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SUPERCONVERGENCE BY STEKLOV AVERAGING
IN THE FINITE ELEMENT METHOD

Abstract. The Steklov postprocessing operator for the linear finite el-
ement method is studied. Superconvergence of order O(h?) is proved for
a class of second order differential equations with zero Dirichlet boundary
conditions for arbitrary space dimensions. Relations to other postprocessing
and averaging schemes are discussed.

1. Introduction. Most finite element postprocessing schemes for sec-
ond order problems discretized on simplicial partitions of domains appear in
the form of gradient postprocessing, i.e., an improved approximation of the
gradient of the true solution is obtained, but the resulting vector function
is not a potential field.

Steklov averaging based postprocessing proposed by Oganesyan and
Rukhovets in [6] does not suffer from this disadvantage.

The monograph [6] (pp. 94-101, 189) presents the Steklov operator Sj,
(which will be defined in Section 2) as a tool for postprocessing of finite
element solutions of second order elliptic boundary value problems. Fixing
a subdomain 2y with 2y C £2, and taking the finite element approximate
solution uy, of the Poisson problem —Awu = f with zero Dirichlet boundary
condition, Oganesyan and Rukhovets proved the error bound

(1) [ — Spupll1,0, = O(h*?)

for 2-dimensional uniform meshes consisting of right isosceles triangles,
whereas the piecewise linear finite element solution uj approximates the
exact solution v with order

[u—unl[1,0 = O(h).
2000 Mathematics Subject Classification: Primary 65N30.
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Numerical experiments, however, suggest that bound (1) is not optimal, i.e.,
it may be improved.

In this paper we show that, in fact, for v € H3(£2) and uniform meshes
we have

lu = Shunll1,0, < CH?||ull3,0
for some C' > 0.
2. Steklov averaging operator. Let {2y with 29 C 2 C R, d > 1, be

a subdomain of a bounded domain 2. The d-dimensional Steklov averaging
operator acting on a function v € L!(£2) is defined by

) (519)(z) = 7

| v +y)dy,
11y,

where IT, = {y = (y1,...,9q) € R? | |yi| < h,i=1,...,d}, z € £, and h
is small enough so that = + IT;, C 2.

_ LEmMMA 2.1. For each integer I > 0 and a fized subdomain (2 with
20 C 12 there exist constants C > 0 and ho > 0 such that for all h € (0, hg),

(3) 1Sh0lli0, < Cllvllie Vo € H'(£2)
and
(4) v — Spvll1.0, < Ch?||vll3.0 Yo € H3(82).

Proof. Oganesyan and Rukhovets’ monograph [6] contains an elementary
proof of (3) and the bound

() lv = Shollo,n < CR?[[vl2.0

for d = 2 (pp. 94-96). Bramble and Schatz’s paper [1] includes the bounds
(3) and (5) in Lemmas 5.2 and 5.3 for arbitrary space dimensions (take
Spv = K v with t = 1 and [ = 1).

If we make use of the equality S, Vv = V.S,v proved in Lemma 2.2 below,
where the Steklov operator for vector functions is naturally defined by

(SpVv); = Sy ail‘@'v’ 1=1,...,d,

inequality (5) immediately implies (4). m
LEMMA 2.2. Ifv € H'(£2), then

(6) SpVv = VSpv

in {2y and

(7) Spv € CH(£2).
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Proof. For a function ¢ € C§°(£2y), by the Fubini theorem and the
definition of the distributional derivative we have

(510 9)0 = i3 | (éh Ol +y) dy ) p(w) do

i (| e o)

= —(2%)[1 S ( S v(z 4+ y)0ip(x) dl‘) dy
I, 2

B _ﬁ | ( | v@+y) dy)aiw(fﬂ) dz = —(Shv, 0ip) 0,
20 IIp

and the distributional derivative (0/0z;)Spv is, therefore, a function from
L?(£29) and equals Sy (0/0x;)v.
For a function v € L%(£2) we get Spv € C(£2), since
1 1
(Sp)(@) = (Si)¥) = = | 0@ dE < < Il 2w IVl L2(0);
(2h) (2h)
Th(mvy)
where the set 13, (z,y) is defined by
Yi(w,y) = ((z + 11n) U (y + )\ ((x + 1) N (y + IT1))
(see Figure 1) and apparently
T [ 2, 2.9y = 0

for a fixed h.

Fig. 1. T3 (=x,y) for d = 2 (shaded area)

Applying the above continuity property to Sy, Vu, we get Spuc C1(£2)). =

REMARK 2.3. Clearly, (2) can be rewritten as

1
Spv = W” * Xhs

where xj, is the characteristic function of the set Il and we extend the
function v in some way to L'(R%).
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EXAMPLE 2.4. For v(z) = sin(rz), x € R!, we obtain

wh sinmh
)(xr) = — sin 7 = sin7x
(Swv)(2) = o7 | ydy
and
($10)(2) = (Sio)w) = 2k | sin® myy = S22 o0
nv x) = (Spv x —th_hs Ty dy = — S T

for the nth derivative.

3. Steklov averaging in FEM. We shall consider second order elliptic
boundary value problems of the type

(8) —div(A(z)Vu(z)) = f(z) in £2,
u(z) =0 on 012,

where the matrix A(z) is uniformly positive definite and has a bounded total
derivative, and the right-hand side f(x) and 2 are such that the conditions
of the so-called supercloseness (see [2] and Section 3.1 below) of the piece-
wise linear finite element solution u, to the piecewise linear nodal Lagrange
interpolant Lju are satisfied.

3.1. Uniform simplicial partitions. In the following we suppose that the
finite element solution uy, is computed on a d-simplicial partition 7j, = {7, ;}:
of 2 (which is a bounded polytopic domain). We further assume that the
partition is constructed by translation of a partition of the d-hypercube K ,ﬁf
with edge size h into d! d-simplices,

Sg,h:{x:(xl,...,xd)E]Rd]OSxo(l)g---gxg(d)gh},

where o denotes a permutation of 1,...,d and o(j) its jth component.

The details of the construction and properties of the partition are pre-
sented in [2]. The partition constructed has internal vertices and midpoints
of internal edges of the d-simplices as symmetry points (see Theorem 2.5 in
[2]). We call a partition uniform if for each internal edge the union of sim-
plices sharing the edge is a point-symmetric set with respect to the midpoint
of the edge.

An important property of the Galerkin solution uj; computed on parti-
tions of this type is its so-called supercloseness to Lpu. It is described by
the bound

(9) ILnu — upllie < Ch?|luls.0

(see [2]). Here Lju is the piecewise linear Lagrange interpolation of u at the
vertices of the simplices of the partition.
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3.2. Superconvergence bound. The main goal of this paper is to prove
the following theorem.

THEOREM 3.1. Let 2y with 2o C 2 C R%, d > 1, be a subdomain of a
bounded domain 2. Suppose that a regular family of uniform partitions is
used in the discretization and that u € H3((2). Then there exists a constant
C > 0 such that

(10) Hu—Shuh]

for h small enough.

1,00 < ChQHUHB,Q

In the following paragraphs we will be working with the nodal linear
Lagrange interpolant Lpu of the true solution. To guarantee that Lju is
well defined we shall suppose that u € H*(2) with s = 3 when d < 5 and
s > d/2 when d > 6. This assumption is not an obstacle to proving the
superconvergence property for u € H3(§2), which is obtained by a density
argument.

By the triangle inequality
(11)  flu = Spunllieo < llu = ShLnullieo + S (Law — un)l1,02

< |lu = Spull1,00 + [1Sh(u — Lpw) 1,0,
+ 1Sk (Lnu = up)|l1,0-
We can use (4) to bound the first term on the right-hand side of (11),
(12) lu — Spull,e, < Ch?|lulls,e.

Using the supercloseness property (9) of the finite element solution uy; and
boundedness (3) of S, we get

(13) 1Sh (Lau — up)|

The boundedness of Sj, and approximation theory (see [3]) imply the L2-
bound

1,20 < CR?|lul|s.0-

1Sk (u = Lyw)lo,0, < CR?||ull3,0,
and therefore, it remains to estimate the term
|Sh(u — Lpw)|1,0,-
3.3. One-dimensional case. In the one-dimensional case, we have
[Sh(u — Lyu)|1,00 = [I(Sh(w — Lpw)) llo,20 = [1Sh(u" = (Lpu)')|

For any node N; of a given uniform partition of the interval {2 we obtain

O’QO’

Nit1
S o (z) dr =

N;_1

_ 1
- 25

u(Nit1) — u(Ni-1)

(Sht ) (V) o
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(the central difference derivative approximation at N;) and

(Sh(L) ) (V) = g [(Nsr) — u(N:) + u(Ne) — u(N; 1)
~ u(Nip1) — u(Ni-1)

2h
Since Sy (Lpu)’ is piecewise linear (on the same partition of (2), we get

Sh(Lhu)' = LhShu',
and consequently,
|Sh(u = Lpu)1,0, = (I = Ln)Sptt' 0,00 < CB?||Sptt||2,0, < Ch?||ul3 .0,
which is the required bound.

3.4. Properties of Sy Lpu and SpV Lpu. The situation for d > 1 is more
complicated. We define

VE2)={veC)| Vg, € P*(m) V1, € T},
where P*(73,) is the space of polynomials of degree k on a d-simplex 7y,.
LEMMA 3.2. If vy, € V;1(£2), then

(14) SpVun, € (Vid($20))°,
(15) Spup, € VfL1+d(.QO).
Proof. The function vy, /dx; is constant on each 15, € 7, fori =1,...,d.

From the structure of the simplicial mesh defined in Section 3.1 (see the
definition of S, in Section 3.1 and the definition of ITj in Section 2),
we clearly see that for a fixed simplex 75, the function f;, (x) =
meas((z + II,) N 7,) is a piecewise polynomial function in Vi4(£2y). The
inclusion (14) is thus proved. Inclusion (15) then follows from the equality
Sthh = VShvh. ]

For d = 1 the smoothed function SjLju is thus piecewise quadratic
(SpV Lpu is piecewise linear).

For d = 2 the smoothed function Sy Lju is piecewise cubic (S, V Lpu is
piecewise quadratic).

For d = 3 the smoothed function Sy, Lu is piecewise quartic (SpV Lpu is
piecewise cubic).

3.5. Quadratic polynomial gradient recovery at symmetry points. For
N € {2y define
1 0
@) | g (= Lnw)(N + ) dy.

1y,

O (u— Lyu)(N) =

Fi n(u) = Sy D

Let us now take N to be a local symmetry point of the partition, by
which we mean that for any continuous function veven that is even with
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respect to N, the linear interpolation Lpveyven is even on N + II, (e.g., N
being a vertex or a midpoint of an edge of the uniform partition considered).

We now prove that for a quadratic polynomial ¢ we have F; y(q) = 0 for
1=1,...,d. Decompose

Q(x) = Qeven(x) + QOdd(x)

into even and odd (with respect to the point N) polynomial parts; clearly
Qodd is linear, thus goqd = Lngodd and Fj n(godad) = 0. The local symmetry
condition implies that Lpgeven is an even function. Then both (0/0x;)geven
and (0/0x;)LpGeven are odd functions and have zero mean over N + IT, (a
set that is point-symmetric with respect to N). Therefore, F; ny(q) = 0 for
all quadratic functions and i = 1,...,d (for all d > 1).

3.6. Dimension d = 2. For d = 2 the postprocessed function S,V Lju
is piecewise quadratic (see Lemma 3.2). Since S, Vq = Vq is linear for a
quadratic polynomial ¢ (S, V¢ being the average of a linear function over an
area symmetric with respect to its center of gravity) and S;,Vq = S,VLpq
at the vertices and midpoints of edges of triangles, we have

(16) Vg = S,Vq=S,VLq.

We shall now follow a Bramble-Hilbert lemma like sequence of argu-
ments. From (16) we see that

[Sh(Vu = VLpu)lloz, = [ISk(V(u—q) = VLy(u—q))llon,

< C|IV(u—q) = VLy(u =)o+,
< C'hlu = qlozy+11, -

Making use of results of approximation theory (see [3]), we get
inf|u = qlo,m+1m, < Chluls, 4,
and consequently,
1Sk (Vu = V Lyu)lo,r, < Ch®Juls,m, 4, -

Summing over all triangles 73, we get

(17) [Sh(u— Lywla = [> - 150(Vu = VLyu)|3,

Th

<Cn?, > luli i, < C'Ruls0.
Th

Putting (12), (13), and (17) together, we finally prove the bound
(18) lu = Shunll1,0, < Ch?|lulls.q
for u € H3(£2).
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3.7. Superconvergence for the diagonal directional derivative Zf-l:l 0/0x;.
Before we look into the general case of arbitrary space dimension, we shall
take a closer look at the case of the diagonal derivative.

The postprocessed function Sp, (Z?Zl %Lhu) has a simpler structure

than the functions Sh(a%iLhu), i =1,...,d, have, allowing a simple proof
of a superconvergence result for the diagonal derivative.
For an edge e of the simplicial partition in the direction (1,...,1) €R?,

the patch of simplices sharing this edge is a d-hypercube with e being
its diagonal (see [2]). Furthermore, the derivative along e is constant on
the d-hypercube. Now clearly S}, (Zgzl %Lhu) is piecewise linear in each
direction e; € R? with jth component eij = 0;j, S0 it is a piecewise linear
tensor product function (e.g., piecewise bilinear for d = 2).

The bound

is now apparent, since similarly to (16) we have

LI 9 L
;a—qush;a—%qzsh;a—ml/hq

for any quadratic polynomial q.

< Ch?|lu3,0
0,92

5> o~ L)

X
i=1 "

3.8. Dimension d > 3. We shall now use the results for d = 2 to prove
the quadratic polynomial gradient recovery property (16) for general d > 3.

For q linear, we clearly have Ljq = ¢, and therefore, (16) is true.

It remains to prove (16) for quadratic monomials

q(z) = zizj, i, €{l,...,d}.

Fix i,7. For an integer k ¢ {i,j}, the monomial ¢ does not depend on
xy, and so 0q/0xy is zero. The derivative (0/0xy)Lnq is constant on each
d-simplex and is determined by the values of Ljq at the vertices of the edge
in the canonical direction ej. Each d-simplex of the partition considered has

such an edge (see [2]). Therefore,
0 0
—q=—-——Lpq=0 fork¢{ij
8(Ek al'k; rd or ¢ {Za]}v

and thus,
Sh %th =0 fork¢{ij}.

We shall now investigate the case of the 9/0x; derivative. Setting IT]" =
(—h,h)™ and taking a permutation o of 1,...,d such that o(d —1) =i and
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o(d) = j, we have

9 1 1 G,
h Gy 11 = (2h)72 S ((2h)2 X 9z, df"’id%) dZo(1) + dTo(a-2)
2 ?
1 0
= iy cdw;,
(2h)? S oz, nqdx;dx;
Iy
since Lpq does not depend on Z,(1), ..., Tg(d—2)-

It now follows from (16) for the two-dimensional case that S, (9/0x;)Lpq
is a linear function (depending on z; and x; only).

Therefore, (16) is proven for d > 3. Following an identical sequence of
arguments as for the two-dimensional case, we come to the bound (10) of
Theorem 3.1.

Having worked so far with functions v € H*({2) (with s =3 when d <5
and s > d/2 when d > 6), we shall now complete the proof for functions
u € H3(£2) by a density argument.

Let u € H3(£2) and € > 0 be given. By density of H*(£2) in H3({2) there
exists a function w € H*({2) such that ||u — w||3,o < €. By the triangle
inequality

lu — Spun 1,00 < (v —w) — Sp(up —wp)ll1,020 + [Jw — Shws|
< Ce 4 Ch?||wl|s,0 < C'e + Ch?||ulls 0,

1,2

where wy, is the Galerkin projection of w (corresponding to the boundary
value problem considered and the finite element space used). Since £ > 0
was arbitrary, we arrive at

1,2, < Ch?|ulls.0

|lu — Spup|
for u € H3(£2).

3.9. Pointwise estimates at local symmetry points. Estimates at a sym-
metry point N yield
C

B v (u)] < (2n)

!

| o,N411, < o735 Plule, vy
0,N+I1Ij, " (2h’)d/2 "

and since F; y(¢) = 0 for all quadratic polynomials ¢, we can write

0

a—%(u — Lyu)

C
By v (u)] < W hlu — ql2, N+,

The use of approximation theory (see [3]) then yields the following result,
which we will employ later in Section 3.11.
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LEMMA 3.3. There exists a constant C > 0 such that if N is a symmetry
point of the mesh, then

C .
(19) |Fi ()!_( )d/2h| snim, i=1,....d,

for h small enough.

3.10. Modifications. We can alter the above approach for d = 2 to per-
form the averaging over a different area symmetric with respect to its center
of gravity, e.g., =3 or Ay of Figure 2, and obtain the same postprocessing
accuracy as for the area IIj,. The proof would be identical as in the case of
1I; as long as we choose to average over a point-symmetric area such that
the results of Lemma 3.2 are valid.

Whereas results of Section 3.9 carry over to the case of a general point-
symmetric averaging area for d > 3, the condition of symmetry itself will
not allow a similar proof of the quadratic polynomial recovery property (16)
as in Section 3.8. However, (19) can still be utilized for proving error bounds
of various averaging schemes as in the following section.

Fig. 2. Averaging areas Il, =5 and A

3.11. Gradient superconvergence. For arbitrary space dimension d we
easily obtain

IVu — LpSpVuglo
< ||Vu — LhShVu”() + ”LhSh(VU — VLhu)H[) + HLhSh(VLhU — VUh)HQ
< Ch?||ulls + |LpSh(Vu — VLyu)|lo,

and employing the bound (19) at vertices to bound the remaining linear
term, we easily get

IVu — L,Sh Vunllo.0, < CR?[|ul3,0.

Choosing to average over =}, (d = 2, see Figure 2), one immediately gets
the superconvergence result for the linear field (see [5])

LpSpVun(N Z Vup|r,
TﬁN#@

for d =3 (see [4])
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1
LpSpNVun(N) = o > Vugls,
TOANAD

or similarly for an arbitrary d with coefficient 1/(d + 1)!.
Averaging over Ay, for d = 2 leads to the postprocessing scheme (see [2])
up(N + (h,0)) — up(N — (h,0))
2h ’
up(N + (0,h)) —up(N — (0,h))

LhShﬁmuh(N) = oh .

REMARK 3.4. The postprocessed solution Syuy is not better in the L2-
sense, i.e., we only have

LhShamuh(N) =

”u - Shuh”O,QO = O(h2)v

and this estimate cannot be improved.

4. Numerical experiments. We tested the superconvergence rate for
the problem (8) with A = I on the cube §2 = [0, 1]3. The first inequality in
(11) allowed us to restrict ourselves to testing the second order of conver-
gence of the interpolation |u — S, Lpul|1, only. Results reported in Table 1
are for the function u(x) = [[>_, sin(7z;), which is an eigenfunction of the
problem considered. Note that in this case

)

3 3
||81u — ShathuHo > H Z oiu— Sy, Z 8,~Lhu‘ 0
i=1 =1

as reported in Table 1. This observation is in agreement with Section 3.7.
The computation of the error in L?-norms was performed with HIntLib,
a C++ package for high dimensional numerical integration.
The smoothening effect of the Steklov operator applied to two-dimen-
sional continuous piecewise linear functions is shown in Figures 3 and 4.

32557777
2L
e o..z::: X0

27
5 ::é:‘o“.‘\ =

Fig. 3. Basis function for piecewise linear elements and its postprocessing
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Table 1. Reduction factors for u = H?:l sin(mx;)

1/h  ||O1u — SkO1Lpullo  reduct. ||Z§’:182-u75h2?:18¢Lhu||0 reduct.

4 0.290806 - 0.1440776 -

8 0.0997422 2.90 0.0485776 2.91
16 0.029411 3.19 0.0152295 3.39
32 0.00785763 3.32 0.00458811 3.74

Fig. 4. Graphs of Lyu and SpLpu for u(zi,z2) = 6_2/\/56Xp((b1$1+b2$2)/219) .
sin(kmzy) sin(lrxe) with ¢ = 1/10, by = 1, b, = 0, k = 1,1 = 3 for h = 1/8 (graph
of Sy, Lyu fitted to an h? mesh)
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