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Finite-dimensional pullback attractors for
parabolic equations with Hardy type potentials

by CuNG THE ANH (Hanoi) and TA THi HONG YEN (Phuc Yen)

Abstract. Using the asymptotic a priori estimate method, we prove the existence of
a pullback D-attractor for a reaction-diffusion equation with an inverse-square potential in
a bounded domain of R (N > 3), with the nonlinearity of polynomial type and a suitable
exponential growth of the external force. Then under some additional conditions, we show
that the pullback D-attractor has a finite fractal dimension and is upper semicontinuous
with respect to the parameter in the potential.

1. Introduction. Let £ be a bounded domain in RY (N > 3) con-
taining the origin. In this paper we consider the nonautonomous reaction-
diffusion equation with the Hardy type potential of the form

uy — Au — ﬁu%—f(u) =g(z,t), z€ 2, t>r,
x
(1'1) u|3Q =0, t>r,

U(m,T) = UT(‘T)’ z € 12,

where u, € L?(2) is given, 0 < pu < p* is a parameter, u* = (%)2 is the
best constant in the Hardy inequality
: 1 S FE dx < S |Vul*dz, Yue C5(£2),
2 (9}

and the nonlinearity f and the external force g satisfy some conditions spec-
ified later.

The case where ¢ = 0 and f has some special forms was studied in
[1, 2, 6 [7, 17], which focused on global existence and dependence of the
behavior of the solutions of on the parameter pu.
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In this paper we continue the study of the long-time behavior of solu-
tions to problem (1.1) by allowing the external force g to depend on time ¢.
Nonautonomous equations appear in many applications in natural sciences,
so they are of great importance and interest. One way of studying the long-
time behavior of solutions of such equations is to use the theory of pullback
attractors. This theory has been developed for both nonautonomous and
random dynamical systems and has shown to be very useful in the under-
standing of the dynamics of nonautonomous dynamical systems (see 3] and
references therein).

In this paper, we assume that the nonlinearity f and the external force
g satisfy the following conditions:

(F) f € CY(R) satisfies, for some p > 2,
Cilul? — k1 < f(w)u < ColulP + ko, f'(u) > -4, VueR;
(G) g€ W]})CQ(]R, L?(02)) satisfies
0
| s (lg(s)3 +19'(s)13) ds < oo,
where A, is the first eigenvalue of the operator 4, = —A — u/|z|?
in {2 with the homogeneous Dirichlet condition.

To study problem (|1.1]), we will use the space H,(2),0 < pu < p*, defined
as the closure of C§°({2) in the norm

1/2
o 2 |U’2
el = (é(\w —uw) dx) .

The aim of this paper is to prove the existence and upper semicontinuity
with respect to the parameter u of a finite-dimensional pullback D-attractor
in the space H,,(£2) N LP(£2) for the process associated to problem (1.1)). Let
us describe the methods used in the paper. First, we apply the compactness
method [11] to prove the global existence of a weak solution and use a priori
estimates to show the existence of a family of pullback D-absorbing sets
B={B(t):teR}in H,,(£2) N LP(£2)) for the process. By the compactness
of the embedding H,,(2) < L?(£2), the process is pullback D-asymptotically
compact in L?(§2). This immediately implies the existence of a pullback D-
attractor in L2(§2). When proving the existence of pullback D-attractors in
LP(§2) and in H,(§2) N LP(§2), to overcome the difficulty due to the lack of
embedding results, we use the asymptotic a priori estimate method initiated
in [I3] for autonomous equations. Finally, using the abstract theories devel-
oped recently in [8] 4], we prove that the resulting pullback D-attractor has
a finite fractal dimension and is upper semicontinuous with respect to the
parameter p at 4 = 0. In particular, we show that the pullback D-attractors
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AM of the singular reaction-diffusion equation converge to the pullback D-
attractor Ay of the classical reaction-diffusion equation as the parameter I
tends to 0. It is also worth noticing that, when g = 0, our results recover and
improve the recent results in [16, [10] [9, 12] for the nonautonomous Laplace
equation in bounded domains.

The paper is organized as follows. In Section 2, for the convenience of the
reader, we recall some concepts and results on function spaces and pullback
attractors which we will use. In Section 3, we prove the existence of a pullback
D-attractor A, = {A,(t) : t € R} in H,(2)NLP(§2) by using the asymptotic
a priori estimate method. In Section 4, we give some estimates on the fractal
dimension of the pullback D-attractor. The upper semicontinuity of .,Zlu at
1 =0 is discussed in the last section.

Notation. For brevity, we denote by |- |2, (-,-) and || - [|4, ((-,-)), the
norms and scalar products in L?(£2) and H,(£2), respectively, and by | - |,
the norm in LP(§2). We also frequently use the notation

Oy =02u(t) >M)={zx € 2:u(zx,t) > M}.

2. Preliminaries

2.1. Function spaces and operators. For each 0 < p < p*, we define
the space H,(§2) as the closure of C§°({2) in the norm

2
S <|Vu]2 - u|u2) dx.
) B
Then H,(2) is a Hilbert space with respect to the scalar product

[l

uv

(u,v) = S (VUVU - ,u| |2)d:1: for all u,v € H,(£2).
x
2
It is known (see [I7]) that if 0 < p < p*, then H,(£2) = HJ(£2). In the critical
case, i.e., when u = p*, we recall the improved Hardy—Poincaré inequality
of [17],

(2.1) §(|Vu|2 i }x;) dr > Ol Dlullyiay, 1<a<2,
(0]
andforO§s<1,1§r<r*:%,
(2.2) V(1vul® - u*% dz > C(s,r, 2)||ul)?
' w2 )7 = W)

2

for all uw € C§°(£2). These imply that the following continuous embeddings
hold for 1 <g¢<2and 0 <s < 1:

(2.3) H,(2) — Wy(2),  Hy(R2) — Hj(2).
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Moreover, since WO1 9(£2) is compactly embedded in H§(§2) for a suitable
q = q(s) close enough to 2, and HS(2) is compactly embedded in L?(2), we
infer that the embeddings

(2.4) H,(2)— L*(2), H,(Q)— Hi(N), 0<s<l1,
are compact.

Recall that the embedding W4(£2) < LP(£2) is continuous for 1 < p <
Ngq/(N — ¢q) and ¢ < N. Thus by denoting p* = N¢/(N — q) for 1 < ¢ < 2,
it follows from that the continuous embedding H,,(f2) — LP(f2) holds
for any 1 < p < p*.

We now consider the boundary value problem

,u

(25) { —Au — WU =Alu forxz € (2,
u=0 foraxzedf

In order to apply the Friedrichs extension of symmetric operators (see [18])

we recall the improved Hardy inequality of [17],

2 N —2)? Jul? 2
(2.6) (S}\vm dz > < 5 > (SZW dx+)\9§2\u| dz,
where A, is a positive constant depending on £2, and set X = L2(£2), D(A) =
Ce°(02), Au = —Au — (p/|z[?)u. Then it follows that the operator A is a
positive and self-adjoint operator and the energy space Xg equals H,(f2)
since X is the completion of D(A) = C§°(£2) with respect to the scalar
product

uw
(u,v), = S <VUVU - MW) dx.

02
Moreover, N
ACACAE,
where Ag : H,(2) — HJI(Q) is the energetic extension (HEI(Q) is the

dual space of H,({2)), and A = —A — p/|z|? is the Friedrichs extension of
A with the domain of definition

D(A) = {u € Hy(2) : A(u) € X}.

We also have the evolution triple H,,(£2) << L?(2) —— H;l(ﬁ) with
compact and dense embeddings. Hence, for each 0 < p < p*, there exists
a complete orthonormal system of eigenvectors (e; ,, Aj,) depending on p
such that

1 )
(€j,5 ekvu) =0k and —Aej, — ’xPej,# =Ajp€ips S k=12,...,

0<)‘17M§)‘2,M§)‘3,M§”'7 Aju— +oo as j— +oo.
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Finally we observe that for all v € H,(12),
(2.7) e = Arp

2.2. Pullback attractors. Let (X, d) be a metric space. For A, B C X,
we define the Hausdorff semi-distance between A and B by

dist(A, B) = sup inf d(z,y).
zcAz€B

Let {U(t,7) : t,7 € R} be a process in X, i.e., a two-parameter family of
mappings U(t,7) : X — X such that U(r,7) = Id and U(t,s)U(s,7) =
U(t,7) for all t > s > 7 in R. The process {U(t,7)} is said to be norm-
to-weak continuous on X if U(t, )z, converges weakly to U(t,7)x as x,
converges strongly to = in X, for all ¢ > 7 in R. Now, we recall a useful
method to verify that a process is norm-to-weak continuous.

LEMMA 2.1 ([19]). Let X and Y be two Banach spaces, and X*,Y™* be
their respective dual spaces. Assume that X is dense in Y, the injection
i : X — Y is continuous and its adjoint i* : Y* — X* is dense, and
{U(t, )} is a continuous or weakly continuous process on'Y . Then {U(t, )}
is norm-to-weak continuous on X iff for allt > 7 in R, U(t, ) maps compact
subsets of X to bounded subsets of X.

Let B(X) be the family of all nonempty bounded subsets of X, and D
be a nonempty class of parameterized sets D = {D(t) : t € R} C B(X).
DEFINITION 2.2. A process {U(t,7)} is said to be pullback D-asymptoti-

cally compact if for all t € R, D € D and any 7, — —oc and z, € D(7,),
the sequence {U(t, T,)xn} is relatively compact in X.

DEFINITION 2.3. A process {U(t,7)} is said to be pullback w-D-limit

compact if for any € > 0, t € R, and D € D, there exists a 79(D,e,t) < t

such that
o(J uenpm) <e
T<T0

where « is the Kuratowski measure of noncompactness of B € B(X), defined
by

a(B) =inf{é > 0: B has a finite open cover of sets of diameter < ¢}.

LEMMA 2.4 ([I0]). A process {U(t,7)} is pullback D-asymptotically com-
pact iff it is pullback w-D-limit compact.

DEFINITION 2.5. A family of bounded sets B € D is said to be pullback
D-absorbing for the process {U(t,7)} if for any ¢ € R and D € D, there
exists 19 = 19(D, t) such that

U v, 7)D(r) c B().

7<T70
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DEFINITION 2.6. A family A = {A(¢) : t € R} € B(X) is said to be a
pullback D-attractor for the process U(t, ) if

(i) A(?) is compact for all t € R.
(ii) A is invariant, i.e., U(t,7)A(1) = A(t) for all t > 7.
(iii) A is pullback D-attracting, i.e.,
lim _dist(U(t,7)D(7), A(t)) = 0
for all D € D and all t € R.
(iv) If {C(t) : t € R} is another family of closed attracting sets, then
A(t) C C(t) for all t € R.

THEOREM 2.7 ([10]). Let {U(t, )} be a norm-to-weak continuous process
such that {U(t,7)} is pullback D-asymptotically compact. If there exists a
family of pullback D-absorbing sets B = {B(t) : t € R} € D, then {U(t, )}
has a unique pullback D-attractor A= {A(t) : t € R} and

= JU7)B(r)

s<tT1<s

2.3. Fractal dimension of pullback attractors. Consider a given
separable Hilbert space H, with scalar product (-,-) and norm | - |. Given a
compact set K C H and € > 0, we denote by N¢(K) the minimum number
of open balls in H with radii < e that are necessary to cover K.

DEFINITION 2.8. For any nonempty compact K C H, the fractal dimen-
sion of K is the number

. log(Ne(K))
2. dp(K) =1 — .
(2.8) F(K) Sup = e
Consider a separable real Hilbert space V' C H such that the injection of
V in H is continuous, and V is dense in H.
We identify H with its topological dual H’, identifying v € V with the
element f, € H' defined by

fo(h) = (v,h), heH.

Let F': V x R — V' be a given family of nonlinear operators such that,
for all 7 € R and ug € H, there exists a unique function u(t) = u(t; 7, up)
satisfying

(2.9)
ue L, T;V)NC([r,T); H), F(u(t),t) € LY(7,T; V') forall T >,
W Pu.0. 1>

u(T) = up.
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Define
(2.10) U(t, T)ug = u(t, m5u9), 7<t, ug€ H.

Fix T* € R. We assume that there exists a family {K(¢) : ¢ < T} of
nonempty compact subsets of H with the invariance property
(2.11) U, 7T)K(r)=K(t) forallT <t<T¥
and such that, for all 7 < ¢ < T* and ug € K(7), there exists a continuous
linear operator L(t, T, ug) € L(H) such that
(2.12) fu(t, 7)ao—U (¢, 7)uo—L(t, 7, uo) (Wo—uo)| < y(t—T, [llo—uol) [t —uol
for all wg € K (1), where 7 : Ry x Ry — Ry is such that 7(s,-) is nonde-
creasing for all s > 0, and
(2.13) lim v(s,r) =0 for any s > 0.

r—0
We assume that, for all ¢ < 7%, the mapping F(-,t) is Gateaux differ-
entiable in V| i.e., for any u € V there exists a continuous linear operator

F'(u,t) € L(V, V') such that
1
lir%f(F(u +ev,t) — F(u,t) — eF'(u, t)v) =0 € V',
e—U €

Moreover, we suppose that the mapping F' : (u,t) € V x (—o0,T*]
F'(u,t) € L(V;V') is continuous (thus, in particular, for each t < T*, the
mapping F(-,t) is continuously Fréchet differentiable in V).

Then, for all 7 < T* and wug,v9 € H, there exists a unique v(t) =
v(t; T, up, vg), which is a solution of

ve L3(r,T;V) N C(In, T H) forall 7 <T <T7,

d
(2.14) CT: = F'(U(t, T)ug, t)v, 7<t<T"
v(T) = vp.

We make the assumption that
(2.15)  w(t;7,u0,v0) = L(t, 7,ug)vg  for all 7 <t < T* ug,vg € K(7).

Let us write, for j =1,2,...,

1 T

(2.16)  g¢; =limsup sup  sup - S Tr;(F'(U(s, 7 — T)ug, s)) ds,
T—+oo 7<T* ugeK(r—T) 1

=T
where
J
Tr;(F'(U(s, T)ug, s)) = sup Z(F’(U(s, T)uo, 8)éi, €;),
vo€H, [vg|<1,i<] j—1
e1,...,e; being an orthonormal basis for the subspace of H spanned by

v(s;T, uo,vé), oo v(sy T, ug, vé).
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THEOREM 2.9 ([|8]). Under the assumptions above, and in particular

(2.11)—(2.13)) and (2.15)), suppose that

(2.17) U K(7) is relatively compact in H,
T<T*

and there exist q;, j = 1,2,..., such that

(2.18) g <q; foranyj=>1,

(219) Ano Z 07 Gno+1 < 07

for some ng > 1, and

(2.20) 4 < Gng + (@no — Gno+1)(no —j)  forallj=1,2,....

Then

(2.21) dr(K (7)) < do:=no+ —0  for all 7 < T*.
Ano — dno+1

2.4. The upper semicontinuity of the pullback D-attractor

DEFINITION 2.10. Let {Uc(t,7) : € € [0,1]} be a family of evolution
processes in a Banach space X with corresponding pullback D-atractors
{A.(t) : € € [0,1]}. For any bounded interval I C R, we say {Ac()} is upper
semicontinuous at € = 0 for t € [ if

lim sup dist(Ac(t), Ao(t)) = 0.

€0 teg

THEOREM 2.11 ([4]). Let {Uc(t, ) : € € [0,€0]} be a family of processes
with corresponding pullback D-atractors {A((t) : € € [0,€0]}. Then, for any
bounded I C R, {Uc(t,7) : € € [0,€0]} is upper semicontinuous at 0 fort € I
if for each t € R, each compact subset K and each T > 0, the following
conditions hold:

() suB,cfp_p.g Sy UL ), Uolt, )Y) — 0 as ¢ — 0.
(i) Ueego,eo] Uity Ae(t) is bounded for any given to.
(i) Upcece, Aelt) is compact for each t € R.

3. Existence of a pullback D-attractor in H,(2)NL"(§2). We denote
X = L*(r,T; H,(2)) N LP(,T; LP(92)),
X* = L*(r,T; H ' (2)) 0 LY (7, T; L' (12)),
where p' is the conjugate of p and p € [0, u*].

DEFINITION 3.1. A function u(-) is said to be a weak solution of problem
(1.1) on (7,7) if u € X, du/dt € X*, ul|t=r = u, for a.e. x € 2 and

T T

0
S S i(p + VuVp — %utp + f(u)p | dxdt = S S g(t)pdx dt
T2 ot |$| T

for all test functions ¢ € X.
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It is known (see, for example, [5, Theorem 1.8, p. 33]) that if u € X and
du/dt € X*, then v € C([r,T]; L?>(£2)). This makes the initial condition in

problem (/1.1)) meaningful.

THEOREM 3.2. Under assumptions (F') and (G), for any T > 7 in R,
and ur given, problem (1.1)) has a unique weak solution u on (1,T). Moreover,
the solution u can be extended to [1,4+00) and for all t > T,
2k1 7’\1””&

t
S S | gl ds
M

(31)  Ju®)f < e D urff +

—0o0

Proof. The proof of existence and uniqueness of solution is classical, using
the compactness method (see e.g. [15]), so we omit it here. We now show
that inequality (3.1)) holds. Multiplying (1.1) by u and integrating over (2,
we have

1d
5 selu 4l + | fwude = [ g(t)udz.
Q Q
Using hypothesis (F) and the Cauchy inequality, we deduce that
1
(3.2) IUI2 +2||ul? + 2C1 |ulf < 2k1|92] + r\g(t)lg + A ul3.
M

Combining this with the fact that [|ul2 > A1, |ul3, we have
d 1
Ll + Al < 202121+ g (03
dt M

Hence applying the Gronwall lemma we get (3.1]). =

Thanks to Theorem 3.2, we can define a process U, (t,7) : L?(£2) —
H,(£2) N LP(£2), t > 7, where U,(t,7)u, is the unique weak solution of
problem ([1.1)) with u, as initial datum at time 7.

Define R as the set of all functions 7 : R — (0, +00) such that

tll@ eMutr?(t) = 0,
and denote by D the class of families D = {D(t) : t € R} c B(L*(£2))
satisfying D(t) € B(r(t)) for some function r € R, where B(r(t)) is the
closed ball in L?(£2) with radius r(t).

LEMMA 3.3. Assume that hypotheses (F') and (G) are satisfied, and u(t)
is a weak solution of problem (L.1). Then for all t > T,

t

(3.3) [lu()||+|u(t)[h < c(e*hMH)|uT|§+1+e*M,ut | 6A17u8|g(8)|§ds),
—o0

where C' is a positive constant. Hence, there exists a family of pullback D-

absorbing sets in H,(£2) N LP(§2) for the process U,(t,T).
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Proof. Multiplying (1.1)) by u and integrating on {2, we have

1d
2dt

A1

(3.4) 2wl

1
—fuls + ull2 + | fwude = | g(t)udz < SV lg(t)]5 +
Q Q Ly

Using hypothesis (F') and ||u|\i > A1,|ul3, we have

d
(3.5) S lulz A+ M luls + Clul + [ulf) < C+[g(B)]3)-
Let F(s) = {; f(r) dr. By (F) we get

(3.6) C(lufp — 1) < | F(u)d < C(Julh + 1)
(0]

Now multiplying (3.5) by e*+! and using (3.6) we get

(37) S u()B) + M (ult)| +2 | Flu(r) d)

(0]
< Ot Mg (1)]3).

Integrating (3.7)) from 7 to s € [7,t — 1] and from s to s+ 1 respectively, we
obtain

(3.8)  eMlu(s)]3

S
< eMAT |y, |2 4 Cetns 4 CSCAI’“T‘Q(T)‘S, Vs € [r,t — 1],

T

and
s+1
(39 C S e)‘lvf”(Hu(r)Hi +2 S F(u(r) dx)) dr
s 9]

s+1
< eMlu(s)3+ C | (e 4 et |g(r)]3) dr

S
S
< e)‘lv”T\uT]% + CeMrs + O S e)‘l"”|g(r)|§ dr
T

s+1
+ M)y O Tlg(r)Bdr by B3)

s
t

< (M arff ot + [ Arg(r) ).

T
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Multiplying (1.1)) by u¢(s) and integrating over 2 we have

(310)  Ju(s)B+ 5 o (fu(s) %+ 2| Flu(s) dz)
1 1
= J o)) < o) + (o)l

thus
(311) ()i + (o (a2 +2 § Flu(s)) de)
2

< )\1,Me>‘1’”s<||u(s)\|2 +2| Flu(s)) dw) + s |g(s)]2.
(]

Combining (3.9) and (3.11)) and using the uniform Gronwall inequality, we
have

(3812) e (u@)l +2 | Flu(t)) dz)
2

t
< (AT Mt | Alg(s)Bds).

— 00

Using again, we get . "

From Lemma we see that the process U,(t,7) maps compact sub-
sets of H,,(£2) N LP(§2) to bounded subsets of H,({2) N LP(§2) and thus by
Lemma [2.1] it is norm-to-weak continuous in H,(£2) N LP(£2). Since Uy (t,7)
has a family of pullback D-absorbing sets in H,(f2) N LP({2), in order to
prove the existence of pullback D-attractors, it is sufficient to verify that
U, (t,7) is pullback D-asymptotically compact.

To prove the pullback D-asymptotic compactness of U(t,7) in LP({2), we
need the following lemmas.

LEMMA 3.4 ([9]). Let {U(t,7)} be a norm-to-weak continuous process
in the spaces L*(£2) and LP(§2), and suppose it satisfies the following two
conditions:

(1) {U(t,7)} is pullback D-asymptotically compact in L?(2).

(2) For any e > 0, B € D, there exist constants M = M(e, B) and

70 = 7o(e, B) < t such that

S \U(t, 7)u|P dx) v <e
QU (t7)ur|>M)
for all u; € B(71) and 7 < 7.
Then {U(t, )} is pullback D-asymptotically compact in LP(2).
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LEMMA 3.5 ([12]). Suppose that for some A > 0 and T € R, and for all
§> T,

(3.13) y'(s) + Ay(s) < h(s),

where the functions y,y’, h are assumed to be locally integrable and y, h are
nonnegative on the interval t < s < t—+r for somet > 7. Then

9 t+r/2 t+r
(3.14) y(t+r) < e /2 - S y(s)ds + e M) S e*h(s)ds.
t t

LEMMA 3.6. Under hypotheses (F) and (G), the process {U,(t,T)} as-
sociated to problem (1.1)) is pullback D-asymptotically compact in LP(§2).

Proof. 1t is sufficient to verify condition (2) in Lemma From hypoth-
esis (F'), we can choose a constant M large enough such that f(u) > Cy|ulP~!
in

Qop = 2u(t) >2M) ={z € 2 :u(x,t) > 2M}.

Throughout this section, we denote

(u—M)*—{u_M if u> M,

0 ifu< M.
First, in {295; we obtain
B15) g0t < S M) gl
1
¢
< GHlu= My a0l

and
(316)  f(a)((u— )T

> Ci((u— M)y !

> D anyy iyt O o anyrp

Now, we multiply the first equation in (T.1)) by |(u — M)*|P~! to deduce for
all 0 < p < p* that

du _ _ 7] _
G100 = AP = Aul( 2P = L 2

()l = MY = g(0)](w— M)
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This yields, by integrating over (29,7,

1d
p dt S |(u = M)* P dw + S (p— 1)VuV(u— M)T|(u— M) P2 da
2201 Qops
M - p—
_ S Wu](u—M)-ﬁ-’p Uda + S f(u)\(u—M)ﬂp .
o0 Qons

= | g®)|(u—DM)tP da.
a0

We remark that —u(u — M)T > —|u|? on (29, thus it follows from the
Hardy inequality that

| - )VuVu—M)*|w— M) P2de— | #u\(u — M)l
Q90 Qa0
o) _
>C | [[VU\Q—HQMQ]\(u M)T|P2dx
Qa0

29m

This gives

1d

R Y N W (I oM

p 2om Q2om

< | g®lw— M) pPtda.
2om
Combining this with (3.15) and (3.16])) we conclude that
1d CiMP—2 1
o VM) P e = | = M) TP de < o | Jg(0) P,
pdt 2, 201 ,
2M 2M 2M

and thus

d

o V (w= M)y Pde+CMP? | |(u— M) da < Clg(t)|3 da.

220 220

Thanks to Lemma [3.5] we have for some t; < ¢t and for all r > 0,

(3.17) | l(uts+7) = M)FIP da

220
. t14+r
< Cem M2 |(u(s) = M)TP dads
t1 Qo

t
—CMP~2(ty+r) W CMP—2s 2
+Ce S e lg(s)|5 ds.
t1
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Now we estimate the right hand side terms of (3.17)). First, we have

t1+r
(3.18) VoV Iuls) = M)t dads
1 Qopy

t1+r t1+r
< | |(u(s)—M)+ygdsgc( { |u(s)\gds+rMpymp)

t1 t1

t1+r
<c(jut)B+1+ | lg(s)Bds+rar|p)  (by B3))
t1
t1 t1+r
SC(l—i—e*)‘l’“tl S eMs|g(s)|3 ds + S \g(s)@ds) < 00
—0o0 t1

for sufficiently small 7 by (3.1). Therefore, there exists a number Ny inde-
pendent of 7, M and w, such that

t1+r
(3.19) |} I(s) = mytpds < N,
t1 o

thus for sufficiently large M, we have
t1+7r
—2
(3.20) Cem M2\ [(u(s) — M) P dads <

1 (o

DN

It is well known that for an integrable function h on an interval [a,b] and a
given € > 0 we have
b

(3.21) e_MbSeMsh(s) ds < %

for M large enough. Now combining (3.17)), (3.20) and (3.21]), choosing r =
t—11 >0, we get
(3.22) V(U rur — M) P de < e
2om
for 7 <71 and M > M;. Next, we set
u+M  ifu<-—-M,
0 ifu>-—-M,
and repeating the same steps above with (u+ M)~ instead of (u — M), we
deduce that there exist Ms > 0 and 75 < t such that for any 7 < 7 and
M Z M27
(3.24) | ((u+ M)~ Pdz <e
R(u(t)<-2M)

(3.23) (u+ M)~ = {
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Now, let My = max{Mj, M} and 79 = min{7, 72}. It follows from (3.22])
and (3.24]) that

(3.25) | (u—Mpde<e
Q(lu(®)|>2M)

for all 7 < 79 and M > M. Hence,

(3.26) S |ul? dz = S [(Ju] = M) + M]P dx
ju(t) [ >20) ju(t) >20)
< (u-mpdes | MPde)
Qju(t)|=20) ut)>20M)
< or-1 | (ul-mpde+ | (Jul— M daz) < 9P,
ju(t)|=2M) Qju()[>20)

which completes the proof. =

LEMMA 3.7. Suppose hypotheses (F') and (G) hold. Then for any s € R
and any bounded subset B C L?(12), there exists a constant 1o = 19(B,s) < s
such that for all T < 19 and allu, € B, the unique weak solution u of problem
with initial datum w, at time T satisfies

S
ur() < C(1 e | M (gl + 1 (M]3) dr ).

—0o0

where C' > 0 is independent of s and B.

Proof. Integrating (3.11]) with respect to s from r to r+1 for r € [1,t—1]
we get

r+1
3.27) | eetfu(s) B ds < ehw(uu(r)ug +2 | Fu(r)) dx)
' r+1 ?
+ A | e)‘lv“5<|]u(s)HZ +2§ F(u(s))d:v) ds
r 2
r+1

+ ) eetlg(s)3 ds
;
t

<C(eMwtdMeTlu 4 | eMetlg(s)B ds),
—0o
where we have used (3.9) and (3.12). Differentiating (1.1) in time and mul-
tiplying the above equality by e*t+%u;, we get
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Ld

S (g B) + N2+ (), )

1 A
= 5N (), ) N

Using hypothesis (F') and the Cauchy inequality, we obtain
d
(3.28) J@AI’“T\W(SH%) < C(Mg/(5)[3 + eMrlue(s)[3)-

From ([3.27)), (3.28) and the uniform Gronwall inequality, we get
(3.29) e s |uy(s)[3

S
< et eMeTu B4 | eMer(lg(r) 3+ 1o (r)B) dr).

— 0o
This implies the desired inequality. =

We are in a position to prove the main result of this section.

THEOREM 3.8. Assume that hypotheses (F') and (G) are satisfied. Then
for each p € [0, p*], the process U,(t,T) associated to problem has a
pullback D-attractor flu ={A,(t) : t e R} in H,(2) N LP(S2).

Proof. By Lemma 3.3, the process U, (t,7) has a family of pullback D-
absorbing sets in H,(£2) N LP(§2). It is sufficient to show that {U(t,7)} is
pullback D-asymptotically compact, i.e., for any ¢t € R, B e D, and any
sequences 7, — —oo and ur, € B(7,), the sequence {U,(t,7,)ur,} is pre-
compact in Hy,(2) N LP(£2). Due to Lemma 3.6} we need only show that the
sequence {U,(t, n)ur, } is precompact in H,(12).

Denoting uy,(tn) = Uy(t, 7n)tr, , we have

(3.30)  [lun(t) — um(t)|%
_ —<d“" ()~ L (1), () — um<t>>

dt dt
— {0 (8)) = S n(®): 0 (8) = ()
< [0 = (0] (8 = O+ (1) = 0

Hence by Lemmas [3.6| and [B.7] we have [|uy, () — tm ()], — 0 as n,m — oo,
which completes the proof. =

4. Estimates of the fractal dimension of the pullback D-attrac-
tor. From now on, besides (G) we assume the external force g satisfies the
following additional condition:

(G') g € L>®(—00,T*; L>=(£2)) for some T* € R.



Parabolic equations with Hardy type potentials 177

LEMMA 4.1. Under conditions (F), (G) and (G'), every trajectory
{u(t) }+er lying on the pullback D-attractor A, = {A,(t) : t € R} is bounded
in L (—o0,T*; L>(12)).

Proof. Let u(t) be an arbitrary trajectory lying on Au- First, multiply
the first equation in (I.1]) by |(u — M)™|, then integrate over {2 to get

3o V=2 Pdo s § VuVia— 20" do
M 2um
— ﬁuKu_M)ﬂdx—{— | f@)lu—d)tde= | g(t)|(u—M)*|dz.
Qup Q2 2m

We remark that on 257, u(u — M)™ < |ul?, so it follows from the Hardy
inequality that

|(u — M) |dx > S [|Vu\2 - 'u|u]2} dz

VuV(u—M)Tde — \ —su
QS QS ||2 I |2[2
M M M
>Ny | ufdz >Ny, | (w—M)Tda.
Qum 03V,
This gives
1d
5 V l(u= M) P de+ Aoy, | [(uw—M)Tda
M O
< | (g®) = fF)|(uw—M)"|da.

2

Since g € L>®(—o00,T*; L>®(£2)), there exists K > 0 such that |g(¢,z)] < K
for a.e. (z,t) € 2 x (—o0,T*). By hypothesis (F') we can choose M large
enough such that f(u) > K when u > M. Then

d

= V=M Pde 200, | [(u— M)t dr <0,

2 2y
By the Gronwall inequality, we have, for all ¢t < T,
S [(u(t) — M) |2 do < e~ Pron (=7 S |(uyr — M)|*dz — 0 as T — —oc.
2 Oy
By the invariance of flu, we have
(4.1) | lut) - M)t de=o0.
Q(u(t)=M)

Repeating the same steps above with (u + M)~ instead of (u — M)™, we
deduce that
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(4.2) | |(u(t) + M)~ 2dz = 0.
2(u(t)<—M)
Noticing that M we have chosen here is independent of ¢, it follows from
(4.1) and (4.2) that
||UHLOO(_OO7T*;LOG(Q)) <M. =

LEMMA 4.2. Under conditions (F), (G) and (G"), the pullback D-attrac-
tor Ay = {Au(t) : t € R} satisfies
(4.3) U A, (7) is relatively compact in L*(£2).

T<T*

Proof. Since g € L®(—o0,T*; L*°({2)), there exists a constant C' such
that |g(t)|3 < C for a.e. t < T*. Therefore

t t s
ro(t) = 20(1 + et S e Mnd|g(s)|3 ds + e Mont S S eMnm|g(r) |3 dr ds)
C C
< 2c<1 + E + m) =:79.
We denote
B(t) = {v e L*(92) : |v]3 < ro}.
Then

B* = U B(7) is bounded in L*(2).

T<T*

Let us denote by M the set of all y € L?(£2) for which there exists a sequence
{(tn, ) }n>1 C R? satisfying 7, < t, < T%, limy, o0 (tp — 7)) = +00 and a
sequence {ug,} C B* such that limy, .o |Uy(tn, 7)uon — yl2 = 0.

Observe that

(4.4) Ayt)yc M forallt <T.

In fact, by the definition of A#, if t<T™ and y € A, (t), there exist a sequence
T, <t and a sequence ug, € B(7,) C B* such that lim,, .o |U(t, Tn)uon — Y2
= 0. Consequently, taking ¢, =t for all n > 1 we conclude that y € M.

On the other hand, M is a relatively compact subset in L?(£2). In fact, if
{yktr>1 C M is a given sequence, for each k > 1 we take a pair (t, 1) € R?
and an element ug, € B* such that t;, <T™, t, —7, >k and U, (t, 7%)vor — Yk|2
< 1/k. Then we can extract from {yx}r>1 a subsequence that converges
in L2(£2).

As M is relatively compact in L?(£2), taking into acount we obtain
E3). =
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LEMMA 4.3. Suppose f is a C? function satisfying (F), and g satis—
fies (G) and (G'). Then the process U, (t 7') assocz'a,ted to problem

has the quasidifferentiability properties (2 and (2.15) with v(t

v(t, T, up,vg) being the solution of
ve L2, T;H L(£2)) N C(]r, T]; L%(92)),

(4.5) %—A +Wv—f’( u)v,
v(T) = vy.

Proof. Fix 7 < T%, ug,up € K(7) and denote u(t) = U,(t, 7)uo, u(t) =
U, (t, 7)uo and v(t) the solution of (4.5) with vg = Wy —wuo. Let z(t) be defined
by z(t) =u(t) — u(t) — v(t), t < 7. Then z satisfies

z € L3(r,T; H,(2)) N C([r, T]-LQ(Q))

(4.6) %—A +Wz—f’( u)z —
z(1) =0,

with h = f(u) — f(u) — f'(u)(@— u). Taking the inner product of (4.6)) with
z yields

1d
2 dt

where p’ is the conjugate exponent to p.
On the other hand, since f is C?, it follows from Taylor’s theorem that

h(@)| < 51£ @) o~ al?

for some ¢ on the line segment joining u(z) to @(z). Since both u(t) and u(t)
lie in A(t), they are bounded in L°°({2) and so

(4.8) |h(2)| < Clu(z) —u()|?

for some constant C.

It follows from (4.8)), if we write h(t) = h(u(z,t)), that
IR, < C  fult) - a(t)* dz

9]

= O\ fut) = a() > u(t) - u(t)*~ do

9]
< Clu(t) —a(t)*~,

where we have used the Holder inequality and the fact that u(¢) and v(t) are
bounded in L*°(£2). So we have

1R()|| o < Clu(t) —a(t)| @9/,

(4.7) 2+ 1205 < Ozl + |hl 2] Le,
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and if we choose € = 2 — p/(1 + §) for some ¢ € (0, (2 — p')/p’), we obtain
IR ()l < Clu(t) —a(t)]'*.
On the other hand, it is easy to check that
Ju(t) = a(t)? < D ug — .
Therefore, ||h(t)||» < Ce+9|yy — 75|+, So from we have

1d

0)¢ 1)
5 Sell? + 2112 < €122 + Cel g — |,

< 0)2]% + Ce2HDU g o |2(04+0) 4 Z”ZHZ'

Hence, neglecting the Hz||i terms, we get

1d
2 dt
Using the Gronwall inequality, we obtain

|21 < k(t)luo — o2,

— 2% < 0|2)? + Ce2FD g — 7o 2(1F9),

Then
|2 < VE(t)|uo — |,
Choose y(t,r) = \/k(t)r® - 0asr — 0. m

THEOREM 4.4. Suppose f is a C? function and satisfies (F), and g sat-
isfies (G) and (G'). Then there exist qj, j = 1,2,..., such that

g <q; foranyj=>1  qny >0, gnet1 <0 for someng > 1,
qquno—i_(qno_anJrl)(nO_j) fO?” allj:172>"'7
where §; is defined in (2.16) with F(u) = Au + ﬁu — f(u) +g. Thus,

dng

dr(A(T)) <max{l,do} forallT € R, wheredy:=ng+ ————.
QTLO - qno+1

Proof. We have
F'(Uyu(s,T)ur)e; = Ae; + a ——e; — f'(u)e;.

Then
(P U 7)) = ~{ [ Vel do = | Poctaoh = | et o
(% (% |J}| (7
no 2
< —{S |Ve;|* dx — S Wel da:} + ¢,
2 %)
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where we have used the facts that —f/(u) < ¢ and {, e dz = 1. Therefore
J
Ty [F'(Up(s, m)ur)] = sup »(F'(Up(s, T)ur)es, ei)

i<j i=1
J
< —Z(X Ve |* dx — S ’526?6&6> + 45
i=1 Q2 Q
-3

(A, ei) 2y +45 (Au:= —Au — (u/|z[*)u)
i=1

J
<Y \IVeilPdz+1tj (Cu=1-p/p)
i=1 (2
J

Z (—=Aei, i) 20 + 4J.

By using the inequality
J

J
Z(_Aei7 €i)r2(0) = Z i(£2

i=1 i=1
and the inequality (1.3) in [14]:

NCN —2/N, (N+2)/N NN(Q)
ZA 5N ()7 m My gy

where Cy = (271)%);,2/]\[, wy is the volume of the unit ball in RY, ux(£2)
is the N-dimensional volume of 2, My = ¢/(N + 2), with ¢ < (27 )2 ;,4/ ,
but ¢ independent of N, and I(§2) = min,epn §, |2 — a|? dz, we get

Ty [F' (U, (5. 7))

NC N o

~Cug i (2) NN — O MY R(2)5 + (]
(R(2) := pun(2)/1(12))

__o NCy “2/N (N+2)/N 7 ;

= CHN+2/1N(Q) J + 117

— _KjONFN 4

where l[; = £ — C,MyR(f2) and K = C'u]]\\[[(j_gu (2)72/N_ Hence, we get
G < —KjNIN 11y = GK (L /K — ).

If 0 <1y < K, then taking ¢; = jK (1 — 32N and ng = 1, we can apply
Theorem 2.9 to obtain
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drp(A(T)) <1 forall T <T™.
If I; > K, then taking ¢; = jK(I1/K — j2/V) and ng = [(I1/K)N/?],
where [m] denotes the integer part of a real number m, we have
dno = K[(/E)N?) (/K = [/ E)NPIN) > 0,
Gno-+1 = K[(1/K)N? +1)(10/K = ([(L/K)Y?] + 1)*N) <0,

and

qno + (Qno - qno—i—l)(nﬂ - .7)
= noly — Kn{" TN 4 (K (ng + D)NHN — gV (g — ).
In order to show that ¢; < gny + (¢ny — Gno+1)(no — j), we will prove that
KJ(N+2)/N _ Kn(()N+2)/N > (K(n() 4 1)(N+2)/N —Kn(()N+2)/N)(j _ nO);
or equivalently,
(mo + )N — ¥ G — ) < JOFAN NI,

The last inequality follows from the fact that for all n € N*,

N+ 2
n+2)"=(n+1)">(Mn+1)"—=n", where 1<m::T+<2_

We now apply Theoremto get dp(A(T)) < no+ qg"ﬁ for all 7 < T,
70 70

If {1 < 0, then taking g; = —{1(1—j) and ng = 1, we get gn, = 0, gno+1 =
1 < 0; applying Theorem we obtain

dr(A(T)) <1 forall 7 <T™.

Finally, since U,(t,7) is Lipschitz in A(7), it follows from [I5, Proposi-
tion 13.9] that dp(A(t)) is bounded for every ¢t > 7 by the same bound. =

5. The upper semicontinuity of pullback D-attractors at y = 0.
The aim of this section is to prove the upper semicontinuity of pullback D-
attractors 121“ at ¢ = 0 in L?(£2). Notice that in this section, we let p — 0,
thus we can assume p < p*.

LEMMA 5.1. Let hypotheses (F), (G) and (G') hold. Then for allt < T*,
for each compact subset K C L?(£2) and each T > 0, we have
UL (t, T ur — Up(t, T)urlz < uC - for all T € [t — T, t],u, € K,
where the constant C' is independent of T and u, (but depends on T, K).
Proof. Denote U,(t, T)ur = u(t) and Uy(t, 7)u, = v(t). Letting w(t) =
u(t) — v(t), we have
L

wy — Aw — Wu—i—f(u) — f(v) =0.
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Multiplying this equation by w, then integrating over (2, we get

L g+ | <|wy2 - ‘;"uw) dz -+ | (f(u) — f@)wdz = 0.

n 0

Since f(u) — f(v)w = (f(u) — f(v))(u —v) > —llu —v|* = —L|w|?, we have

1d 2 2 H 2 o 2
- — - dr — \ —svwdx — /¢ <0.
5 dt!wb—i—})(!VU\ | |2|w] x émsz x—Llwlz <0
Hence
d 9 2

Notice that when p < p*, H,(£2) = HZ(£2), so we can estimate

(5.2) (s)w(s) dx

)
0

()22 (1 lwls) 2N

§<5 |:c|2> (}2 af? >

< o(JIvuar) " (V)P + [voeP) dr) ™ oy @)
2

2
< Cllo(s)l|u((lw(s)llw + [[o(s)]],x)

S
< Ce Mt <e>‘17‘”|u7\% + eMns 4 S eMnT|g(r))3 dr) (use (3.3))

—00

QD

t
< O (Mt [F 4 Mt 4 | M lg(r) B dr).

— 00

From (5.1) and (5.2)) we get
d
63) (s

t
< ()l + Cp (N rfurld + Xt | Marlgr) Bar) e

— 00

< flw(s); + C(K, t, g)pe 1w

Integrating from 7 to r with respect to s, where s < r < t, and keeping in
mind that w(7) = 0, we get
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eiAl,H(th)

(5.4) w(r)f3 < ¢
A

lw(s)|3ds + C(K,t,g)n

<\ |w(s)|3ds + C(K,t,g,T, A1) b

N 3 Y e 3

Now applying the Gronwall inequality, we get

(5.5) lw(t)]3 < Cp,

where C' is independent of 7 and u,. This completes the proof. u
THEOREM 5.2. Let hypotheses (F), (G) and (G") hold. For any bounded

interval I C R, the family of pullback D-attractors { A, : p € [0, u*]} is upper
semicontinuous in L%(£2) at 0 for any t € I; that is,

lim sup dist 72()(Au(t), Ao(t)) = 0.

#=0 ey

Proof. We will verify conditions (i)—(iii) in Theorem [2.11] First, condition
(i) follows directly from Lemma

By Lemma there exists a family of pullback D-absorbing sets B(-) =
B(ro(+)) of the process {U,(t,7)}, which is uniform with respect to the pa-
rameter p € [0, 1*). By the definition of pullback D-absorbing sets, for any
t € R, there exists 79 = 79(t) <t such that

(5.6) U Uut,7)B() C B(t) = B(ro(t)).

T7<70

By Theorem we see that
(5.7) Au(t) = m U Upn(t, 7)B(7).

From , , we get
(5.8) Au(t) € Blro(1))-

Now, for given ¢ty € R we can write

(5.9) U U A0 c U B@o®)

nel0,u*] t<to t<to
We have
(5.10) . L
ro(t) = 20(1 + e~ Mt S eMnd|g(s)3 ds + e Mont S S e g(r)|3 dr ds)
—o0 —00 —00
C C
< 20(1 + 9 2).
/\17;1 AT S
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Hence, from (j5.9),

U U A,(t) is bounded in L?(£2) for given to,
pe0,pr]t<to

i.e., condition (ii) of Theorem is satisfied.
From (j5.8) we see that, for each t € R,

(5.11) U 4u() € Blro(t)),

o<p<p*

thus Uy <, Au(t) is bounded in Hy,(£2) and hence

U A,(t) is compact in L?*(£2),
O<pu<u*

since H,(£2) C L?*(£2) compactly. Thus condition (iii) of Theorem
holds. =
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