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Comparison theorems for infinite systems of
parabolic functional-differential equations

by DANUTA JARUSZEWSKA-WALCZAK (Gdansk)

Abstract. The paper deals with a weakly coupled system of functional-differential
equations

Orui(t,x) = fi(t, z,u(t, x), u, Ozu;(t, z), Ozzu;i(t, x)), 1 €S,

where (t,z) = (t,21,...,2n) € (0,a) X G, u = {u;};cs and S is an arbitrary set of indices.
Initial boundary conditions are considered and the following questions are discussed: es-
timates of solutions, criteria of uniqueness, continuous dependence of solutions on given
functions. The right hand sides of the equations satisfy nonlinear estimates of the Perron
type with respect to the unknown functions. The results are based on a theorem on ex-
tremal solutions of an initial problem for infinite systems of ordinary functional-differential
equations.

1. Introduction. For any metric spaces X and Y, let C'(X,Y’) denote
the class of all continuous functions from X to Y. Put D = (0,a) x G where
a > 0 and G C R" is an open bounded domain. Let Dy = [—7,0] x G
and X = (0,a) x G where o > 0 and 9G is the boundary of G. Write
A=DyguUuDUX.

Let S be an arbitrary set of indices and

X ={p={prtres :pr €R, ke S}.

For D,p € X where b= {pk}k657 p= {ﬁkz}kes we write Pp<D if P < ﬁk for
kEesS.

For a sequence {p"™ },en, p™ = {pém)}keg € X, and for a point p =
{prtres € X we write lim,, oo p™ = p if lim,, o0 p,(cm) =pi forall k € S.

Denote by |-|o the supremum norm in the space of bounded real continu-
ous functions defined on A. For a sequence {u(™},cn, ul™ = {u,(cm)}keg €
C(A, X), and for a function u = {uy}res € C(A, X), we write lim,, oo u™
— w if Ty, oo [ul™ — wglo = 0 for all k € S.
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Let M, «n denote the set of all real n x n matrices. For r,7 € M xn,
"= [Tjklik=1,.m, T = [Tjk)jk=1,.n, We write r <7 if
n
D (rje = Fip)AA <0 forany A= (Ar,..., An) € R™
Jh=1
Write I' = DX X xC(A, X)xR" X My, xn and let f = {f; }ies, fi: I — R,
and o = {a; }ies, a; : Do U X — R, be given functions.
Let a function ¢ = {¢; }ies, ¢ : X — Ry, be given. Define
Yo, ={(t,x) € X : ¢i(t,z) # 0}.
Assume that a function b = {b;}ics, b; : X, — R4, is given and b;(t,z) >
B; >0on X, forieS.

Suppose that for every i € S and (¢,z) € X, there is a direction l;(t, z)
€ R™ such that for some hy > 0,

(t,z+ hi;(t,z)) € D, h e [O,ho].

We consider the initial boundary value problem

(1) Opui(t,x) = fi(t,z,u(t,x), u, Opui(t, x), Opzui(t,z)), i €S,
(2) ui(t,x) = ai(t,z), (t,x) € DoU(X\ X)), i €S,
3)  bs(t 2)uslt, z) — ci(t,x)%(t,x) —iltz), (ba) €T, i€,

where u = {u;}ics.
We say that a function u = {u;}ies, u: A — X, is a regular solution of
system (1) if:

(i)ue (A X),
(ii) for each ¢ € S the derivatives Qyu;, Oyu;, Orpu; exist and they are
continuous in D,
(iii) w satisfies system (1) for every (¢,x) € D.

If in addition, for every i € S, the derivative ‘f;ﬁ (t,z) exists at each

(t,z) € X¢,, then a regular solution is said to be Xc-regular in D.

A Y -regular solution u = {u;};cs of (1) is called a parabolic solution
of (1) in D if for any two symmetric matrices r,7 € M, x, such that r <7,
the inequality

fz(ta z, u(t,x),u, aﬂ?uz(ta CC), 7’) S fi(t7$7u(t7 $), u78$ui(t7x)7?>

is satisfied for (t,z) € D, i € S.

Differential systems with a deviated argument and differential-integral
problems can be obtained from (1) by specializing the operator f. Note that
various models of the functional dependence in partial equations are used in
the literature. Detailed comparisons between different models are presented
in [4].
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The classical theory of parabolic differential inequalities has been de-
scribed in the monographs [7]-[9], [16].

As is well known, they found applications in differential problems. The
basic examples of such applications are: estimates of solutions of partial
equations, estimates of the domain of existence of solutions, criteria of
uniqueness and error estimates for approximate solutions. Moreover, discrete
versions of differential inequalities are frequently used to prove convergence
of approximation methods. The numerical method of lines and difference
methods are classical examples.

Recently numerous papers have been published concerning parabolic
functional-differential problems. Existence results can be found in [1]-[3].
They are based on the method of successive approximations introduced by
T. Wazewski for systems without functional dependence [17]. The Chap-
lygin method is also used in existence theorems for parabolic functional-
differential problems.

Functional-differential inequalities of parabolic type and uniqueness re-
sults for initial boundary value problems were first treated in [10]-[13]. Those
papers deal with finite systems of weakly coupled functional-differential
equations. This means that every equation contains the vector of unknown
functions and the derivatives of only one function.

Infinite systems of parabolic functional-differential inequalities were con-
sidered in [15]. Monotonicity conditions and Lipschitz estimates are the main
assumptions on the right hand sides of the system in that paper. Uniqueness
results for infinite systems of parabolic functional-differential equations with
initial boundary conditions can be found in [14]. The Lipschitz condition
with respect to the functional variable is assumed in [14] and bounded solu-
tions are considered. It is important in [14], [15] that the Lipschitz constant
is common for all functions in the system of equations or inequalities. Sim-
ilar problems for infinite systems and their solutions defined on unbounded
domains and belonging to the function class E% >° were examined in [5], [6].

The aim of this paper is to study general comparison theorems for
parabolic functional-differential infinite systems. The first part deals with ex-
tremal solutions of infinite systems of ordinary functional-differential equa-
tions. The second part contains comparison theorems for parabolic prob-
lems, uniqueness criteria for solutions of problem (1)-(3) and a result on
continuous dependence of solutions on given functions.

It is essential to our considerations that the right hand sides of the
equations satisfy nonlinear estimates of the Perron type with respect to the
unknown functions. We deal with infinite systems of functional-differential
equations as comparison problems for (1).

The paper generalizes results of [10], [11], [14] and [15].
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2. Extremal solutions of ordinary functional-differential sys-
tems. Put Xy = {p = {prtres : pr =2 0, k € S}. Let C([~79,a), X) de-
note the space of all functions w = {w; };es such that w; € C([—rp,a),Ry),
1€S. PutI' = (O,a) X X+ X C([-TO,G),X+).

AssSUMPTION H[o]. Suppose that o = {0;}ics, 0; € C(I',Ry), and

1) o satisfies the Volterra condition, i.e. for each (¢,p) € (0,a) x X4
and w,w € C([-rg,a), X+) such that w(r) = w(r) for 7 € [—ro,t] we have

o(t,p,w) = o(t,p,w),
2) the following monotonicity condition holds: if i € S, (¢, p,w), (t,D, W)

€T, p = {pities, P = {Bi}ies and p < P, p; = P;, and w(t) < W(t) on
[_TOa (I) then O'i(t,pﬂ,U) S O-i(tvz_gv w)a
3) there is L € X such that

o(t,p,w) <L on I.

LEMMA 1. Suppose Assumption H[o] is satisfied and ne C([—ro,0], X4).
Then on [—ro,a) there exists the mazimum solution w(-,n) = {w;(-,n)bies
of the problem

(4) w'(t) = o(t, w(t), w),
(5) w(t) =n(t), te[=ro,0]
Moreover, if ¢ € C([—ro,a),X+) satisfies the functional-differential in-
equality
(6) D_op(t) < o(t,o(t), ¢)
and the initial estimate ¢(t) < n(t), t € [—ro,0], then
o(t) <w(t,n) forte (0,a).

Proof. Let v = {¢ities € C([-ro,a),X+) and take k € S, £ €

C([-ro,a),Ry). Put

0 Pl = (Rl s Pl ={f 7P

It follows ([8]) that there exists the right hand maximum solution Wy[¢] of
the Cauchy problem

¢'(t) = on(t, Pk, £](t), Pk, ¥, €]),
() =m(t), ¢ € [=ro,0],
and the solution is defined on [—ro,a). Put W[y] = {W[¢]}res. It follows

from the monotonicity condition for o that for ¢, ¢ € C([—7r9,a), X+) such
that ¥ (t) < () on [—rg,a) we have

W]() < Wp]t)  on (0,a).
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Denote by 2 the class of all ¥ € C([—ro,a), X+) satisfying the differential
inequality
D_1(t) < o(t, (), )
and the initial estimate 1 (t) < n(t), t € [—ro,0].
The function

w(t) = sup{Wi[v](t) : ¥ € 2},  t€[-rg,a), kES,
exists and is continuous on [—rg, a). Moreover wy(t) = nx(t) for ¢t € [—rg, 0],
k€ S. Thus @ = {wi}res € C([—7r0,a),X+) and W[](t) < W[w](t) for
€ 2, t € (0,a). Therefore
(8) w(t) <Wwl(t), te(0,a)
On the other hand, we have

Ly (310 = onlt, Pk, 5, WilB) (1), Plk. 3, Wild])

dt
< ok (t, Plk, W[w], Wi [w]](t), P[k, [w], Wi[w]])
and consequently W[w] € £2. This gives
9) w(t) > Ww](t), te(0,a).
Inequalities (8) and (9) imply that @ = Ww]. Thus @ is the right hand

maximum solution of (4), (5).
It follows from (6) that ¢ € £2 and this completes the proof.

LEMMA 2. Suppose Assumption H[o] is satisfied and ne€ C([—ro,0], X4).
Let ¢ = {¢i}ics € C([-ro,a), X+) and let w(-,n) be the right hand mawi-
mum solution of (4), (5). Put

Jp={7 € (0,a) : (1) > wi(r,m)}, keS.
If for each k € S,
D_pp(t) < or(t, p(t), @)
fort € Ji, and ¢(t) < n(t) fort € [—ro,0] then
o(t) <w(t,n) forte(0,a).

Proof. Let k € S and let yx(-,n;) be the right hand maximum solution
of the problem

& (t) = ox(t, Pk, ¢, €](t), Plk, ¢,£]),
§(t) =mi(t), t€[—ro,0],
where P[k, p,&] is given by (7) with ¢ = ¢.
Fix k € S. For t € J;, we have

D_pi(t) < ox(t, Plk, o, 0](t), Pk, ¢, k)
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and ¢ (t) < mi(t), t € [—70,0]. Thus
(10) or(t) <(t,me) fort € (0,a).
Put v(-,n) = {’Yk('mk)}kes- We have

%’Yk(tﬂ?k) = ok (t, Plk, @, v(-, )] (£), Plk, 0, (s mk)])
Sak(t77(tan)77('vn))v te (0,0,), kels.

It follows from Lemma 1 that
’Yk<t777k) ka<t7n)7 te (070’)7 k‘GS,

which together with (10) gives the assertion of Lemma 2.

3. Comparison theorems. We will estimate functions of several vari-
ables by means of functions of one variable. Therefore we will need the
operator V : C(A, X) — C([—rp,a), Xy) defined in the following way: for
z={zi}ties € C(A,X) and t € [—719,a) let Vz = {Viz}ics where

(Viz)(t) = max{|z(t,z)| : x € G}, i€S.
For p = {pi}ics € X write |p| = {|pi[}ies-

THEOREM 1. Suppose that Assumption H[o] is satisfied and the function
f=Afi}ies, fi: I’ = R, salisfies the estimates

fi(t,x,p,z,0,0)Signpi SO’i(t, |p‘7vz)7 ZGSJ

where (t,z,p,z) € D x X x C(A,X). Suppose that uw = {u;}ics is a Y-
reqular parabolic solution of (1) in D satisfying the initial inequalities

|Ui(t,l‘)| < 77@'(75)7 (t,fl)) € DOa i€ Sa
and boundary inequalities

lui(t, )| <wi(t,n), (t,x)e X\X,,, i€,

bz(t,.’E)’U,Z(t, .’IJ) <t m)cju (t .’E) < Biwi(t7n>7 (t,fl?) € 201’7 (S S7

)

where n = {n;}ics € C([—r0,0],X) and w(-,n) = {wi(:,n) }ics is the maxi-
mum solution of (4), (5). Under these assumptions we have
(11) lu(t,z)| < w(t,n) on A.

Proof. Put W;(t) = max{|u;(t,x)| : = € G} for i € S, t € [~70,a) and
let W = {W, }ies. We will prove that for fixed i € S,

D_W;(t) < oi(t, W(t), W)

where t € E; = {t' € (0,a) : Wi(t') > w;i(t',n)}. Fix t € E;. There is 2; € G
such that

(a) Wi(t) = wi(t,z;) or (b) Wi(t) = —uy(t, z;).
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Consider the case (a). We conclude that ( t,x;) is an interior point of D and
thus dyu;i(t,z;) = 0, Opzu;i(t, z;) < 0. We obtain
D_Wi(t) < Opui(t,m) = fit, @i, u(t, ), u, Opui(t, 2;), Opgui(t, x;))

If we consider the case (b) then (%ul(ﬁ x;) = 0 and —8mui(£ x;) < 0. Since

D_Wy(t) < —dwu;(t, ;) and signu;(t,z;) = —1 we have
D_Wi(t) < f;(t, 25, u(t, 2;), u, Opui (£, 7)), Ongui (£, 7)) sign u; (¢, 2;)
The assertion follows from Lemma 2.

THEOREM 2. Suppose that the function o = {0;}ics satisfies Assump-
tion Hlo] and the functions f = {fities, fi + I' — R, g = {gi}ies,
g; : I' — R satisfy the estimates

(fZ(ta z,p, =z, Q7T) - gi(tvxaﬁa z, Q7T)) Slgn(pl _pl)
So'i(ta |p—ﬁ|,V(Z—2)), iES,

for (t,z,p,z,q,7), (t,x,p,Z,q,7) € . Suppose that u = {u;}tics is a X.-
reqular parabolic solution of (1) in D and v = {v;}ies is a Y.-reqular
solution of the system

O;(t,x) = gi(t,z,v(t, z), v, 0,vi(t, x), Opgvi(t,z)), 1€ S.
Let the initial inequalities
uit, x) —vi(t, 2)] < ni(t, ), (t,x) € Do, i €5,
and boundary inequalities
lui(t, x) —vi(t,x)| <wi(t,n), (tx)eX\X,, i€,

d(uz — Ui)

bilt, ) (wilt, @) — vilt, ) = eslt 1) ==

(tvx) < Biwi(t7n)7
(t,2) € ui € 8,

where 1 = {ni}ies € C([—70,0], X4+), hold true. Under these assumptions
we have

lui(t, x) —vi(t, )| <wi(t,n), (t,x)€ D, i€ S.

Proof. Put W;(t) = max{|u;(t,z) — vi(t,z)| : * € G} for i € S, t €

[—70,a). Fix i € S. Let W;(t) > w;(t,n). There is 2; € G such that
(a) Wi(1) = wi(t,2;) —vi(t,2i) or  (b) Wi(t) = —(ui(t,zi) — vi(t,27)).
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In case (a) we obtain &Eul(f, x;) = Oxvl-(f, x;), &Txul(f, x;) < Omvl-(a x;) and
D_W;(t) < 0pu;(t, ;) — Opvi(t, ;)
< fil i wi(t, m3), w, Opui (8, 24), Opgi (2, 24))
— filt wi,wi(t, i), u, Optii (F, 37), O i (F, 7))
+ filt, wi, wi(t, 23), u, Opui (L, 4), Ongvi (£, ;)
— gi(t, i, vi(t, i), v, 0pui (£, ;) Opavi (£, 2)) < 03 (£, W (2), W),

and analogously in case (b). The above inequalities and Lemma 2 complete
the proof.

An immediate consequence of Theorem 2 is the following uniqueness
theorem.

THEOREM 3. Suppose that the function o = {0;}ics satisfies Assump-
tion Hlo] and w(t) =0, t € [—ro,a), is a unique solution of (4) such that
w(t) = 0 for t € [—ro,0], i.e. w(t,0) = 0. Let the function f = {fi}ies,
fi : I' = R, satisfy the estimates

(fl(ta x,p,z,q4, 7’) - fz(t7 maﬁa z7 q, T)) Slgn(pz - ﬁz)
Sai(ta |p—ﬁ|,V(Z—Z)), i €S,
for (t,x,p,z,q,7),(t,z,p,Z,q,7) € I'. Then the problem (1)—(3) admits at
most one X.-regular parabolic solution in D.

The next theorem concerns continuous dependence of solutions.

THEOREM 4. Suppose that all assumptions of Theorem 3 hold true and
u = {u;}ies s a Xe-regular parabolic solution of (1)—(3) in D. For ¢ > 0
and f& = {fflics, ff : I' = R, of = {af}ics, &§ : Dy U X — R, let
v = {vf }ics be a Xo-reqular solution in D of the problem

Oi(t,z) = fi (t,x,v(t, z),v, 0xvi(t, x), Oxzvi(t, x)), i €S,
vi(t,x) = ai(t,x) on DoU(X\ X,), i €55,

dve
bit, )i (ta) — it 0) T (L a) = of (b o), (La) € Do, i €S,
i
Suppose that
|fi(taxap527Q7T)_ff(t’xvpvzaQ7T)| <e on Fa
la(t,z) —a(t,z)| <e  onDyUX.

Denote by w® = {wf}ics the right hand mazimum solution of the infinite
system
wi(t) = oi(t,w(t),w) +e, i€S,
with the initial conditions
w;(t) = max{e,e/B;}  on [—rp,0], i €S.
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Under these assumptions
i (t,x) —ui(t,z)| <wi(t) on D foriesS.
Proof. Fix i € S. We have

(fz(tv x,p, 2,4, 7’) - ff(tv xaﬁa Z, q, T)) Slgn(pl _pz) < Ji(tv |p_ﬁ|7 V(Z _2)) +e
for (t,x,p,2,q,7),(t,2,D,Z,q,7) € I'. Since w® is nondecreasing and w5 (0) =
max{e,e/B;} we get € < Biw(t), t € (0,a), ¢ € S. Theorem 2 now yields
the assertion.

REMARK 1. If all the assumptions of Theorem 4 are satisfied then for
each ¢ € S we have
lin% wi(t) =0 uniformly on [—rg,a).
E—>
Indeed, for each i € S, the functions w$ : [—rg,a) — R, € > 0, satisfy the
assumptions of the Ascoli-Arzela theorem and they are nondecreasing with
respect to €. Hence the assertion follows.
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