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Verification of Brannan and Clunie’s conjecture for certain
subclasses of bi-univalent functions

by S. SIVASUBRAMANIAN (Tindivanam), R. SIVAKUMAR (Tindivanam),
S. KANAS (Rzeszow), and SEONG-A KiM (Gyeongju)

Abstract. Let o denote the class of bi-univalent functions f, that is, both f(z) =
z4a22+--- and its inverse f~! are analytic and univalent on the unit disk. We consider
the classes of strongly bi-close-to-convex functions of order o and of bi-close-to-convex
functions of order B, which turn out to be subclasses of 0. We obtain upper bounds
for |az| and |as| for those classes. Moreover, we verify Brannan and Clunie’s conjecture
laz] < V2 for some of our classes. In addition, we obtain the Fekete-Szegd relation for
these classes.

1. Introduction and motivations. Let A denote the class of functions
of the form

(1.1) f(2) :z—i-Zanzn,
n=2

which are analytic on the open unit disk U= {z € C: |z] < 1}.

Further we denote by S the subclass of functions in .4 which are univalent
on U, and for 0 < g < 1, let $*(3) and C(B) be the subclasses of S consisting
of starlike functions of order 8 and convezr functions of order 3, respectively.
Their analytic descriptions are

(1.2) 3*(5):{fes:§)%(z}cgz)) >5(ze[U)},

(1.3) C(ﬁ)z{f&S:%(lJrz;,/;(zZ))) >B(zeU)}.

The class C(0) = C is the class of convezr univalent functions.
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It is well known that every function f € S has an inverse f~! defined by

(1.4) (feof)z)=2 (z€U)
and
(1.5) (fof Hw)=w (Jw] <ro(f); ro(f) >1/4).

The inverse function may have an analytic continuation to U, with
(1.6)  fHw) = w — agw? + (203 — az)w® — (5a3 — 5agaz + as)w? + - .

Lewin L] investigated the class of functions f € A such that both f and f~!
are normalized univalent functions on U. A function in this class was called
bi-univalent and the class was denoted by o. Lewin [L] also showed that
lag| < 1.51. Further, Brannan and Clunie [BC] conjectured that |as| < v/2.
Netanyahu [N] obtained an exact upper bound |ag| = 4/3 for the subclass
o1 of o that consists of all functions that are bi-univalent and their ranges
contain the unit disk U. However, the exact upper bound of |az| or bounds
for |a,| (n > 2) for functions in the class o are not known.
Examples of bi-univalent functions are

z 1 1 1+2

1-2 2%1- 2
(see also Srivastava et al. [SMG]). However the familiar Koebe function
2/(1 — 2)? and its rotations are not members of .

Brannan and Taha [BT] introduced certain subclasses of o, similar to the
familiar subclasses $*(/5) and C(8). They defined that a function f € A is
in the class Sk[a] of strongly bi-starlike functions of order o (0 < a < 1) if
the following conditions are satisfied:

(1.7) feo and |arg(zf'(2)/f(2))| <an/2 (2€U;0<a<1),
and
(1.8) larg(wg'(w)/g(w))| < am/2 (w € U; 0 <a < 1),

where g is the analytic continuation of f~! to U.

The classes Sk(8) and C, () of bi-starlike functions of order [ and bi-
convex functions of order 3, corresponding to S*(3) and C(8) defined by
and , were also introduced analogously. Brannan and Taha found
non-sharp estimates on |az| and |ag| for functions in S} (5) and in C,(5)
(for details see [BT]). Following Brannan and Taha [BT], many researchers
(see |JAL™, [FAL GGl [HW], [SMG, XST, [XGS|, [XXS]) have recently introduced
and investigated several interesting subclasses of o and found non-sharp
estimates on the first two Taylor—-Maclaurin coefficients.

For 0 < a < 1, let K, denote the family of analytic functions f of the
form with f/(z) # 0 on U for which there exists a convex function ¢

—log(1 — z)



Verification of Brannan and Clunie’s conjecture 297

such that

(1.9) larg(f'(2)/¢'(2))| < am/2.

These classes were introduced by Kaplan [Kap| and later studied by Reade [R].
In particular, Ky is the family of convexr univalent functions and Ky is the
family of close-to-convex functions. Moreover, KCyq is a proper subclass of
Koo whenever o < ag. Similarly, the class of close-to-convex functions of
order 8 was introduced by the analytic condition [R]

(1.10) R(f'(2)/¢(2)) > B.
Motivated by the works of Brannan and Taha [BT| and Reade [R], we
introduce the following classes:

e [C,: bi-close-to-convex functions;
o Ksla): strongly bi-close-to-convexr functions of order «;
e K (8): bi-close-to-convex functions of order 3,

which are analogous to the classes of strongly bi-convex functions of order «
and of strongly bi-starlike functions of order o [BT]. Also, we find estimates
for |ag| and |as| for functions in these new subclasses. Further we verify
Brannan and Clunie’s [BC| conjecture |as| < V/2 for some of our subclasses.
In addition, we obtain the Fekete—Szegd inequality for those classes.

Denote also by P the class of analytic functions of the form p(z) =
1+ p12z + paz? + - -+ such that R(p(z)) > 0in U.

To derive our main result we use the following well known lemmas.

LemMA 1.1 ([DL MM]). Ifp € P, then |pi| <2 for each k > 1, and
(1.11) Ip2 — p1/2| < 2= |p1[?/2.

LeMMA 1.2 ([LZ1, [LZ2]). If p € P, then ps = p? + z(4 — p?), and
(112)  4ps =p} +2zp1(4 — pf) — a?p1(4 - pF) + 2¢(1 — [2]*) (4 — p})
for some x,( such that |z|, || < 1.

LeEMMA 1.3 ([Kan]). If ¢ € C, then for A € R,

1—X forA<2/3,
les — A3 << 1 for2/3 <\ <4/3,
A—1 for A>4/3.

2. Coefficient bounds for K,[a]. In the present section, we first find
bounds for the first two coefficients of the functions in the class of strongly
bi-close-to-convex of order a.. Let us begin with the definitions.

DEFINITION 2.1. Let A, (R) denote the class of functions of the form
(1.1), defined on |z| < R, for which the inverse function has an analytic
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continuation to |z| < R with series expansion
fHw) = w — asw? + (2a3 — az)w® — (543 — Sagaz + ag)w +--- .
We call the functions in A, (R) bi-analytic in |z| < R.
When R = 1, it will be convenient to omit the reference to the circu-
lar domain in Definition 2.1. Therefore, a bi-analytic function will mean a

function which is bi-analytic on U. We abbreviate A, (1) = A,-.
We note that A, is a proper subclass of A.

DEFINITION 2.2. Let 0 < o < 1. A function f € Ay, given by (1.1,
is said to be strongly bi-close-to-convex of order « if there exist bi-convex
functions ¢ and 1 such that

(2.1) larg(f'(2)/¢'(2))| < am/2 (2 € 1),
(2.2) larg(g'(w) /' (w))| < am/2 (w € ).

Here, g is the analytic continuation of f~' to U. We denote the class of
strongly bi-close-to-convex functions of order a by K [a].

Observe that if f is given by , then
(2.3)  g(w) = w — agw® + (203 — az)w® — (5a3 — bagaz + ag)wt + -,
and if
(2.4) p(2) =2+ ca2® ¥ ez Feq2t + -1
then
(2.5)  p(w) = w — cow® 4 (263 — e3)w® — (563 — Beaes + eq)w + - - -
Here ¢~ (w) = ¥ (w).

We observe that K,[aq] © Kolag] for ag < asz. Also, K,[1] = K, will

be called the class of bi—close:fo—convex functions. Finally, K,[0] = C, is the
class of bi-convex functions [BT].

Kaplan [Kap| mentioned that (2.1) and (2.2)) might be replaced by

02 "
S §R{1 + 2 } do > —ma, z=re",

VTG

and
02 1
S §R{1 + wg/ (w) } do > —ma,, w =re®.
0 g'(w)

Here, 01 < 05 <01 +2mand 0 <r < 1.
Now, we first prove the following theorem.

PROPOSITION 2.1. If f given by (1.1)) is in the class Ky[a] where 0 <
a <1, then f(z) is bi-univalent.
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Proof. For a = 1, the statement follows from the work of Kaplan [Kap|
for close-to-convex functions. When 0 < o < 1, we have K,[a] C Ks[1],
which completes the proof. m

By the above proposition, K [a] is a subclass of 0. By a particular choice
of ¢(z) in the statement of Definition 2.2, one can obtain the following other
subclasses of o:

o |arg(l —2)2f'(2)] < ar/2 and |arg(1 — w)2¢'(w)| < am/2;
o |arg f'(2)| < ar/2 and |arg ¢’ (w)| < ar/2 (studied by Srivastava et al.
[SMG]).

THEOREM 2.1. Let 0 < o < 1, and let f given by (1.1)) be in the class
Ksla]. Then

(2.6) laz| < V1 + 20,
(2.7) las| <14 2a.

Proof. From and we get
(2.8) f'(z) = ¢/ (2)[p(2)]"
for some p € P. Similarly, there exists g € P such that
(2.9) g'(w) = ¢'(w)g(w)]".
Now, p, q have series representations
(2.10) p(2) =1+ p1z+pez® +p32® +-- -,
(2.11) g(w) =1+ qw + g’ + gzw® + - - - .
Then, from and , we obtain
(2.12) 2ay = 2c + ap,
(2.13) 3as = 3cs + 2acop1 + aps + sa(a — 1)pi,
(2.14) —2a9 = —2¢9 + aqq,
(2.15) 6a3 — 3az = 6¢3 — 3c3 — 2c00q1 + g + ta(a— )¢

From (2.12)) and (2.14)), we additionally get p; = —¢q1. Now, adding ([2.13))
and ([2.15]), we obtain

(2.16)  6a3 = 63+ 2aca(p1 — q1) + a(pa — 2pF + g2 — 1) + Lo (0? + ).
Making use of Lemma 1.1 we get
6la3| < 6lca|” + 2alea| [p1 — a1
+a2-3mlP+2- 3lal) + 5l + lal?)
= 6ca|? + 2alea| [p1 — 1| + (2 = (1 — @) [pf| + 2 — 5(1 — a)|a1|*).
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Now, applying the estimate |cx| < 1, |pk| < 2 and |gx| < 2 for k =1,2,...,
we obtain
6la3] < 6+ 8a + da.
Therefore, |a3| < 1+ 2a, proving (2.6).
For (2.7)), we apply a similar procedure to relation (2.13]). =

For ae = 0, we obtain the following corollary from Theorem

COROLLARY 2.1. Let f given by (L.1) be in the class K;[0] = C,. Then
]a2| S 1.

We note that when 0 < o < 1/2, relation (2.6) gives |az| < v/2, as below.
Therefore, Brannan and Clunie’s [BC| conjecture holds for the subclasses
Kola], 0<a <1/2.

COROLLARY 2.2. Let f given by (L.1) be in the class Kys[a] and 0 < «
< 1/2. Then |as| < /2.

THEOREM 2.2. Let 0 < a < 1, and let f given by (1.1) be in the class
Ksla]. Then

(1N (1+3a+2aM) for A<0,
(1=N(1+30)+FaM  for0<A<2/3,
(2.17) las — Aa3| < 1+§a(1—)\)+%QM for2/3 <\ <1,
1+3a(A— H%OéM for1<A<4/3,
A=D1+ 30) +3aM  ford/3<A<2,
(A - )(1+ sa+3aM) forA>2,
where
(2.18) M < 2.

Proof. Using ([2.13) and ([2.16)) we obtain
az — Aaj = c3 + 20462191 =+ l04192 + 104(04 — 1)t
— A3 + aca(pr — @) + galpz + @2) + ale— 1)(pT +q7)].
By the relations ¢g1 = —p1, |c2| < 1 and |p1| < 2 we get from the above
|a — Aa3| < [es — A3| + 3]l = Al + gal2 = Al[|p2 — 3p7| + galpt]]
+ salA[|q2 — 34i| + 3alail]-

The expressions ‘pg 2p1‘ + a|p1| and ’qg % ‘ + oz|q1| have the same
bounds, so that we obtain

laz — Xa3| < |es — A3| + dall — )|
+gall2 = Al + [M[[p2 = 3p7| + 3alpil].
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Making use of Lemma[I.3] and proceeding as in the previous theorem yields
the assertion. m

3. Coefficient bounds for K,(f)

DEFINITION 3.1. Let 0 < 8 < 1, and let f € A, given by (1.1)) be such
that f’(z) # 0 on U. Then f is said to be bi-close-to conver of order j if
there exist bi-convex functions ¢, € C, such that

(3.1) %(%§>>5 (z e ),
(3.2) %QA%>>B (w € U),

where ¢ is the analytic continuation of f~! to U. We denote by K, (3) the
class of bi-close-to-convex functions of order .

Let g, ¢, have Taylor expansions as in (2.3)), (2.4) and (2.5). We note
that ICp(52) € Ks(B1) when B1 < B2, and K (0) = Iy, the class of bi-close-

to-convex functions.
We first prove the following proposition.

PROPOSITION 3.1. If f given by (1.1) is in the class Ky(B8), 0 < 5 < 1,
then f is bi-univalent.

Proof. For = 0, this follows from the work of Kaplan [Kap] for close-
to-convex functions; and for 0 < 8 < 1, () is a subclass of ,(0). m

THEOREM 3.1. Let f given by (1.1) be in the class K,(8), 0 < B < 1.
Then

(3.3) las| < /3 — 28,
(3.4) lag] <328
and

(1 =X)(
(1= XN)(
1+31-B)(1—=N+iN  for2/3<A<1,

% _5)-{-%]\7) for A <0,

41—

(
1+50=B)A=1)+5N  for1<A<4/3,

5

4

3

14401
1+31-8))+ 3N for0<A<2/3,
1—

(3.5) lag — Aa3| <

A=1)(1+301=0))+3N ford/3<Ar<2,
A=1)(1+3(1=B)+3N) forx>2,

where

(3.6) N <2(1-p).
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Proof. From (3.1)) and (3.2)) we get

PG o g@)
(;5/(2) =p+ (1 B)p( )7 ¢,(w) B+ (1 B)Q( )7

for some p, g € P with series representations (2.10) and . Hence,
(3.7) f(z)=¢@B+1-Pp()], ¢(w)=v"(w)B+(1-B)gw)].
From the two equations in (3.7)), we obtain

(3.8) 2a9 = 2¢o + (1 — B)p1,
(3.9) 3ag = 3c3 + 2(1 — B)eapr + (1 — B)p2,
(3.10) —2az = —2c2 + (1 - B)qu,
(3.11) 6a3 — 3az = 6¢5 — 3c3 — 2(1 — B)eaqy + (1 — B)ga.
Then and yield ¢ = —p1. Adding and , we obtain
(3.12) 6a3 = 6¢5 +2(1 = B)ea(p1 — a1) + (1 = B)(p2 + o).
By the relations ¢1 = —p1, |cx| < 1 and Lemma we have
lag|* < 3 —28.
This gives .

To obtain (3.4)), we apply a similar procedure to relation (3.9)).
Now, by (3.9) and (3.12)), for all real A,
az — a3 = c3 + %(1 — B)cap1 + %(1 — B)p2
— A&+ 5(1 = B)ealpr — q1) + §(1 = B)(p2 + q2)].
Hence,
laz — Aa3| < ez = A3| + 5(1 = B)|1 = Al + 5(1 = B)[|2 = A[ + |Al].
By Lemma we obtain (3.5)). =

COROLLARY 3.1. Let f given by (1.1) be in Ks(8) and 1/2 < f < 1.
Then |as| < V2.

Proof. Obvious from ({3.3), since 1/2 <5< 1. u

Corollary verifies Brannan and Clunie’s [BC| conjecture for the sub-
classes Ky (), where 1/2 < g < 1.
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