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Analytic solutions of a nonlinear two variables difference
system whose eigenvalues are both 1

by Mam1 Suzuki (Tokyo)

Abstract. For nonlinear difference equations, it is difficult to obtain analytic solu-
tions, especially when all the eigenvalues of the equation are of absolute value 1.

We consider a second order nonlinear difference equation which can be transformed
into the following simultaneous system of nonlinear difference equations:

{w(t+ 1) = X(x(t),y(t)),
y(t+1) =Y (2(t), y(t)),

where X (z,y) = Mz +puy+32,, 50 cijx'y? Yz, y) = day + Dirj>2 dijx'y’ satisfy some
conditions. For these equations, we have obtained analytic solutions in the cases “|A1]| # 1
or [A2] # 1”7 or “u =07 in earlier studies. In the present paper, we will prove the existence
of an analytic solution for the case A\y = A2 =1 and p = 1.

1. Introduction. We start by considering the following second order
nonlinear difference equation:

(L.1) {u(t—i—l) =Ul(u(t),v(t)),

v(t+1) = V(u(t),v(t)),
where U(u,v) and V (u,v) are holomorphic functions of ¢. We suppose that
the equation admits an equilibrium point (u*, v*):

(u*) B <U(u*,v*)>

v ) \V(uv))

We can assume, without loss of generality, that (u*,v*) = (0,0). Further-
more we suppose that U and V can be written in the form

<u(t + 1)> (u(t)) (Ul (u(t), v(t)))
=M + ,
ot +1) o(t)) " \Vi(u(®), v(®))
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where Uj(u,v) and Vj(u,v) have degree greater than one with respect to
u and v, and M is a constant matrix. Let Ay, Ao be the characteristic val-
ues of the matrix M. For some regular matrix P determined by M, put
(ﬁ) =P (“5) Then we can transform the system li into the following
simultaneous system of first order difference equations:

{w(t +1) = X(2(t),y(1)),
y(t+1) =Y (2(t),y()),
where X (x,y) and Y (z,y) are supposed to be holomorphic and expanded
in a neighborhood of (0,0) as
X(x,y) = Mz + D s cijt'y? = Mz + X (2, ),
Y(w,y) = Aoy + 24 jo0 dija’y! = Aoy + Yi(2,y),

(1.2)

(1.3)

or
(1.4) X(2,y) =Ar+y+ 35,50 eyl = A + X{(x,y),
. Y(z,y) = Ay + Zi+j22 d;sz‘yj = Ay + Y{(z,y),

where A = A1 = \g.

In this paper we consider analytic solutions of difference system .
In [S5] and [S6], we have obtained general analytic solutions of in the
case |A\1| # 1 or [A2| # 1. However, when |A;| = |A2| = 1, it is even difficult
to prove the existence of an analytic solution.

Kimura [K] studied the cases in which one eigenvalue is equal to 1, and
Yanagihara [Y] investigated the cases in which the absolute value of one
eigenvalue is 1. Here we will look for analytic solutions of nonlinear second
order difference equations in which the absolute values of the eigenvalues of
the matrix M are both equal to 1.

In [S7], we have proved the existence of an analytic solution and found a
solution of in which X and Y are defined by under the condition
A1 = Ao = 1. In this paper, we will consider the equation in which X
and Y are defined by under the condition A = 1, i.e., we assume that

X(@y)=z+y+ Y cya'y =+ Xi(z,y),
i+72
Y(z,y)=y+ > dijz'y’ =y+Yi(z,y).
i+732

(1.5)

Here we suppose that Xi(z,y) # 0 or Yi(z,y) # 0, and we need some other
conditions. In this case, we need Theorem C (see Section 2.1) which we have
proved in [S§].

As examples of , we earlier studied some economic models and a
population model (see [S1], [S4]). However we had to exclude the case |A;| =
|A2| = 1. In Section 3, making use of Theorem 1.1 below, we will prove the
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existence of an analytic solution of the population model considered in [S4]
in the case of Ay = Ay = 1. Further we will obtain an expansion of the
solution in this case.

Next we consider a functional equation
(1.6) V(X (z,¥(2) =Y (z,%(x)),

where X (z,y) and Y (x,y) are holomorphic functions in |z| < 41, |y| < d1.
We assume that X (z,y) and Y (z,y) are expanded there as in ((1.5)).

Now we discuss the meaning of the equation .

First we consider the simultaneous system of difference equations (1.2]).
Suppose admits a solution (z(t),y(t)). If dz/dt # 0 for some t¢, then
we can write t = ¢(x) with a function ¢ in a neighborhood of z¢y = x(t¢),
and we can write

(1.7) y=yt) =y((z)) =¥(x)
there. Then the function ¥ satisfies the equation (|1.6]).

Conversely, assume that a function ¥ is a solution of the functional
equation (|1.6)). If the first order difference equation

(1.8) x(t+1) = X(x(t),¥(x(t)))

has a solution x(t), we put y(t) = ¥(x(t)). Then (x(t),y(t)) is a solution of
(1.2). Hence if there is a solution ¥ of , then we can reduce the system
to a single equation .

This relation is important in order to derive analytic solutions of .
In the earlier studies [S2] , [S3] and [S5], we proved the existence of solutions
¥ of whenever X and Y are defined by or A # 1in . Further
in [S8], we proved existence of solutions ¥ of for X and Y defined by
. On the other hand, in [K], Kimura considered the first order difference
equation under the condition A = 1. We will prove the existence of an
analytic solution and obtain an analytic solution of in which X and Y
are defined by .

Hereafter we consider ¢ to be a complex variable, and concentrate on the
difference system (|1.2]). We define

(1.9) Dl(ﬁo,Ro) = {t : |t| > Ro, \arg[t” < Ho},

where kg is any constant such that 0 < ko < 7/4, and Ry is a sufficiently
large number which may depend on X and Y. Further we define

(1.10) D*(k,8) = {z : Jarg[z]| < K, 0 < |z| < d},

where § is a small constant, and k is a constant such that Kk = 2k, i.e.,
0<k<m/2
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We define g3 as follows by the coefficients of X (z,y) and Y (z,y):
—(2¢20 — di1) + v/(2c20 — d11)? + 8d3o
4 )

—(2¢90 — dq11) — +/(2¢90 — d11)? + 8d
(1.12) 9o (c20,d11,d30) = (2¢20 11) \/51020 11)2+38 30

Our aim in this paper is to prove the following theorem.

(1.11) gq (c20,du1, d30) =

THEOREM 1.1. Suppose X (x,y) and Y (x,y) are expanded in the forms
(1.5) such that X1(x,y) # 0 or Yi(x,y) # 0. Define Az = gg (0, d11,d30)
+ c20 and A1 = gy (c20,d11,d30) + c20-

(1) Suppose

(1.13) doo = 0,
and
(1.14) (94 (c20, d11,ds0) + c20)n # c20 — d11 — g (c20, di1, ds0),
(1.15) (9o (c20,d11,d30) + c20)n # c20 — di1 — gy (20, d11, d3o),
for allm € N (n > 4). Then we have formal solutions z(t) of (1.2) of the
form
1 _.(logt AN
— (1 G177
(it X (%))
(1.16) = o
1 _.(logt
] 5 40
a1 X (FE))
Jt+k=>1

where i, are constants which are determined by X and Y .
(2) Further suppose R1 = max(Rp,2/(|Az2]d)) and

(1.17) AQ < 0.
There are two solutions x1(t) and x2(t) of (1.2) such that

(i) xs(t) are holomorphic and xs(t) € D*(k,d) fort € Di(ko, R1), s =
1,2,
(ii) zs(t) (s =1,2) are expressible in the form

(1.18) 2a(t) = —Alst <1 +b, <t, k’tgt»l,

where bs(t, (logt)/t) has an asymptotic expansion

logt R _.(logt k
bs<tat> ~ Z ij(s)t J(t)

J+k>1

as t — oo through Di(ko, R1), and Qjk(s) are constants which are
determined by X, Y and s.
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2. Proof of Theorem 1.1

2.1. Preparation. In [K], Kimura considered the first order difference
equation

(D1) w(t+ N) = F(w(t)),
where F is represented in a neighborhood of co by a Laurent series
(2.1) F(2) :z<1+ ijz’j), b = A % 0.

j=m

He defined the following domains:
(2.2)  D(e,R)={t: “|t| > R and |arg[t] — 0| < w/2 — €”,
or “Im(e'®=9t) > R”, or “Im(e'®+9)¢) < —R"},
(2.3)  D(e,R) = {t: “[t| > R and |arg[t] — 0 — 7| < 7/2 — €,
or “Im(e_i(e"’”_e)t) > R, or “Im(e_i(0+7r+e)t) < —R"},
where € is an arbitrarily small positive number, R is a sufficiently large
number which may depend on € and F, and 6 is defined by § = argA. In

this present paper, we consider the case A = 1 in (D1). Kimura proved the
following theorems.

THEOREM A. Equation (D1) admits a formal solution of the form
(logt k
5o 40
(2.4) t<1+ Z ikt < : ) >
Jtk>1

containing an arbitrary constant ¢mo, where ;i are constants determined
by F.
THEOREM B. Given a formal solution of (D1) of the form (2.4), there

exists a unique solution w(t) satisfying the following conditions:

(i) w(t) is holomorphic in D(e, R),
(ii) w(t) is expressible in the form

) ot = o{1 (0 751Y),

where the domain D(e, R) is defined by (2.2)) and b(t,n) is holomor-
phic fort € D(¢,R), |n| < 1/R, and has an expansion

b(t,m) ~ Y bi(t)n®.
k=1
Here o
br(t) ~ > Gt
jk>1

ast — oo through D(e, R), where ;i are constants determined by F.
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Also there exists a unique solution W which is holomorphic in ]_A)(e, R) and
satisfies a condition analogous to (ii), where the domain D(e, R) is defined

by .

In Theorems A and B, Kimura defined the function F' as in . In our
method, we do not have a Laurent series for F.

In the following, As and A; will be the constants defined in Theorem 1.1.
We assume that A < 0 and A; < 0.

PROPOSITION 2.1. Suppose F(t) is a formal power series

(2.6) F(t) = t(l + ijt_j), by =\ #0.
j=1
Then the equation
(2.7) Y(F (1) = 9(t) + A
has a formal solution
R . logt
(2.8) b(t) = t<1 + ; gt + qof> ,

where g1 can be arbitrarily prescribed while the other coefficients q; (j > 2)
and q are uniquely determined by b; (j =1,2,...), independently of qi.

PROPOSITION 2.2. Suppose Ay < 0 and F(t) is holomorphic and has an
asymptotic expansion

F(t) ~ t(l n ibjt_j), bi = \#0,
j=1

in {t : —1/(Ast) € D*(k,6)}, where D*(k,0) is defined in (1.10). Then
the equation (2.7) has a solution w = (t), which is holomorphic in {t :
—1/(Ast) € D*(Kk/2,6/2)} and has an asymptotic expansion

> _ logt
w(t) t<1 + E qt ™ +q ‘ )
Jj=1
there.

These propositions are proved as in [Kl, pp. 212-222].

Since A1 < Az < 0 and kg = K/2, we see that x = —1/(Ast) €
D*(k/2,6/2) is equivalent to t € Di(k/2,2/(]A2|0)) = D1(ko,2/(]A20)).
Further we see that x = —1/(Ait) € D*(k/2,0/2) is equivalent to ¢t €
Dl(H/Q, 2/(’141‘(5)) = Dl(,‘io, 2/(’141‘5)), where Dl(,‘ﬂ?o, Ro) is defined in .
Since A1 < Ay < 0 and Di(ko,2/(]A2|0)) C Di(ko,2/(|A1]|d)), we have
x = —1/(A1t) € D*(ko,d/2) for t € D1(ko,2/(|A2]0)).
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We define a function ¢ to be the inverse of 1, so that w = ¥ ~1(t) = ¢(¢).
Then ¢op(w) = w, Yog(t) =t, and ¢ is a solution of the difference equation
(D) w(t +A) = F(w(?)),
where F is defined as in Proposition 2.1 (see p. 236 in [K]). Hereafter, we

put A = 1. Since § = 0, we then have the following Propositions 2.3 and 2.4,
analogous to Theorems A and B.

PROPOSITION 2.3. Suppose F(t) is a formal power series as in (2.6).
Then the equation (D) has a formal solution

(logt F
2.9 = =t(1 Ao3—i 2o
(2.9) w = o(t) t(+§jq]kt (t)>
J+k>1
where ;i are constants determined by F as in Theorem A.

PROPOSITION 2.4. Suppose ¢ is the inverse of 1, sow = =1 (t) = ¢(t).
Given a formal solution of (D) of the form (2.9), there exists a unique solu-

tion w(t) = ¢(t) which is holomorphic and admits an asymptotic expansion
fort € Di(ko,2/(|A2]0)) such that

logt
(2.10) w=¢(t) = t<1 +b<t, Of))
where
logt logt
b(tt >~Z gjnt~ J( ; ) :
Jt+k>1

This function ¢(t) is a solution of the difference equation (D).
In [S8|, we have proved the following theorem.

THEOREM C. Suppose X (x,y) and Y (x,y) are defined in (1.5). Assume
dgo =0 and

(2.11) (9g (c20,d11,d30) + c20)n # c20 — du1 — ggf (20, d11, d3o),
(2.12) (9o (c20,d11,d30) + c20)n # c20 — di1 — gy (€20, d11,d30),
for alln € N (n > 4), where

—(Zen—d 2c30 — d11)? +8d
98_(6207d117d30) = ( €20 11) + \/( €20 11) + 30’

—(2e0 —du) = V(2e0 — d 8d
g()_(c207d11,d30> = ( €20 11) \/( €20 11) + 30’

respectively. Then we have two formal solutzons Ut(z) = Y 2,ata™,

T (x) = Y Sqa, ™ of (L.6), where aff, a; are given by X and Y. For
any k with 0 < k < /2 and small 6 > 0, deﬁne

(1.10) D*(k,0) ={z : |argz| < k, 0 < |z| < J}.
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2c20+d11E+/(2c20—d11)2+8d
20+d11 \/(420 11) 0 R and

2¢o0 + d11 + \/(2(320 — Cl11)2 + 8dsp
4

Then there is a constant § and two solutions ¥ (x) and ¥~ (x) of (1.6)),
which are holomorphic and have asymptotic expansions

(2.14) Ut(x) ~ Z atz" and U (x)~ Za;x”
n=2 n=2

as x — 0 through D*(k,J).
If dog # 0, then (1.6) has no analytic solution.

Note that a; = gar , Gy = gy - We have the following proposition, analo-
gous to Theorem C.

PROPOSITION 2.5. Suppose X (z,y) and Y (x,y) are defined in (1.5).
Assume dog = 0 and
(2.12) (99 (c20,d11, d30) + ca0)n # c20 — di11 — gq (c20, d11,d30)
foralln € N (n>4). Then (1.6) has a formal solution W~ (z) = 3%y a, ",
2c20+d11E4/(2c20—d11)2+8d30
1

Further assume

(2.13) <0.

where a,, are given by X and Y. Further, assume
€R and

2e20 + di1 — /(220 — di1)? + 830
4

Then for any k with 0 < k < 7 /2, there is a 6 > 0 and a solution ¥~ (z) of
(1.6) which is holomorphic and has an asymptotic expansion

(2.147) U (z) ~ Za;x”
n=2

as x — 0 through D*(k,d) defined in ((1.10)).
If dog # 0, then there is no analytic solution of ((1.6)).

2.2. Proof of Theorem 1.1. We first prove (1). From Theorem C, we
have formal solutions

(2.15) U(z) =) ana’
n=2

(2.13) <0.

of (|1.6)), where ag = ga—L (c20,d11,dsp). We write the formal solutions as
(0]

(2.16) Ty(z) = D apma"  (s=1,2),
n=2

where ag(1y = gg (c20, d11,d30), az(2) = gg (20, d11, dso).
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On the other hand putting w; () = —ﬁ(t) and we(t) = —ﬁ in ,
we have

ASX((L'(t),!ps(l'(t))) B ASX(_AS%@)’WS(_ m))

for s = 1,2. From , we have
X (), V(2 (1)) = w(t) + Ts(@(®) + Y cija(t) (Ts(a(t)))

i+j>2,i>1

{1+ 3 eyr) T @)V}

(i+7>2,i>1)

or (i=0, j=1)
where c¢g; = 1. Thus
1 B 1
X(a(t),Ws(z(t)  x(t){1- Z(H(ng,;zg —cijr () (Ys(x(1))) }
—0, j—

8

—1,5)[1+Z( > ety @)y

k=1 (i4+7>2,i>1)
or (i=0, j=1)

Since ws(t) = _As:}:(t) (s =1,2), we have

X (x(t), ¥s(z(2)))

—nope( % olmm) ()]

(i+7>2,i>1)
or (i=0, j=1)

Since W,(x) are formal solutions of (1.6]) such that

v.0) =0 (- ) - S an (-a) e

n=2

we have

1 a2(s) —1 }
2.18 ——_w51+7 +Y ¢ ,
(2.18) A X (2, W (z)) [ kzm k(s

where ¢y (5) are determined by ¢;; and ax(s) (i+j > 2,1 > 1,k > 2,5 =1,2).
From ({2.18) and the definition of As, we have ay(,) + c20 = As. Therefore
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we can write (2.17)) in the form
(2.19) wy(t +1) = Ey(ws(t)) = ws(t){l () + Zék(s)(ws(t))’k}.
k>2

On the other hand, putting A =1 and m = 1 in (2.1)), i.e. 6 = arg[\] =
arg[l] = 0, then making use of Proposition 2.3, we have the following formal
solutions of the first order difference equation (2.19):

2200w =1+ X dur (lgt)) (s=1,2),

Jjt+k>1

Where djk(s) are determined by F, in . From and ,

s is defined by X and Y. Hence g, are determlned by X and Y.
Since z(t) = —m, we have formal solutions z(t) of {i such that

(221)  x(t) = — A1t<1+ 3" s tﬂ<loft) ) - (s =1,2).

jt+k>1

From the relation of (1.2)) and (L.8) to (L.6), we have proved (1) of Theorem
1.1.

Next we will prove (2) of Theorem 1.1, that is, the existence of solutions
zt(t) and x~ (¢) of (1.2]). We suppose that Ry > R and ko < 7/4 — €. Since
6 = 0, we have

(2.22) Dl(Ho,RO) C D(e, R)

For z € D*(k,d), making use of Theorem C, we have solutions ¥(,)(z)
(s =1,2) of (1.6) which are holomorphic and can be expanded asymptoti-
cally in D*(k,0) such that

x) ~ Zaj(s)acj (s =1,2).
j=k

From the assumption R; = max(Ry,2/(]A2/0)) in Theorem 1.1, making
use of Proposition 2.4, we have solutions ws(t) (s = 1,2) of (2.19) which
have an asymptotic expansion

wa(t) = t(l +b, (t, btgt»

in t € Di(ko, R1), where

logt _.(logt
(150 (15 o (5)) -

j+k>1
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Thus we have solutions x4(t) of (1.2)) which have asymptotic expansions

2a(t) = —Alst <1 +b, (t, k’tgt»_l (s =1,2)

there. First we take a small § > 0. For sufficiently large R, since R; > Ry
> R, we have

-1

logt 1
— | 1+b(t,— 141 141 )
al| ()| <m0 < gm0 <o
1 logt\ | 1
2.2 — 1+ bo| t,—— — (141 0
(2.23) () < praen <

for t € D1(ko, R1). Since A1 < Ay < 0 by ([1.17)),

1 logt -1 - logt
arg[—Alt<1+b1 <t, t>> ] = —arg|t] —arg[1+b1 (t,t>],

1 logt -1 B logt
arg[—A2t<l—|—b2<t, t>) ] = —arg|t] —arg[1+b2 (t,t>].

For sufficiently large R;, we then have

1 1
arg |:1 + b1 <t, O;gt>:| arg |:1 + by <t, Oft>:| ‘ <Ky forte Dl(Ko,Rl).

Hence

1 logt\ )
—no—&ogarg{—At<1+bs<t,Of)) ]§K0+f£0 (s=1,2).

From the assumption x = 2k, we have

1 logt -1
— 1+bg|t, ——
arg[ Ast< i ( t )) }
From (2.23)) and ([2.24)), we obtain

1 logt\\ 1 logt\\
)= (10 (0 55)) ==z (om0 5))

such that xs(t) € D*(k,d) for some £ (0 < k < m/2). Hence we have
Vs (z(t)) (s = 1,2) which satisfies the equation .

Therefore from existence of solutions ¥(, (s = 1,2) of and Propo-
sition 2.4, we have holomorphic solutions ws(t) of the first order difference
equation for t € Di(ko, R1). Hence we obtain solutions x(t) of
for t there, which satisfy the following conditions:

(i) z4(t) are holomorphic and x4(t) € D*(k,d) for t € Dy(ko, R1), s =
1,2,

)

(2.24) <K<

il
2
fortGDl(Kg,Rl) (821,2).
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(ii) xs(t) (s = 1,2) are expressible in the form

(2.25) 2s(t) = _Alst <1 + by (t, k’tgt»_l.

Here b4(t, (logt)/t) has an asymptotic expansion

logt logt
() 5 ()
jHk>1

as t — oo through Dj(ko, R1). =

Finally, we have a solution (u(t), v(t)) of (1.1)) by the transformation

<u$> - P<w;<ﬁ)<t>>> an P<av<j<2$)<t>>>‘

From Proposition 2.5 and Theorem 1.1, we obtain

LEMMA 2.6. Suppose X(x,y) and Y (z,y) are expanded in the forms

1} such that X1(x,y) # 0 or Yi(z,y) Z 0. Define Ay = gé‘(czo,dll,dgo)
+ ¢20, A1 = g (20, d11,d30) + c20 (A1 < Ag).

(1) Suppose daog =0 and
(2.26) (99 (c20,d11, d30) + c20)n # c20 — d11 — gq (c20, d11,d30)
for alln € N (n > 4). Then we have a formal solution xz(t) of of the

form

1 logt -1
J
(2.27) A (1 + E Gikt™ ( " ) ) ,

j+k>1

where i, are constants determined by X and Y .
(2) Further suppose Ry = max(Rp,2/(|A1]9)), and assume

(2.28) A <O0.
Then there is a solution x1(t) of (1.2) such that

(i) x1(t) is holomorphic and x1(t) € D*(k,0) for t € Di(ko, R1),
(ii) x1(t) is expressible in the form

(2.29) 1 (t) = Allt <1+b1< lotgt»_l,

where by (t, (logt)/t) has an asymptotic expansion

logt R _.(logt K
bl( ; )N Z djk(1)t J(t )

j+k>1

as t — oo through Di(ko, R1).
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3. An application. Consider the following population model:

u(t + 1) — au(t)
au(t) ’

(P) u(t+2)=oau(t+1)+

where @ = 1 + r and 8 are constants. This model was proposed by Prof.
D. S. Dendrinos [D]. Here r is the net (births minus deaths) endogenous
population (stock) growth rate. The second term on the right hand side is
a function depicting net in-migration (immigration) at ¢ + 1, which should
be considered as a “momentum” to grow from ¢ to t + 1. We assume that «
and [ are constants such that o >0 (r > —1) and 5 > 0 in (P).

Let
u(t+2) = uy(t+2) + ua(t + 2),

where uq (t +2) = au(t + 1), us(t +2) = ﬂ%&?um. Then ui(t +2) is a

term for endogenous population growth rate from ¢+1 to t+2, and ua(t+2)
is due to net in-migration (immigration) rate. Indeed we can write

U1(t+ 2) = ozu(t-l— 1) = a{ul(t + 1) +U2(t+ 1)},

Cou(t ) —ou(t)  ju(t+1) —ui(t+1)  us(t+1)
uz(t+2) =5 au(t) =Fh ur(t+1) T (t+ 1)’

and we see that uq (¢t + 1) is the endogenous population growth rate from ¢

to t+1, and ug(t+1) is due to net in-migration (immigration) ratio at t+ 1.
We may write (P) as

B

—C _fu(t+1) —au®)}, c=".

u(t+2) —au(t+1) = o) .

When a # 1, (P) admits the unique equilibrium value ¢ = (/a, and we
have eigenvalues A1 and Ay of this equation such that [\1| # 1 and |\a| # 1.
Therefore we can have general analytic solutions such that u(t +n) — c as
n — oo (n € N), making use of Theorems of [S6].

If & = 1, then any value can be an equilibrium point of (P). Suppose the
equation (P) has a solution w(t) such that u(t +n) — ug > 0 as n — oo.
From [S4], we have the following three cases.

1) u(to+n) | up > casn— oo,
2) u(to+n) Tug > casn— oo,
3) there is ng such that u(to + no) < 0 (extermination).

However in [S4] we have not been able to prove the existence of a solution
of (P) under this condition. In this paper, we will obtain a solution of (P)
by Lemma 2.6 for the case a = 1.
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Putting u(t) = v(t) + B/«, we have

U(t+2)+§
vt +1)—avt)+ 2 -5
= ]_ [
av(t+1)+ 8+ 5 50(0)

=av(t+1)+0
+{U(t+1)av(t)+§ﬁ}

1- % a? o o 34 ot e
1= Gue+ o2 - oo + Go' -}

=14+a)t+1)+ (—a—1+a)v(t )—i—ﬁ—f—g—ﬂ—i-F(v(t),v(t—i—l)),

o o(t+2) = (14 a)o(t + 1) — v(t) + F(o(t), v(t + 1)),
where

a a?
(3.1)  F(v(t),v(t+1)) = —Bv(t)v(t +1)+ FU(?&)2

+ (U(t +1) —av(t) + g - ﬁ) i (—Z)iv(ty.

Nest put v(t +1) = &(1), v(t) = (#). Then -
) (21 () (ran
M= (ai 1 —01)

When a = 1, the eigenvalues A1 and Ay of M are Ay = Ao = 1. Further put
P=(12)and (§) = P(%). Then we obtain the difference equation

62 ()

Set

P1<F(9«“(t) +y(t),x(t) +2y(t))> _ ( F(fﬁg) (()%ﬁ?jjzﬁ%))
+y(t),x y
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we can write the equations (3.2]) as follows:

a(t+1) = X(x(t),y(t)),

where
X(z,y) =z +y— Flz+y,z+2y)
=T+ <y+ Z Cijxiyj) =z + Xi(z,y),
(1.2) =
Y(z,y) =y + F(z +y, 2+ 2y)
=y+ ( > dijxiyj> =y +Yi(z,y),
i+j>2
with dij = _Cij-
From the definition of F', when a = 1, we have
3.3 n&) = Lpe— Lp e Lipey D' —n
(33)  F(n,§) = 3 31 3 2 ;, 5 ( )-
Thus

(34) F(x+y,z+2y) = —;(xy—i-yQ)—i-ﬂlz

where 7;; = 7;;(3) are constants. From ([3.4), we have cog = dao = 0, cpo =
dpo =0 (n>3),di1 =—1/8 <0, doe =—1/8<0, doy =1/3% Thus

—(2e20 — di1) — \/(2c20 — d11)? + 8d3o te

(zPy+2xy%+y°) + Z Yijz'yl,
i+j=>4,521

A1 = gy (c20,d11,d30) + c20 =

4
—(04+1/8) —/(0+1/3)2+0
- +0
4
1
= 55 <0
—(2¢20 — d11) + \/(2¢20 — d11)? + 8d
Az = gd (c20, d11, d3o) + c20 = (2020 = du1) \/i e = du) 390 4 ex
_ 1 1 2
019+ VOTIBER
4
_ 3
c20 — d11 — gg (20, d11,d30) = 25 > 0.

Here we cannot have A; < Ay < 0, but we have A7 < As = 0, which is the
condition (2.28)) in Lemma 2.6. Thus putting as = 9o (€20, d11,d30), we have
as + co9 < 0. Further

(90 (c20,d11,d30) + c20)n # c20 — di1 — gg (c20,d11, d30)
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for all n € N. By Proposition 2.5, the functional equation with X and
Y defined by (1.2') has a formal solution ¥~ (z) = Zn>2 a_a: , where a,;
are given by X and Y. Here the function F is defined by (3.3] Further for
any k with 0 < k < 7/2, there are a § > 0 and a solution W ) of .,
which is holomorphic and can be expanded asymptotically as

oo
“(x) NZa;x”
n=2

in the domain D*(k,d) defined in (1.10)).

Making use of Lemma 2.6, we have a formal solution x(¢) of (3.2,

1 j(logt -1
(35— (1t > Gt ;
1 Jjt+k>1
_B(14 3 g (8
- t qik t ;

jrk>1

where §;), are constants determined by X and Y in (1.2"). Further suppose
Ry = max(Ro,2/(|A1]9)). Since A; = —1/(20) < Az = 0, there is a solution
t) of (3.2)) such that

(i) x(t) is holomorphic and z(t) € D*(k,0) for t € D;(ko, R1),
(ii) x(t) is expressible in the form

(3.6) x(t):—Allt<1+b<t,k)tgt>>_l 2f<1+b< bft))_l,

where b(t, (logt)/t) has an asymptotic expansion

logt logt
(15~ 3 o ()
Jjt+k>1

as t — oo through D (ko, R1).
By the definition (1.7)), we have y(t) = ¥(z(t)). Since
<u(t+1) —ﬂ/a) _ <v(t+ 1)) _ (5) _ P(x) _ <1 2) <a:)
u(t) — B/a v(t) 1 y 1 U \y/)
we have a solution u(t) of the population model (P) such that
ww=mw+mw+§=ﬂw+wmm+§,

where z(t) is given in the equation (3.6 as t — oo through D;(ko, R1).
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