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Stepanov-like square-mean pseudo almost
automorphic solutions to partial neutral
stochastic functional differential equations

by ZuoMAO YAN, X1U-MEI JiA and XINGXUE YAN (Zhangye)

Abstract. We obtain the existence and uniqueness of square-mean pseudo almost
automorphic mild solutions to first-order partial neutral stochastic functional differential
equations with Stepanov-like almost automorphic coefficients in a real separable Hilbert
space.

1. Introduction. Recently, the theory of almost automorphic functions
has been developed extensively. In [XL], Xiao et al. introduced the concept
of pseudo almost automorphic functions, which generalizes the one of al-
most automorphic functions. Moreover, they obtained sufficient conditions
for the existence and uniqueness of pseudo almost automorphic mild solu-
tions to some semilinear differential equations, in abstract spaces. For other
contributions concerning pseudo almost automorphic solutions to differen-
tial equations; see, for example, [A], [CT], [E], [EE], [DM], [LN], [LZ], [XZ]
and the references therein.

On the other hand, the notion of Stepanov-like almost automorphic func-
tions was introduced by Casarino in [CA] and developed by N’Guérékata and
Pankov [NP]. The latter authors also established the existence and unique-
ness theorems for Stepanov-like almost automorphic solutions to parabolic
evolution equations.

As a natural generalization of the concept of Stepanov-like almost au-
tomorphic functions as well as the one of pseudo automorphic functions,
Stepanov-like pseudo almost automorphic functions were introduced by Dia-
gana [DIJ, who studied the existence and uniqueness of Stepanov-like pseudo
almost automorphic mild solutions for some abstract differential equations.
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One can refer to [DN], [EL], [EV], [HJ], [LA] for more recent results in the
Stepanov-like almost automorphic theory.

More recently, Fu et al. [FL] introduced the new concept of square-mean
almost automorphic stochastic processes, which generalized the almost au-
tomorphic theory to the stochastic setting. The paper dealt with the ex-
istence and uniqueness of square-mean almost automorphic mild solutions
for stochastic differential equations in Hilbert spaces. In [CZ] the existence
and uniqueness of Stepanov-like almost automorphic mild solution to a class
of nonlinear stochastic differential equations was investigated. The results
obtained extend some known ones to the framework of square-mean almost
automorphic processes.

Chen and Lin [CL] introduced the concept of square-mean pseudo almost
automorphy for a stochastic process and proved the existence, uniqueness
and global stability of square-mean pseudo almost automorphic solutions
for a general class of stochastic evolution equations. Their results are more
general and complicated than those concerning almost periodic solutions
or pseudo almost periodic solutions to stochastic differential equations. We
refer the reader to the papers [AT], [BA], [CY], [PT], [T] and the references
therein. Bezandry and Diagana [B], [BD], [BE] studied the existence and
uniqueness of square-mean almost periodic mild solutions for various classes
of semilinear stochastic evolution equations. The existence and uniqueness of
Stepanov (quadratic-mean) almost periodic solutions to stochastic evolution
equations is studied in [BN]. Further, in [BZ], these authors obtained new
existence theorems for pth mean pseudo almost automorphic mild solutions
to some nonautonomous stochastic differential equations in Hilbert spaces.

In this paper, we investigate the existence and uniqueness of Stepanov-
like square-mean pseudo almost automorphic solutions to the following par-
tial neutral stochastic functional differential equations:

(1.1) dx(t) — q(t,z(t —r))] = Ax(t) dt + h(t,x(t —r)) dt
+ f(t,z(t —r))dW(t), teR,

where W (t) is a two-sided standard one-dimensional Brownian motion de-
fined on the filtered probability space (£2, F,P,F;) with 7 = o{W(u) —
W (v); u,v < t}; Ais the infinitesimal generator of a Cy-semigroup {7'(t) }+>0
on L?(P,H); r > 0 is a fixed constant; and ¢, h, f are appropriate functions
to be specified later.

Existence results concerning almost automorphic solutions for different
kinds of abstract partial neutral differential equations have been considered
in many publications, such as [D], [DH], [EN], [HM]. However, the exis-
tence of square-mean pseudo almost automoprhic solutions to partial neutral
stochastic functional differential equations of the form (1.1) in the case when
the forcing terms g, h, f are Stepanov-like almost automorphic coefficients
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is an untreated topic and constitutes the main motivation of the present
paper. For this reason, we introduce and study the notion of Stepanov-like
square-mean pseudo almost automorphic functions for stochastic processes,
which generalizes the above-mentioned concepts, in particular, the notion
of square-mean pseudo almost automorphic processes. As an application,
we prove the existence and uniqueness of Stepanov-like square-mean pseudo
almost automorphic mild solutions to a neutral stochastic functional dif-
ferential equation. Our result generalizes most of the known results on the
existence of square-mean almost automorphic (respectively, pseudo almost
automorphic) solutions to (1.1).

The paper is organized as follows. In Section 2, we briefly recall some
basic notations, definitions, and lemmas relating to stochastic systems and
Stepanov-like square-mean pseudo almost automorphic processes. In Sec-
tion 3, we prove the existence and uniqueness of Stepanov-like square-mean
pseudo almost automorphic solutions for (1.1). Finally in Section 4, we give
an example to illustrate the abstract results.

2. Preliminaries. In this section, we introduce some basic definitions,
notations and lemmas which are used throughout this paper.

We assume that (H, ||-||, (-, -)) is a real separable Hilbert space, (12, F,P)
is a complete probability space, and L?(IP,H) stands for the space of all
H-valued random variables = such that Ez||* = {,, ||z]*dP < oo, which
is a Banach space with the norm [z|y = (§, |||? dP)Y/2. It is routine to
check that L?(IP,H) is a Hilbert space equipped with the norm || - [|2. We
let (K, | - |lx, (-, )x) denote a real separable Hilbert space continuously em-
bedded into H. The notation L(K,H) stands for the space of all bounded
linear operators from K into H, equipped with the usual operator norm
| - | Lk my; in particular, we write L(H) when K = H. In addition, W (t) is a
two-sided standard one-dimensional Brownian motion defined on the filtered
probability space (2, F,P, F;), where Fy = o{W (u) — W (v); u,v < t}.

Let C(R, L*(P,H)) and BC(R, L?(P,H)) stand for the collection of all
continuous functions from R into L?(P,H), respectively the Banach space
of all bounded continuous functions from R into L?(P,H), equipped with
the sup norm || - |ls. Similarly, C(R x L?*(P,H), L?*(P,H)) and BC(R x
L?(P,H), L?(P,H)) stand, respectively, for the class of all jointly continuous
functions from R x L?(P,H) into L?(P,H) and the collection of all jointly
bounded continuous functions from R x L?(P, H) into L?(P, H).

In this paper, the operator A is the infinitesimal generator of an ex-
ponentially stable Co-semigroup (7T'(t));>0 on L?(IP,H), that is, there exist
M, 6 > 0 such that

|T(t)|| < Me™®  for all t > 0.
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2.1. Square-mean pseudo almost automorphy

DEFINITION 2.1 ([CT]). A stochastic process z(-) : R — L?(PP, H) is said

to be stochastically bounded if there exists M > 0 such that E|z(t)] < M
for all t € R.

DEFINITION 2.2 ([CI]). A stochastic process z : R — L?(P,H) is said
to be stochastically continuous if

. . 2 _
lim Ella(t) — (s)|

Denote by BC(R, L?(IP,H)) the collection of all stochastically bounded
and continuous processes.

REMARK 2.3 ([CL]). BC(R,L?(P,H)) is a linear space.
REMARK 2.4 ([CT]). BC(R, L*(P,H)) is a Banach space with the norm

|2]loo = sup (E|z(£)]*)/?
teR

for El|z(t)]* = (§, l=()||* dP)"/2.

DEerFINITION 2.5 ([FL]). A stochastically continuous process z : R —
L?(PP,H) is said to be square-mean almost automorphic if for every sequence
(8!, )nen of real numbers there is a subsequence (sy)neny and a stochastic
process 3 : R — L?(PP, H) such that

lim Elz(t+s,) —y@®)|*?=0 and lim E|y(t —s,) —x(t)||*=0
n—oo n—oo
for each t € R. This means that
lim lim Bzt + sp — sm) — 2(t)||* =

m—0o0 N—00

for each ¢ € R. Denote the set of all such processes by AA(L?(P,H)).

REMARK 2.6 ([FL}, Lemma 2.3]). If z € AA(L?(P,H)), then x is bounded,
that is, [|z][c < 0.

LeEmMA 2.7 (NI, [NGI, [GN]). If £, f1, fo € AA(L*(P,H)), then

() fi + f2 € AA(L2(P,H));
i) \f € AA(L*(P,H)) for any scalar X;
(i) fr. f € AA(L2(P, H)), where f-(t) = f(t+7) and F(t) = f(—t);
) the range Ry := {f(t) : t € R} is relatively compact in L*(P,H),
thus f is bounded in norm;
(v) if fn — f uniformly on R where each f, is in AA(L*(P,H)), then
f € AA(L*(P,H)) too;
(vi) if g € LY(R), then f * g € AA(R), where * denotes convolution.
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We set
1 T
PAPy(L*(P,H)) = {f € BO(R,L*(P,H)) : lim —— | Efa(t)|*dt = 0}.
T—oo 2T o

DEFINITION 2.8 ([CL]). A stochastically continuous process f(:) : R —
L?(P,H) is said to be square-mean pseudo almost automorphic if it can be
decomposed as f = g+¢, where g € AA(L*(P,H)) and ¢ € PAP(L?*(P, H)).
Denote by PAA(L?(P,H)) the set of all such processes.

REMARK 2.9 ([CL]). PAA(L*(P,H)) is a closed linear subspace of
BO(R, L*(P, H)).

REMARK 2.10 ([CL]). PAA(L*(P,H)) is a Banach space with the norm

DEFINITION 2.11 ([FL]). A jointly continuous function f : R x L*(P, H)
— L?(P,H) is said to be square-mean almost automorphic in t € R for each

z € L*(P,H) if for every sequence (s],)nen of real numbers there exists a
subsequence (s, )nen and a function f : R x L2(P,H) — L?(P,H) such that

T Ef(t+ sz) — f(2)|P =0, lim B|f(t —s,)  f(t.0)]* =0

for each t € R and each = € L?(P,H). Denote the set of all such functions f
by AA(R x L?(P,H)).

LeEMMA 2.12 ([FL]). Let f : R x L?(P,H) — L?(P,H) be square-mean
almost automorphic in t € R for each x € L*(P,H), and assume that f
satisfies a Lipschitz condition in the following sense:

E||f(t,¢) = f(t.9)|* < MB|¢ - |*
for all ¢,y € L*>(P,H) and t € R, where M > 0 is independent of t. Then
for any square-mean almost automorphic process x : R — L*(P,H), the
stochastic process F : R — L*(P,H) given by F(-) = f(-,z(-)) is square-
mean almost automorphic.

Denote

AAo(R x LA(P,H)) = {f € BO(R x L2(P,H), L*(B, H)) :
T
. 2 o
Jim § E|f(t )2t =0},
-T
DEFINITION 2.13 ([CL]). A jointly continuous function f : R x L*(P, H)
— L2(P,H) is said to be square-mean pseudo almost automorphic in t for
any = € L2(P,H) if it can be decomposed as f = g + ¢, where g € AA(R x
L?(P,H)) and ¢ € AAg(R x L?(P,H)). Denote the set of all such functions
f by PAA(R x L?(P,H)).
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2.2. Stepanov-like square-mean almost automorphy

DEFINITION 2.14 ([BN]). The Bochner transform z°(¢,s), t € R, s €
[0, 1], of a stochastic process z : R — L?(IP,H) is defined by
20(t, s) = x(t + s).

REMARK 2.15 ([BN]). A stochastic process 9(t,s),t € R,s € [0,1], is
the Bochner transform of a certain stochastic process f,

U(t,s) = zb(t, s),
if and only if
Yt +T1,5s—7)=1(s,t) forallteR,s€(0,1] and 7 € [s —1,s].

DEFINITION 2.16 ([NP]). The Bochner transform F(t,s,u), t € R, s €

[0,1], u € L?(P, H), of a function F : R x L?(P,H) — L?(P, H) is defined by
FP(t,s,u) :== F(t+s,u) for each u € L?(P, H).

DEFINITION 2.17 ([BN]). The space BS?(L?(IP,H)) of all Stepanov bound-
ed stochastic processes consists of all measurable stochastic processes x :
R — L?(P,H) such that

2’ € L®(R; L*(0,1; L*(P, H))).
This is a Banach space with the norm

t+1

1/2

Jolse = 2l izey = sup ( § Ella(r)lPdr) .
teR N

DEFINITION 2.18 ([CZ]). A stochastic process z € BS?(L*(P,H)) is
called Stepanov-like square-mean almost automorphic (or S*-almost auto-
morphic) if #° € AA(R; L?(0,1; L?(P, H))).

In other words, a stochastic process z € L (R, L*(P,H)) is Stepanov-
like almost automorphic if its Bochner transform z° : R — L2(0, 1; L?(P, H))
is square-mean almost automorphic in the sense that for every sequence
(8], )nen of real numbers, there exist a subsequence (s, )nen and a stochastic
process y € Llog(R, L?(P,H)) such that

t+1 t+1

| Ellz(s+sn) —y(s)|Pds =0, | Elly(s — sn) — z(s)[|*ds > 0

t
as n — oo pointwise on R. Write AS?(L%(P,H)) for the set of all such
processes.

REMARK 2.19 ([CZ]). It is clear that, if z : R — L?(P,H) is a square-
mean almost automorphic stochastic process, then z is S%-almost automor-
phic, that is, AA(L*(P,H)) C AS?(L?*(P,H)).

~
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2.3. Stepanov-like square-mean pseudo almost automorphy

DEFINITION 2.20. A stochastic process f € BS?*(R,L?(P,H)) is said
to be Stepanov-like square-mean pseudo almost automorphic (or S2-pseudo
almost automorphic) if it can be decomposed as f = h + ¢, where ht €
AA(L*(0,1; L*(P,H))) and ¢” € PAPy(L%*(0,1; L?(P,H))). Denote the set
of all such processes by PAA?(L?(P,H)).

In other words, a stochastic process f € L2 (R, L*(P,H)) is said to be
Stepanov-like square-mean pseudo almost automorphic if its Bochner trans-
form f°: R — L?(0,1; L?(P,H)) is square-mean pseudo almost automorphic
in the sense that there exist two functions h, ¢ : R — L?(P, H) such that f =
h-+, where h® € AA(L?(0,1; L?(P,H))) and ¢® € PAP,(L%(0,1; L*(P,H))).

Obviously, the following inclusions hold:
AP(L*(P,H)) c AA(L*(P,H)) C PAA(L*(P,H)) C PAA?(L*(P,H)),

where AP(L?(P,H)) stands for the collection of all L?(P, H)-valued almost
periodic functions.

DEFINITION 2.21. A function f : Rx L*(P,K) — L*(P,H) with f(-,u) €
L?*(R, L*(P,H)) for each u € L?*(P,K), is said to be Stepanov-like square-
mean pseudo almost automorphic (or S*-pseudo almost automorphic) if it
can be decomposed as f = h + ¢, where h® € AA(R x L%(0,1; L2(P,K)))
and ¢’ € PAPy(R x L%(0,1; L?(P,K))). Denote the set of all such functions
f by PAA%(R x L*(P,K)).

LEMMA 2.22. Assume f € PAA%(R x L?(P,H)). Suppose that f(t,u) is
Lipschitz in v € L?(P,H) uniformly in t € R, in the sense that there exists
L > 0 such that

B f(t,u) = f(t.0)|* < LE|lu — o]

forallt € R and u,v € L*(P,H). If ¢(-) € PAA%(L*(P,H)), then f(-, ¢(-)) €
PAA?(L?(P,H)).

Lemma 2.22 can be proved by using Definitions 2.20 and 2.21 and Lem-
mas 2.12; for more details one may refer to Theorem 3.5 in [DI].

3. Existence results. In this section, we prove that there is a unique
mild solution for the problem (1.1). For that, we make the following hy-
potheses:

(H1) The function s — AT(t — s) from (—oo,t) into L(K, H) is strongly
measurable and there exist a non-increasing function ¢ : [0, 00) —
[0,00) and v > 0 with s — e 7%¢(s) € L'[0,00) N L%[0, 00) such
that

AT ()|l L,y < e Pd(s), s>0.
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(H2) The function ¢ € PAA%(R x L?(P,H))NC(R x L*(P, H), L?(P, H)),
qis L?(P,K)-valued, ¢ : R x L?(P,H) — L?(PP,KK) is continuous and
there exists L, € (0,1) such that

Elq(t.2) = q(t, )k < LeElz —y*

for all t € R and each x,y € L*(P, H).

(H3) h, f € PAA%(R x L*(P,H)) N C(R x L2(P,H), L%(P, H)) and there
exist continuous functions Ly, Ly : R — (0,00) satisfying Lj, :=
sup;er Ln(t) < 1, Ly :=sup,cp L¢(t) < 1 such that

E|h(t,z) = h(t,y)|* < Lp(t)Ellz - %,
Bl f(t,x) = f(t.)* < Lyt Bz — y|?

for all t € R and each x,y € L*(P, H).
Also, we need a few preliminary results.

LEMMA 3.1. Under assumption (H1), for ¢ € PAA?(L?*(P,K)) define

(3.1) Qt):== | AT(t—r)g(r)dr forteR

—0o0

and suppose

o k

Py = Z S e 7T (1) dr < 0.
k=1k—1

Then Q € PAA(L?(P,H)).
Proof. Since g € PAA?(L?(P,K)), write

q=aq +q2,
where ¢¢ € AA(L?(0,1; L?(P,K))) and ¢5 € PAPy(L?(0,1; L?(P,K))). Then
t t
Qt)= | ATt - nq(r)dr + | AT(t — 7)qa(7) dr

= Q1(t) + Qa2(2).
Next we show that Q1 € AA(L?(P,H)) and Q2 € PAPy(L*(P,H)).
To prove that Q1 € AA(L*(P,H)), we consider
t—k+1 k

Quit)= | ATt-nq(r)dr= | AT(r)qu(t - 7)dr
t—k k—1
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for each t € R and k£ = 1,2,.... From Bochner’s criterion of integrability
and the estimate
t—k+1 g t—k+l
B| | ATt-na@dr|| < | IATE - ) g Bla (9)lE dr
t—k t—k
t—k+1
< | e —1)Ela(r)|% dr,
t—k

it follows that the function 7 — AT(t — 7)q1(7) is integrable over (—oo,t)
for each t € R, by assumption (H1). Then, by Holder’s inequality,

t—k+1 2
BlQui®IP < E( | IAT(t = 7)lnsmllar(r) | dr)
t—k
t—k+1 2
<B( | 60— 1)llar(r) e dr)
t—k
t—k+1 t—k+1
<( | et g —nar)( | Ela@)lkdr)

k t—k

t—
k
< Ql e r) dr ) |

Since @y = Y 5oy S],z_l e 207 ¢2 (1) dr < oo, we deduce from the well-
known Weierstrass test that the series > o | Q1 x(¢) is uniformly convergent
on R. Furthermore,

t

Qi(t) = | AT(t — ")qi(r)dr = Qu(t).
k=1

—0o0

Let us take a sequence (s),)nen and show that it has a subsequence (s, )nen
such that

lim lim E|Q1x(t+ sn — $m) — Qu(t)]|> =0

m—r00 N—>00

for each t € R. Let ¢ > 0, N. > 0. As ¢ € AA(L*(0,1; L*(P,K))), there
exists a subsequence (S, )nen Of (8], )nen such that, for each t € R,

t+1

(3.2) | Ellgi(s + 50— sm) — a1 (s) | ds < ¢
t
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for all n,m > N.. On the other hand, using (3.2), exponential stability of
(T'(t))+>0 and Holder’s inequality, we obtain

E||Qui(t + s — sm) — Qui(®)]
k
B( | 1A ot + s0 — s —7) —aa(t —7)dr)
"
<r(§

k k

2
TG a1t + 50 = 5m = 7) — a1t =7l d7 )

< ( S e 27 $2(1) dT) ( S Ellgi(t+sp — sm —7) — q1(t — T)H]%(dT)
k—1 k—1
t—k+1
<o | Blla(s+ 50— sm) = au(s)lds) < a0
t—k

where X, 4 = supy, S:_l e 27 2(1) dT < 00, as g4 < 0o. Thus, we immedi-
ately see that

lim lim E||Qyx(t + sp — sm) — Qui()]* =

m—00 Nn—00

for each t € R. Therefore, Q1 € AA(L?(P,H)). Applying Lemma 2.7, we
deduce that the uniform limit Q1(t) = Y 50| Q1 x(t) € AA(L*(P,H)).

Next, we will prove that Q2 € PAP,(L?(P,H)). It is obvious that Qo €
BC(R, L*(P,H)); it remains to show that

1 2
Am o S E[Q2(t)]" dt = 0.

For this, we consider

t—k+1 k
Qui(t) = | AT(t-7)qa(r)dr = | AT(1)qp(t —7)dr
t—k k—1
for each t € R and k = 1,2,.... From Bochner’s integrability criterion and
the estimate
t—k+1 t— k+1
B § are-ne@ | < | 1AL D Elel dr
t—k t— lc
t—k+1
< | et — 1) El|ga(7) | dr,
t—k

it follows that the function 7 — AT'(t — 7)ga2(7) is integrable over (—oo,t)
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for each t € R, by assumption (H1). Then, by Holder’s inequality,
t—k+1

, 2
ElQeu®I? < B( | AT = 1)l llaa(r) i dr)
t—k
t—k+1 2
<B( | et - 1)llas(r)]lx dr)
t—k
t—k+1 t—k+1
< S 6—27(t—7)¢2(t_7)d7)< S EHqQ(T)H%(dT)

-k t—k
t—k+1

(§ 2r@(ryar) (| Ele)kdr).
k

Since g5 € PAP,(L*(0, 1;L2(P, K))), the above inequality leads to Q2% €
PAPy(L?(P,H)). The inequality also leads to

k
Qa2 < (| e76%() dr )llaaliZ.

k-1

Since . =Y 1oy SZ_I e 21T ¢* (1) dr < 00, the series Y oo | Q2 (t) is uni-
formly convergent on R. Furthermore,
t

Qa(t) = | AT(t —7)ga(r dT—ZQQk

Applying Qo € PAPy(L*(P,H)) and the 1nequahty

T

1
| BlQa(0))? dt

=T

1 T n 9 n 9
< o= | 2[B] @) = S Qui) | + B S @ani| et
=T k=1 k=1

n n T
<2[ EHQ2 ZQz,k(t)HthJrnZ% S E”Q2,k(t)||2dt]
_r k=1 =1 2T Cr

shows that the uniform limit Qa(t) = Y70, Qo x(t) is in PAPy(L*(P,H)). m

LEMMA 3.2. If h € PAA?(L*(P,H)) N C(R, L*(P,H)) and if H is the
function defined by
t
(3.3) H(t):= | T(t—7)h(r)dr

—0o0

for each t € R, then H € PAA(L?(P,H)).



274 Z. M. Yan et al.

Proof. Since h € PAA%(L*(P,H)) N C(R, L*(P,H)), write h = hy + ha,
where
hy € AA(L*(0,1; L*(P, H))) N C(R, L*(0,1; L*(P, H))),
hy € PARy(L*(0,1; L*(B, H))) N C(R, L*(0, 1; L*(B, H))).

~

t
H(t)= | T(t—7)hi(r)dr+ | T(t—7)ha(r) dr =: Hy(t) + Ha(t).
—0o0 —00
Next we show that H; € AA(L*(P,H)) and Hy € PAPy(L*(P,H)).
To prove that H; € AA(L?*(P,H)), we consider

t—k+1 k
Hipt)= | Tt—7h(r)dr= | T(r)hi(t—7)dr
t—k k—1

for each t € R and k = 1,2,.... Using exponential stability of (T'(¢)):>0 and
Holder’s inequality, it follows that

t—k+1 9
EllH @ < E( | 170 =) I0a(7)] dr )
t—k
t—k+1 9
§M2E< { e—5<t—7>\|h1(7)\|d7)
—k
t—kj—l t—k+1
<m2(§ e an) (] Bla))2dr)
k t—k

A42
e R O] 131

t—
k
§M2< | e—%dT) b3 < 55

Since W( e — 1)||h]|%: Y52, e % < oo, the series Y 5o Hyy(t) is uni-
formly convergent on R. Furthermore,

Hyt)= | T(t-r)h(r dT—ZHlk

—00

Let us take a sequence (s],)nen and show that it has a subsequence (8 )nen
such that

lim lim E||Hyg(t+ $p — sm) — Hyk(t)])> =

m—00 N—00



Stochastic functional differential equations 275

for each t € R. Let ¢ > 0,N. > 0. As h% € AA(L?(0,1; L*(P,H))), there
exists a subsequence (s, )nen Of (8], )nen such that, for each t € R,

t+1
(3.4) | Ellhi(s + sn — sm) — ha(s)|Pds < &
t

for all n,m > N.. On the other hand, using (3.4), exponential stability of
(T'(t))e>0 and Holder’s inequality, we obtain

E|Hy i (t + sn — sm) — Hip(t)]?

k 2
<E| ST Pt + sn = sm = 7) = ha(t = 7] dr |

k
<B( § et + 50— sy —7) — it 1) dr)

k-1
k k
<0 § e ar) (| Bl + s —sm—7) = ma(t—7)|2dr)
k-1 k—1
M? —26k (26 i 2
< — _ —
< e e - 1)( Ak Bl (s + sn = sm) = b (5)]? ds )

M2
< ﬁ 72619(626 . 1)5

Thus, we immediately see that

lim lim E||Hy(t+ sy — sm) — Hix()]* =

mM—r00 N—>00

for each ¢ € R. Therefore, Hy ) € AA(L*(P,H)). Applying Lemma 2.7, we
deduce that the uniform limit Hy(t) = > oy Hix(t) is in AA(L?(P, H)).

Next, we will prove that Hy € PAPy(L?(PP,H)). It is obvious that Hy €
BC(R, L*(P,H)); it remains to show that

T

. 1 2
Jlim o | BE|Hy (1)) dt = 0.
-T
For this, we consider
t—k+1 k

Hyp(t)= | T(t—7)ho(r)dr = | T(r)ha(t —7)dr
t—k k—1
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for each t € R and k =1,2,.... Then, by exponential stability of (T'(¢)):>0
and Holder’s inequality,
t—k+1
ElHayIP<E | e ha(r) dr
t—k
t—k+1 t—k+1
< M2( | e dT) ( { E||h2(7)||2d7->
t—k t—k
k t—k+1
< M2< | er dT) ( { Euhm)u?m)
k-1 t—k

M2 t—k+1
< = —20k 20 _ 2 ]
< S M @ -1)( | Elha()Pdr)
t—k
Since hy € PAPy(L?(0,1; L?(P,H))), the above inequality leads to Hs €
PAPy(L*(P,H)). It also leads to

o M? o5 o5 2
E|Hz ()| =55 ¢ (e** = 1)[| k252

Since ]\24—;(625 — 1) 3002 [|ha]| %267 %% < oo, the series Y 70 Haj(t) is uni-
formly convergent on R. Furthermore,

t
Hy(t)= | AT(t — 7)ho(r dT_ZHQk

—0o0
Applying Hs € PAPy(L*(P,H)) and the mequahty
L 7
— \ E|H1)|?
o ) Bl a

1

T n n
2 2
o LI S e D

n n T
2 1 9
[ EHH2 ZHQ,k(t)H dt+ny 5= | BHo()] dt}
=T k=1 k=1 -T
shows that the uniform limit Ha(t) = > 50| Hox(t) is in PAPy(L*(P,H)).
LEMMA 3.3. If f € PAA%2(L*(P,H)) N C(R, L*(P,H)) and if F is the
function defined by
t

(3.5) F(t):= | T(t—71)f(r)dW(r)

—0o0

for each t € R, then F € PAA(L?(P,H)).



Stochastic functional differential equations 277

Proof. Since f € PAA%(L*(P,H)) N C(R, L*(P,H)), write f = f1 + fo,
where
fi € AA(L?(0,1; L2 (P, H))) N C(R, L*(0, 1; L*(P, H))),
fh e PAPy(L?(0,1; L*(P,H))) N C(R, L*(0, 1; L*(P, H))).

Then
Fity= | T(t—7)fi(m)dW(r)+ | T(t—7)fa(r)dW(r) =: Fi(t) + Fa(t).

Next we show that F}; € AA(L*(P,H)) and Fy € PAPy(L*(P, H)).
To prove that Fy € AA(L?(P,H)), we consider

t—k+1 k
Fipt)= | T@t-nfi(r)aW(r) = | T(r)fi(t—7)dW(7)
t—k k-1
fort € Rand k£ = 1,2,.... By an estimate on the Ito integral established
in ],
t—k+1
B[Pl <M? | e ®CDB| fi(n)|? dr

t—k
k
< M? § e OTE| fL(t — )| dr

k

<M? sup e | E|fi(t—7)|*dr
T€[k—1,k] k1

< M26—25ke25‘|f1||§2_

Since M2e®| f1]|%; Y52, e %% < oo, the series 3% | Fy 4(t) is uniformly
convergent on R. Furthermore,

t

Fi(t)= | T(t—n)h(r ZFM;

—00

Take a sequence (s/,)nen. Let € > 0, N > 0. As f? € AA(L?(0,1; L*(P, H))),
there exists a subsequence (s;,)nen Of (8),)nen such that, for each t € R,

t+1

(3.6) | BIAG+s0—sm)— AWO* <e
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for all n,m > N.. On the other hand, using (3.6), exponential stability of
(T'(t))+>0 and the properties of the Ito integral, we obtain

Bl FL(t + sn = sm) — Fii(t)|?

k
2

— B| 3 IO 0 - Sm =) = it = 7] dW(7)|

k

g e VTR filt + $p — $m —T) — f1(t — 1) |2 dT

k
<M? sup e 27 S B|lfi(t+ 8p — s —7) — fr(t —7)||*dr
T€[k—1,k] k1
t—k+1
< M2em20k 20 S E||f1(s + 80 — 5m) — f1(s)]|? ds < M2e= 2k,
t—k

Thus,
lim lm E||Fy gt + sn — $m) — FLp®))? =0

m—r0o0 N—00

for each t € R. Therefore, I € AA(L*(P,H)). Applying Lemma 2.7, we
deduce that the uniform limit Fy(t) = Y oo | Fi x(t) is in AA(L?(P, H)).

Next, we will prove that Fy € PAPy(L*(P,H)). It is obvious that F, €
BC(R, L*(P,H)); it remains to show that

1 T
2 _
Jim ﬁ_g E||Fy(t)||? dt = 0.
For this, we consider
t—k+1 k
Byt)= | Tt—-1)fa(r)dr = | T(r)fat —7)dr
t—k k—1

for t € R and k£ = 1,2,.... By exponential stability of (7'(t));>0 and the
properties of the Ito integral, it follows that
t—k+1
E|Fp@|? < M* | e DB fo(r)| dr
k

t—

k
< M? S 6_26TEHf (t—1)||*dr
k

< M2 sup 6—257 S EHfQ(t _ T)H2 dr < M26_26k626”f2”%2.
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Since f§ € PAPy(L%(0,1; L3(P,H))), this yields [, € PAPy(L?(P,H)) and
E|[Foi(t)|* < M2e™2e®|| |2,
Since M2e® 322 | || f2l|2:e 7% < oo, the series Y50 Foi(t) is uniformly
convergent on R. Furthermore,
t

Fy(t) = S T(t—7)fo(r dT_ZFQk

—00
Applying Fy, € PAPy(L*(P,H)) and the mequahty
1 7

o ) ElRm|*
=T

1 T n 2 n 2
< o7 Q[EHFQ ) Foult) H +EH Zszk(t) H } dt
_r k=1 k=1

T n T
2
EHF2 Zle,k(t)H dt+nkz:2T STEHFM(t)H dt}

we deduce that Fg( ) =00 Fox(t) € PAPy(L*(P,H)). u

Next, we establish the existence and uniqueness of pseudo almost auto-
morphic mild solutions to the stochastic evolution equation (1.1).

DEFINITION 3.4. An JF;-progressively measurable stochastic process
{z(t) }ter is called a mild solution of problem (1.1) on R if the function
s+ AT (t—s)q(s,x(s—r)) is integrable on (—oo, ) for each ¢t € R, and x(¢)
satisfies the corresponding stochastic integral equation

(3.7) 2(t) =T(t = s)[x(s) — q(s,2(s =) + q(t, x(t — 7))
+SATt—T (ryz(T —r))dr
+STt—T (T —1))dr

ST t—7)f(r,a(r — 7)) dW ()

for all t > s and all s € R.

LEMMA 3.5. If 2(-) € PAA(L*(P,H)), then (- —r) € PAA(L?*(P,H))
for any fized constant r > 0.

The proof is similar to the proof of [XZ, Theorem 2.6], we omit the
details.
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THEOREM 3.6. Assume that (H1)-(H3) hold. If

‘ 2 M2 M?
(3.8) 4[Lq+Lqig]g< { e‘”<t—3)¢(t—s)d8> + Lo+ 5L <1,

then (1.1) admits a unique pseudo almost automorphic mild solution on R.

Proof. Consider the nonlinear operator on BC(R, L?(IP,H)) defined by

t
(3.9) (Pz)(t) =q(t,x(t —71)) + S AT (t — s)q(s,z(s —r))ds
¢
+ S T(t — s)h(s,z(s—r))ds
¢
+ | Tt —s)f(s,a(s —1))dW(s), teR.
From the previous assumptions and the properties of (7'(¢)):>0 one can easily
see that Wz is well-defined and continuous. Let x(-) € PAA(L?(P,H)) C
PAA?(L?(P,H)). From Lemma 3.5 it is clear that

z(- — s) € PAA(L*(P,H)) C PAA*(L*(P,H)).

Using (H2), (H3) and the composition theorem for Stepanov-like pseudo al-
most automorphic functions, we deduce that q(-, z(- — r)) € PAA%(L*(P, K)),
h(x(- — 1), f(,x(- — r)) € PAA%(L*(P,H)). It is easy to check that
q(,a(- — 1)) € C(R, L*(P,K)), h(-,z(- — 1)), f(, r)) € C(R, L*(P, H)).

(- —
Applying Lemmas 3.1-3.3 for ¢(-) = q(-, (- — 7)), () = h(-, z(-=7)), f(-) =
f(,z(- —r)), it follows that ¥ maps PAAQ(LQ( ,H)) into PAA(L2(]P’ H)).

In particular, it maps
PAA(L*(P,H)) C PAA*(L*(P,H)) into PAA(L*(P,H))

whenever x € PAA(L?(P,H)), that is, ¥ maps PAA(L?(P,H)) into itself.
Next, we prove that ¥ is a strict contraction on PAA(L?(P, H)).
Let 2,y € PAA(L?*(P,H)). Then

E|(Wx)(t) - (Ll/y)(t)||2 <A4E|q(t,x(t — 1)) — q(t,y(t — T))H]%(
4B H S AT (t — s)[g(s,z(s — 1)) — q(s,y(s —r))] ds H ?

t 2
+4EH | Tt = s)[(s, 2(s — ) = (s, y(s — 7))] dsH

—00



Stochastic functional differential equations 281

+4E|| § T(t — ) f(s,2(s =) — Fls.u(s — )] W ()]

—0o0
By using the Cauchy—Schwarz inequality, we first estimate the first three
terms of the right-hand side:
4Blq(t,z(t = 1)) = a(t,y(t = 1) |k < ALeEla(s =) = y(s — )|
< 4Lqsup Eljz(s) = y($)1* < 4Lgllz — yllZ,
se

48| § AT~ 9)la(s, (s — )~ als (s — )] ds|
t 2
<4 § JAT(~ 9l umllals, 2(s — 1) — als,uls ) ds)

—0o0

IN

48§ 060t 5)as, (s~ 1) ~ als, (s — )l ds)

—00
t

< 4( S eVt — s) ds)

<(§ e 00 =) Blla(s,als = 1) = a(s,y(s = )l ds)
< 4Lq(_g e =) g(t—s) ds)(_g e_”’(t_s)gb(t—s)EH:U(s—r)—y(s—r)||2ds)

t
<y (] 00— 5)ds) sup Ella(s) - y(s)

—00

t
2
< 4L, sup e gt — s)ds) ||z — ylA,
q 00

teR N

and

t 2
4EH | Tt = s)[h(s,2(s — ) = h(s,y(s — )] dsH

¢
< 4M2E( S e 0= || n(s, x(s — 1)) — h(s,y(s — )| ds)2

—o0
t t

< 4M2< S e 0(t=s) ds) ( S e_é(t_s)EHh(s, x(s—r)) —h(s,y(s — 7“))||2 ds>

—00 —0o0
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t t
< 4M2Lh< S e 0(t=s) ds) ( S e B|a(s —r) —y(s — r)]|? dS)

—0o0 —0o0

‘ 2 AM?
<AMLy( | e ds) sup Bllo(s) - y(s)|? < —5—Lallz =yl

NN seR

As to the last term, by the properties of the Ito integral, we get

a| § 7= s s =)~ oyt =] V)|

t
<4M? | e HEIE (s, (s~ 1)~ fls,y(s )| ds

¢
< 4M2Lf S e_QJ(t_S)EHm(s —r)—y(s— 7“)||2 ds

—0o0
‘ AM?

<AMPLy | ) dssup Blla(s) —y(s) | < S5 Lylle — yllk
DS se

Altogether, it follows that, for each t € R,

t
BI)(6) ~ )OI < 4| Lo+ Lysup( | I 5)ds)

M? M?
+ %z ot s Ll = ol

Hence,
[z = Vylloo < VLol = ylloo,

where Lo = 4[L,+ L, supteR(Sioo e =) p(t — 5) ds)? + %—;Lh + Ag—;Lf] <1,
so ¥ is a strict contraction. By the Banach contraction principle, there exists
a unique fixed point z(-) for ¥ in PAA(L*(P,H)), that is,
t
(3.10) 2(t) = q(t,z(t — )+ | AT(t - s)q(s,z(s — 1)) ds
¢
+ | Tt - s)h(s,x(s — 1)) ds
t
+ S T(t—s)f(s,x(s—r))dW(s)

for all t € R.
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To prove that x satisfies (3.7) for all ¢ > s and all s € R, we write
(3.11) z(s) =q(s,x(s —7r)) + S AT (s — 71)q(1,x(T — 7)) dT

—0Q0

+ S T(s—71)h(r,x(T —7r))dr

+ | T(s =) f(ra(r —r)dW(r), seR.

Multiply both sides of (3.11) by T'(t — s) for all ¢ > s to obtain
T(t— s)x(s)

s

=Tt —s)q(s,z(s—1))+ S AT(t — 7)q(T, (T — 7)) dT

+ | Tt —nh(r,z(r —r)dr+ | Tt —7)f(r,2(r = 1)) dW(7)

=T(t—s)q(s,x(s =)+ | ATt - 7)q(r, (7 — 1)) dr

t
AT(t — T)q(r,2(r = 7)) dr + | T(t — 7)h(r,a(r — 1)) dr
(r,x(r —r))dr + | T(t—7)f(r,2(r = r))dW(r)

—00

| |
B e D e kD e o
S
~~
~
|
\1

Tt —71)f(r,z(r —r))dW(r)
=z(t)+T(t—s)q(s,z(s—1)) — q(t,z(t — 1))

Tt —71)f(r,x(T —r))dW(T).

W e D ey

Hence x is a mild solution to (3.7) and x(-) € PAA(L*(P,H)). It is clear
that x(t) is the unique mild solution to (1.1). =

REMARK 3.7. The condition (3.8) is satisfied if L* is small enough, where
L* = max{Lgq, Ly, L¢}.



284 Z. M. Yan et al.

4. Application. Let I' € RN (N > 1) be an open bounded subset with
C? regular boundary dI" and let H = L?(I") be equipped with its natural
topology || - || z2(r). We study the existence of Stepanov-like pseudo almost
automorphic solutions to the following neutral stochastic partial functional
differential equations:

(4.1) dz(t,z) — p1(t, z(t — r,x))] = Az(t, z) dt

+ MQ(t7 Z(t - l‘)) dt + M3(t’ Z(t - l‘)) dW(t)’ (t7 33) eR X F,
(4.2) z(t,z)=0, (t,x) € RxII,
where A = "N 92/9a? is the Laplace operator on I" and W (t) is a two-
sided standard one-dimensional Brownian motion defined on a filtered prob-
ability space (£2,F,P,F;). In this system, u;, ¢ = 1,2,3, are Stepanov-like
pseudo almost automorphic continuous functions.

Let A be the linear operator given by

Au= Au  for all u € D(A) = HNI') N H*(I).

The operator A is sectorial and hence is the infinitesimal generator of an
analytic semigroup (7'(t))+>0. One can define the fractional power (—A)® =
(—=A)* 0 < a < 1 of A, as a closed linear operator over its domain
D((—A)%). If H, denotes the space D((—A)%) endowed with the graph
norm || - ||, then H, is a Banach space. Moreover, H, — Hg is contin-
uous for 0 < B < a < 1 and there exist constants Cg,d, > 0 such that
1T )| 1, 1) < Cae™ 0/t for t > 0.

Take a = 1/2 and K = [D((—A)'/?)]. We require the following assump-
tion:

(Ha) p1,p2,p3 @ R x L2(P,H) — L?(P,H) are Stepanov-like pseudo
almost automorphic in ¢+ € R uniformly in v € L?(P,H), u; is
L?(P,K)-valued, and p : R x L2(P,H) — L*(P, H, /5) is continu-
ous.

(Hb) There exist constants L; € (0,1), i = 1,2, 3, such that

Bl (t,u) = pa(t, )l )5 < Lallu = vl 2y,
EH/'LQ(t7u) - ILL2(t’ U)H%Q(F) < L2Hu - UH%Q(F)7
Bllus(t,u) = ps(t,0) |72y < Lallu —vll72(r

for all t € R and each u,v € L?(P, L?(I')).

For x € I' and t € R, we can define
q(t,u)(x) = pa(t, u(t —r)(z)),
h(t, u)(@) = po(t, u(t —r)(x)),
[t u) (@) = ps(t, u(t —r)(z)).
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Then the above equation can be written in the abstract form as the system
(1.1).

Consequently all assumptions (H1)-(H3) are satisfied, and Theorem 3.6
yields the following result.

PROPOSITION 4.1. Under the above assumption, if moreover

1o M2 2
4| L1+ L1(2C o + 5f/2) + 5TL2 +

26

then (4.1)—(4.2) has a unique pseudo almost automorphic solution on R.

The functions p, o, p3 : R x L2(P, L*(I")) — L?(P, L*(I")) mentioned
above are given as follows:

Ls| <1,

Ml(t,z(t -, :B)) = 1+ ézta(—t)r Hf)”
MQ(t7 Z(t - :E)) = 1+ ‘f;b(—t)r Hf)”
ps(t, z(t —r,x)) = 1+ \ZtC(—t)T z)|’

where the functions a,b,c : R — R are Stepanov-like pseudo almost auto-
morphic in t € R.

In this particular case, the corresponding stochastic equation, that is,

L*a(t) L*b(t)
d|z(t — = Az(t dt dt
#(t ) 1+ [z(t —r )| 2(t @) +1—Hz(t—r,x)\
L*c(t)
dW (t t Rx1TI'

z(t,x) =0, (t,zr) € Rx oI,

has a unique pseudo almost automorphic solution z € L*(P, H}(I")NH?(I"))
whenever L* is small enough.
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