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STUDY OF A CONTACT PROBLEM WITH NORMAL
COMPLIANCE AND NONLOCAL FRICTION

Abstract. We consider a static frictional contact between a nonlinear
elastic body and a foundation. The contact is modelled by a normal compli-
ance condition such that the penetration is restricted with unilateral con-
straint and associated to the nonlocal friction law. We derive a variational
formulation and prove its unique weak solvability if the friction coefficient
is sufficiently small. Moreover, we prove the continuous dependence of the
solution on the contact conditions. Also we study the finite element approx-
imation of the problem and obtain an error estimate.

1. Introduction. Contact problems involving deformable bodies are
quite frequent in industry as well as in daily life and play an important
role in structural and mechanical systems. A first attempt to study contact
problems within the framework of variational inequalities was made in [g].
Unilateral contact models occupy an important place in the theory of vari-
ational inequalities and their approximation by finite element methods (see
[9, 13]). Numerical studies of the Signorini contact problem were made in
[1L 2, B, 12]. In particular, in [I2] we can find a detailed analysis of elastic
contact problems together with a numerical approach.

In this work, our goal is the analysis and numerical approximation of a
frictional and unilateral contact problem in nonlinear elasticity. We assume
that the contact is modelled by a normal compliance condition similar to the
one in [11I], so that the penetration is restricted with unilateral constraint
and associated to the nonlocal friction law. Now, we want to point out the
physical interest of the model studied here. Indeed, before the reference [11]
appeared, it was well known that no restriction with unilateral constraint
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was done on the penetration in compliance models. However, according again
to this reference, the method presented here considers a compliance model in
which the compliance term does not necessarily represent an important per-
turbation of the original problem without contact. This will help us to study
the models where a strictly limited penetration occurs by means of a limit
procedure to the Signorini contact problem. Recall that a numerical study of
a static frictional contact problem with normal compliance for elastic mate-
rials was made in [10, [I5]. The novelty in the present paper is that we extend
the results in [0, [I5] to the case when the elasticity operator is nonlinear,
strongly monotone and Lipschitz continuous. We suppose that the displace-
ment field is of class H? (the standard Sobolev space of degree 2) and we
deduce an O(h®/*) error estimate where h > 0 stands for the discretization
parameter.

The paper is structured as follows. In Section 2 the mechanical problem
(Problem P;) is formulated, some notation is presented and the variational
formulation is established. In Section 3 we give an existence and uniqueness
result under a smallness hypothesis on the friction coefficient. In Section 4
we prove a continuous dependence result. Finally, in Section 5 we study the
finite element approximation of the displacement variational formulation.
We establish the convergence of the finite element method and derive an
error estimate under a regularity assumption on the solution.

2. Variational formulation. Consider an elastic body occupying a
bounded Lipschitzian domain 2 € R¢ (d = 2,3). The boundary I" of
(2 is partitioned into three measurable parts, I" = I'y U I’y U I'3, where
I;, i = 1,2,3, are disjoint open sets and meas(l}) > 0. The body is
subjected to volume forces of density ¢1, prescribed zero displacements
and tractions ¢o on the parts I7 and I, respectively. On I3 the body
is in unilateral contact with a foundation following a nonlocal friction
law [7,14].

Under these conditions, the classical formulation of the mechanical prob-
lem is the following.

PROBLEM P;. Find a displacement field u : 2 — R? such that

(2.1) o = Fe(u) in £2,

(2.2) dive+¢1 =0 in £,

(2.3) u=20 on I7,

(2.4) oV = ¢3 on Iy,

(2.5)  w<g, o,+p(u) <0, (o, +puy))(uy,—g)=0 on I3,
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lor| < u|Roy|
(2.6) lo-| < p|Roy| = ur =0 on I,
07| = p|Roy| = 3N > 0,0, = —Mu,

Here (2.1) is the elastic constitutive law in which o denotes the stress
tensor, e(u) is the small strain and F is a given nonlinear function. Next,
(2.2) represents the equilibrium equation while (2.3) and (2.4) are the dis-
placement and traction boundary conditions, respectively, in which v de-
notes the unit outward normal vector on I' and ov represents the Cauchy
stress vector. Conditions (2.6) represent the nonlocal Coulomb friction law
where p denotes the friction coefficient.

We now want to explain the physical meaning of the unilateral condi-
tions (2.5), which are of our main interest. Here o, denotes the normal
stress, u, is the normal displacement, g > 0 is given and p is a Lipschitz
continuous increasing function. Indeed, if w, < 0, i.e. if there is separation
between the body and the foundation, then (2.5) combined with hypotheses
(2.10) below on the function p shows that the reaction of the foundation
vanishes (since o, = 0). If 0 < u, < g then —o, = p(u,), which means
that the reaction of the foundation is uniquely determined by the normal
displacement. If u,, = g then —o, > p(g) and o, is not uniquely determined.
We note that when g = 0, condition (2.5) becomes the classical Signorini
contact condition without a gap,

u, <0, 0,<0, oyu, =0,

and when g > 0 and p = 0, (2.5) is the Signorini contact condition with a
gap,

u, <g, 0,<0, oy(u,—g)=0.
The last two conditions are used to model the contact with a perfectly rigid
foundation.

In the study of Problem P; we shall adopt the following notation and
hypotheses:

We denote by Sy the space of second-order symmetric tensors on R¢
(d =2,3), while ‘" and | - | will represent the inner product and Euclidean
norm on Sy and R?, respectively, i.e.

u = U, lv] = (vo)2,  Vu,v e RY,
0.1 =oyTij, |t|= (.Y Vo, €Sy

Here and below, the indices ¢ and j run between 1 and d, and the summation
convention over repeated indices is adopted.
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To proceed with the variational formulation, we need some function
spaces:

H= (LQ(Q))dv Q= {7— = (Tij); Tij = Tji € L2(‘Q)}>
Hy = (H'(2))%.
H, () are Hilbert spaces equipped with the respective inner products
(’U,,’U)H = S U;V; dl’, ((T, T)Q = S 045 Tij dz.
2 9]

The linearized strain tensor is defined as
1

e(v) = (g45(v)) = <2(vi7j + Uj,i)) Vv € Hy.
For every v € Hy we also write v for the trace of v on I', and we denote by
v, and v; the normal and the tangential components of v on the boundary
I given by v, = v.v, v; = v — v,v. Similarly, 0, and o, denote the normal
and the tangential traces of a function 0 € Q1 = {r € Q :divr € H}. If o
is a regular function, then o, = (ov).v, 0, = ov — o,v, and the following
Green’s formula holds:

(0,e(v))g + (dive,v)g = S ovwvda Vv € Hy.

r

Next let V' be the closed subspace of H; defined by
V={veH;v=0o0nI}
and define the set of admissible displacement fields by
K={veV;v, <gae. on I3}
Since meas(I) > 0, the following Korn inequality holds [§]:
(2.7) le()llq = callvllm, Vv eV,

where ¢y > 0 is a constant which depends only on {2 and I'1. We equip V
with the inner product given by

(u, 0)v = (e(u),£(v))Q
and let || - || be the associated norm. It follows from (2.7) that the norms
Iz, and ||-]]y are equivalent and (V/ ||-||y/) is a real Hilbert space. Moreover,

by Sobolev’s trace theorem, there exists a constant dp > 0 depending only
on {2, Il and I3 such that

(2.8) ol <dgl|jvly  VveV.

L2(13))d

In the study of the mechanical problem P;, we assume that the operator
of elasticity [’ satisfies
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(a) F:2x 83— Sy.
(b) There exists M > 0 such that
|F(x,e1) — F(z,e2)| < Mler — &2
for all 1,69 € Sy and a.e. x € (2.
(¢) There exists m > 0 such that
(F(z,e1) — F(x,e2)).(61 — £2) > mley — ea?
for all 1,69 € Sy and a.e. x € (2.
(d) The mapping x — F(x,¢) is Lebesgue measurable on (2,
for all e € S,.
(e) The mapping = — F(x,0) belongs to Q.

An example of a nonlinear elasticity operator F' is given by

F(€) = BE+ (6~ Put) VEes,

where A > 0; E¥: S; — Sy is a fourth order symmetric and positive definite
tensor; U denotes a nonempty closed convex set in Sy; and Py represents
the projection mapping.
We also assume as in [I1] that the normal compliance function p satisfies
(a) p:]—o00,9] = R;
(b) there exists L, > 0 such that
(2.10) Ip(r1) — p(r2)| < Lplr1 — raf for all 71,79 < g;

(¢) (p(r1) —p(r2))(r1 —r2) >0 for all 1,79 < g;
(d) p(r) =0 for all r < 0.

The forces and the tractions are assumed to satisfy
(2.11) ¢1 € H, ¢o€ (L*(I2),
and we denote by f the element of V' given by

(f,o)v = (d1,0) 1 + (¢2,0)(L2(nyyye Vv EV.
We suppose that the friction coefficient p satisfies
(2.12) pe L>®(I3), p>0 ae onlj
and
(213) R:H Y?(I') — L*(I3) is a linear continuous mapping (see [5]),
where H=/2(I") is the dual of H'/2(I"). Next, we define

W ={v e Hy;dive(v) € H}.

Let jo : VxV =R, j, :WxV —=Rand j: (VNW)xV — R be the
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functionals

Jew,w) = | po,)w, da,  ju(v,w) = | ulRoy(v)||w,|da,

I3 I3

j(’”? w) = jC(v7 w) + j#(vv w)'
We note that if v € W then o(v) € Q1 and o,,(v) € H=Y/2(I'). Thus, j,(v,")
makes sense.

Now, in order to establish the weak formulation of Problem P;, we as-

sume u is a smooth function satisfying (2.1)—(2.6). Let v € V' and multiply

the equilibrium of forces (2.2) by v — u, integrate the result over 2 and use
Green’s formula to obtain

\o(e(v) —e(u) do = | ¢1.(v — u) da +
9] n
Taking into account the boundary conditions (2.3

Sau.(v—u)da: S ¢2.(v —u)da + S
r I I3

ov.(v — u) da.

and v =0 on I, we get

Q — Ne—

v.(v —u)da.

Moreover,
S ov.(v—u)da = S op(v, — uy) da + S or.(vr — ur) da.
I3 I3 I3
But from the frictional contact conditions (2.6) we have
or.(vr —ur) + p|Roy (w)|(|or| = [ur]) 20 Vor
and we see that
S (v, —uy) da = S (oy + p(uy))(vy — uy) da — S p(uy) (v, — uy) da.
I I3 ry
Then we deduce that the function u satisfies the inequality
(2.14)  (Fe(u),e(v —u))g + j(u,v) — j(u,u)
> (fiv—u)y + S (ov +p(uy))(vy —uy)da Vv eV.
I
On the other hand,

[ (o4 () (00— ) da = § (0 + p()) (0 — 9) — (1w, — 9)) da
I3 Is

= | (v +p(w))(vy —g) da— | (00 +p(w,) (uy — g) da.
I3 I
Then using the contact conditions (2.5) yields

S(J,, +p(uy)(vy, —g)da >0 YveK
I3
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and

§ (0 + plun)(uy — g)da = 0.
I3

Hence we deduce that
(2.15) S (oy +p(uy))(vy —uy)da >0 Yve K.
I3
Combining now (2.14) and (2.15) we obtain the following variational formu-
lation of the mechanical problem P;.

PROBLEM P;. Find a displacement field u € K N W such that
(216)  (Pe(u),e(v — u))g +j(u,0) — j(u,w) = (fv—u)y Vo€ K.

3. Existence and uniqueness of solution. The main result of this
section is the existence and uniqueness of solution for the weak formula-
tion Ps.

THEOREM 3.1. Let (2.9)—(2.13) hold. Then there exists a constant pig > 0
such that Problem P> has a unique solution if
1l oo () < tto-

The proof will be carried out in several steps. It is based on fixed point
arguments. Let g € C, where Cy is a nonempty closed subset of L?(I3)
defined as

Cy ={s € L*(I3); s>0a.e. on I3}

and let j, : V' — R be the functional given by
dg(v) = | nglvslda Vv eV
I3

We now consider the following contact problem with given friction.
PROBLEM P,. Find uy € K such that
(31)  (Fe(ug),e(v—ug))q +jg(v) = Jg(ug) = (f,v —ug)y Vv e K.
We prove the following lemma.
LEMMA 3.2. For any g € Cy, Problem Py has a unique solution.

Proof. Let A : V. — V be the operator given by (Au,v)y = (Fe(u),
e(v))qQ + Je(u,v) for all u,v € V. We use (2.8), (2.9)(b),(c), (2.10)(b)(c) to
show that A is strongly monotone and Lipschitz continuous. The functional
Jg : V — R is a continuous seminorm; since K is a nonempty closed convex
subset of V', it follows from the theory of elliptic variational inequalities
(see [4]) that the inequality (3.1) has a unique solution. =
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We now consider the mapping 7' : C. — C defined as
(3.2) T(g) = |Ro,(ug)|.

LEMMA 3.3. There exists a constant pg > 0 such that T' admits a unique
fized point g* and ug- is a unique solution of Problem P».

Proof. Let g1, g2 € C+. Using (3.2) we have
(3.3) 1T (g1) = T(92)llr2(r) < 1R(0(ug,) — 00 (ugy))llL2(ry)-

Thus, by (2.13) and Green’s formula, there exists a constant ¢y > 0 such
that

(3.4) [1R(00(ug,) = 0u(ugy)) | L2(ry) < coM g, — tg,lv-

We take v = ug, in the inequality equivalent to (3.1) with g = g1, and
v = ug, in the inequality equivalent to (3.1) with ¢ = g2, and add the
results to obtain

(3.5) <F€(ug1) - Fg(qu),a(ugl) - 5(“Q2)>Q

+ S (p(ug2l’) - p(uglu))(ugzu - uglu) da
I3
< g1 — 92)(Jugy. | — lug,,|) da.
I3

Keeping in mind (2.10)(c), we have

| (p(ugs,) — plug,,))(ug,, — ug,,)da >0
I3

and therefore from (3.5) we deduce that

do
lug, = ug, v < Nl poe(ry - =91 = g2l 22y

Hence using (3.4), we get

do
[ R(ow (ugy) — o0 (g z2(ry) < COMH#HLoo(rg)Eﬂgl — g2llr2(my)

and so by (3.2),

do
IT(g1) = T(g2)llz2ry) = coMllll oo gy~ —llgr = g2llz2ry)-

Let now
o = m/coMdg,.

Then for ||| zee(ry) < o, the mapping T' is a contraction, so it admits a
unique fixed point g, and ug- is a unique solution to (2.16). =

Next denote ug+ = u.

REMARK 3.4. As uy, € W for all g € Cy, we have u € W.
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4. Continuous dependence. Next, we investigate the behaviour of
the weak solution to Problem P; with respect to perturbations of the nor-
mal compliance function p. For every a > 0, let p® be a perturbation of
p which satisfies (2.10) with Lipschitz constant Lg. Let us also introduce
the functionals j, which are obtained by replacing p by p® in j. We now
consider the following problem.

PROBLEM P,. For every a > 0, find a displacement field u®* € K N W
such that

(4.1) (Fe(u®),e(v—u®))g+j(u®,v)—j(u, u*) > (f,v—u*)y WveK.

Using Theorem 3.1 we deduce that for each a > 0 Problem P, has
a unique solution u® for ||u||zee(ry) < po. Suppose now that the contact
function p® satisfies the following assumption:

There exists a function ¢ : Ry — R, such that

(@) |p*(r) = p(r)l < p()lr| vr <y,
(b) lim ¢(a) = 0.

THEOREM 4.1. Under the assumption (4.2) we have

(4.2)

(4.3) u® —u  strongly in V as a — 0.
Proof. Let a > 0. From (2.16) and (4.1) we get
(4.4)  (Fe(u®) — Fe(u),e(u® —u))g
< Ju,u®) = ju,u) + 5 (u® u) = j (u®, u®).
We have
(4.5)  Jlu,u®) = ju,u) + 7% (u u) = j%(u®, u®)
= (.jc(uvua) - ]C(uvu)) (.7 (u®,
+ U, u®) = Ju(u, w) + (G (0, w) = g (u®, u®))
= Vo) = p(ug)) (ug —w) da+ | (p(u) = p™(uf)) (uf} —uy) da
I3 I3
+ | u(IBoy ()| = [Row (u®))(Jug| = |ur|) da
I3
Then by (2.10)(c) and (4.5), it follows from (4.4) that

(Fe(u®) = Fe(u),e(u® —u))q < | (p(u)) — p*(uf)) (uf} — w,) da
I3

+ \ u(|Roy ()| = [Ro (u®) ) (Jug| — |ur|) da

I

u®, u) — 7 (u, u®))
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Using now (4.2)(a), we estimate the first term of the right hand side as

(4.6) } (p(ug) = ™ () (uf} — w) da < dgp(a)|[u|lv[[u® = ullv,
I3

while by (2.8) and (2.13) the other term is estimated as

@7 | ulRoy(u)| = [Roy (u))(jug| — |ur|) da

I3
< 1l oo gy Meodalu — u®[[3.

Hence using (2.9)(c), it follows from (4.6) and (4.7) that
mlfu® —ullf, < dge(a)llu®llvliu® = ully + [l ooy Meodellu — u®|3.
This implies

f
(4.8) (m = ||pll poo () Meod) [u® — ully < d2 o(a )” ||V

As
— Nl oo (ryy M cod > 0,

by going to the limit in (4.8) using (4.2)(b), one obtains (4.3).

5. Finite element approximation. In this section we study the finite
element approximation of the variational problem Pj. Let h — 04 and let (2
be a polygonal domain in R?. Then the boundary I” consists of line segments.
We also assume that the sets I'y N 'y, I’y N '3 and 'y N I'3 contain only a
finite number of points. Write

with each I's; being a line segment. We define the finite-element space
Vi = {on € VN (CY(2))% o7 € [P1(T))?, VT € Ty}

where 7}, is a regular triangulation on {2 (see [5]) such that 2 = (Jyc, T and
P (T) denotes the set of all polynomials of global degree less than or equal
to one with the definition domain T'. We suppose that each triangulation is
compatible with the boundary decomposition I" = I'y U 'y U I's; that is,
each point where the boundary condition changes is a node of a set T'. Now,
before we establish the error estimate for the finite element approximation,
we need the following standard interpolation error estimates (see [6]):

(5.1 o = vllv < erhllvllg2(o)2,

. 3
v = vllzecryyye < b 2ol 22,

for every v € V N (H?(2))?, where m,v denotes the Vj-interpolant of the
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function v. We define the nonempty closed convex set K} by
Kp, = {vy € Vi; vpy, < g a.e. on I3},
We remark that Kj;, C K and formulate the discrete problem as
PrROBLEM P;,. Find uj € Kj, such that
(5.2)  (Fe(un),e(vn — un))q + J(un, vn) — j(un, un)
> (foon —up)y Vo, € K.

Under the assumptions of Theorem 3.1, the discrete inequality (5.2) has
a unique solution uy, € Kj, for || ze(ry) < po- Now, to obtain an error
estimate, we need to make an additional hypothesis on the regularity of
solution. Namely, assume

(5.3) ue (H*(2)*NK.
Then we have the following proposition.
THEOREM 5.1. Suppose that the conditions (5.1) and (5.3) hold and that
|2l oo (1) < po- Then
(5.4) lu = unllv < eh®ull(m2(0))2;
where ¢ is a positive constant independent of h.
Proof. Taking v = uy, in (2.16) and vy = mpu in (5.2) we obtain
(5.5)  mllu—wnl? < (Fe(u) — Fe(uy), =(u — u))q
< (Fe(up) — Fe(u),e(mpu—u))g + (Fe(u), e(mpu—u))g — (f, mpu—u)v
+ j(u,up) + jlup, mpu) — j(up, up) — j(u, 7pu) + j(u, mu) — j(u, u).
We have
(5:6)  |(Fe(un) — Fe(u),=(mnu — w)ol < Mllu— wyllylu — myullv.
Taking into account (5.3) and using Green’s formula, we get
(65.7) (Fe(u),e(mpu —u))g — (f, mpu —u)y = S o(w)v.(mpu — u) da
I3
< lovllzzmyllmau — ull (22 < callull )2 lmnw — ullz2(ny))z.
As
J(u, mhu) — j(u, u) = (e(u, Thu) — je(u, w)) + (Ju(u, Thw) — ju(u, u)),
by (2.8) and (2.10)(b), we deduce that
(5.8) el mpu) = je(u, w) < |[p(uwn)llL2(ry)llmnw — ull2(ry)2

< Lylluy || 2y llmnw —ull (2 (my))2 < esllull(mziopellmnu —ull (L2 (my))z2-
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Following the same reasoning as previously we also have
(5.9) (i (us mu) = Ju(u,w)) < callull g2z llmnu — ull (2 (my))2-
Now since
J(u,up) + j(un, mpw) — j(un, up) — j(u, mhu)
= Je(u,un) + je(un, maw) — je(un, un) — je(u, Thu)
+ Ju(, un) + Ju(tn, mpw) = Ju(un, un) = ju(u, mhu),
using (2.8), (2.10)(b) and (2.10)(c) one obtains
(5.10)  ge(u,up) + je(un, Thw) — je(un, un) — je(u, Thu)
< Lpdlu — upllv|lu — mhully
and
(5.11)  julu,un) + julun, maw) = ju(un, un) = ju(u, Thw)
<l poe (ryycoMdgl|u — unl 3.

Substitution of (5.6)—(5.11) in (5.5) yields

(5.12)  (m — ||l poe(ryycoMde)|lu — unly

< (M + Lydp)llu — mpully lu — upllv + esllull o2 lmnu — wll z2(r)2-

Using Young’s inequality
2 2

da b
< — -
ab < 5 +2(5 Vo > 0,Va,b € R,

and having in mind that pg = m/coMdg, for
(1o = llpll oo (rs) ) coM d

0 <

M + Lyd?,
we deduce from (5.12) that
to — llpllpoe(r
(5.13) 5w —

< collu — mull + esllull i)z llmau — ull 2oy,
Therefore, from (5.13) and (5.1), the estimate (5.4) follows.
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