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Weighted composition operators between
weighted Banach spaces of holomorphic functions
and weighted Bloch type spaces

by ELKE WoLF (Paderborn)

Abstract. Let ¢ : D — D and ¢ : D — C be analytic maps. They induce a weighted
composition operator ¥Cy acting between weighted Banach spaces of holomorphic func-
tions and weighted Bloch type spaces. Under some assumptions on the weights we give
a necessary as well as a sufficient condition for such an operator to be bounded resp.
compact.

1. Introduction. In this note we consider an analytic self-map ¢ of the
open unit disk D as well as an analytic map % on D. These maps induce a
weighted composition operator ¢¥/Cy : H(D) — H(D), f +— (f o ¢), where
H (D) denotes the set of all holomorphic functions on D. Furthermore, let v
and w be strictly positive continuous and bounded functions (weights) on D.
We are interested in weighted composition operators ¢Cy acting between
weighted Banach spaces of holomorphic functions

Hy = {f € HD); |[fllo = 216150(2)|f(2)| < oo}

and the weighted Bloch type spaces B,, of functions f € H(D) satisfying
| fll B, := sup,ep w(2)|f'(2)| < co. Provided we identify functions that differ
by a constant, ||.|| g, becomes a norm and B,, a Banach space. Composition
operators and weighted composition operators acting between various spaces
of analytic functions have been investigated by several authors (see e.g. [13],
[7], [11], [2], [4], [3], [8], [12]). In [13] and [12] weighted composition operators
between weighted Bloch type spaces resp. between the space H* of bounded
analytic functions on D and the Bloch space have been studied.

In this article we want to give necessary and sufficient conditions for a
weighted composition operator acting between weighted Banach spaces of
holomorphic functions and weighted Bloch type spaces to be bounded resp.
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compact. These conditions are given in terms of the weights as well as the
analytic functions ¢ and v involved.

2. Notation and auxiliary results. For notation on composition op-
erators we refer the reader to the monographs [5] and [14]. In order to give
results concerning weighted spaces of analytic functions such as weighted
Banach spaces of holomorphic functions or weighted Bloch type spaces we
need the so called associated weights. For a weight v we can define the as-
sociated weight as follows:

1 1

) = ST T e B T <17 ol
where §, denotes the point evaluation at z. By [1] the associated weight v
is continuous, v > v > 0 and for every z € D we can find f, € H° with
| f2]lv < 1 such that |f.(2)] = 1/0(z).
For a better understanding let us recall some auxiliary results:

THEOREM 1 (Harutyunyan-Lusky, [6, Theorem 2.1]). Let v and w be
radial weights which are continuously differentiable with respect to |z| with
lim ;| v(z) = lim|;,; w(2) = 0 and such that Hy’ is isomorphic to lw. If
lim sup,_,; (—w'(r)/v(r)) < oo, then D : H® — HS°, f+— f', is bounded.

For conditions ensuring that H’ is isomorphic to I, we refer the reader
to [10] and [6]. By [6] we know that the following weights have the desired
properties:

w(z)=0—2)% a>0, wz) = YO seb.

For the study of the compactness of the operator ¥)Cy we need the fol-
lowing result.

ProPOSITION 2 (Cowen—MacCluer, [5, Proposition 3.11]). Let X and
Y be H® or By. Then ¥Cy : X — Y is compact if and only if for every
bounded sequence (fn)nen in X such that f, — 0 uniformly on compact
subsets of D, then YvCyf, — 0 in Y.

3. Main result. We consider weights v of the following type: Let v be
a holomorphic function on D, non-vanishing and strictly positive on [0, 1[.
Moreover, we assume that v is decreasing on [0, 1] and satisfies lim,_,; v(r)
= 0. Then we define the corresponding weight v by v(z) = v(|z|?) for every
z € D. Furthermore, we suppose that v/ is bounded on D.

We now give some examples of weights of this type:

(i) If v(2) = (1 — 2)*, @ > 1, then the corresponding weight is the
so-called standard weight v(z) = (1 — |2]?)2.
(i) If v(z) = e /(=% o > 1, then v(z) = e~ 1/ -1z,
(iii) If v(z) = sin(1 — z), then v(z) = sin(1 — |2|?).
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Fix a point p € D. We introduce a function
vp(2) == v(¢p(p)z) for every z € D.

Since v is holomorphic on D, the function v, is also holomorphic on D.

Furthermore, v,(¢(p)) = v(|¢(p)[*) = v(¢(p)) and v, (2) = ¢(p)v'(é(p)z) for
every z € D, L.e. vj(6(p)) = ¢(p)V' (|6(p)[?)-

PROPOSITION 3. Let w be a weight and v be a weight as described at the
beginning of this section. Let ¢ € H(D) and ¢ an analytic self-map of D. If
YCy : Hy® — By, is bounded, then:

ORI
(@) e & G
(b) sup LW UGN | 76502 < oo.

:ep v(0(2))

Proof. In order to show condition (a) we set

(2 )\
folz) = <vp<z> vp<z>2> '

Then
1/2

up(9(p)) < (3M)1/2

v(z)? —v(2)?

2
vp(2)

where M = sup,cp v(z) and therefore the constant does not depend on the
choice of p. Thus, f, € H;° and

1 fpllo = sup
zeD

1oy () BEWOE)Y (2 u6m))
ho= (5t ) e her)
We get f,(¢(p)) = 1/v(¢(p))"/? and f;(¢(p)) = 0. Now,

0] s = w0 ) 600) + )6 ) f(0(0)

< [WColl [ fpllw < oo
Thus, (a) follows.

For the proof of (b) we fix p € D and construct a function v,(2) as above.
Now we put

gp(2) ==

up(8(p) (vp(qﬁ(p)))lﬂ.

up(2) vp(2)
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Hence ||gp|ly <2M and we get
. vp(P(P))vp(2) 1 vp(e p))l/zv,;(z)
gp(z) = - ’Up(Z)2 + 5 Up(2)3/2 .

Thus, we obtain

9p(6(p)) =0 and g,(o(p)) = —
Finally,

w(p) V(|4
v((p)

1 IRl
5 ()] ) [(p)¢' (p)]

= w(p)[¢'(p)gp(¢(p)) + ¢ (p) (p)gp (6 (p))|
< [ Coll llgpllo < oo

The claim follows. m
PROPOSITION 4. Let v and w be weights. If
(a) there is a weight u such that

sup 22

SUD (6(2)) ¥ (2)¢'(2)] < o0

and the operator D : HS® — H°, f i+ f', is bounded,
(b) supep [¢'(2)|w(z)/v(¢(2)) < oo,
then YCy : H° — B, is bounded.
Proof. Let f € H>°. We have
Supw( N(WCof) (2)]

< supw(2)[¢(2)f($(2))| + supw(2)|f'($(2))¢' (2)¥(2)]|

z€D zeD
w(z) / w(z) / /
< SUD () 1" () f]lo +sup ) 19" (2)(2)[u(p(2)) | f'(6(2))]
w(z) w(z) ,
< SUD () (= )H|f||v+ D G0 &' ()P llu
w(z) w(z)
< SUD 6 (2)) 1" (NI fllo + SUD () &' ()Y ()] 1D 1 £l

and the claim follows. =

PROPOSITION 5. Let w be a weight and v be a weight as described at the
beginning of this section. Let v € H(D) and ¢ an analytic self-map of D.
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If yCy : H° — B, is compact, then:

w(z)

(a) \I;I(I;)Tili V' (2)] w(6()2 =0,
o wEW SR
(v im sup “EEES o216/ (2)o(2) = 0

Proof. Consider a sequence (zy,), C D such that |¢(z,)| — 1 as n — oo.
Defining functions v, as in the proof of Proposition 3 we set

v 5 1/3
fn(2) == Uzn(ﬁb(Zn))l/G (3 ! - 2 (9 n))> for z € D.

2 v,, (2)? Vs, (2)3

3 v(@)®  v(2)°0s,(6(2n))

[ Fallo = sup vz, ((=u)) |5 7 = =~

zeD
5 1/3
S

for every n € N, where M := sup,cpv(2). Thus, (fn)nen is a bounded
sequence in H;° which converges to zero uniformly on compact subsets of ID.
Moreover,

v (S(z))\ "2/
é<z>=vzn<¢><zn>>1/6<3 L (6 >>>

2 v, (2)? v, (2)3
_ v, (2) v, (9(20)) o (2
(G )

for every n € N. By Proposition 2, the fact that ¢¥/Cy is compact yields
1¥Cy fnllB, — 0 asn— occ.
Finally,

V' (2n)

[4C frll B = w(zn) WSl

Thus, (a) follows.
Consider now

Then

v
gnllv = supv(z)
zeD
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for every n € N. Thus (gn)n is a bounded sequence in H3° and g, — 0
uniformly on every compact subset of ). Moreover,

10, (6(20)
2 v, (6(2n))

Since 1 Cy is compact, by Proposition 2 we have |1 Cygn| B, — 0 asn — oo.
Thus,

gn(¢(zn)) =0 and g;(d’(zn)) =

1¥Co9nll ., = Slelgw(Z)!(wCMn)'(Z)!

> w(zn)[¥ (2n)gn(d(2n)) + ¥(2n) (20) g (6 (2n))|

lw Z 2n)¢ (2 < M
> 5 w(zm) [ (zn)¢ (2n)6 (2n)| (b))
Finally,
im sup w(z z '(z z M -
};I(I;”_E (2)[¥(2)] 16/ (2)| |¢(2)] ool

PROPOSITION 6. Let v and w be weights. If

(a) there is a weight u such that
. w(z)
lim sup ——~
l6()|—1 W(B(2))

and the operator D : H® — HS®, f+— [’ is bounded,
(b) limsupyg.y -1 [¢'(2)w(2)/v(¢(2)) = O,

then YvCy : H° — By, is compact.

[¥(2)¢'(2)] =0

Proof. Let (fn)nen be a sequence in H° with |[fn]l, < 1 and f, — 0
uniformly on compact subsets of . By the assumption, for any € > 0 there
is 0 < § < 1 such that 0 < |¢(z)| < 1 implies

w(z) |, € and PG N o €
woz) VI <g ad Sy W< gy
Then
[6Cafulln, = supw((Cah) ()
< supw(2) [0/ (2)012)| + 5up () ()0 (2) 1 (002)
< s w@W () fa6(2)
{z; |#(2)|<6}

+ sup w(2)|Y(2)e(2) f(6(2))] + €
{2 [8(2)| <3}
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a2 o s w(o(s .
S O s LA LI, SRR

]
s B eyl
{z;|p(2)|<6} v(qﬁ(z))

x o osup0(6(2))]fn((2))]
{z:]6(2)] <6}

The claim follows. =

EXAMPLES 7. (a) Set w(z) = (1 — |24 w(z) = (1 — |2])%, v(z) =
(1 — |2])® and ¢(2) = (2 +1)/2 and ¥(z) = 1 — 2z for every z € D. Then
easy calculations show that the corresponding weighted composition opera-
tor YCy : H® — B, is bounded and even compact.

(b) For () = 1 — 2, 6(2) = (2 + 1)/2, v(2) = (1 - 2)2 and w(z) =
1 — |z|? for every z € D the operator ¢/Cy, : HS° — B, is not bounded.
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