APPLICATIONES MATHEMATICAE
40,1 (2013), pp. 31-61

JERZY A. GAWINECKI, AGNIESZKA GAWINECKA,
JAROSEAW LAZUKA and J. RAFA (Warszawa)

MATHEMATICAL AND PHYSICAL ASPECTS OF THE
INITIAL VALUE PROBLEM FOR A NONLOCAL MODEL OF
HEAT PROPAGATION WITH FINITE SPEED

Abstract. Theories of heat predicting a finite speed of propagation of
thermal signals have come into existence during the last 50 years. It is worth
emphasizing that in contrast to the classical heat theory, these nonclassical
theories involve a hyperbolic type heat equation and are based on experi-
ments exhibiting the actual occurrence of wave-type heat transport (so called
second sound). This paper presents a new system of equations describing a
nonlocal model of heat propagation with finite speed in the three-dimensional
space based on Gurtin and Pipkin’s approach. We are interested in the phys-
ical and mathematical aspects of this new system of equations. First, using
the modified Cagniard—de Hoop method we construct a fundamental solu-
tion to this system of equations. Next basing on this fundamental solution,
we obtain explicit formulae for the solution of the Cauchy problem to this
system. Applying the methods of Sobolev space theory, we get an LP-L9
time decay estimate for the solution of the Cauchy problem. For a special
form of the source we perform analytical and numerical calculations of the
distribution of the temperature for the nonlocal model of heat with finite
speed. Some features of the propagation of heat for the nonlocal model are
illustrated in a figure together with the comparison of the solution of this
model with the solution of the classical heat equation.

1. Introduction. Before we start to describe the nonlocal model of heat
propagation at finite speed introduced by Gurtin and Pipkin (cf. [22]), we
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will describe some theories starting from the classical theory which lead to
hyperbolic equations for heat propagation.

The classical theory of heat conduction predicts that if a heat conducting
material is subjected to a thermal disturbance, the effects of the disturbance
will be felt instantaneously at distances infinitely far from its source. This
does not accord with the physical point of view, particularly in problems
concerned with sudden heat inputs.

This shortcoming of the theory stems from the fact that the heat trans-
port equation is a parabolic-type partial differential equation that allows
an infinite speed of thermal signals. During the last 50 years nonclassical
theories free from this drawback have been formulated (cf. [10]).

These new theories make use of a modified version of the classical Fourier
law of heat conduction and consequently involve hyperbolic-type heat trans-
port equations admitting finite speeds of thermal signals. According to these
theories, heat propagation is viewed as a wave phenomenon rather than a
diffusion phenomenon. A wavelike thermal disturbance is referred to as sec-
ond sound—the first sound being the usual sound wave—and nonclassical
theories predicting the occurrence of such disturbances are known as theo-
ries with finite wave speeds or theories with second sound. These theories are
motivated by experiments exhibiting the actual occurrence of second sound
at low temperatures and for small intervals of time.

One of the aims of this paper is to present a review of the equations
related to the generalized heat equation. In order to make the exposition
fairly complete a brief account of the theory of heat conduction with second
sound as well as a nonlocal model of heat propagation with finite speed
introduced by Gurtin and Pipkin are presented (cf. [22]).

The main aim of this paper is the investigation of the mathematical and
physical properties of the solution of the Cauchy problem to the system of
equations describing this nonlocal model. Rouhly speaking, we will prove
an LP-LY time decay estimate for the solution of the Cauchy problem for
the nonlocal Gurtin and Pipkin model of heat propagation in a rigid heat
conductor.

Our paper is organized as follows:

In Section [2] we present an account of the literature relating to experi-
mental and theoretical aspects of the theory of heat conduction with second
sound and to the nonlocal Gurtin and Pipkin model, the statement of the
problem and the Main Theorem.

In Section [3] we present basic notation and formulae.

Section Ml is devoted to the construction of a fundamental solution to the
nonlocal system of equations describing heat propagation with finite speed.
The construction is based on the modified Cagniard—de Hoop method.
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In Section [5| we prove an L>-L! time decay estimate for the solution of
the Cauchy problem for the system given by Gurtin and Pipkin.

In Section [6] we obtain an L*-L? time decay estimate for this solution.

In Section [7] we prove an LP-L9 time decay estimate for the solution of
the Cauchy problem for the nonlocal model of heat transport.

Section [§] is devoted to the mathematical and physical interpretation of
the solution to the nonlocal model of heat propagation with finite speed and
its comparison with the solution of the classical heat equation.

In Section 9 we present numerical calculations of the distribution of the
temperature for the nonlocal model of heat propagation with a special source,
and compare it with the solution of the classical heat equation.

2. Statement of the problem. Main theorem. The classical Fourier
law relates the heat flux vector ¢ to the temperature gradient VT through
the equation

(2.1) q=—kVT

where k > 0 is the thermal conductivity of the material. The conventional
theory of heat conduction is based on this equation.
Equation leads to the parabolic-type classical heat transport equa-
tion
T

2.2 —— = kV?T
(2.2) e

where ¢ > 0 is the mass density, ¢ > 0 is the specific heat capacity and
t is time. Equations and hold for a homogeneous and isotropic
material in the context of the linear theory.

A direct consequence of the form of equation is that if the material
is subjected to a thermal disturbance, the effects of the disturbance will be
felt instantaneously at infinitely far distances. This amounts to saying that
thermal signals propagate with infinite speed, which is not in accordance
with physical intuition.

Efforts to eliminate the paradox of infinite heat propagation speed have
been made for over 140 years ([11, [2], [6], [11], [13], [14], [16], |23], [27], [28],
[32], [33], [34], [55], [56]). Maxwell was the first to postulate in 1867 (cf.
[39]) the occurrence of wave-type heat flow, now called second sound, while
developing a kinetic theory of gases, and suggested a modification of the
Fourier law.

In 1948 and 1958, 1961 some studies from a theoretical point of view
were conducted (among others) by Cattaneo (cf. [8], [9]) and Vernotte (cf.
[52], [53], [54]), where the existence of second sound was discovered.
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This generalized Fourier law for a homogeneous and isotropic material is
given by the equation

9q
2.3 — = —kVT
(2.3) T T4
where 7 > 0 is a constant. The corresponding heat transport equation is
o*T  oT 5
(2.4) 0T o + Co = EV-T.

This equation is of hyperbolic type and predicts a finite speed vy = (k/oct)'/?

for heat propagation provided 7 > 0. The theory of heat conduction based
on is thus free from the unpleasant paradox of infinite heat propagation
speed.

The constant 7 appearing in and has a definite physical in-
terpretation. It represents the time lag needed to establish the steady state
of heat conduction in an element of volume when a temperature gradient is
suddenly imposed on that element. This time lag is referred to as the thermal
relazation time ([4], [37], [38], [40], [41], [44], [45], [47], [50]).

Equation was investigated by Kaliski in 1965 (cf. [29], [30]), Luikov
in 1965, 1966 (cf. [35], [36]), Lambermont and Lebon in 1973 (cf. [31]) and
Nowacki (cf. [42]).

Gawinecki (cf. [17], [18], [19]) constructed a fundamental solution to (2.4))
using a different method from the other ones, based on Hérmander’s theorem.
Next basing on that fundamental solution he proved an LP-L9? time decay
estimate for the solution of the Cauchy problem for . Next, he proved
the corresponding global existence theorem for the Cauchy problem in R3
for the nonlinear hyperbolic heat equation (cf. [19]).

We consider a new system of equations describing a nonlocal model of
heat propagation with finite speed in the three-dimensional space based on
Gurtin and Pipkin’s approach. Before describing the main results of the
paper we will describe Gurtin and Pipkin’s theory.

In 1968 Gurtin and Pipkin [22] formulated a general nonlinear theory
of heat conduction that admits second sound, for materials with memory.
Their theory was an application of the mathematical method then in use
in continuum mechanics and thermodynamics. They showed that their the-
ory differs from other theories of heat conduction in that the heat-flux, like
entropy, was determined by the functional of free energy.

Their method required characterizing the domain space of functionals
and they chose a weighted L? space (cf. [12]). It is the space of functions of s
whose squares are integrable over [0, 00) against a decaying positive weight
h(s), that is, s?h(s) is integrable.

The Riesz representation theorem then implies that linearized flux laws
may be represented by the integral from 0 to co of the temperature gradient
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(cf. |22, formulae (1.9)]), and application of Schwarz’s inequality then shows
that Q(-)/h(-) must be square integrable against h(s). Many other choices
for the allowed domain of the free-energy functional are possible and each
leads to different laws for heat conduction (cf. [43]).

At the end of the analysis carried out by Gurtin and Pipkin [22], after
linearization, they obtained the constitutive equations of the form

(2.5) Ore + divg = W(t, z),
(2.6) e(t,x) = cb(t,x) — | b(n)0(t —n,z)dn,
0
(2.7) q(t,x) = — | a(n) grad O(t — n, ) dn,
0

where e = e(t,z) is the internal energy, z € R3, ¢ = ¢(t, ) is the heat
flux, 8 = 6(t,x) > 0 is the absolute temperature, W = W (¢, x) is the heat
supplied to the body by the external world, a(n) is the heat-flux relaxation
function, b(n) is the energy relaxation function, and c is the coefficient of
specific heat.

Equation is the equation of energy, while , are the con-
stitutive relations (cf. [22]) with b(co) = 0 and a(o0) = 0.

In our paper we consider the following Cauchy problem for the system
of equations of the nonlocal theory of heat propagation:

(2.8) Ore + Qi = W(t,x),

(2.9) Orqr(t, z) = —a(0)9k0(t, ) — | ' (n) grad O(t — n, z) dn,
0

(2.10) re(t, ) = cOf(t, ) + b(0)0(t, x) + | b/ (n)0(t — n,z) dn,

0

with initial conditions

(2.11) e(0) =eo, q(0) =qo, 6(0) = 6o

and the additional condition

(2.12) Ao = 0.

Equations ([2.8)—(2.10) can be written (cf. [22]) as the following integral-
differential equation:

(2.13)  cOf(t,x)+0; S b(nmO(t—n,z)dn—A S a(mb(t—mn,x)dn =W (t,x).
0 0
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Equation (2.13) describes the propagation of heat with finite speed U equal

to
U=+va(0)/c

Under the assumption that the Cauchy data 6y, qo, eg are smooth enough the
solution of the Cauchy problem for the temperature 6(t,x) can be written
as follows:
(2.14) O(t,x) = cE(t,z — -) *3 00()
and additionally for the heat flux ¢(¢, z) and internal energy e(z,t) as below:
(215)  qi(t,z) = —ax Ok(cE(t,a — x) *3 6o()),
(2.16) e(t,z) = eg + E(t,z — ) %3 00(-) + b (CE(t,z — -) %3 00())
where E(¢, ) is the fundamental solution of equation (2.13)) and *; denotes
convolution with respect to t, while %3 denotes convolution with respect to
r € R3.

The aim of our paper is to prove an LP-L4? time decay estimate for the

solution of the Cauchy problem for temperature. Now, we formulate our
main results:

THEOREM 2.1 (Main Theorem, LP-L? time decay estimate). Let1 < p <
q<oo,1/p+1/g=1andlet s € N, s > [3(1 —2/q)] + 1. If (6, Dby) €
W*P(R3) then there exists a constant C' > 0 such that for t > 0 the solution
given by satisfies the following estimate:

(2.17) 1(0, DO) || aesy < C(1+ )220, Do) v (e
where DO = (819, (929,83(9)T, D90 = (81(90,82(90, 8390)T.

LP-19 time decay estimates for solutions of linear evolution equations
can be written in the general forms

IV zany < e+ )NV lpnpn @y
where 2 < ¢ < o0, 1/p+1/g=1, ¢,d >0, N, >n(l —2/q), and n is the
space dimension.

1. For the wave equation in three dimensions (n = 3) we have d = 1—-2/q.
2. For the classical heat equation in three dimensions we have d =

5(1-2/q).

In our model, i.e. for the nonlocal model of heat propagation with finite

speed (cf. Main Theorem ([2:17)) we prove that d = 3(1 — 2/q).

So, the time decay for the nonlocal model of heat propagation is similar
to the time decay of the parabolic heat equation but strongly depends on
the relaxation functions a(t) and b(t) (cf. formulae ([£.9), (4.10)). Hence,
our nonlocal model is more general than the classical one describing the
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propagation of heat and the model describing the propagation of heat by
the hyperbolic partial differential equation (cf. [19]).

Additionally, roughly speaking the nonlocal model of heat propagation
with finite speed is essentially different from the classical description of prop-
agation of heat (cf. Fig. [4]) from the following points of view:

1° the wave front exists in this description (cf. Fig. [5)),
2° the distribution of the temperature exists in a neighbourhood of the
wave front (cf. Fig. [5)).

Before starting the proof of the main theorem we introduce some notation
and some facts on Sobolev spaces.

3. Basic notation and formulae. Let us assume that 0 < s < oo,
1 < p < co. We denote by W*P(R™) the usual Sobolev space, i.e.

WHP(R") = {u : D% € LP(R") for |a| < s,

1/p
Jullwogen = (32 1Dl em) " < o0}
|| <s
Write
Ws,Q(Rn) — HS(RH).

S(R") = {u € C®(R™) : Vo 5 sup |2°0%u(z)| < oo}
zeR"
denote the space of infinitely differentiable functions, rapidly decreasing as
|x| — oc.
By S’(R™) we will denote the space of tempered distributions. Below, we
recall the definition of the Fourier transformation.

DEFINITION 3.1. The Fourier transform of a function v € S(R") is the
function denoted by Fu or @ defined by the formula
1 ,
— () — —izg
Fu() = i®) = 55 RX u(w)e ™ da.
The inverse Fourier transform of a function @ € S(R") is given by

1

(3.1) Fla(z) = u(z) = T | a(e)e™ de.
Rn

(2m)

The Fourier transform of a distribution u € S’(R™) is the distribution @ €
S’(R™) defined as follows:

(i, ) = (u,¢)  for p € S(R").
The Fourier transform is an automorphism of S and of S” (cf. [4§]).
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DEFINITION 3.2. The convolution of u,v € S(R"™) is the function u %, v
defined by

(usnv)(@) = | ule —y)o(y) dy.

The convolution of a distribution v € S’(R™) with a function ¢ € S(R") is
the function defined by

(usn @) (x) = (u, (. —)).
Now, we will introduce some notations and properties concerning Besov

and Bessel spaces (cf. [3], [25], [49], [51]). Let ¢ be an arbitrary nonnegative
function satisfying the conditions

p e C°(R"), suppp C{zreR":1/2 <] <2},
e(x) >0 for1/2 < |z| <2, Z e(27Fz) =1 forz #0.
k=—o00

For the given ¢ we define the functions ¢y, k € Z, and 1 by the formulae
For€) = 9(277),  Fo(&)=1-) Fo27%).
k=1

DEFINITION 3.3. Let 1 <p < g < oo and s > 0. The Bessel space is
HOP(R") = {u € S'(R") : |ullger(n) < 00}
where
el oo ny = IF 7L+ E17)* 2 Ful| Lo gany
The Besov space is
B (R™) = {u € §'(R") : Jullp; n) < o0}
where
q > sk q 1/q
el ey = (19wl ey + D@ okt wullpoy)?)
k=1
Below, we give some theorems which are necessary in order to get an
LP-L9 time decay estimate (cf. [51]).
THEOREM 3.1. If m € Ny, 1 < p < o0, then
Wm(R") = H™*(R™) = By5(R™), W™P(R™) = H™P(R").
THEOREM 3.2. If m € Ny, 1 < p < oo, then
o1 (R™) — WP(R™).

THEOREM 3.3. If s > 0,1 < p < 00,1 < q < o0, € > 0, then
HSTeP(R") — B;q(R”).
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THEOREM 3.4. Let 0 € (0,1), po,p1 € [1,00] and
1 1-0 0
= -

Do Do P

Then
(L7 (R™), LPH(R™)]g = L™ (R")
where [LPO(R™), LP*(R™)]g is the interpolation space between LPO(R™) and
LPr(R™).
THEOREM 3.5. Let 0 € (07 1)7 Po,90,P1,q1 € [17 OO] and

1 1-6 0 1 1-6 46
— + —, - = + —, sp = (1 —0)sp + Os;.
Do Pbo b1 q9 q0 q1

Then
[Bpo,ao R"): Byl gy RM)le = By g, (R").
THEOREM 3.6. Let (X4, Xp), (Ya,YB) be a pair of interpolation spaces,
and T a linear operator
T:Xa+Xp—>Ys+Y5.

If T is a continuous operator in the spaces X4, Xp and

T|x,: Xa—Ya with the norm ||T| 4,

T|x,:Xp—Yp with the norm ||T| g,

then for 6 € (0,1) the operator
Tlixax5)s ¢ [Xa,XBlog — [Ya,YBe
is a continuous operator and its morm satisfies

—0 0
I1Tlle < IT1 1T 1-

4. Construction of a fundamental solution for the nonlocal
model of heat propagation. In order to prove the main theorem we start
with the construction of a fundamental solution for the nonlocal model of

heat propagation. We proved (cf. (2.13))) that equations ([2.8)—(2.11]) may be

written as follows:

(41) O E(t,x) + 0, \b(n)E(t —n,z) dn — A\a(n)E(t — n, ) dn
0 0

= Wod(t)d ()

where §(t), d(z) denote Dirac distributions (cf. [55]) and E(t,x) expresses
that we are looking for the fundamental solution of our problem with source
of the form W (t,z) = Wpd(t)o(x).
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Applying the Laplace transformation with respect to ¢ and the Fourier
transformation with respect to 1,z given by formula (3.1]) to the system

E9 BT we get

(s(c +B(s)) +a(s)(€ + €2)) T

dx%

where a(s), b(s) denote the Laplace transforms of the relaxation functions
a(-), b(-), and

—W

ﬁb

E(s, &1, &0, 3) = S e~ iE1z1+E222) [S E(t, z)e " dt| dx1 dxs.
R2 0

Moreover IV denotes the Laplace—Fourier transform of the unit source W (¢, z)
= Woyd(t)d(x) which is given by

W = Wo(S(CL‘g)
where
a(n)=0, bn)=0 forn<O0.

Solving equation (4.1]) we get

(12) (s, €1, 62, 75) = 2Ll
2a(s)y
where
v=1/& +& +7%  Rey>0,
s(c+b)

r(s) =

In order to get the fundamental solution E(t,x) in space-time we could use
the formula for the inverse Fourier and Laplace transformation. It leads to a
singular integral, from which it is difficult to obtain the solution in explicit
form. We can see this from the following formula for E(¢,2) which is given
by a triple integral:

E(t,z) = 5_1}?1,152@(5,51752, 3)

LN Woe VRGPl e ,
V (= | = el@&ite282) ge, qe, ) et ds.
Ame =, 2a(s)\ /€ + & + 72

In order to circumvent these dificulties we will apply the Cagniard
method (cf. [7]) and its modification made by de Hoop (cf. [24]). The
Cagniard—de Hoop method is based on integration along a specially chosen
contour I” on the complex plane of w. The integration contour I" is described
parametrically by formula and presented in Fig.

a

2y Y
C—100
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Fig. 1

Using the modified de Hoop transformation (cf. [24]) in the form

§1z<w$pl+qa:;>?, {2:<wa;2—qul>F where p=1/2? + 3,

we get

_ Wn & 0 5 pliwp—lzs|y/ w2+ +1)F
(4.3) E(s,p,xg):ﬁ S dq S — dw.

e Sxola w4+ g?+1

Using the modified Cagniard method (cf. [7], [24]) we replace the integral
with respect to w (after a suitable transformation) by the integral over a
suitably chosen contour I' (cf. Fig. [1):

(4.4) I':ag|Vw?+ @2 +1—iwp=T, T>0.
From (4.4), we get

c“’i_zllziwﬂ2 (2 + 1)

where |z| = /22 + 23 + 2% = \/p2 + 23, T > |z[\/? + 1
We find that

+R
| f@dw+ | fwydw+ | flw)dw+ | fw)dw
-R Cr+ o AT
+ | F@T (@) dot(T) + | fw™(T) do™(T) = 2mi Y flw;)-
I+ - resw;

The integrals over the contours Cgr+ and Cgr- vanish, so in view of the
Jordan Lemma, after some calculations we get

B W, ¥ co 7 eliwp—laslV/w+a?+1)r g,

45) E =— \ d P oT

W9) Blon)=ym Vdo | oo
T e+t

dr
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and next

00 o0 o=

7d dT
TR

_ Wo
(4.6) E(s,2) = 15 | -
0 el

Since the integrand has no singularities inside the integral contour, we get

_ WO 0 r _T efﬂxl
E =— |\ —e " dl=——
(s,2) A ISI alx| da|x|
So, we have
_ WO _1 efﬂm|
4.7 E(t,z) = —L
(@7) () = poe S

where £7! denotes the inverse Laplace transformation.
Putting in (4.5) a(s) = ag = const, b(s) = 0 (a(t) = aod(t), b(t) = 0 and
Wo=1) we get

E(t,z) = —— £ [e~VePseTa)

dmap| |
From this transformation we deduce (cf. [15])

T
e 4D2t

Dag(v/47t)3
where D = \/ap/c, ag denotes the heat coefficient, and D is the heat diffusion

coefficient. Formula (4.8]) gives the fundamental solution of the classical heat
equation.

(4.8) E(t,x) =

In order to obtain the explicit representation for the temperature given by
formula (4.6 we assume that the relaxation functions are given in Maxwell
form (cf. [22]):

1
(4.9) a(t) = ag—e 7,
T

(4.10) b(t) = boe 7,

where ag, by, 7 denote the amplitudes and the relaxation time, respectively.

From (4.9) and (4.10) we obtain

1 1 - 1

a(s) :ag; s+1/7’ b(s) :b()m,

Hence

‘I‘
W, T s(s+1/7+bo/c)
70 ,C_l (7 s+ 1)

E(t, x)

~ 4rag ||
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where U = /ag/ct. Finally, after some calculations, we have

(4.11) E(t,z) = 20 [<1+Td>E3(t,x)}

- 4dmag dt
where

1(1 4 boylzl
(4.12) Es(t, ) = e—(1/m+bose L <5 (t - |$|) + aG o

] U 2 — |z[?/U?

AW Bl 5)

In (4.12), I;(-) denotes the modified Bessel function of the first order (cf.
[15]),

[z Y (2/2)2k
(4.13) I(z) = <2> ;]M(V—i—lﬁ—l)

H(-) denotes the Heaviside function, d(¢t — |x|/U) is the Dirac distribution
concentrated on the sphere with radius |z| = Ut (cf. [5], [54]) and describing
the wave front moving with velocity U.

5. L>®-L' time decay estimates for the solution of the Cauchy
problem in nonlocal theory. We showed (cf. (2.14)—(2.16)) that the so-
lution of the Cauchy problem for the system of equations of the nonlocal
theory of heat propagation,

(5.1) Ore +¢qi; =0,

(5.2) Orqi(t, ) = —a(0)0k0(t, z) — S a'(n) grad O(t — n, z) dn,
0
(5.3)  Ore(t,x) = cA,b(t, x) + b(0)0(t, ) + | V' (n)0(t —n, ) dn,
0

with initial conditions

(5.4) e(0) =eo, q(0) =q, 6(0) =160
and with the additional condition

(5.5) Ikqo = 0,

can be represented in the form

(5.6) O(t,z) = cE(t,z — -) *3 0o(")
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and

qr(t, ) = —a x O (cE(t,z — -) 3 6p(-)),
e(t,x) = ey + CQE(t,aj — ) x300(:) + b (cE(t,z — -) %3 00(+)),

where E(t,x) is the fundamental solution given by (4.11)) and *; denotes
convolution with respect to t.

Now, we shall prove the following theorem.
THEOREM 5.1 (L*°-L! time decay estimate). If
(6o, Dby) € W3 (R?)
then the solution 6 given by formula satisfies
1(0(t, ), DO(t, )| poo(msy < C(L + ) 7*2[| (B0, Do)l ywa.1 (g
fort > 0, where C is a constant independent of 0y and t.

Sketch of proof. Basing on formula (4.11) we can write the expression
(5.6]) as follows (without loss of generality we assume that ¢ = 1):

(5.7) O(t,x) =Ez(t,x — ) %3 00(-) + 7O:E3(t, x — -) *3 Op(-)
where
Ey(t,2) = — 0 e=mt§(Ut — |a])
ST a2

N me=™ I (B\/U — |z])
dag VU?t2 — |z]?
where m = (1/7 + bo/c), that is, m = U%(c + byT)/2ao.
Differentiating (5.7) with respect to z; (I = 1,2,3) we get

(5.8) 00(t,x) =Es(t,x — ) *3 000 (-) + TOEs(t, z — -) %3 0o (-).

CH(Ut — |z))

The relations (5.7) and (5.8) can be written in vector form as follows:

(5.9) (50) =B(t,-) x3 (1;)20>

where

DO = (010,0:0,030)T, Dy = (0100, Daby, D360)T
and B(¢, x) is the 4 x 4 matrix
B(t,z) = (Es(t, z) + 70E3(t,x)) 14

where I is the 4 x 4 identity matrix.
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Using the representation of the modified Bessel function (cf. formula
(4.13)) we can write the fundamental solution E as follows @

5.10 Es(t e~ MOS(Ut —
(5.10) (t2) = drag|z| ( |z|)
1 . e k+2(U2t2 ‘:L‘|2)k
o H(Ut — |z]).
* 2ag7r Z k!'(k+1)! (2U)2k+2 (U |z])

Taking into account we get

1 —m
Es(t,-) *3 f(x — ) = 47m0Ute t S flz +ty)dS,
ly|=U
1 i 2k242k+3 .
2a07r <k + 1)! (2U)2k:+2 V0 =y e+ ty) dy.

lyl<U
Estimating the terms ]Eg(t, ) *3 f(z —-) given O;Es3(t,-) *3 f(z —-) as in [20]
and putting all the estimates together, we get
B¢, ) *3 fll Lo @s) < CL+ )21 f s gs)-
This finishes the proof of Theorem .

6. L?>-L? time decay estimate for the solution of the Cauchy
problem. In order to prove an L?-L? time decay estimate for the solution
of the Cauchy problem we can write the fundamental solution Es(¢, z)
in the form

—mt me—mt
(61) E3(t7x) = Rl(t7$) + R2(t7x)
aq Tago
where
1 ||
6.2 Ry(t olt——
(62 () = g (- )

which is the fundamental solution of the wave operator P(9) = 07 — U2 A,
and

L(m /U2~ [a]?)
VU?t2 — |z]?
We can prove the following theorem:

THEOREM 6.1. If (6, D) € L*(R3), then there exists a constant C > 0
such that for t > 0 the solution given by (2.14) satisfies

16(,-), DO(E, )| L2(rs) < Cll(6o, Dbo) | L2 (w3)-

(6.3) Ro(t,z) = H(Ut — |z)).

(*) We change the variables in the convolutions as follows: z — x = ty, dS, = t*dS,,.
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Proof. In view of - and . . we can write

e~ mt T 0, _o
e(t,{B) Rl(t,m— )*3 904-**( Rl(t,$—~) *390)
ao ag Ot
me~™ ™ O, _.¢
pr— Ro(t,z — ) *3 90+ o 815( Ro(t,z — ) x3 6p),
so we get
1 ™ Te ™ OW,
4 (= - et an
(6.4)  6(t,x) (ao ~ >e Wi(t,x) + o ot (t,x)
m m2r " ™m L OWa(t, x)
_ —m t —m )
(47ra0 47Ta0>6 Walt:z) + 47Ta06 ot

where Wi (t,x) = Ri(t,x — ) *3 00(-), Wa(t,x) = Ra(t,x — ) *3 0o(+).
The function W7 is the solution to the Cauchy problem
0*W, oW,
ot? ot
In order to get estimates for ||[Wi|p2(rs) and [|0:W1| 12(rs) we use the
following lemma (cf. [26]).

LEMMA 6.1. If a € L®(R?) and v € S(R®) and ||a]| g3y < C, then

(6.5) —U?AW, =0, Wi(0,2) =0, ——=(0,z)= 6.

IF " (ad) | z2msy < llall o ey llvll 2 (ms)-
In view of this fact, we get the following lemma.

LEMMA 6.2. Let Wy be the solution to the Cauchy problem (6.5). Then
fort >0,

[0:Wi| 2y < CllbollL2msy.  [Willpzwsy < Ct[|6o]| 2 (r3).-

Proof. The Fourier transform of Wy is

Wy = 6y Sm(g"f't), W = BoU cos(UIEt).
Putting a = U cos(U|&|t) resp. a = Sh;(g}[é'f') we obtain, from Lemma 6.1,
(6.6) 10 W1 L2 (ey = I1F (U cos(U€]6)00) | 2 ey < Cll0oll 2 (ro)
and
o (sin(tU
67 [Willage = Hf ( )
g o)
sin(tU|£]) |, 4 >
—F——tU# < Ct||6 .

Now, we estimate the term Ws(t,z) = Ra(t,x —-) *36p and its derivative
OWo/0t. In order to get an L?-L? time decay estimate for Wy we use the
Fourier transformation basing on Bochner’s formula.
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The Fourier transform of an integrable, rotation-invaviant function G(z)
= ¢g(|z|) can be expressed by the following integral:

G(I€)) = FG([€]) = 2rl¢|" 2 g(r)r™2 T, o1 (2n(E|r) dr
0

(Bochner’s formula; cf. [48]). Applying it to Ry we obtain
WZ(tv E) = RQ(tv 6)‘90(6)

where

. I (Mm/U2$2 — 2

Ry(t,€) = 2| —3/2 S 1t )
; VU2 — 2

Taking into account the formula

9\ 1/2
Jij2(2) = () sin z

Tz

H(Ut —r)r3/2J, jo(2m|€|r) dr

we get

,it (BT )
) v e
Changing variables according to v U?%t2 — r2 = 2 we obtain

9 Ut
(6.8) Ro(t, &) = | 11< )sin(27r|§]\/U2t2 —22)dz.

Ro(t,€) = sin(27|&|r)r dr.

3]

Now, we prove the followmg useful lemma:
LEMMA 6.3. There exists a constant ¢ > 0 such that fort > 0,
OR

Hefmt}%ﬂtvﬁ)HLoo(R?)) <C, 5

<C.

’emt

Lo (R3)
Proof. For given || > 0 define

9 Ut
foy == 11< ) sin(2n|€| VU2 — 22) dz

€]
Then
, T e cos(2m ||V U2 — 22)
(6.9) f1(t) =4mtU?* | I <U> o d

0
Now, we use the following formula (cf. [46] p. 311, formula 6]):

Sll(cm)cos(b @* — ) dx = %[cos(a\/ b2 — ¢2) — cos(ab)].
0

a? — 2
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By we obtain
') = 4Sf [cos(Uty/4m2|€[2 — m2/U?) — cos(Ut - 27[¢])].

Since f(0) = 0, we have

Now, we consider two cases:

1° |¢] > m(27U). In this case

Fol< T 2se
so we get
t
(6.10) 0= |\ (e < ct.

2° [¢] < m/(2nU). Now, we obtain

2772|¢[2
cos <itm\/ 1-— W) —cos(Ut - 27?]5\)’

éetm 1—4m2U2[€2 /m?2 n %e_tm 1—Am2U2[€2/m2 _ cos(Ut - 27T|§|)‘

611) |P@)] =108

_ AUr
om

Finally, from (6.11)) we obtain |f/(¢)| < C1e™. So we get

612)  1f@)] < {17 G)ldr < Cofemdr
0 0

In view of (6.8), (6.10), (6.15) and the definition of f(¢) we conclude that

there exists a constant C' > 0 such that for ¢ > 0 and || > 0,

_&

(€™ —1) < Cze™.
m

Ut
(6.13)  |Ro(t,8)| = ’é' | 1 <”;]Z> sin(27|&[V/ U2 — 22) dz| < Ce™
0

and

(6.14) ’aRg(:’@' < Ce™.

The inequalities (6.12)), (6.13|) complete the proof of Lemma 6.3. =
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Now, we will prove Theorem Basing on Lemma 6.1 and (6.12)), (6.13])

we get
(6.15) [Wall 2 ga) = |F " (R200) | 2(rsy < || Rl noora)ll00]| 12 (g3
< Ce™ 100l 12w,
191%% OR OR
616 5y = P (5% | <[5
L2(R?) ot 12(R3) Lo (R?)
< Ce™ 0]l 2 (ms)-
In view of (6.4)—(6.7) and (6.14)—(6.16)) we have
1 ™\ _, Te ™ || OW-
ey < (= T ) Il + \ o
ap ao ap t L2(R3)
m m2r " Tm OWs
_ —mt|\y. —mt
+ (47Ta0 47Ta0) H 2||L2 RS) + ap ot LQ(RB)

< Clloll L2(rs)-
In a similar way, we obtain
D0 L2(rsy < C|| Dol 2(ws)- =

7. LP-19 time decay estimate for the solution of the Cauchy
problem. Basing on Theorems and using interpolation methods we
can now prove Main Theorem [2.1]

Proof of Main Theorem . Let © = (0, DO) denote the solution of the
initial value problem ([5.1)—(5.5) for fixed Oy = (6y, Dby) € S’ (R3).

Now, we introduce the linear operator

R:S =S, R(6G)) =06,
where 90 = (90,D90), 6 = (Q,DG)

In view of the already proved Theorems we conclude that the
operator R is bounded in the spaces W3!(R3), L?(R3) and has the norms
| R0, ||R]|1 in these spaces. This means that

3Co >0Vt >0, R:W3 (R = L®R3), ||R|lo= Co(1+1t)~3/?
and

3C, >0Vt >0, R:L*R% — L*R3), |R||.=Ch.
Taking into account the properties of Sobolev, Besov and Bessel spaces (cf.
[51]), we get
L*(R%) = BY,(R%),  B};(R®) = W' (R).
Using interpolation between L?(R3) and L>°(R?) we obtain
(7.1) [L2(R?), L2(R?)]y/q = LI(RY).
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In view of Theorem B.4] we have

(7.2) 1B 1(R?), BY 5(R?)]a/ = Byl /9 (R?).
So, basing on the interpolation theorem we conclude from ([7.1)), (7.2]) that
(7.3) R: B-2/O(R%) — LI(R?).

Furthermore the norm of R in these spaces is estimated as follows:
(7.4) IR < C(1+8)~30-%9,
Now, let s € N, s > s¢, where
so=[31-2/¢)]+1, e:=s0—3(1-2/q).
Applying imbedding theorems and the properties of Sobolev spaces we get
(7.5)  WSP(R3) s W9P(R3) = H*P(R?)
= g30-2/a+ep(R3) < Bg’(l}’Q/‘I)(R?’).

Using ((7.3)—(7.5) we have
R:W*P(R) = LAR?), |R| < C(1+1)7207%9),
This ends the proof of Main Theorem [2.1]

REMARK 7.1. Basing on Theorem [2.I] we can find an LP-L? time decay
estimate for the internal energy e and heat flux ¢ (cf. formulae (2.15)) and

[2.16); sece [20).

8. Mathematical and physical interpretation of the solution to
the nonlocal model of heat propagation with finite speed. In this
section we would like to answer the question where and when the solution of
the nonlocal model of heat propagation with finite speed given by formula
tends to or is equivalent to the solution of the classical heat equation.

We consider the following cases:

I: the relaxation time tends to zero,
II: we are far from the wave front of the propagation of the wave.

L. Let us assume that 7 — 0. Since m = 1(1/7 +by/c) and U = +/ag/cT,
if 7 — 0 we have m — oo, U — oo and

U aq
8.1 D=— —,./2.
(8.1) o -
Taking this into account and using ([5.7]) we get
O(t,x) =Ez(t,x — ) %3 0p(:) + T(O:Es(t,x — -) *3 00(+))
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where

1
E?)(tv 33) =

dragU?|x|
me~™ I (F\/U?t2 — |z[?) ||

-Hlt—— | =F FEs.

+ Arag T L FE 1+ L2

U
Now, we analyse the function Fo under the assumption (8.1]).
We use the asymptotic behaviour of the Bessel function

Il(z) = -

e ™5(Ut — |z|)

21z
as z — 00. Taking it into account we have the following estimate as 7 — 0:

me~™ I, (% U242 — |$’2)
dmag U —|z]?
me—mt emty/1—|z|? /U212 H(t _ M/U)
-~ dmagUt V2t /T~ [alP/0%E V1~ [e[2/028

In view of the fact that |z|?/U?t? < 1, from (8.2) we obtain

(8.2)  Eu(t,z) = H(Ut — |z|)

E (t ) me~™ emt— QI‘JQ‘t H(t) Vo2me 4‘D‘2t
7:L‘ = = -———
? dmay 2m 32 /mU (vani)PagU
o2
6_4‘D|2t

=0 D(y/4nt)3ay

Now, we prove that Eq(t,z — ) *3 09(-) — 0 as 7 — 0. Using the definition
of §(Ut — |x|) and changing variables according to y = zUt, we get

e~™ 1
Ey(t,z—-)x36o() = Tnag U5t | fo(z—y)ds,
lyl=Ut
_ e | o —Utz)ds. — 0
N 47m0U| =1 0L% ¥ z =0

The derivative 9y(Eq(t,x — -) %3 6p(+)) can be expressed as follows:

e ™imt

O (Er(t,z — ) %3 00()) = Tl | Oo(x—Utz)ds.
|z|=1
+ < S Oo(x — Utz) dS, + e S Voo(x — Utz)zdS
47Ta0U| =1 0 7 dmag 2jet 0 ?

= Pi(t,x) + Pa(t,x) + P3(t, x).
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Then, for every fixed ¢ > 0 we have

e ™mt

< oS _
[Pl < (|60l oo (r3) AragU ?

0,
e—mt

Pyl <

| 2‘ ~ AmagU

100l oo (r3) — 0

(&

Pl <
|Ps| < o

The derivative 9;F»(t, x) can be expressed in the following form:

m? o (U2 — |2]?) ||
O Es(t,x) = T H(t - )
Tag VU?t2 — |z]? U
N memtT(I{(?‘/U%z — |z>)mUt
dran (U2 — |x|?)
B LB U2 — [2?) Ut/ /U2 — |x|2)H(t B ]:c|>
dmag(U?t? — |x|?) U
me=™ I (/U2 — [z?) 5<t B |x|>
4mag \/m U

= Ri(t,x) + Ra(t, z) + R3(t, ).

+7

For 7 — 0, we have

rm2e™ I (7 U2t2—\$|2)H(t_|95’>
4dmag \/W—W2 u
m2e—mt omt/1-[z? /U2 H(t—|x|/U)

= TiragUt /1|22 U2 \/%mt 1_[2|2/U%2

P P
vV 2m 6_4‘D‘2t H(t) N 1 6_4‘D|2t I )
"ol (axt)32 T 200D (amt)3iz
I (3B U2 = [2]?) U2 — [aPmUt — I (/U2 — [2?) Ut
(U242 — |2[2)3/2
met o A1o(BVTTPP) + 31, (3 TP )
dag B U2t2(1—|z|?/U?t?)
m2Ut.mefmtTH(t)_ I (% /U2t2_|x’2)U2t mefmtT
dmag U3t3(1—\m\2/U2t2)3/2 4rag

R1 (t, J}) =

~ T

~—~
~+~

Ro(t,z) =

H(t)

= Rgl(t, x) + Rao (t, q:) + Ros (t, 3:)
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where
[0(m U2¢2 ]wP)
Roi(t,x) = 2Ute—™ U H(t
2u(t, ) ’7Ta0m c T U2t2 — |z|? (*)
1 1 m32r P 1 ES et
~ U4ts 8 ——————————— 4D4t
8mapt3/2 \or U ‘ 2aoD(47rt)3/26 ®),
I (m U242 — |33|2)
R t — 2U —mt U
2(t, ) 8mag ° U262 — |z|?
1 _ x?
e AT H(1),

"~ 2a0D(47t)3/2

-1 U2t

mTag U3t3(1 _ |ZL"2/U2t2

11 _ ,mr emt\/1—|x|2/U2t2
N — e ™ — s
2
dma t v \/27rmt\/1 — |x|?/U?t?

Now, we consider the term R3(t,z):

0.

(8.3)  Rs(t,z)=

dmag U m U2 — |22 U
_rme w1 (el
~ dmag U 2 U
Here we use the fact that Iliz) ‘z:O = % From (8.3) and the definition of

Dirac distribution we get
R3( ,Q?) * 90 —)T 0

Taking into account all the above considerations we have
0(t,z) = Er(t,x — ) *3 60(-) + E2(t,x — ) *3 6o(-)
+ 7(OcEL(t,x — ) *300(-)) + T(OeEa(t, x — ) #3 00("))

_l=?
3e 4D2t

~ 2a0 D (4rt)3/2 *3 60():

The last formula proves that if 7 — 0, then the solution 6 of the Cauchy
problem for the nonlocal model of heat propagation is equivalent to the
solution of the Cauchy problem for the classical parabolic heat equation.

Now, we consider the second case:

IT. If

Ed
— 1
Ut <
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(while 7 is fixed), it means that we are very far from the wave front of
propagation for a very long time. For the finite value U of wave speed,
putting m = U?(c + by7)/ag in (5.6)), after some calculation we get

~lz|?
e4D0t

E(t,x) = Eo(t,z) = m

(E1=0)

2 _ _a _ 2
where now Dj = T = D

relaxation time 7).
We can give the following interpretation of these facts:

~ D? (in view of the small value of the

1
1+bo7/c

The solution under the nonlocal model is equivalent to the classical so-
lution if:

U = /ap/Tc> 1 (which means that 7 — 0) (cf. Fig. ;
II. |z|/Ut < 1 for 7 > 0 (which means that we are very far from the

front of the thermal wave) (cf. Fig. [5).

Conclusion. The nonlocal model of heat propagation with finite speed
is essentially different from the classical description of heat propagation for
the following reasons:

e the wave front exists in this description (cf. Fig. |5));
e the distribution of the temperature exists in a neighbourhood of the
wave front (cf. Fig. |9)).

9. Numerical calculations. In this section we will calculate the distri-
bution of the temperature assuming that the source is given by the formula

(9.1) Wt 2) = Wof (1)5(21)5(x2) H (L — |zs]).

Applying the Laplace transformation with respect to ¢t and Fourier transfor-
mation with respect to xl, x9 to equation (4.1)) (putting E(t,z) = 6(t,z))
with W (¢, x) given by (9.1) we get

420 92
(9.2) TR 0= *WOF( JH (I — |x3)).
In view of (4.2)) the solution of (9.2) is given as follows:
A W, o
0(5,61,52,IE3) = ﬁF(s)(e T % H(l - |l’3|)),
that is,

l
—LF(s) S e~ zs=¢l ge.
—l

Wo

§(57§1a€23$3) 2_7
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So we get

ES W 1
9(37 §1,82, $3) = T;F(S) <’)’2(2H(l — ’x3|) — sgn(xg + l) . 6*7|$3+l|

+ sgn(zg — l)e_7x3_l|)>.

The last formula can be written in the form

93) 00,61, avmn) = T (L (21 [

—sgn(z3 + l)6_7|z3+l| + sgn(xs — l)e_'Y‘”S—ll))‘

Using (4.3)—(4.7) from (9.3) we get

(94)  0(s, 0,23)

_ _ o+
WoF(s) T < ~ Fe =T B, | R
_ W 2(_8) [ dg> e | Fe W .
8m2a 2 2 4 1)2 or | _ -
- k=0 Ry /q2+1 ( wk + q —+ ) Wp=w
where
co = ;1_1)% 2H(l — |z3])e™ %, ¢ = —sgn(xs +1), c2 =sgn(zs—1),
R(): \/m, R1 =V Q2+($3+l)2, RQZ v Q2+(ZE3—Z>2,
and
To | |r3lk
+ _ 2 20,2 2 _ .2 2
wp =i—5 £ T2 - R (¢*+1), 0" =ax7+a3,
R~ Rj \/
+ _ |1E3‘k; . 0 2 P2(,2
+ +
Ow,, 1 Ve
o 12— R}a®+1),
and |x3lo = |e], [v3]1 = |23 + 1], |v3]2 = |23 —1].
Taking into account (9.3)), (9.5) we can write (9.4]) as follows:
2 o] =
~ WoF (s T r|r3 kTefTT dT
H(S,Q,QZB) = 47TQC_ZES§ S dQZCk; S 2 ’ 5
—o k=0 g for7 /TP R+ (TP =0 (¢%+1))
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and after some calculations

2 o)

WoF(s) _F
(s, 0,73) 47:)2 ) Z S Flzs|pTe ™ dT
V(T/Ri)*—1 dq

@R \/72 — R3(q*> +1)(T?% — 0*(¢> + 1))
where (T/Ry)? — 1 > 0. The last formula can be written as follows:

1

2 00, 7
WoHF(s) Flos|pTe ™ du
4r2a(s) 2 | ( Ry - 0? Sl V1—u2(a? — b2u?) "

where a? = (T'/0)? — 1, b*> = (T/Ry,)? — 1. After some calculations we get

9(3 0,13) =
k=0 Ry

2 oo _ =
WHF(s) Flas|yTe ™ Ryo(—m)
(s, 0,3) = Ck . aT

47'('2 (S) kZO RSk RkaQ T’{I)g‘k\/T@/QQ -1

and finally
2 [e§) _ =
- _ WoF(s) re T
(9.6) 0(s, 0,23) = dma(s) Z(—Ck) S T27_Q2dT‘
k=0 Ry

Applying to the inverse Laplace transform, we get

(9.7) 0t z)

2 , Utp t\2 (T \2
= 0o Z(_Ck)H<t - Rk) e t - S 0 (to) (Uto) AT
Ry

T2 — 2
where

Ry=p0= m, Ry = v Q2+(l’3+l)2, Ry = Q2+(x3—l)2.

Taking into account (9.7)) we performed the numerical calculations which are
presented in Figures [2H4]

The numerical analysis of the solutions leads to the conclusion that there
are three waves propagating in space-time. The first of them is the cylindrical
wave described by the equations

o—vt=0, p=/2?+23 foraxse[-1,1].
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Fig. 2. Space distribution of the wave surface for 73 = 1, 7o = 2 (7' is nondimensional
time)

25
v
2
s \
T=1
1
T=10
0,5 1\
X% \
0
02 2,0 40 6.0 8.0 10,0 12,0 140 7,

Fig. 3. Distribution of the temperature for the nonlocal model of heat propagation (z = 0,
T =1,10,50)

0,9 \ ------ solution of nonlocal model

08 \ classical solution
0,7 \

0,6
L\
VAN

0,4

0,3
" \‘W T=50
0,2 +*
~
ST
0,1 =

Fig. 4. Distribution of the nondimensional temperature as a function of distance from the
source (z3 =0, T' =10, T = 50)
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Next, there are two spherical waves tangent to the surface of the cylinder
given by the equations

R, — Ut =0, Rlz\/Q2+($3+1)2, RQZ\/Q2+($3*1)2.
This means that there are two spheres with centres at S7(0,0,—1) and
52(0,0,1) and of radius Ut.

We can see the propagation of the two waves in Figure[2for T = Ut; =1
and Ty = Uty = 2.

The distribution of the temperature is presented in Figure [3| for T' =
1,10, 50.

In order to compare the solution of the Gurtin—Pipkin model of heat
propagation with finite speed with the classical Fourier model with infinite

heat propagation speed we performed the numerical calculations basing on
formula (9.7]). The results are presented in Figures [4| and |5 respectively.

v

0,6

=0 =1

0,5
\6 Classical solution
0.4 \ \
03 + ]
\ﬁ solution of nonlocal model
- \
0,1

Front of the wave

e

0

0 10 2 30 40 50 60 70 T
Fig. 5. Distribution of the temperature as a function of time (for zz3 = 0, o = 1). In
the graph we see that in the solution of the nonlocal model the front of the initial wave

appears (7' = 1). The temperature before the wave front is zero (6 =0) for 0 <7 < 1.1In
the case of the classical solution the temperature is greater than zero for all T" > 0.

These results confirm the theoretical considerations of Section [Bl

REMARK 9.1. It is worth mentioning that the LP-L? time decay estimate
for the solution of the Cauchy problem plays the main role in the proof of
the global existence for the Cauchy problem for the nonlinear nonlocal model
associated with the linear one considered in this paper.
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