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Natural affinors on the (r, s, ¢)-cotangent bundle
of a fibered manifold

by J. KUREK (Lublin) and W. M. MIKULSKI (Krakéw)

Abstract. For natural numbers r,s,q,m,n with s > r < g we describe all natu-
ral affinors on the (r, s, g)-cotangent bundle T"%?*Y over an (m,n)-dimensional fibered
manifold Y.

Introduction. Let r, s, g, m,n be natural numbers with s > r < gq.

Let T"%% : F My, , — VB be the (r, s, ¢)-cotangent bundle functor from
the category FM,, ,, of (m,n)-dimensional fibered manifolds (m is the base
dimension and n is the fiber dimension) and their fibered local diffeomor-
phisms into the category of vector bundles and their homomorphisms (see
4], 18))-

An F My, n-natural affinor on T7%9* is an FM,, ,-invariant system of
affinors A : TT">?Y — TT"*9Y on T™*9*Y for any FM,, ,-object Y.

In the present note we describe completely all FM,, ,,-natural affinors
on T"%%* In the proof we will use the classification of all natural affinors on
the r-cotangent bundle functor 7"* over n-manifolds by the first author [6].

At the end of the paper we record a similar result for 77°* in place of
TT7S,q*.

Natural affinors can be used to study torsions of connections (see [5]).
That is why they have been classified in many papers ([1]-[4], [6]-[8], etc).

The standard (m, n)-fibered manifold R” x R™ — R™ will be denoted by
R™". The usual coordinates on R"" will be denoted by z!,...,2™,y!, ...,

oyt

All manifolds and maps are assumed to be smooth, i.e. of class C*°.

1. The (r,s, q)-cotangent bundle 777, Let r,s,q, m,n be natural
numbers with s > r < gq.
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The concept of r-jets can be generalized as follows (see [3]). Let Y — M
and Z — N be fibered manifolds. We recall that two fibered maps f,g :
Y — Z with base maps f,g : M — N determine the same (r,s,q)-jet
Jpif = gytig aty € Yo, w € M, if jif = jrg, j5(fIYa) = G5(glYe) and
Jjaf = j4g. The space of all (r, s, q)-jets of Y into Z is denoted by J™*(Y, Z).
The composition of fibered maps induces the composition of (r, s, q)-jets [3,
p. 126].

The vector r-cotangent bundle functor 77* = J"(-,R)o : M f,,, — VB can
be generalized as follows (see [4], [7]). Let Rl = R x R be the trivial bundle
over R. The space T™%%* = J™%4(Y,RV1)q, 0 € R?, has an induced structure
of a vector bundle over Y. Every FM,, ,-map f :Y — Z induces a vector
bundle map T f : TH9*Y — TT9* 7 covering f, T f(j-59v) =
j;’é’;’(fy o f71) for v: Y — RY! with 4(y) = 0. The correspondence T7%9* :
FMp,n — VB is a vector bundle functor in the sense of [3]. We call it the
(r, s,q)-cotangent bundle functor.

2. Natural affinors on 77%%. An FM,, ,-natural affinor on T"**
is an FM,, p-invariant system of affinors

A:TTHY — TT"*7Y
on T"%9*Y for any FM,, n-object Y. The invariance means that for any

f./\/lmm-mOI'phiSHl f Y — Z we have TTTa57Q*f 0 A=Ao TTT’S7q*f_
We present some examples of natural affinors on 177 %9*,

EXAMPLE 1. There is the identity affinor Id on T"%9*Y for any fibered
manifold Y from FM,, ,,.

To present next examples we need some observations.
(a) There are two canonical 1-forms 07, 7 = 1,2, on T"%%*Y given by
9;;,57117 = dy('}/}_/),
where y € Y, v = (71,72) : Y — R is a fibered map with v(y) = 0, and
fV = fom:Tr%Y — R is the vertical lifting of f : Y — R to T"%%*Y,
(b) For a = 1,...,q there is a canonical vertical vector field L!* on
T7%9*Y given by
L[a]j;“,s,q7 = (j19, 505y, 0)) € {j*99} x Tps0Y 2 Vo, T,
where y € Y and 7 = (71,72) : Y — RbY! is a fibered map with v(y) = 0.

(c) For non-negative integers b and ¢ with 1 < b+ ¢ < r and b # 0 there
is a canonical vertical vector field Ll on T™59*Y given by

LIl jysiiny = (3=, 3> 9(0,4195))
S {j;s,qy} X Tyrys,Q*Y >~ ‘/j;’s’quT’s’q*Y7
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where y € Y, v = (71,72) : Y — R is a fibered map with y(y) = 0, and
~¢ is the ath power of ;.

(d) For e = 1,...,s there is a canonical vertical vector field L{¢) on
T7%9*Y given by

L<e>j;:5:q7 — (j;’s’q’)/,j;’s’q(o,’)/g)) c {j;usuq,)/} X T;uSuQ*Y o ij;’s’q'yTT’S’q*Yv

where y € Y and v = (71,72) : Y — Rb! is a fibered map with y(y) = 0.
(e) If 0 is the canonical 1-form on T™%9*Y and L is the canonical vector
field on T"*?*Y  then 6 ® L is the canonical affinor on T7%9*Y .

EXAMPLE 2. For a =1,...,q and 7 = 1,2 there is an FM,, ,-natural
affinor

AleT] — g7 & Llal
on T™%9*Y for any fibered manifold Y in FM,, ,,.
ExaMPLE 3. For non-negative integers b and ¢ with 1 < b+ ¢ < r and
b# 0 and 7 = 1,2 there is an FM,, ,-natural affinor
A[b,c,r} -0 ® L[b,c]
on T™%9*Y for any fibered manifold Y in FM,, ,,.

EXAMPLE 4. For e = 1,...,s and 7 = 1,2 there is an FM,, ,-natural
affinor

Ale™) — g7 & (@)
on T™%9*Y for any fibered manifold Y in FM,, ,,.

The main result of the present paper is the following classification theo-
rem.

THEOREM 1. Let m,n,r,s,q be integers such that m > 2, n>2, r>1
and s > r < q. The vector space of all F My, n-natural affinors on T
is (1% + 1 + 2s + 2q + 1)-dimensional. The natural affinors from Ezamples
1-4 form an R-basis of this vector space.

The proof of Theorem 1 will occupy the rest of the paper.

From now on we consider an FM,, ,-natural affinor A on T7*%* and
assume that m,n, s,r, q are as in Theorem 1.

Since the natural affinors from Examples 1-4 are linearly independent,
it is sufficient to prove that A is their linear combination.

3. A decomposition lemma

LEMMA 1. There is a real number « such that A — ald is of vertical
type, i.e. im(A — aId) C VI™**Y for any Y in FMp, p.
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Proof. Let w:T"%7Y — Y be the bundle projection. We define a by

o C
a:d0y1<T7TOA<<F> )),
R IR ()

where X is the complete lifting of a projectable vector field on Y to T7-5:9*Y
and 2t,...,2™,y',...,y" are the usual coordinates on R"".

Using the invariance of T'r o (A — aId)|y7r.s.agm» With respect to the
homotheties t~!idgm.» for t > 0 and next letting t — 0 we deduce that

T7T ¢} (A - aId)lvTT',s,qR'nL,n = 0.

It remains to prove that Tro (A —aId)(XS) = 0 for any constant vector
field X on R™"™ and any u = j;*%y € T 7" R™".
Because of the invariance of A we can assume that X = 9/9z!. Write

mo(d—ald)((g) ) =D ogm, + X bg,
u i—1 =1

Using the invariance of A—a/Id with respect to (z!, ¢ 122, ... t71z™ t~1yl,

., t71y™) for t > 0 and then letting ¢ — 0 we deduce that ag = ... = a,,, =
01 = ... = B, = 0. Then using the invariance of A — aId with respect to
t~tidgm.» for t > 0 and then letting t — 0 and using the definition of o we
deduce that

raoa-ann((2)) = oo a-ann((2)) <o.

Because of Lemma 1, replacing A by A — ald we can and do assume
that A is of vertical type.
4. A reducibility lemma

LEMMA 2. Assume that

C C
() o) =2 507) ) =
x Gzl yt) Y Jo o (ztyt)
and

d -7T,8, 7,8,
A(a()(]o q($1791)+t30 q($2,0)>)

d s -T,8
= A<EO(J0’ It yh) + iy ’q(O,yQ))> =0.

Then A = 0.
Proof. 1t is sufficient to show that A(w) = 0 for any w € T,"*7*Y".
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By the fibered version of the rank theorem, j,*?(z!,y!) € Ty R™"
has dense orbit in 77%9*Y with respect to F M, ,,-maps. Therefore we can
assume u = jo > (z!, yt).

Because of the fiber linearity of A we can assume that either w = X¢

59zt y!) and a constant vector field X on R™" or w =

for u = j,
dto(jg’s’q( ' y') + tjg %) for a fibered map v = (y1,72) : R™" — RL!

with v(0) = 0.

In the first case because of the invariance of A with respect to linear
F My, n-maps we can assume that X = 9/9z! or X = §/0y". In the second
case by the fibered version of the rank theorem we can assume that v =
(x2,4?%). Then by the fiber linearity of A we can assume that v = (22,0) or

= (0,2).
Now, applying the assumptions of the lemma completes the proof. m

Lemma 2 means that A is determined by the four vectors

c C
@) ) @) )
X JoSa(al yl) Y Jo T (xt,yt)

d -7,S, -7,S8,
A G5t )+ e e 0) ),

d s 7,5
A( G ot ) + 0052048 )

We study these vectors in the next sections.

5. An inessential assumption. We can write

8 “ d 7,8,9 1 r,8,q
A((am > r@q(m 1)) dt (]O ( » Y )+t.] FY)

for a fibered map v = (y1,72) : R™" — R with 4(0) = 0. Using the
invariance of A with respect to (z!,tz?, ... ta™ y* ty?, ... ty") for t > 0
and then letting t — 0 we get

A<(§;>C ) =3 oak Gt g 1 0)

go o9 (=t yt) a=1

b B GRS 50 ) )

1<b+c<r, b#0

+Z@ﬁ Iyt + 0, (1))

1
for some real numbers ay, §; . and 4, .
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Similarly, we get

C
A((5) ) = D ad g Gt )+ g () 0)
Oyt ) jroa(mryry/) = " dto

S mcjt(”q( v+ 150, () 1))

1<b+c<r, b#0

+Z5e .G ) + 450, (5))

for some real numbers o ﬁb . and 62.
So, replacing A by

q s
A— Z ZOZZA[G,,T} o Z Z ﬁl;CA[b’C’T] - Z Zé;’A@,T)

T=1,2 a=1 7=1,2 1<b+c<r, b#0 T=1,2 e=1

we can assume that

(€PN R (€ I A

6. Proof of Theorem 1. Because of Lemma 2 and the assumption (x)
of Section 5 it is sufficient to verify that

d ,8 -r,S
A( G, G5t + 12,0 )

= (G, (et + g0 ) ) <o

We prove the first equality only. The proof of the second one is similar. Set

d

A(% (JSsq( )+t]58q(x 0))) T (]SSQ( )"‘tjrsq(’yl,’yQ)),

We have to show that jd(v!) = 0, j5(72(0,-) = 0 and j5(y2) = 0.

We prove ji(v2) = 0 only. The proof of the first two equalities is similar.

Given an n-manifold N we have the inclusion 7°*N C T 7*(R™ x N)
given by jin — ](ros;)‘( n) forn : N — R, 2 € N, n(z) = 0, where
we identify n with n o pry, pry : ]Rm x N — N being the projection.
Then for any jin € T**N we have the induced inclusion T}, T**N C
T; e (C Ly TS (R™ x N).

For m-tuples a with || < r define an M f,,-natural affinor B,, : TT**N
— TT**N on T**N as follows.

Let w € TjsyT**N, where n : N — R, z € N, n(z) = 0. Then w €
Trs (a2t I (R™ x N), and we can apply A to w. We have the ele-
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ments 52 '*/(n) € JITIN(W,R) (with g% : N — R, 0% (2) = 0) linearly
depending on w by

d -r,S -r,S w oW

We put
d -S -S S—T (0% w S*
Ba(w) = - (G20 + 52 (0" 1*ng)) € Tyey TN,
From (%) we deduce that Ba(((‘)/ayl)%(yl)) = 0. Then by the classification

result from [6] we obtain B, = 0 for all o as above. Then (in particular)
7 a2
Joy"=0. =

7. The (r,s)-cotangent bundle T"%*. Let r, s,m,n be natural num-
bers with s > r. The concept of r-jets can be generalized as follows (see [3]).
Let Y — M be a fibered manifold and N be a manifold. We recall that two
maps f,g : Y — N determine the same (r,s)-jet j,»°f = j;°g at y € Yz,
r € M, if j f = j,g and j;(f|Y:) = j;(g|Yz). The space of all (r,s)-jets
of Y into N is denoted by J™*(Y, N).

The vector r-cotangent bundle functor 77* = J"(-,R)g : Mf,, — VB
can be generalized as follows (see [4], [7]). The space T"** = J"*(Y,R)o,
0 € R, has an induced structure of a vector bundle over Y. Every FM,, ,-
map f : Y — Z induces a vector bundle map T"**f : TT*Y — T"5*7
covering f, T f(ji-*y) = j;’(sy)(y of™1) for v :Y — R with y(y) = 0.
The correspondence T"°* : F M, ,, — VB is a vector bundle functor in the
sense of [3]. We call it the (r, s)-cotangent bundle functor.

8. Natural affinors on 7%, We present some examples of natural
affinors on 1%,

EXAMPLE 5. There is the identity affinor Id on T"**Y for any fibered
manifold Y from FM,, ;.

To present next examples we need some observations.
(a) There is a canonical 1-form 6 on T™**Y" given by
Oy = dy(7"),
where y € Y, 7 :Y — R is a fibered map with v(y) = 0, and fV = fon:
T75*Y — R is the vertical lifting of f: Y — R to T"**Y.

(b) For e = 1,...,s there is a canonical vertical vector field L(¢) on
T7**Y given by

L gy = Gy 7.y (1) € {7} x Ty*Y 2 Vi, T,
where y € Y and v : Y — R is a fibered map with v(y) = 0.
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(c) If 0 is the canonical 1-form on 77**Y and L is the canonical vector
field on T™**Y, then 0 ® L is the canonical affinor on T7*Y.

EXAMPLE 6. For e =1,...,s there is an FM,, ,-natural affinor
Al — g L
on T"**Y for any fibered manifold Y in FM,, .

The second main result in the present paper is the following classification
theorem.

THEOREM 2. Let m,n,r,s be integers such that m > 2, n > 2, r > 1 and
s > r. The vector space of all F M., n-natural affinors on T™* is (s + 1)-
dimensional. The natural affinors from Examples 5 and 6 form an R-basis
of this vector space.

The proof of Theorem 2 is quite similar to the one of Theorem 1.
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