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Solutions of singular semilinear elliptic equations with
critical weighted Hardy—Sobolev exponents

by QI-Wu Du (Chongging and Chengdu) and
CHUN-LEI TANG (Chongqing)

Abstract. Some solutions are obtained for a class of singular semilinear elliptic equa-
tions with critical weighted Hardy—Sobolev exponents by variational methods and some
analysis techniques.

1. Introduction and main results. Consider the following semilinear
elliptic problem

(1.1)
*(G,S)—
LR U (GO Ry O

— div(|z|7**Vu) - M‘x|2(1+a) EFE 2]

u =0, x € 052,
where (2 is an open bounded domain in RY (N > 3) with smooth boundary
02,0 0,0<a< Vi, T2 (N=22/4,0<p< (Vi—a)? 22 <5<
2(14+a),0< 0 <2(1+a), feC(2xR,R), and
A 2(N —s)

N -2(1+a)

Note that 2%(0,s) = 2%\/:28) is the Hardy—Sobolev critical exponent and
2N

N-2

is the Sobolev critical exponent. In the case p = 0, problem is related

to the well known Caffarelli-Kohn—Nirenberg inequalities (see [CKN])

2*(a, s)

2* £ 9%(0,0) =

2

(1.2) ( | el @ d:c) O < O | 272Vl da,
RN RN
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for all u € C3°(RY), where —0o < a < /i and 2% < s < 2(1 + a).

For sharp constants and extremal functions, see [CW]. If s = 2(1 + a) and
2*(a,s) = 2 in (1.2)), we get the following weighted Hardy inequality (see
[CWL ICC]):

Jul? 1 -2 2
(1.3) de < ——= |z| 7| Vul|* dx
for allu € C§°(RYN). If a = 0, (1.3)) becomes the well known Hardy inequality

”U‘P 1 2 oo (mN
S —dasgﬁ S |Vu|*dx  for all u € Cg°(R™).

RN |$|2 RN

For p € [0, (/i —a)?), we use H, = H}(£2, |z|~2%) to denote the completion
of C§°(2) with respect to the norm

2 2 u? 2
= (S (m v _’”‘!mea))dx) |

Q
which is equivalent to the usual norm of Hg(£2,|x|72%) due to (1.3), and
[

WO} (] WL g 7 e

ER

(1.4) A= Ag, ()2

is the best Hardy—Sobolev constant, which is independent of {2 (see [KLP]).

Problem in the case a = s = 0 and ¢ = 0 has been studied by some
authors (see [CHL [CW] IGP [T]), and some interesting results were obtained.
In particular, if u = 0, the problem has been widely studied since Brezis
and Nirenberg (see [ABC| BN, lJ]); some other authors paid much attention
to the singular problem with Hardy—Sobolev critical exponents (the case
a=0,s#0,0=0) (see [DT} IGKl IGY, [KP1l [KP2]). But there are few
results dealing with the case a # 0, s # 0, ¢ # 0 and the general form
f(z,t). In [HWT], the authors only studied the case o = 0 for the general
form f(z,t) under suitable conditions; in [K], the authors only studied the
special case a = 0 and f(x,t) = A|t|2"'t with suitable ¢. In this paper,
we use a variational method to deal with problem and generalize the
results in [HWT].

Due to the lack of compactness of the embedding H, — L? (£2) (see
[GY]), we cannot use the standard variational argument directly. The corre-
sponding energy functional fails to satisfy the classical Palais—Smale ((PS)
for short) condition in H,. However, a local (PS) condition can be established
in a suitable range. Then the existence result is obtained via constructing a
minimax level within this range and using the Mountain Pass Lemma due
to A. Ambrosetti and P. H. Rabinowitz (see [Ral).

Here are the main results of this paper:
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THEOREM 1.1. Suppose that 0 < a < /i, 0 < pu < (Vi —a)?, 282 <
s<2(l+a),0<o<2(1+a)and

(f1) f € C(2 x RT,R), and f(z,t)/t = 0 (t = 0F), f(z,t)/t""1 =0
(t — o) uniformly for x € 2, where r = 2* if 0 < o < ]2\,]\1‘;, and
r=2%(a,0) if 2% <o <2(1+a);

(f2) there exists a constant p > 2 such that 0 < pF(z,t) < f(z,t)t for
all v € 2 and t € RT\ {0}, where F(x,t) is the primitive function

of f(z,t) defined by F(z,t) = Xg f(z,s)ds.

Assume that

N -0 N—U—Qﬂ}
1.5 > max 1 2, e ,
(15) g { g Vi —a
where B = /(VTi — a)? — i and v = /i — a + 8. Then problem (1.1)) has a

positive weak solution.

COROLLARY 1.2. Suppose that N > 4(1+a), 0 < a < /@, 0 < pu <

(Vii—a)?—(1+a)? 282 <s<2(1+a) and 0 < 0 < 2(1 + a). Assume

that (f1) and (f2) hold. Then problem (1.1) has a positive solution.

THEOREM 1.3. Suppose that 0 < a < /i, 0 < pu < (Vi —a)?, 284
s<2(1+a),0<0o<2(1+a)and
(f3) f € C(2 x R,R), and f(z,t)/t — 0 (|t| — 0), f(x,t)/t"1 = 0
([t| = o) uniformly for x € £2;
(f4) there exists a constant p > 2 such that 0 < pF(x,t) < f(z,t)t for
allz € 2 and t € R\ {0}.

Assume that (1.5) holds. Then problem (L.1|) has at least two distinct non-

trivial solutions.

IN

COROLLARY 1.4. Suppose that N > 4(1+a), 0 < a < I, 0 < p <
(Vi—a)?—(1+a)?, ]%[]X‘; <s<2(14a) and0 <o < 2(14a). Assume that
(f3) and (fy) hold. Then problem (1.1) has at least two distinct nontrivial

solutions.

REMARK 1.5. Our theorems generalize the results in [HW'T] where the
authors only studied the case o = 0 with general f(x,t). Moreover, Theo-
rem |1.1] also generalizes [Kl, Theorem 1.1] where the author only considered
the special situation that @ = 0 and f(z,t) = A|t|7" ¢ with suitable q.

2. Proofs. In order to study the existence of positive solutions for prob-
lem ([1.1)) we shall first consider the existence of nontrivial solutions to the
problem
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(2.1)
T A (0 L L C2L 3D
div(|z|7**Vu) ,u‘x|2(1+a) = 2 + P xz € 2\ {0},

u =0, T € 012,
where u™ = max{u,0}. The energy functional corresponding to problem
(2.1)) is given by

1
I(u) =5 |
9}

—2a|y7,,|2 u’ d
||Vl —MW €z

_l’_
Fovl) g, wem,

]

By the weighted Hardy—Sobolev inequality and (f;), I € C'(Hy,R).
Now it is well known that there exists a one-to-one correspondence between
the weak solutions of problem and the critical points of I on H,. More
precisely, we say that v € H, is a weak solution of if for any v € H,,

/ _ —2a _ uv
(I'(u),v) = é}(]m\ VuVu u|x’2(1+a)> dx

-

2

(u+)2* (a,8)—1

z,ut)v
Sf( )

Edid

vdx — dx

|z[*
=0.

Let {u,} be a sequence in H, and ¢ € R. Then {u,} is said to be a (PS).

sequence in Hy if I(u,) — ¢, I'(up) — 0 in (Hy)* as n — co. We say I sat-

isfies the (PS). condition if any (PS). sequence {u,} C H, has a convergent

subsequence.

LEMMA 2.1. Suppose that 0 < a < /@i, 0 < p < (VA —a)?, 3% <

s <2(1+4a)and 0 < o < 2(1+ a). Assume (f1) and (f2) hold. Suppose

* 2% (a,s)
ce (0, 2215‘1’(8(3;)2142*(@75)*2). Then I satisfies the (PS). condition.

Proof. Suppose that {u,} is a (PS). sequence in H,. By (f2), we have

e+ 1 oDl 2 Tun) = 51" (), )

11 , (1 1 (u;h)? (@)
(== u, - n d
(31 + (5 2*<a,s>>§z FE

{ Floud) = b

||

dx

0

11 )
> (2=
> (5wl
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where 6 = min{p, 2*(a, s)}. Hence we conclude {u,} is a bounded sequence
in Hy, |Juy|| < Cp < co. Taking a subsequence if necessary, we can get

up — u  weakly in Hy,
U, = u in LY(82), 1 <y < 2%,
Up = U a.e. in 2,
as n — oo. It follows from (f;) that there exists d; > 0 such that
|f(x,t)] <t forallte[0,6;] and = € 2,
and for any € > 0, there is d3 > §; such that
|f(z,t)| <et™™! forallt>dy and x € 2.
Moreover, there exists M > 0 such that
|f(x,t)] < M forall x € 2 and t € [61,52).
Hence, we deduce that
\flx,t)| <t+et™ P M <et™ 1+ (1+ M5t

for all t > 0 and all € £2. Then, for any € > 0, there exists a(¢) > 0 such
that

|f(z, t)t| < elt]” +al(e)|t]*  for all z € 2 and t > 0.

By the weighted Hardy—Sobolev inequality (1.3]), there exists a constant
C > 0 such that

(2.2) | ul® dz = | ﬁm?(lﬂ)*ﬁ dz < C||ul|?
EFECD -
o} 19
for all w € H,. Therefore, there exists a constant § > 0 such that
2
S \u|a dx < £
V< a6

for any subset E C (2 with meas(E) < ¢, where meas(-) denotes the usual
Lebesgue measure in RV,
In addition, there also exist constants Cy > C7 > 0 such that

2% 2%
u u 2Na _
S ”x‘o' dr < S | ’2Na |x’N7% 7 dx < ClHuHQ*

0 Q |z N2
for0 <o < ]2\,]\1‘; and all u € H,; and
U 2*(a,0) .
| o < Coljl

2

for 2¥4 < o < 2(1+a) and all u € H,. So we get
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T
| g < Collul”
NEE

for 0 <o < 2(1+a)and all u € H,. Now, set §p = min{d,e/a(e)}; when
E C 2 with meas(F) < dy, we get

+ + 2 r
S f(xuuz-)un d(l?’ < S ‘f(x7ut:)un| dr < a(E)S ’ung| d$+€S |unL dx
v R Ve @ He) g
< e+ (.

+
Hence {SQ % dr :n €N } is equi-absolutely-continuous. According

to the Vitali convergence theorem (see [Rul), we deduce that

+ +
(23) [ Lo g, g Het
)l )T
as n — oo. Similarly, we have
F + F +
(2.4) | e g (B 0T) g,
)Tl )T

as n — oo. Let v, = u, — u. Since I'(u,) — 0 in (H,)*, we obtain

VRGP (G751
LT STl

x =o(1).

lunl® —

From the Brezis—Lieb lemma (see [HL]), we have

|un|? up — ul? |u|?
Sidx—gidxﬁgidx
2(1+ 2(1+ 2(14a)
o PO T e
2*(a,s . 12%(a,s 2*(a,s
i M ekl MY e
(2.5) p I no 1l POEY
' Vg |? Vu, — Vul? Va2
S 2a dm_SWdIE—)S | |2a d.’E,
Q2 |z - x o p
2*(a,s)—2 2*(a,s)—2
S [ 5 upv dr — S 4 —uvdz, v € Hg,
Q2 2] |z
as n — Q. By " and ‘ , we get
+)2"(a,s) +12*(a,s)
26) O = foallP+ - | U g L g
] fl@,uD)u
||

2
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and

(2.7) lim (I’ (up,),u) = (I'(u),u)

n—oo

+\2*(a,s) +
ST CAP iy M (A0 L M

A Vg
It follows from ([2.7)) that
1
() = () — 3 {1'(u), )
+\2*(a,s) 1 + F +
Y RS S )l A o ACL AR U (A CEL A Y
2Ty e ) ol
From (f2), we conclude that
(2.8) I(u) > 0.
Since I(u,) — ¢ (n — o0), combining (2.4) with (2.5)), we obtain
1 1 (uh)? (@) F(z,u))
[(Un)_7||unH2_ * S 5 s - Siﬂndm
2 a5 ) o L
1 2 1 2 1 (UTJLF)Q*(Q’S)
= —|lu, = - d
1 +\2*(a,s) F
(a5 ) o I
| L (b))
=17 “lonll? = n d 1
(U)+2H'v ” 2*(a’5) S |x’5 w+0( )
=c+o(1).
Therefore,
1 1 (v;f)% (@)
2.9 I —|Jvnl* — n dx = 1
@) 1+ gl = gy L de= e ot)
From (2.6)) and (2.7]), we have
+\2*(a,s)
ol — § 2 e = o)
)

Then |jv,]| — 0 as n — oo. Indeed, otherwise there exists a subsequence,
still denoted by v,,, such that

+\2*(a,s)
(2.10) vl = &k and S (v"’)|sdx—>k as n — 0o,
x
Q
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where k is a positive constant. By (1.4]), we deduce that

+)2* (a,s)

2*(1,5)

FE ) for all n € N;
T

0

2 2
hence k > Ak>@s) ie., k > A?7@s)-2_ which, together with |D and

(2.10), shows that
1 2*( ) 2% (a,s)
I(u) =c— <k k< —7A2*<a3>2<0
(u) =c 2 + 2*(a,s) — T 2*(a, s)

This contradicts (2.8]).

Therefore, ||v,]|> — 0 as n — oo, which implies that u, — u in H, as
n — oo. From the discussion above, I satisfies the (PS). condition. m

Recently, the authors of [KLP| proved that for O <a<Vo,0<pu<

(VI — a)?, ]2\,]\165 <s<2(1+4a)and g =/ (Vi —a) , A is attained

when 2 = RV by the functions

(2 - 2 (a, 5)8%) @0

el (e + 2] @9)-2)8) =2

for all € > 0, where v/ = /i — a — . Moreover, the functions y.(x) solve
the equation

PP T al

— div(|z|2*Vu) —
and satisfy
2 ve (@) ye () B
S(mrﬂv%<>—wt§;)dw=8dw=A”“*’
RN ’ ‘ RN z
Let
1
C. = (2¢-2%(a,s)H)T@92,  U.(z) = y(z)/Ce.
Choose a cut-off function ¢ € C§°(f2) such that p(z) = 1 for |z| < R,
p(x) = 0 for |z|] > 2R and 0 < ¢(x) < 1, where Bag(0) C 2. Set
u(7) = p(2)U:(2), ve(x) = ue(2)/(§,, [uel? @) |z|* dz)/? (@9 s0 that
$o [v:|%"(@3)| 2|75 dz = 1. Then we can get the following results by the meth-
ods used in [GY]:
(2.11) At CoeT@a? < |l |2 < A+ Cue T2,

and
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(2.12)
o ve|? o
Cre @2 < | |7 dr < Cee (@92, l<g<(N-a)/v,
9}
Cse - Z@s)-2|lne| < S @)= 2|lne|, ¢=(N—o0)/7,
2
Cre T@o-08 < S o " < Coe @8 ,  q> (N —0)/v.
2
Moreover, we obtain
T
(2.13) S |‘v€’\a dr < C5(24)/%  ase — 0T
x
2

In fact, using the Hardy—Sobolev inequality and (2.11)), one deduces

T
| |”€|U dr < Cyl|vs||” < Co(A + CueT@a2)/2 < Cp(24)"/2  as e — 0%
Vil

LEMMA 2.2. Suppose that 0 < a < /I, 0 < pu < (Vi — a)?, ]2\,]\_7% <s<
2(14+a) and 0 <o < 2(1 4 a). Assume that (f1), (f2) and (1.5) hold. Then
there exists ug € Hgy, ug # 0, such that

2*(a,s) — AQEZ}%

sup I (tug) <
tzlg (tuo) 2-2%(a,s)

Proof. We consider the functions

2 £ (a:9) F(z,tv.)

t) = I(tve) = — v — - =0 d
9(t) = I(tve) = — ||vel] 2(a.5) | A
_ 2 ) t2*(a,s)
g(t)_§”U€|| _2*(0,,8)'

Note that g(t) = —oco ast — 00, g(0) =0, g(t) > 0 ast — 07, so sup;>q g(t)
is attained for some ty > 0. Since

a.s 1 ,
0=t = o (e - 3100 L Fm o )

to |z]|7
we have
O A e AL L A

to
Q
which, together with (2.11f), shows that
to < HU m =2 tD (2A)2*(a -2
By (f1), for any € > 0, there exists a(¢) > 0 such that
|f(z, )| <&t +a@)|t| forallzec 2 andt>0.

Hence, we obtain
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*(as)— B t r—2
fort? < 5 e 2 1L an o) § " €||a ar.
0
Set &= (4C»(24) @92 (24)7/2)"1 A. By (2.11)(2.13), for £ small,
* r—2 *
A< [oel? < 6 @077 4 B0y (24) T 24) 2 + LA =15 07 4 LA,

that is,

(2.14) tg*w*? > A/2.

On the one hand, from we will deduce that

2- 2*(a s) 2* (a,s)
(2_15) HU Hz*(a =2 < A2(a,5)—2 _|_C762*(a DEFE
In order to prove this, we first prove the following inequality:
(2.16) (a+b)<a*+Xa+1D 1, a>0,0<b<1,A>1.

In fact, set
h(z) = (CL—F.I'))‘—Q)‘—)\(a—i-l))‘_lJJ, a>0,0<z<1, A>1.
Clearly, h/(x) < 0 x € (0,1), so h(b) < h(0) = 0; then (2.16]) holds. Let

0= A, b=y, A= 20 then (2.15) holds.

On the other hand, the function g(t) attains its maximum at t°, and
is increasing in the interval [0,°]; together with (2.11)), (2.14)), (2.15) and
F(z,t) > Cs|t|” which is directly derived from (f2), we deduce that

~ F(x,tove)
glto) < g(t°) — | Taadx
Q

M) =2, e Eotu)

2-2*%(a,s) b |z|7

&AQ"?;}Z@)& 3 _|_0962 (a, 9) 2 S de
-2 T(es) STl

- *(a.s) p

< MAW —I—C’gstQs)—z _088 to|ve| p

2. 2*(0,, 3) s ’x‘o-

P

2% 2*(a,s) o= )
< LAQ*(QS =2 +Cg€2*(a5) 2 _ S |Us| iz,

2-2%(a, ) 2 1) |z[7

where Cy = C7 22*22(52_)2 . Furthermore, from (2.12)), we get
%
S @s)-2F
2
By (IL.3)), we obtain
2 N—o0—p(Vit—a)

2 (as) -2 (2(as) - 2)p
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Choosing ¢ small enough, we have

sup I(tve) = g(ty) < —————

up ftee) =900 < 5 5 ar)

Proof of Theorem[1.1, By (f1), for any & > 0, there exists b(¢) > 0 such
that

2*(0’7 8) A2*2(*C‘(Z)5>2 o m

|f(z,t)] < €|t| +b(e)|t|""t  for (x,t) € 2 x (0,00),
|F(z,t)] < = ]t!Q (:) t|" for (z,t) € 2 x (0, 00).

Combining this with the Hardy-Sobolev inequality, (1.2) and (2.2)), we have
+\2*(a,s) F +
@O F)

I(u) = =|jul®* - dx
@ =3l - e R )
Lo (Cag) @2 e € Jul? b(e) ¢ Jul”
> —_ s a,s) _ —
1o (Cae) @92 1 ey CEr 1o CQb( ) o
> R e o)
> gl - S P~ 22y

for e small enough. So there exists a > 0 such that I(u) Z a for all u €
OBr = {u € H, : ||u|| = R}, where R > 0 is small enough. By Lemma [2.2]
there exists ug € H, such that ug £ 0 and

2* 2% (a,s)
sup I(tuo) < &AQ*(a s)— 2,

t>0 2. 2*(@, S)

From the nonnegativity of F(z,t), we obtain

1 t2*(a,s) (u+)2*(a,s) F(JE tu+)
I(tug) = =t*||uol® — 0 d 024
( UO) 2 HUOH 2*(@,8) |x‘s €L S ‘x|o' €L
2 2
1 tQ*(a,s) ut 2*(a,s)
< gl - L ) g
2 a5 ) ok

which implies that I(tug) — —oo as t — co. Hence we can choose ¢; > 0
such that ||t1ug|| > R and I(t1ug) < 0. Applying the Mountain Pass Lemma
of [Ral, there is a sequence {u,} C H, satisfying

I(up) »c>a, I'(u,) —0,

where
¢ = inf max I(h(t)) and 7= {h e C([0,1],H,):h(0) =0, h(1) = tiup}.
heT tel0,1]
Note that
0<a<c=inf I(h(t)) < I(tt < I(t
@ S o=l ey TH(O) < oy Tttauo) < sup I (ko)
2*(a, s) — A%

2-2%(a,s)
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Now Lemma suggests {u,} C H, has a convergent subsequence, still
denoted by {uy,}. Assume that {u,} converges to some u € H,. From the
continuity of I’, we know that u is a weak solution of problem . Hence
u >0 from (I'(u),u”) =0, where v~ = min{u, 0}.

Moreover, suppose v = 0. By and , if £k =0, we get ¢ =
I(0) = 0, which contradicts ¢ > 0; if £ > 0, we obtain

* — *(a,8)
. 1_ 1 > 2*(a, s) 2A23(a78>72’
2 2*(a,s)) — 2-2%a,s)

. . 2*(a,s)—2 M
which contradicts ¢ < WAQ (a,9)=2,

Therefore, v # 0 and w is a nontrivial solution of problem (|1.1). By
the Strong Maximum Principle, u is a positive solution of problem ({1.1)), so

Theorem [L.1] holds. =

Proof of Theorem . By Theorem problem (1.1)) has a positive
solution uy. Set g(z,t) = —f(z, —t) for t € R. It follows from Theorem

that the equation

2*(a,s)—2
div(lel~2avy) % 1l g(z, u)
div(ja|™Vu) 'u|x|2(1+a) o || |z|o
has a positive solution v. Let us = —v. Then us is a solution of the equation
2*(a,s)—2
e uf f(,u)
div(|a| ™ Vu) ,u|x|2(1+a) B || |z|o

It is obvious that uy # 0, ug # 0 and w3 # ug. So problem (|1.1]) has at least
two nontrivial solutions. Therefore, Theorem holds.
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