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Abstrat. The aim of this paper is to �nd the largest lower semionti-nuous minorant of the elasti-plasti energy of a body with �ssures. Thefuntional of energy onsidered is not oerive.1. Introdution. The largest lower semiontinuous (l.s..) minorant(alled the l.s.. regularization) of a funtional with linear growth at in�-nity is found in the papers [3℄, [6℄ and [9℄, under the assumption of loaloerivity of the funtional. The largest l.s.. minorant of a non-oerivefuntional is found in [5℄, but the set K(x) of admissible stresses (de�nedin that paper) does not take into aount the in�uene of �ssures. However,the original elasti-plasti energy whih desribes a body with �ssures is notloally oerive, beause the energy on a �ssure is not oerive.The propagation of a rak is onsidered in [1℄. The domain of the fun-tional is the spae of funtions of bounded variation BV . Namely, in [1℄ thepotential is elasti in all the body. Here we present the stati problem for a�xed �ssure, taking into aount the plasti zone at the tip of the �ssure.The physial problem of energy onentrated on a �xed smooth surfae Σ(ontained in a domain Ω) is onsidered in [7℄. The problem of a body with�ssure is not studied in [7℄, beause the authors assume �loal oerivity� ofthe original funtional (f. [7, hypothesis (H4)℄).Here we are onerned with the situation where a Henky elasti-perfetlyplasti material has �ssures. We apply the method from [5℄ to �nd the largestl.s.. minorant of the original elasti-plasti energy.We give only those fragments of the proofs whih are di�erent from thosein [5℄. The multifuntion K (whih desribes the set of admissible stresses)and the elasti-plasti potential j take into aount the in�uene of the2000Mathematis Subjet Classi�ation: 26B30, 47N10, 47H04, 49K99, 74A50, 74C05.Key words and phrases: regularization (relaxation), funtions of bounded deformation,Henky plastiity, lefts, Signorini problem, variations.[327℄



328 J. L. Bojarski�ssure. In the funtional P
j
λ of total elasti-plasti energy the work of volumefores is omitted. The bipolar funtional (Pj

λ)∗∗ is the l.s.. regularization of
P

j
λ in the topology σ(Y1(Ω), Cdiv(Ω,En

s )) (see (3.18), (3.19) and [11℄).As in [5℄, if we assume that P
j
λ is globally oerive (f. [5, (5.5)℄), thenwe an prove that (Pj

λ)∗∗ is the l.s.. regularization of P
j
λ in the weak*

BD topology, sine the weak* BD topology and σ(Y1(Ω), Cdiv(Ω,En
s )) areequal on bounded sets in [BD(Ω), ‖ · ‖BD] (or on bounded sets in the spae

[Y1(Ω), ‖ · ‖Mb
], whih is isomorphi to the former).Note that P̃
j
λ 6=P

j
λ, so a priori (P̃j

λ)∗∗ is not the l.s.. regularization of P
j
λ.2. Some basi de�nitions and theorems. Throughout this work

Ω denotes a nonempty, bounded, open, onneted set of lass C1 in R
n.

C(Ω, Rm) denotes the spae of R
m-valued ontinuous funtions on Ω, while

C0(Ω, Rm), or simply C0, stands for the spae of ontinuous funtions whihtake the value 0 on the boundary FrΩ of Ω. Moreover Cc is the spae of on-tinuous funtions with ompat supports, and Mb(Ω, Rm), or Mb, stands forthe spae of R
m-valued, Radon bounded regular measures on Ω, equippedwith the norm ‖ · ‖Mb(Ω,Rm).We will use the duality pairs (Mr, Cc) and (Mb, C0), where Mr is thespae of regular measures. For g = (g1, . . . , gm) ∈ C(Ω, Rm) and µ =

(µ1, . . . , µm) ∈ Mb(Ω, Rm), we write T
Ω

g · µ ≡
∑m

i=1

T
Ω

giµi. Finally,
L0(Ω, Rm)µ stands for the set of µ-measurable funtions from Ω into R

m.The salar produt of z and z∗ ∈ R
m is denoted by z ·z∗ =

∑m
i=1 ziz∗i andthe salar produt of w and w∗ ∈ R

m×m ≡ Em by w : w∗ =
∑m

ij=1 wijw∗
ij ,where Em is the spae of real m×m matries. Moreover, Em

s is the spae ofsymmetri real m × m matries.If F : X → R ∪ {∞} is a funtion de�ned on a vetor spae X, then F ∗denotes its polar funtion (f. [11℄). For an arbitrary set C in X, IC(·) standsfor its indiator funtion (IC(x) = 0 if x ∈ C and IC(x) = ∞ if x /∈ C).The notation clV (Z) stands for the losure of the set Z ⊂ V in the to-pology of the spae V . We set ‖[ei]‖Rm ≡
∑m

i=1 |ei|, where [ei] ∈ R
m. Thetensor produt (resp. symmetri tensor produt) is denoted by ⊗ (resp. ⊗s).The symmetri tensor produt is given by the expression (p ⊗s ν)ij ≡

(piνj + pjνi)/2.We de�ne the following Banah spaes (see [13℄, [15℄):
(2.1) LD(Ω) ≡

{
u ∈ L1(Ω, Rn)

∣∣∣∣

εij(u) ≡
1

2

(
∂ui

∂xj
+

∂uj

∂xi

)
∈ L1(Ω), i, j = 1, . . . , n

}
,

(2.2) BD(Ω) ≡ {u ∈ L1(Ω, Rn) | εij(u) ∈ Mb(Ω), i, j = 1, . . . , n},
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‖u‖LD = ‖u‖L1 +

n∑

i,j=1

‖εij(u)‖L1 ,(2.3)
‖u‖BD = ‖u‖L1 +

n∑

i,j=1

‖εij(u)‖Mb
.

There exists a ontinuous linear trae γB : BD(Ω) → L1(FrΩ, Rn) suhthat γB(u) = u|Fr Ω for all u ∈ BD(Ω) ∩ C(Ω, Rn) (see [15℄). We de�ne(2.4) Wn(Ω, div) ≡ {σ ∈ L∞(Ω,En
s ) | divσ ∈ Ln(Ω, Rn)}endowed with the norm ‖σ‖W n(Ω,div) = ‖σ‖L∞(Ω,En

s ) + ‖divσ‖Ln(Ω,Rn)(f. [15, Chap. 2, Se. 7℄ and [4℄). The distribution σ : ε(u), where σ ∈
Wn(Ω, div), u ∈ BD(Ω), de�ned (for ϕ1 ∈ C∞

c (Ω)) by(2.5) 〈σ : ε(u), ϕ1〉D′×D = −
\
Ω

(divσ) · uϕ1 dx −
\
Ω

σ : (u⊗∇ϕ1) dx,is a bounded measure on Ω (see [15℄).
Assumption 1. Ω and Ω1 are bounded open onneted sets of lass C1in R
n. Furthermore, Ω ⊂⊂ Ω1.There is a ontinuous linear map βB from Wn(Ω, div) onto L∞(FrΩ, Rn)suh that for every σ ∈ C(Ω,En

s ), βB(σ) = σ|Fr Ω · ν, where ν denotes theexterior unit vetor normal to FrΩ (see [15℄). Moreover, for all u ∈ BD(Ω)and all σ ∈ Wn(Ω, div), the following formula holds:(2.6) \
Ω

σ : ε(u) +
\
Ω

(divσ) · u dx =
\

Fr Ω

βB(σ) · γB(u) ds.

3. Mathematial desription of an elasti-plasti body with �s-sure. Let {Ti}i∈I be a �nite family of bounded onneted sets of lass C1in R
n. In this paper, the Lebesgue and Hausdor� measures on R

n and FrΩ,
FrΩ1, FrTi (for i ∈ I) are denoted by dx and ds, respetively. We assu-me that ds(FrTi ∩ FrTk) = 0, ds(FrΩ ∩ FrTi) = 0, ds(FrΩ1 ∩ FrTi) = 0for every i, k ∈ I, i 6= k. The boundary of Ω is omposed of Γ0 and Γ1(= Γ 1) suh that Γ0 and Γ1 are Borel subsets of FrΩ, Γ0 ∩ Γ1 = ∅ and
ds(FrΩ − (Γ0 ∪ Γ1)) = 0.Let S be a losed subset of Ω ∩

⋃
i∈I FrTi suh that S = cl intS (wherethe interior is taken relative to ⋃

i∈I FrTi).We onsider an elasti-perfetly plasti body oupying Ω. In this bodywe have a �ssure (or �ssures) S.Below we de�ne the set K(x) of admissible stresses, for every x ∈ Ω −S.Moreover, we de�ne the elasti-plasti potential (x, ε(u)) 7→ j(x, ε(u)) for
dx-almost every (dx-a.e.) x ∈ Ω − S (where ε(u) is the strain tensor).



330 J. L. BojarskiThe set K(x) and potential (x, ε(u)) 7→ j(x, ε(u)) are de�ned in a speialway on S. Namely, to prevent the overlapping of opposite edges of the �s-sure, we introdue the so-alled non-penetration ondition. We assume thatpenetration of the material is restrited (see (3.4)). The non-penetrationondition on S is desribed by the potential j1. The dual funtional to
R

n ∋ z 7→ j1(x, (z ⊗s ν)) (f. (3.4)) is the indiator funtion of the set
As (f. (3.5)) on the �ssure. Finally, for x ∈ S, we de�ne the potential
En

s ∋ w 7→ j(x,w) on the larger spae En
s (sine R

n ⊗s {ν} ⊂ En
s and

R
n ⊗s {ν} 6= En

s ). Therefore the dual funtional to j (on S) is the india-tor funtion of the set {σ ∈ En
s | trσ ≤ 0, σD = 0} of admissible stresseson S, where σD = σ − 1

n
δ trσ and δij = 1 for i = j, δij = 0 for i 6= j.The �nal de�nition of j on S desribes the original non-penetration on-dition on S. Here the unilateral ontat ondition on S without frition isstudied.We say that a subset ω of Ω has µ-measure zero if dx(ω) = 0 and

ds(ω ∩ S) = 0. Let K : Ω → 2E
n
s be a multifuntion.

Assumption 2 (f. [4℄). K(x) is a onvex and losed subset of En
s for all

x ∈ Ω. There exists z0 ∈ C1(Ω,En
s ) suh that z0(x) ∈ K(x) for every x ∈ Ω.Moreover:(i) if z(x) ∈ K(x) for µ-almost every (µ-a.e.) x ∈ Ω, z ∈ C(Ω,En

s ) and
z|int Ω ∈ Wn(Ω, div), then z(y) ∈ K(y) for every y ∈ Ω;(ii) for every y ∈ Ω and every w ∈ K(y) there exists z ∈ C(Ω,En

s )suh that z|int Ω ∈ Wn(Ω, div), z(y) = w and z(x) ∈ K(x) for every
x ∈ Ω.

Definition 1 (f. [11, Chap. 8, p. 232℄). A mapping j∗ : Ω × En
s →

R ∪ {∞} is a onvex, normal integrand if:(a) the funtion En
s ∋ w∗ 7→ j∗(x,w∗) is onvex and l.s.. for µ-a.e.

x ∈ Ω;(b) there exists a Borel funtion j̃∗ : Ω × En
s → R ∪ {∞} suh that

j̃∗(x, ·) = j∗(x, ·) for µ-a.e. x ∈ Ω.Moreover, assume(3.1) {w∗ ∈ En
s | j∗(x,w∗) < ∞} = K(x) for µ-a.e. x ∈ Ω.

Assumption 3 (see [5℄). For every r̂ > 0 there exists cr̂ suh that
(3.2) sup

{\
Ω

j∗(x, z∗) dx
∣∣∣ z∗ ∈ L∞(Ω,En

s ), ‖z∗‖L∞ < r̂

and z∗(x) ∈ K(x) for dx-a.e. x ∈ Ω
}

< cr̂ < ∞.
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Assumption 4. There exist ue ∈ LD(Ω) and q ∈ L1(Ω, R) suh that

j∗(x,w∗) ≥ ε(ue)(x) : w∗ + q(x) for µ-a.e. x ∈ Ω and every w∗ ∈ En
s , and

γB(ue) = 0 on FrΩ.The set K(x) denotes the elastiity onvex domain at any point x ∈ Ω−S.A Borel set C ⊆ R
n is alled a Caioppoli set if sup{

T
C div f̃ dx | f̃ ∈

C1
0 (Ω2, R

n), ‖f̃(x)‖Rn ≤ 1 ∀x ∈ Ω2} < ∞ for all bounded open subsets Ω2of R
n (see [12℄).
Assumption 5. Γ1 = FrΩ ∩ C and S =

⋃
i∈I(FrTi ∩ Ci), where C =

cl int C ⊂ Ω1 and Ci = cl int Ci ⊂ Ω1 (for i ∈ I) are losed Caioppoli sets,
ds(FrΩ ∩ Fr C) = 0 and ds(FrTi ∩ Fr Ci) = 0 (for i ∈ I).By a �nite indution, from [15, Chap. 2, Lemma 2.2℄, we obtain thefollowing deomposition of the measure ε(u), for every u ∈ BD(Ω1):

ε(u) = ε(u)|Ω−S + (γ+B(u) − γ−B(u))|S ⊗s ν ds(3.3)
+ (γO

B(u) − γI
B(u))|Fr Ω ⊗s ν ds + ε(u)|Ω1−Ω ,where ν denotes the exterior unit vetor normal to FrΩ or the normal vetorto FrTi for some i ∈ I (f. [2℄). The inside trae γI

B : BD(Ω) → L1(FrΩ, Rn)and outside trae γO
B : BD(Ω1 − Ω) → L1(FrΩ, Rn) are given by γI

B(u) =

u|Fr Ω for u ∈ BD(Ω) ∩ C(Ω, Rn), and γO
B(u) = u|Fr Ω for u ∈ BD(Ω1 −

Ω) ∩ C(Ω1 − Ω, Rn) respetively. The traes γ−B : BD(Ti) → L1(FrTi, R
n)and γ+B : BD(Rn − Ti) → L1(FrTi, R

n) are de�ned for every i ∈ I, where νdenotes the exterior unit vetor normal to the boundary of Ti.Below we take into aount the in�uene of the �ssure.The original potential on the �ssure (or �ssures) is desribed by
(3.4) j1(x, (γ+B(u)−γ−B(u))⊗sν) =

{
∞ if tr(γ+B(u) − γ−B(u)) ⊗s ν < 0,
0 otherwise,for ds-a.e. x ∈ S. De�ne

(3.5) As = {σ ∈ En
s | σij((γ

+
B(u) − γ−B(u)) ⊗s ν)ij ≤ 0 ∀u suh that

tr((γ+B(u) − γ−B(u)) ⊗s ν) = (γ+B(u) − γ−B(u)) · ν ≥ 0}.We �nd that the potential on the �ssure, dual to the original one, is given by
(3.6) j∗1(x,σ) = sup

{ n∑

i,j=1

σij((γ
+
B(u) − γ−B(u)) ⊗s ν)ij

− j1(x, (γ+B(u) − γ−B(u)) ⊗s ν)
∣∣∣ (γ+B(u) − γ−B(u)) ∈ L1(S, Rn)

}

=

{
0 if σ ∈ As,

∞ otherwise,for ds-a.e. x ∈ S and every σ ∈ En
s .



332 J. L. BojarskiLemma 1. Let σD = σ− 1
n
δ trσ where δij = 1 for i = j and δij = 0 for

i 6= j. Then(3.7) {σ ∈ En
s | trσ ≤ 0, σD = 0} ⊂ As.Proof. Follows from the deomposition

(3.8)
n∑

i,j=1

σij((γ
+
B(u)−γ−B(u))⊗s ν)ij =

1

n
trσ tr((γ+B(u)−γ−B(u))⊗s ν)

+
n∑

i,j=1

σD
ij ((γ

+
B(u) − γ−B(u)) ⊗s ν)

D
ij .

Lemma 2. If {σ ∈ En
s | trσ ≤ 0, σD = 0} ⊂ K1, then

j1(x, (γ+B(u) − γ−B(u)) ⊗s ν) = (j∗1 + IK1
)∗(x, (γ+B(u) − γ−B(u)) ⊗s ν)(3.9)

= j∗∗1 (x, (γ+B(u) − γ−B(u)) ⊗s ν)for ds-a.e. x ∈ S and all u ∈ BD(Ω), where K1 is any onvex and losed setin En
s , and IK1

(·) is the indiator funtion of K1.Proof. By (3.5) and (3.7) we obtain {σ ∈ En
s | trσ ≤ 0, σD = 0} ⊂

As ∩ K1 ⊂ As. Then by (3.6) and (3.8) we have
(3.10) j1(x, (γ+B(u) − γ−B(u)) ⊗s ν)

= sup{σ : ((γ+B(u) − γ−B(u)) ⊗s ν) | trσ ≤ 0, σD = 0}

≤ (j∗1 + IK1
)∗(x, (γ+B(u) − γ−B(u)) ⊗s ν)

≤ j∗∗1 (x, (γ+B(u) − γ−B(u)) ⊗s ν)for ds-a.e. x ∈ S and all u ∈ BD(Ω). Sine j1 ≥ j∗∗1 we obtain (3.9).
Assumption 6. The inlusion {σ ∈ En

s | trσ ≤ 0, σD = 0} ⊂ K(x)holds for every x ∈ Ω.
Definition 2. Let(3.11) j(x,w) = j∗∗(x,w) = sup{w : w∗ − j∗(x,w∗) | w∗ ∈ En

s }for µ-a.e. x ∈ En
s , where j∗ is de�ned by De�nition 1, Assumptions 3 and 4.Among the funtions j and K de�ned by De�nition 1, Assumptions 2, 3, 4and 6 there are also funtions whih satisfy(3.12) j(x,w) =

{
∞ if trw < 0,

0 otherwise,for ds-a.e. x ∈ S and every w ∈ En
s , and K(x) = {σ ∈ En

s | trσ ≤ 0,
σD = 0} for every x ∈ S.



Regularization of onstraints in Henky plastiity 333The above de�ned multifuntion K and potential j desribe the elasti-plasti body with �ssure (or �ssures) S. Moreover, K and j satisfy De�ni-tion 1, Assumption 2, 3, 4, 6 and expression (3.1), for µ-a.e. x ∈ Ω. We have
K(x) = {σ ∈ En

s | trσ ≤ 0, σD = 0} for every x ∈ S.Sine j∗ is a normal integrand, j is a onvex normal integrand (f. (3.11)and [11℄). The dual potential j∗ satis�es(3.13) j∗(x,w∗) = sup{w : w∗ − j(x,w) | w ∈ En
s }for µ-a.e. x ∈ Ω. De�ne the reession funtion j∞ : Ω × En
s → R ∪ {∞} by(3.14) j∞(x,w) = sup{w : w∗ − IK(x,w∗) | w∗ ∈ En
s }for x ∈ Ω and w ∈ En

s .Let ζ ∈ Mb(Ω,En
s ). We reall that |ζ| is the total variation measureassoiated with ζ, and the density of ζ with respet to |ζ| will be denoted by

dζ/d|ζ|. Let ζ = ζa(x) dx + ζs be the Lebesgue deomposition of ζ into theabsolutely ontinuous and singular parts with respet to dx. If a boundedmeasure ζ ∈ Mb(Ω,En
s ) is absolutely ontinuous with respet to dx, then wewrite ζ ∈ L1(Ω,En

s ).Let f ∈ Ln(Ω, Rn) and g ∈ L∞(Γ1, R
n). In this paper we onsider thefuntional(3.15) BD(Ω) ∋ u 7→ Pλ,j(u) = λF (u) + Gj(ε(u)),where(3.16) λF (u) ≡ −λL(u) + ICa

(u), L(u) ≡
\
Ω

f · u dx +
\

Γ1

g · γB(u) ds,

and Ca ≡ {u ∈ BD(Ω) | γB(u) = 0 on Γ0}. The funtional Gj : Mb(Ω,En
s )

→ R ∪ {∞} is given by
(3.17) Gj(ζ) ≡





\
Ω−S

j(x, ζ) dx +
\
S

j(x, ζ) ds if ζ|Ω−S ∈ L1(Ω − S,En
s )and ζ|S ∈ L1(S,En

s ),
∞ if ζ is not absolutely ontinuous withrespet to dx in Ω or to ds in S,(f. (3.3)).The formula (3.15) desribes the total elasti-perfetly plasti energy ofa body oupying the given subset Ω of R

n. This body is subjeted to thevolume fores f ∈ Ln(Ω, Rn) and boundary fores g ∈ L∞(Γ1, R
n). Theonstant λ ≥ 0, λ < ∞ is the load multiplier (see [15℄). The body is lampedon Γ0. Moreover, in Ω there is a �ssure (or �ssures) S.

Assumption 7. There exists σ0 ∈ C(Ω,En
s ) suh that σ0|int Ω ∈

Wn(Ω, div), βB(σ0) = λg on Γ1 and σ0(x) ∈ K(x) for µ-a.e. x ∈ Ω.



334 J. L. BojarskiBy Assumption 7, the boundary fore g ∈ L∞(Γ1, R
n) is a regular fun-tion.We onsider the spaes Y1(Ω) and Cdiv(Ω,En

s ) given by
(3.18) Y1(Ω) ≡ {M ∈ Mb(Ω,En

s ) | ∃u1 ∈ BD(Ω1),

ε(u1)|Ω = M, u1|Ω1−Ω = 0},

(3.19) Cdiv(Ω,En
s ) ≡ {σ ∈ C(Ω,En

s ) | σ|Ω ∈ Wn(Ω, div)}.These are topologial vetor spaes in duality de�ned by the bilinear pairing(3.20) 〈M,σ〉Y1×C =
\
Ω

σ : M =

n∑

i,j=1

\
Ω

σijM
ij

(f. [5, Remark 2℄). We say that a net {Mk}k∈K ⊂ Y1(Ω) onverges to M0in the topology σ(Y1(Ω), Cdiv(Ω,En
s )) if 〈(Mk−M0),σ〉Y1×C → 0 for every

σ ∈ Cdiv(Ω,En
s ).The funtional P

j
λ : Y1(Ω) → R ∪ {∞} of the original elasti-plastienergy is de�ned by

P
j
λ(ε(u)|Ω) ≡ −

\
Γ1

σ0 : (γI
B(u) ⊗s ν) ds +

\
Ω−S

j(x, ε(u)) dx(3.21)
+
\
S

j(x, ε(u)) ds +
\

Γ0

I{γI

B
(u)⊗sν=0}(γ

I
B(u) ⊗s ν) dsif ε(u)|Ω−S ∈ L1(Ω − S,En

s ) and u|Ω1−Ω = 0, where βB(σ0) = λg on Γ1,and P
j
λ(ε(u)|Ω) ≡ ∞ otherwise. In P

j
λ the work of the volume fores isomitted. The expression P

j
λ is obtained from Pλ,j by means of the formulaT

Γ1
βB(σ0) · γB(u) ds =

T
Γ1
σ0 : (γI

B(u) ⊗s ν) ds (whih holds for every
u ∈ BD(Ω), f. (3.15) and [5, (3.16)℄).We assume that there exists ũ ∈ BD(Ω1) with ε(ũ)|Ω−S ∈ L1(Ω−S,En

s )and P
j
λ(ε(ũ)|Ω) < ∞.4. Lower semiontinuous regularization. In this setion the l.s..regularization of the funtional P

j
λ is found, where the spae Y1(Ω) is en-dowed with the topology σ(Y1(Ω), Cdiv(Ω,En

s )). Unfortunately, the expliitformula for the bipolar funtional (Pj
λ)∗∗ is not found diretly. Therefore amodi�ation P̃

j
λ of P

j
λ is de�ned below, and only (P̃j

λ)∗∗ is found expliitly.In Theorem 11 it is shown that (P̃j
λ)∗∗ = (Pj

λ)∗∗. The reasoning given belowis a modi�ation of the method of [5℄. Only those fragments of the proofswhih are di�erent from those in [5℄ are given. In the funtionals P
j
λ and P̃

j
λthe work of the volume fores is omitted (f. [5, Setion 5℄).Beause of the duality between Y1(Ω) and Cdiv(Ω,En

s ), we de�ne a fun-tional (Pj
λ)∗ : Cdiv(Ω,En

s ) → R ∪ {∞} by
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(4.1) (Pj

λ)∗(σ) = sup{〈ε(u)|Ω ,σ〉Y1×C − P
j
λ(ε(u)|Ω) | u ∈ BD(Ω1),

ε(u)|Ω−S ∈ L1(Ω − S,En
s ) and u|Ω1−Ω = 0}.We say that (Pj

λ)∗ is the dual funtional to P
j
λ with respet to the dualitybetween Y1(Ω) and Cdiv(Ω,En

s ) (see [11, pp. 16�18℄). The bidual funtional
(Pj

λ)∗∗ : Y1(Ω) → R ∪ {∞} is de�ned by
(4.2) (Pj

λ)∗∗(ε(u)|Ω)

= sup{〈ε(u)|Ω,σ〉Y1×C − (Pj
λ)∗(σ) | σ ∈ Cdiv(Ω,En

s )}.The spae Y1(Ω)|Fr Ω is isomorphi to {−γB(u) ⊗s ν ∈ L1(FrΩ,En
s ) |

u ∈ BD(Ω)} (f. (3.3)). It follows that the bilinear form between Mb(Ω,En
s )

× Y1(Ω)|Fr Ω and Cdiv(Ω,En
s ) is given by(4.3) 〈(w̃,−γI

B(u) ⊗s ν),σ〉1 ≡
\
Ω

σ : w̃ +
\

Fr Ω

σ : (−γI
B(u) ⊗s ν) dsfor w̃ ∈ Mb(Ω,En

s ), −γI
B(u)ds ⊗s ν ∈ Y1(Ω)|Fr Ω and σ ∈ Cdiv(Ω,En

s ).Therefore a net {σδ}δ∈D ⊂ Cdiv(Ω,En
s ) onverges to σ0 ∈ Cdiv(Ω,En

s ) inthe topology(4.4) σ(Cdiv(Ω,En
s ), L1

µ(Ω,En
s ) × Y1(Ω)|Fr Ω)if 〈(w̃,−γI

B(u)⊗s ν),σ0−σδ〉1 → 0 for every w̃|Ω−S ∈ L1(Ω−S,En
s ), every

h ∈ L1(S, Rn) where w̃|S = h⊗s ν, and every −γI
B(u)ds⊗s ν ∈ Y1(Ω)|Fr Ω.The extension P̃

j
λ of P

j
λ onto the spae Mb(Ω,En

s ) × Y1(Ω)|Fr Ω is given by
(4.5) P̃

j
λ(w, (γ+B(u) − γ−B(u)) ⊗s ν,−γB(u)ds ⊗s ν)

≡ −
\

Γ1

σ0 : (γB(u) ⊗s ν) ds +
\

Ω−S

j(x,w) dx

+
\
S

j(x, (γ+B(u) − γ−B(u)) ⊗s ν) ds +
\

Γ0

I{γB(u)⊗sν=0}(γB(u) ⊗s ν) ds

if w ∈ L1(Ω − S,En
s ) and u ∈ BD(Ω), where βB(σ0) = λg on Γ1, and

P̃
j
λ(w, (γ+B(u) − γ−B(u)) ⊗s ν,−γB(u)ds ⊗s ν) ≡ ∞ otherwise.By duality between Mb(Ω,En

s ) ×Y1(Ω)|Fr Ω and Cdiv(Ω,En
s ), we de�nethe dual funtional (P̃j

λ)∗ : Cdiv(Ω,En
s ) → R∪ {∞} (f. (4.3)). It is given by

(4.6) (P̃j
λ)∗(σ) = sup

{ \
Ω−S

σ : w dx +
\
S

σ : ((γ+B(u) − γ−B(u)) ⊗s ν)ds

−
\

Fr Ω

βB(σ) · γB(u) ds − P̃
j
λ(w, (γ+B(u) − γ−B(u)) ⊗s ν,−γB(u)ds ⊗s ν)

∣∣∣

w ∈ L1(Ω − S,En
s ), u ∈ BD(Ω)

}
.
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λ)∗∗ : Y1(Ω) → R ∪ {∞} is de�ned by

(4.7) (P̃j
λ)∗∗(ε(u)|Ω−S , (γ+B(u) − γ−B(u)) ⊗s ν,−γ

I
B(u) ds ⊗s ν)

= (P̃j
λ)∗∗(ε(u)|Ω) = sup

{\
S

σ : ((γ+B(u) − γ−B(u)) ⊗s ν) ds

+
\

Ω−S

σ : ε(u)|Ω−S dx−
\

Fr Ω

βB(σ) ·γI
B(u) ds− (P̃j

λ)∗(σ)
∣∣∣ σ ∈ Cdiv(Ω,En

s )
}

for ε(u)|Ω = (ε(u)|Ω−S , (γ+B(u)−γ−B(u))⊗sν,−γ
I
B(u) ds⊗sν) ∈ Y1(Ω) (f.(3.3) and [5, (3.16)℄).Lemma 3 (see [5℄ and [4℄). For every σ ∈ Cdiv(Ω,En

s ) we have (P̃j
λ)∗(σ)

≥ (Pj
λ)∗(σ). Moreover , (P̃j

λ)∗∗(M) ≤ (Pj
λ)∗∗(M) for every M ∈ Y1(Ω).Proposition 4. The funtional (P̃j
λ)∗∗ is given by the expression

(4.8) (P̃j
λ)∗∗(ε(u)|Ω) = −

\
Γ1

σ0 : (γI
B(u) ⊗s ν) ds

+
\

Γ0

j∞(x,−γI
B(u) ⊗s ν) ds +

\
S

j(x, (γ+B(u) − γ−B(u)) ⊗s ν) ds

+
\

Ω−S

j(x, ε(u)a) dx +
\

Ω−S

j∞(x, dε(u)s/d|ε(u)s|) d|ε(u)s|for ε(u)|Ω ∈ Y1(Ω), where βB(σ0) = λg on Γ1 and ε(u) = ε(u)adx+ε(u)sis the Lebesgue deomposition of ε(u) into absolutely ontinuous and singularparts with respet to dx.Proof. By [14, Theorem 3A and Proposition 2M℄ we obtain (P̃j
λ)∗. From[8, Theorem 1℄ we get (4.8) (see also [5, Proposition 7℄). We note that in thefuntional (P̃j

λ)∗ the normal integrand over S is given by the expression
sup

{\
S

σ : ((γ+B(u) − γ−B(u)) ⊗s ν) ds −
\
S

j(x, (γ+B(u) − γ−B(u)) ⊗s ν) ds
∣∣∣

u ∈ BD(Ω)
}

=
\
S

IAs(σ(x)) ds(f. (3.5), (3.6), (3.8) and (3.9)).Lemma 5. For every u ∈ BD(Ω1) suh that ε(u)|Ω−S ∈ L1(Ω − S,En
s ),

u|Ω1−Ω = 0 and γI
B(u)|Γ0

= 0, we have (Pj
λ)∗∗(ε(u)|Ω) = (P̃j

λ)∗∗(ε(u)|Ω) =

P
j
λ(ε(u)|Ω).Proof. By Lemma 3, we have (P̃j

λ)∗∗(M) ≤ (Pj
λ)∗∗(M) ≤ P

j
λ(M) forevery M ∈ Y1(Ω). Therefore, by (4.8), we get the assertion.



Regularization of onstraints in Henky plastiity 337Lemma 6 (see [5, Lemma 9℄). For every σ ∈ Cdiv(Ω,En
s ) and every

σs ∈ Cdiv(Ω,En
s ) suh that divσs = 0, we have (Pj

λ)∗(σ) = (Pj
λ)∗(σ+ σs).We say that a net {σk}k∈K ⊂ Cdiv(Ω,En

s ) onverges to σ̂ ∈ Cdiv(Ω,En
s )in the topology

(4.9) σ(Cdiv(Ω,En
s ), L1(Ω − S,En

s ) × (L1(S, Rn) ⊗s ν)

× {ϕ ∈ Y1(Ω)|Fr Ω | ϕ|Γ0
= 0})if

(4.10)
\

Ω−S

(σk − σ̂) : w dx +
\
S

(σk − σ̂) : (p1 ⊗s ν) ds

+
\

Γ1

(σk − σ̂) : (p⊗s ν) ds → 0

for every w ∈ L1(Ω,En
s ), p1 ∈ L1(S, Rn) and p ∈ L1(Γ1, R

n).Lemma 7. Let f̂ : Cdiv(Ω,En
s ) → R be a linear funtional , ontinuousin the topology (4.9), suh that f̂(σs) = 0 for every σs ∈ Cdiv(Ω,En

s ) with
divσs = 0 in Ω. Then there exists ũ ∈ BD(Ω) suh that for every σ ∈
Cdiv(Ω,En

s ),̂
f(σ) =

\
Ω−S

σ : ε(ũ) dx +
\
S

σ : ((γ+B(ũ) − γ−B(ũ)) ⊗s ν) ds(4.11)
−
\

Fr Ω

σ : (γB(ũ) ⊗s ν) ds,

γB(ũ) = 0 on Γ0 and ε(ũ)|Ω−S ∈ L1(Ω − S,En
s ).Proof. Sine f̂ is ontinuous in the topology (4.9), by Theorem V.3.9 of[10℄ there exist m ∈ L1(Ω − S,En

s ), m1 ∈ L1(S, Rn) and û ∈ BD(Ω) suhthat γB(û) = 0 on Γ0 and f̂(σ) =
T
Ω−S
σ : m dx +

T
S
σ : (m1 ⊗s ν) dx −T

Fr Ω
σ : (γB(û)⊗s ν) ds for all σ ∈ Cdiv(Ω,En

s ). Next, we proeed similarlyto the proof of Lemma 10 in [5℄.Let Q : Cdiv(Ω,En
s ) → R ∪ {∞} be de�ned by(4.12) Q(σ) = inf{(P̃j

λ)∗(σ+ σs) | σs ∈ C(Ω,En
s ) and divσs = 0}.Proposition 8. For every σ ∈ Cdiv(Ω,En

s ) we have(4.13) (Pj
λ)∗(σ) = cl(4.9) Q(σ),where cl(4.9) Q denotes the largest minorant of Q whih is l.s.. in the topology

(4.9) (i.e. cl(4.9) Q is the l.s.. regularization of Q in (4.9)).Proof. We proeed similarly to Steps 1�5 of the proof of Proposition 11in [5℄. We say that a net {σk}k∈K ⊂ Cdiv(Ω,En
s ) is onvergent to σ̂ ∈
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Cdiv(Ω,En

s ) in the topology
(4.14) σ(Cdiv(Ω,En

s ), {ϕ ∈ Y1(Ω) | ∃u ∈ BD(Ω1), ε(u) = ϕ,

ε(u)|Ω−S ∈ L1(Ω − S,En
s ), u|Ω1−Ω = 0, γI

B(u) = 0 on Γ0})if
(4.15)

\
Ω−S

(σk − σ̂) : ε(u) dx +
\
S

(σk − σ̂) : ((γ+B(u) − γ−B(u)) ⊗s ν) ds

−
\

Fr Ω

(σk − σ̂) : (γB(u) ⊗s ν) ds → 0for every u ∈ BD(Ω) suh that ε(u)|Ω−S ∈ L1(Ω − S,En
s ) and γB(u) = 0on Γ0. The l.s.. regularization of (P̃j

λ)∗ in the topology (4.14) (denoted bylc(P̃j
λ)∗) is given by

(4.16) clc(P̃
j
λ)∗(σ) = sup

{ \
Ω−S

σ : ε(u) dx −
\

Fr Ω

σ : (γI
B(u) ⊗s ν) ds

+
\
S

σ : ((γ+B(u) − γ−B(u)) ⊗s ν) ds − (P̃j
λ)∗∗(ε(u)|Ω)

∣∣∣

u ∈ BD(Ω1), ε(u)|Ω−S ∈ L1(Ω − S,En
s ), u|Ω1−Ω = 0, γI

B(u) = 0 on Γ0

}

= sup
{ \

Ω−S

σ : ε(u) dx +
\
S

σ : ((γ+B(u) − γ−B(u)) ⊗s ν) ds

−
\

Fr Ω

σ : (γI
B(u) ⊗s ν) ds − P

j
λ(ε(u)|Ω)

∣∣∣ u ∈ BD(Ω1),

ε(u)|Ω−S ∈ L1(Ω − S,En
s ), u|Ω1−Ω = 0, γI

B(u) = 0 on Γ0

}
= (Pj

λ)∗(σ)for σ ∈ Cdiv(Ω,En
s ) (f. Lemma 5). Similarly to the proof of Proposition 11in [5℄, we obtain a ontradition.Lemma 9. For every r̂ > 0, the topology (4.9) is stronger than the topo-logy σ(Cdiv(Ω,En

s ),Y1(Ω)) over the set {σ ∈ Cdiv(Ω,En
s ) | ‖divσ‖Ln ≤ r̂}.Proof. By [5, Lemma 12℄ the topology (4.12) de�ned in [5℄ is strongerthan σ(Cdiv(Ω,En

s ),Y1(Ω)) over the set {σ ∈ Cdiv(Ω,En
s ) | ‖divσ‖Ln ≤ r̂}.Moreover, the topology (4.9) is stronger than the topology (4.12) from [5℄.Proposition 10. Let Ak ≡ {σ ∈ Cdiv(Ω,En

s ) | ‖divσ‖Ln ≤ k}. Forevery σ̂ ∈ Cdiv(Ω,En
s ) and every k > ‖div σ̂‖Ln ,(4.17) (Pj

λ)∗(σ̂) = clAk
Q(σ̂),where clAk

Q(·) is the l.s.. regularization of the funtion σ 7→ Q(σ)+IAk
(σ)in the topology (4.9) and IAk

(·) is the indiator funtion of Ak.



Regularization of onstraints in Henky plastiity 339Proof. Step 1. Suppose there exist σ1∈Cdiv(Ω,En
s ) and onstants δ0 >0,

k > 0 suh that k > ‖divσ1‖Ln and (Pj
λ)∗(σ1) + δ0 < lAk

Q(σ1). Onaount of Lemmas 3 and 6, it su�es to show that this assumption leadsto a ontradition.For every ε(u)|Ω ∈ Y1(Ω) let
(P̃j

λ)∗k(ε(u)|Ω) ≡ sup{〈ε(u)|Ω ,σ〉Y1×C − (P̃j
λ)∗(σ) | σ ∈ Ak},(4.18)

(P̃j
λ)∗‖Ak

(σ) ≡ (P̃j
λ)∗(σ) + IAk

(σ) ∀σ ∈ Cdiv(Ω,En
s )(4.19)(f. [5, Proof of Proposition 13℄). For every σ ∈ Cdiv(Ω,En

s ) let
(4.20) clc(P̃

j
λ)∗‖Ak

(σ) = sup{〈ε(u)|Ω ,σ〉Y1×C − (P̃j
λ)∗k(ε(u)|Ω) |

u ∈ BD(Ω1), ε(u)|Ω−S ∈ L1(Ω − S,En
s ), u|Ω1−Ω = 0, γI

B(u) = 0 on Γ0},where clc is the l.s.. regularization (of the funtional onsidered) in thetopology (4.14). Then for every k̂ > 0 suh that ‖divσ1‖Ln < k̂ we have(4.21) clc(P̃
j
λ)∗‖A

k̂

(σ1) = (Pj
λ)∗(σ1)(f. (4.16)). Indeed,

(4.22) sup{〈ε(u)|Ω ,σ1〉Y1×C − (P̃j
λ)∗k(ε(u)|Ω) | u ∈ BD(Ω1),

ε(u)|Ω−S ∈ L1(Ω − S,En
s ), u|Ω1−Ω = 0, γI

B(u) = 0 on Γ0}

= sup{〈ε(u)|Ω ,σ1〉Y1×C − (P̃j
λ)∗∗(ε(u)|Ω) | u ∈ BD(Ω1),

ε(u)|Ω−S ∈ L1(Ω − S,En
s ), u|Ω1−Ω = 0, γI

B(u) = 0 on Γ0}if k > ‖divσ1‖Ln , sine (P̃j
λ)∗k is the supremum over all a�ne mappings

Y1(Ω) ∋ ε(u)|Ω 7→ 〈ε(u)|Ω ,σ〉Y1×C + const whih are less than (P̃j
λ), and

σ ∈ Ak.Step 2. Similarly to the proof of [5, Proposition 11℄, for every k > 0,there exists a linear funtional fk : Cdiv(Ω,En
s ) → R given by(4.23) fk(σ) =

\
Ω

σ : ε(uk) dx −
\

Fr Ω

σ : (γB(uk) ⊗s ν) ds,where γB(uk) = 0 on Γ0 and ε(uk)|Ω−S ∈ L1(Ω − S,En
s ) for every k > 0(see Lemma 7). Moreover (by the proof of [5, Proposition 11℄) for all k > 0there exists ck ∈ R suh that(4.24) (Pj

λ)∗(σ1) + δ0 < fk(σ1) + ck and fk(σ̃) + ck < clAk
Q(σ̃)for every σ̃ ∈ Cdiv(Ω,En

s ). From (4.20), (4.21), (4.23) and (4.24) we obtaina ontradition.
Theorem 11. For every ϕ ∈ Y1(Ω) we have (P̃j

λ)∗∗(ϕ) = (Pj
λ)∗∗(ϕ).



340 J. L. BojarskiProof. We prove this result similarly to that in [5, Theorem 14℄.
Remark 1. If we assume that the funtional onsidered is globally o-erive then we easily obtain the existene theorem.

Referenes[1℄ E. Aerbi, I. Fonsea and N. Fuso, Regularity results for equilibria in a variationalmodel for frature, Pro. Roy. So. Edinburgh Set. A 127 (1997), 889�902.[2℄ L. Ambrosio, A. Cosia and G. Dal Maso, Fine properties of funtions with boundeddeformation, Arh. Rat. Meh. Anal. 139 (1997), 201�238.[3℄ A. C. Barroso, I. Fonsea and R. Toader, A relaxation theorem in the spae offuntions of bounded deformation, Ann. Suola Norm. Sup. Pisa Cl. Si. 29 (2000),19�49.[4℄ J. L. Bojarski, The relaxation of Signorini problems in Henky plastiity, I : Three-dimensional solid, Nonlinear Anal. 29 (1997), 1091�1116.[5℄ �, General method of regularization. I: Funtionals de�ned on BD spae, Appl.Math. (Warsaw) 31 (2004), 175�199.[6℄ G. Bouhitté, I. Fonsea and L. Masarenhas, A global method for relaxation, Arh.Rat. Meh. Anal. 145 (1998), 51�98.[7℄ �, �, �, Relaxation of variational problems under trae onstraints, NonlinearAnal. 49 (2002), 221�246.[8℄ G. Bouhitté and M. Valadier, Integral representation of onvex funtionals on aspae of measures, J. Funt. Anal. 80 (1988), 398�420.[9℄ A. Braides, A. Defraneshi and E. Vitali, A relaxation approah to Henky's pla-stiity, Appl. Math. Optim. 35 (1997), 45�68.[10℄ N. Dunford and J. T. Shwartz, Linear Operators, Part I, Intersiene, New York,1958.[11℄ I. Ekeland and R. Temam, Convex Analysis and Variational Problems, North-Holland, Amsterdam and New York, 1976.[12℄ E. Giusti, Minimal Surfaes and Funtions of Bounded Variation, Monogr. Math.80, Birkhäuser, 1984.[13℄ R. Kohn and R. Temam, Dual spaes of stresses and strains with appliations toHenky plastiity, Appl. Math. Optim. 10 (1983), 1�35.[14℄ R. T. Rokafellar, Integral funtionals, normal integrands and measurable seletions,in: Nonlinear Operators and the Calulus of Variations, Leture Notes in Math. 543,Springer, Berlin, 1975, 157�207.[15℄ R. Temam, Mathematial Problems in Plastiity, Gauthier-Villars, Paris, 1985.Department of Applied MathematisWarsaw Agriultural University (SGGW)Nowoursynowska 15902-787 Warszawa, PolandE-mail: JarekLBojarski�pozta.onet.plReeived on 28.6.2004;revised version on 24.1.2005 (1750)


