
= −a+ + a−

σ
· λ if σ 6= 0,and the orresponding eigenfuntion is

ψ(ω) =

{
sinλ(ω0/2 − ω), ω ∈ (0, ω0/2),

sinλ(ω0/2 + ω), ω ∈ (−ω0/2, 0).The Neumann problem: γ± = 0. The equation (8.8) takes the form σ(1+
cos(λω0))−λ(a+ + a−) sin(λω0) = 0. Hene λ = min{λ∗, π/ω0}, where λ∗ isthe least positive root of the transendental equation

tan
λω0

2
=

σ

a+ + a−
· 1

λ
.For λ = π/ω0 we �nd the orresponding eigenfuntion

ψ(ω) =

{
a− sin(πω/ω0), ω ∈ (0, ω0/2),
a+ sin(πω/ω0), ω ∈ (−ω0/2, 0).For λ = λ∗ we �nd the orresponding eigenfuntion

ψ(ω) =

{
cosλ∗(ω − ω0/2), ω ∈ (0, ω0/2),
cosλ∗(ω + ω0/2), ω ∈ (−ω0/2, 0).Mixed problem: α+ = 1, α− = 0; γ+ = 0, γ− = 1. The equation (8.8)takes the form

σ sin(λω0) + λ(a+ + a−) cos(λω0) = λ(a+ − a−).(8.9)In partiular, if σ = 0, and a+a− > 0 then
λ =

2

ω0
arctan

√
a−/a+ > 1, if ω0 < 2 arctan

√
a−/a+,and the orresponding eigenfuntion is

ψ(ω) =

{
cos(λω) +

√
a−/a+ · sin(λω), ω ∈ (0, ω0/2),

cos(λω) +
√
a+/a− · sin(λω), ω ∈ (−ω0/2, 0).If λ is the least positive root of the transendental equation (8.9), then theorresponding eigenfuntion is

ψ(ω) =

{
sin(λω0/2) cosλ(ω − ω0/2), ω ∈ (0, ω0/2),
cos(λω0/2) sinλ(ω + ω0/2), ω ∈ (−ω0/2, 0).



490 M. BorsukThe Robin problem: α± = a±; γ± 6= 0. The equation (8.8) takes the form
σ(λ2a+a− + γ+γ−) + λ2(a+ − a−)(a−γ+ − a+γ−)

+λ[σ(a−γ+ + a+γ−) + (a+ + a−)(γ+γ− − λ2a+a−)] sin(λω0)

+ [σ(λ2a+a− − γ+γ−) + λ2(a+ + a−)(a−γ+ + a+γ−)] cos(λω0) = 0.In partiular, in the ase of the problem without the interfae (a+ =a−=1,
σ = 0) we obtain the least eigenvalue as the least positive root of the trans-endental equation

tan(λω0) =
λ(γ+ + γ−)

λ2 − γ+γ−
(8.10)and the orresponding eigenfuntion is

ψ(ω) = λ cos[λ(ω − ω0/2)] − γ+ sin[λ(ω − ω0/2)](see [3, �10.1.7℄).In order to have λ > 1 we show that the ondition γ± ≥ γ0 > tan(ω0/2)from the assumption (b) of our theorems is justi�ed. In fat, we rewrite theequation (8.10) in the equivalent form
λ =

1

ω0

(
arctan

γ+

λ
+ arctan

γ−
λ

)
.(8.11)Hene

1 < λ <
1

ω0
(arctan γ+ + arctan γ−),so

ω0 < arctan
γ+ + γ−
1 − γ+γ−

provided that γ+γ− < 1.(8.12)But assumption (b) means that γ± ≥ γ0 > tan(ω0/2). Hene
γ+ + γ−
1 − γ+γ−

≥ 2γ0

1 − γ2
0

>
2 tan ω0

2

1 − tan2 ω0
2

= tanω0, ω0 <
π

2
.Thus we get (8.12). In the ase γ± ≥ γ0 > tan(ω0/2) ≥ 1 for ω0 ∈ [π/2, π)the inequality λ > 1 is ful�lled a fortiori, sine the eigenvalues inreasetogether with γ(φ) (see for example [6, Theorem 6, �2, Chapter VI℄). In fat,

λ = 1 is the solution of the equation (8.10) under γ± = tan(ω0/2).8.3. The funtion
u(r, ω) = rλ ln

(
1

r

)
ψ(ω)with λ and ψ(ω) de�ned by (8.6) is a solution of the problem (8.5) with

f± = −2a±λrλ−2ψ(ω), h(x) = 0, g(x) = 0 in the orner G0. All assumptionsof Theorem 1.1 are satisfed with s = λ. This example shows the preision ofthe assumptions on the right sides of (L) in Theorem 1.1.
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