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Averaging techniques and oscillation
of quasilinear elliptic equations

by ZHI-TING XU, BAO-GUO J1A and SHAO-YUAN XU (Guangzhou)

Abstract. By using averaging techniques, some oscillation criteria for quasilinear
elliptic differential equations of second order

N
-2
> Di[Ay(2)|DyP~2D;y) + p(z) f(y) = 0
ij=1
are obtained. These results extend and generalize the criteria for linear differential equa-
tions due to Kamenev, Philos and Wong.

1. Introduction. We consider quasilinear elliptic differential equations
of second order
N

(L.1) > DilAij(@)|Dy[P*D;y) + plx) f(y) = 0
ij=1
in 2(a), where p > 1, v = (2q,...,2x5) € RY, N > 2, Dy = (Dyy,...,
Dyvy), D;y = 0y/0x; for i = 1,...,N, |z| = [sz\; 22)Y/2, and 2(a) =
{x € RN :|z| > a} for some a > 0.
Throughout this paper we shall assume that the following conditions
hold.

(A1) A= (Aij(z))nxn is a real symmetric positive definite matrix func-
tion with A;; € CLt*(02(a),R), 4,j = 1,...,N, 0 < pu < 1. Denote

loc
by Amax(x) the largest eigenvalue of the matrix A. There is a func-
tion A € C([a, ), R™) such that
' ’A‘(p—2)/(p—1) S A
min ——— r), r>a,
|z|=7r )\max(x> o

where |A| denotes the norm of 4, i.e., |A] = [2N A%(m)]lm,

i,j=1
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(A2) peCl.(2(a),R),0< <1

(A3)  f e CHR,R), yf(y) > 0, and f'(y)/|f(y)| P2/~ > &k > 0 for
y # 0.

In what follows, a solution of (1.1) is every function of class Co.t*(2(a), R),

0 < p < 1, which satisfies (1.1) almost everywhere on 2(a). We consider
only nontrivial solutions of (1.1) which are defined for all large |z| (cf. [1]).
The oscillation is considered in the usual sense, i.e., a solution y(z) of (1.1) is
said to be oscillatory if it has arbitrarily large zeros, i.e., the set {z € RY :
y(z) = 0} is unbounded. Equation (1.1) is said to be oscillatory if every
solution (if any exists) is oscillatory. Conversely, (1.1) is nonoscillatory if
there exists a solution which is not oscillatory.
If p = 2, then equation (1.1) reduces to the semilinear elliptic equation

N
(1.2) Y " DilAij(x)Djy] + p(z) f(y) = 0,
ij=1
and if A(x) = I (identity matrix), f(y) = |y|? 2y, then (1.1) reduces to the
PDE with p-Laplacian

(1.3) div(|Dy|P~*Dy) + p(z)|y|"~*y = 0.

Many results guaranteeing that the solutions of (1.2) are oscillatory can
be found in the literature (see, for example, [3, 5, 9-12]). The oscillation
criteria of Kamenev [2]|, Philos [4], Wintner [7] and others for the second
order linear differential equation

(1.4) (r(®)y'(t)) +pt)y(t) =0, p e C([to,00),RT),

have been extended to (1.2). Recently, H. Usami [6] established a Wintner-
type oscillation theorem [7] for (1.3). However, to the best of our knowledge,
equation (1.1) in its general form does not seem to have been the object of
systematic investigation. Motivated by this fact, we try to develop oscilla-
tion theory for (1.1). In this paper, by using averaging technique [2] and
general means [4, 8], we establish some oscillation criteria for (1.1), thereby
generalizing results of Kamenev [2], Philos [4] and Wong [8] to (1.1). Our
approach is somewhat different from that of the previous authors. We be-
lieve that our approach is simpler and also provides a more unified account
of Kamenev-type oscillation theorems.

2. Main results. First of all, we introduce the general means [4, 8] and
present some properties which will be used in the proof of our results.

Let D ={(r,s) :r>s>a} and Dy = {(r,s) : 7 > s > a}. We will say
that the function H € C(D,R) belongs to the class & (written H € ) if

(Hy) H(r,r)=0forr>a, H(r,s) >0 on Dy;
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(Hz) H has a continuous and nonpositive partial derivative in Dy with
respect to the second variable;
(H3)  there exist o € C*([a,00),RT) and h € C(D,R) such that
0
%[H(Ta S)Q(S)] = _H(Tv S)h(ra 5)7 (Tv 5) € Dy.

Let o € C'([a,00),RT) and H € 3. We consider the integral operator
(2.1) Of(¢ir) =\ H(r,s)¢(s)e(s)ds, r>b>a,
b

where ¢ € C([a,00),R) (see [8]). It is easily seen that
(2.2)  Of(arhy + azhe;r) = 1 OF (h1, 1) + @20} (ha, ),
(2.3)  ©J(hs,r) >0 whenever hgz >0,

(24)  O2(Hlr) = —H(r,b)ha(b)o(b) + O%(0  hahi 7).
Here h; € C([a,0),R) and a1, ag are real numbers.

For each ¢ € C([a,00),R") with {*°(1/£(7)) dT = oo, define the kernel

function
'

(2.5) H(r,s) = <§

s

du
§(u)

For example, an important particular case is £(7) = 7", where n < 1 is real.
When &(7) = 1 we have H(r,s) = (r — s)™, and when £(7) = 7 we have
H(r,s) = (Inr/Ins)™. It is easily verified that the kernel function (2.5)
satisfies (H;)—(Hs).

THEOREM 2.1. Suppose that there exist ¢ € C'([a,o0),RT) and H,h €
C(D,R) such that H € & and

> , m>p—1.

(2.6) 1igiscgp H(i ) O2(p —p Pg"P|hfP;r) = oo,
where "
9(r) = g A ()] ™ ()07,
= o(r T or—l )P quﬁ’(r)p
o(r)=¢(r) | p(z)d p[g( )] Ple(r)] o) |

Sr

q is the conjugate number to p, i.e., g =p/(p—1), S, = {x € RN : |z| =1},
r > 0, o denotes the measure on S, and wy denotes the surface of the unit
sphere in RN, i.e, wy = 2w/ /I (N/2). Then equation (1.1) is oscillatory.

Proof. Suppose y(x) is a nonoscillatory solution of (1.1). Without loss of
generality we assume that y(z) > 0 for |x| > a. Hence, the N-dimensional
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vector Riccati operator

1
2.7 W(z) = — A(x)|Dy|P 2Dy
(2.7) (z) W) ()| Dy]
exists on {2(a). By differentiating W (z) and making use of (1.1), we see
that, for all x € 2(a), W(z) satisfies the Riccati equation

(2.8) div W (z) = —p(z) — f'(y)| Dy P(WTAT'W) ().
Note that
(W ()| < ‘f( I |A(z)| |Dy["~,
and
(WTATIW) (2) > Ao (@)W (2) .

Then (2.8) implies that

/() | A(z)|(P=2/(p=1) .
e D A O

(2.9) divW(z) < —p(z) —

Put

where v(z) = z/|z|, |x| # 0, denotes the outward unit normal to S,, r = |z|.
By means of the Green formula and (2.9), we obtain

¢/(()) Z(r) + ¢(r) | divW(z) do
S
™) gy - ¢(r)[ | p(x)do + kA(r) | \W(m)ywa]
S

L T

(2.10) Z'(r) =

=0
The Holder inequality yields

2] < o()] § W) do] [ § (W) do]

S, S,

1/q

< o)onr™ [ § Wia)jrdo]

S,
which is equivalent to
V (W (@) do > [¢(r)] wnr™ VP Z ().
S,
Thus, (2.10) gives

1) iy P

(2.11)  Z'(r) < —¢(r) S p(x)do+

o) g(M)le(r)] ™ Z(r)|*.
S,
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The Young inequality implies that

S 209 < Lglet] 12+ L))

p
Combining this inequality with (2.11) gives
(2.12) Z'(r) < —p(r) = (p = D)g(r)e(r)] | Z(r)|".
Applying the operator 7, b > a, to (2.12) and using (2.4), we obtain
(2.13) OF (i) < H(r,0)o(b)Z(b) + 67 (™ |h[ |Z];7)
— (=105 (g072|% ).

In view of the Young inequality,

o ' |hl1Z] < (p = 1)go™ | Z| +p~Pg' P[n".
Substituting the above inequality into (2.13), we get
(2.14) O;(pir) < H(r,0)o(b)Z(b) +p~O; (¢ P |h[P; 7).

Set b = a and divide (2.14) through by H(r,a), then take limsup as r — oc.
Condition (2.6) gives the desired contradiction. m

As an immediate consequence of Theorem 2.1, we obtain the following
corollary.

COROLLARY 2.1. Let the assumptions of Theorem 2.1 be satisfied except
that condition (2.6) is replaced by

. 1
(2.15) lim sup Hra) O3 (1) = o0,
and
1
(2.16) lim sup O2(g" P |h|P;r) < .

rooo H(r,a) *
Then equation (1.1) is oscillatory.

Note that condition (2.15) in Theorem 2.1 is necessary. In the remainder
of this paper, we do not require this condition, but will have some other con-
ditions instead. The following result provides an essentially new oscillation
theorem for (1.1).

THEOREM 2.2. Let H and h be as in Theorem 2.1. Suppose that there
exist ¢1, p2 € C([a,00),R) such that for all b > a,

. 1
(2.17) hgligp Hirb) 07 (p;1) > ¢1(b),
(2.18) lim sup = O2(g" P|hP;r) < da(b),

T—00 H(’r’ b)
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where ¢1 and ¢o satisfy

1
(2.19) hggg.}f H(r.a) O2(go (1 — p Pa)L ;1) = o0,
where ¢ = max{0, ¢p}. Then equation (1.1) is oscillatory.
Proof. We proceed as in the proof of Theorem 2.1 to get (2.13) and
(2.14). Then, by (2.14), we have, for all » > b > a,
1, 1
1) 0 )

Taking limsup in the above inequality as r — oo and applying (2.17) and
(2.18), we obtain

OF(g"' " P|h[P;r) < o(b)Z(b).

$1(b) —p Ppa(b) < 0(b)Z(b),
from which it follows that

O2(go (1 —p Po)lsr) < =

H(r,b)

(2.20) Oy (g0~ Z|% 7).

H(r,b)
On the other hand, by (2.13),

p—1 _
OL(go 1 Z|%r) —

or —1 .
H(T,b) @b(g ’h‘ |Z|,7")

1
H(r,b)

Thus, by (2.17),

Lo Pl
2.21 1 f
(2.21) im in {H

_ 1 _
mint { 2= 0090 121%r) — = 0~ 1210}

H(r,b)
< 0(b)Z(b) — ¢1(b) < Co,
where C is a constant.
Now, we claim that

1
(2.22) lim inf H0h) 05 (9o~ Z|%; 1) < oo.

If (2.22) does not hold, then there exists a sequence {r;}22; C [a,00) with
lim; . r; = oo such that

1
2.2 I 2(go~Z|%r;) = oo.
(2.23) ) 0, (907 Z|%1j) = o0

Hence, by (2.21), for j large enough, we have

p_

1 e —q q o/ —1
H(?“j,b) @b(gQ 1Z| ,7“]) @b(Q |h|‘Z‘77"J)_Co+1

1
H{(r;;b)
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This and (2.23) give, for j large enough,
Oy (o |h[|Z];ry)
O3 (go=1|Z)%;1;)

N )

that is,

(220) 0o 1| Z] 1) > P 0F(g07121% 1) for all large j.
By the Holder inequality,

(225)  ©F(e 'h|Z[;r5) < [OF (g0~ |21 )] (05 (9" P BIPs )] P
From (2.24) and (2.25), we obtain

2

By (2.18), the right-hand side of (2.26) is bounded, which contradicts (2.23).
Therefore, (2.22) holds. Hence, by (2.20),

.. 1 _ _
hgggfm@f(gg 2 (py —pPho)l;r)

-1 p
(2.26) (p—) O (g0 2% ) < OF ("7 h[Pims).

< liminf

1
99 —q Z q.
r—00 H(?", b) b(gg ’ ’ ,T) < o

which contradicts (2.19). m

3. Corollaries and examples. As Theorems 2.1 and 2.2 are rather
general, it is convenient for applications to derive a number of oscillation
criteria with the appropriate choice of the functions H, ¢ and p.

Let us first introduce an assumption:

(A4)  There exist constants C' > 0 and [ such that
(3.1) Ar)>CrPe, r>a.
Now, we establish Kamenev-type oscillation criteria for (1.1). Let
H(r,s)=(r—s)% o(s)=s% ¢(r)=r"",
where o > 1 is a constant. Then it is easy to see that

hr,s) = a(r — )™t gr) 2 Cur#e,

and
o(r) > wnp(r) — Cor=FFIP,
where
7 1 kpC 1/a-p) 1o
p(r) = riN,1 S p(x) dU? Cl - p2 1 wN P 9 02 ;Cl p(N—l)p
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A direct computation yields
T

O2(g P|hPsr) < Cifpaprpg (r — 5)* Pg~ (BHDp—a gg.

and
s

OL(p;r) > S (r — 8)¥wnP(s)s™* — Cy s~ BFVP= 4,

Hence, by Theorem 2.1, we have

COROLLARY 3.1 Let (A4) hold. If there exists a constant o > 1 with
(B+1)p+ a>1 such that

(3.2)  limsup T*O‘S (r—s)*p(s)s™ “ds = o0,

r—00
a

then equation (1.1) is oscillatory.

COROLLARY 3.2. Suppose that there exists ¢ € C1([a,00),R) such that

(3.3)  limsup G~ “(r) S [G(r) — G(3)]%¢1(s)ds = o0 for some a > p — 1,

T—00
a

where
T

n(r) = T A 9P, 6 = [a(s)ds,

1
p1(r) = o(r) | pe)do — =~ [ga(r)]' 77| ==
Sr p
Then equation (1.1) is oscillatory.

Proof. Let

H(r,s) =[G(r) = G(s)]*, o(r)=1.
Then
h(r,s) = a[G(r) — G(s)] " g1(s),

and
s

VH(r.5)9177 (s)|h(r, s)|P ds =

a

ap

pp—— [G(r)]*PH

This implies

lim sup O2p —p Pg'P|hP;r)

1
rooo H(r,a)
= lim sup {Gw) V[G(r) = G(s)]"p1(s) ds — %[G(rﬂlp} = o0,

a

and it follows from Theorem 2.1 that (1.1) is oscillatory. m
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REMARK 3.1. Corollary 3.2 improves Theorem 4 for equation (1.2) in [3]
and Theorem 4 for equation (1.3) in [6].
By Theorem 2.2, we have

COROLLARY 3.3. Assume that lim, .. G(r) = co. Suppose that there
ezist ¢ € C([a,00), RT) and ¢ € C([a,00),R) such that for all b > a,

T

(3.4) limsup G~ (r) | [G(r) — G(s)]%p1(s) ds > (D),
e b
(3.5) lim inf G™%(r) | 91(5) [G(r) = G(5)]*[1o(s)]% ds = o,

b
for some a > p — 1. Then equation (1.1) is oscillatory.

ExAMPLE 3.1. Consider

N
_ 1+ ksin|z
(3.6) > Dy () Dy Dyl + T o
ij=1
where z € 2(1), A(z) = diag(|z|,...,|z]), p > 1, p(r) = (1 + ksinr)/r",

Ar) = NWw=2)/200=p)1/(=p) By Corollary 3.1, if there exists a constant
a > 1 with v 4+ « <1, then (3.6) is oscillatory.
ExAMPLE 3.2. Consider the equation
(3.7) div(|Dy|"~*Dy) + (|z[” cos |z|)]y|P~*y = 0,
where z € 2(1), A\(r) = N®=2/2=1) 3 > 5 > 1, v < 1. Let o(r) = 1,
#(r) = r1=N. A direct computation implies
g1(r) =Cs, p1(r) =wnr”cosr — r—;,

where
p —2)/2(p—1), 1/(1—p)
03 - 2—1]\]’(17 )/2(p—1) YN ,

1-p
— N@-P/2(N _ 1) YN p .
Ca ( ) p \p?—1

In Corollary 3.3, let a = 2. We have

T

h?ljgip EIE) §) [G(r) — G(s)]?p1(s) ds > —r” sinb — e.

Now, set ¢(b) = —b”sinb — e and consider an integer J such that 2J7 +
5m/4 > max{a, (1 +v/2¢€)'/*}. Then, for all integers n > .J, we have

Y(b) > 1/V/2 for every b € [2nm + 5v /4, 2nm + T /4],
which implies that
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NP
hTIEIOI.}f G2—(7“) S 91(3)[G(T) - G(S)]2[1/J(S)]3_ ds
a 0o 2nm+Tw /4
> Cs Z(\/ﬁ)fq S ds = oo.
n=J 2nm+57 /4

Then, by Corollary 3.3, equation (3.7) is oscillatory.
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