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Generalized method of lines for first order
partial functional differential equations

by W. CzerNOUS (Gdansk)

Abstract. Classical solutions of initial boundary value problems are approximated by
solutions of associated differential difference problems. A method of lines for an unknown
function for the original problem and for its partial derivatives with respect to spatial
variables is constructed. A complete convergence analysis for the method is given. A
stability result is proved by using differential inequalities with nonlinear estimates of the
Perron type for the given operators.

A discretization in time of the method of lines considered in this paper leads to new
difference schemes for the original problem. It is shown by examples that the new method
is considerably better than the classical schemes.

1. Introduction. For any metric spaces X and Y we denote by C(X,Y)
the class of all continuous functions defined on X and taking values in Y.
We will use vectorial inequalities with the understanding that the same
inequalities hold between their corresponding components.

Suppose that a > 0, 79 € Ry, 7 € R}, Ry = [0,00), b € R", b; > 0 for
1 <i<mn, are given. Let ¢ = b+ 7. We define

E =[0,a] x (=b,b), Ey=[-70,0] X [—¢,¢],
OE = (0,a] x ([—¢,c]\ (=b,b)), 2=FEUEyUoE,
D = [-79,0] x [—7,7].

Suppose that z : 2 — R and (t,z) € E, where E is the closure of E. We
define 2(; ;) : D — R as follows:

20O =2t +(x+8), ((€€D.

Let us denote by || - ||p the supremum norm in the space C(D,R). Put
Y =FE x C(D,R) x R" and suppose that

f:XY->R,  ¢p:EUIE —R
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and

ap:[0,a] = R, o :E—R" o= (a,...,a0),
are given functions. Write a(t,x) = (ao(t),d/(t,z)) for (t,z) € E. The
requirements on « are that a(t,x) € E for (t,z) € E and ag(t) < ¢ for
t € [0,a]. We consider the nonlinear functional differential equation

(1) Orz(t,z) = f(t, 2, 2a(t,0), Ouz(t,2)) o E

with the initial boundary condition

(2) z(t,x) = p(t,x) on EyUE,

where 0yz = (03,2, ...,0s,2). We consider classical solutions of (1), (2).

We are interested in establishing a method of approximation of solutions
to problem (1), (2) by means of solutions of an associated system of ordinary
functional differential equations and in estimating the difference between
exact and approximate solutions.

The classical method of lines for partial differential or functional differ-
ential equations consists in replacing partial derivatives in spatial variables
by difference expressions. Then the original problem is transformed into a
system of ordinary differential or functional differential equations.

Results concerning the existence and uniqueness of approximate solu-
tions and the convergence of the numerical method of lines are based on
comparison theorems for differential difference inequalities. This method is
also used to prove existence theorems for differential or functional differen-
tial problems corresponding to parabolic equations or first order hyperbolic
systems. The questions mentioned above have an extensive bibliography. It
is not our aim to give a full review of papers concerning the method of lines.
We only mention the monographs [5], [7], [16] and papers [4], [8], [11], [15],
[17], [18]. The book [14] brings a lot of examples of the use of the numerical
method of lines.

The papers [1], [12], [13] initiated the investigation of the method of
lines for functional differential problems. Parabolic equations with initial-
boundary conditions and Hamilton—Jacobi equations with initial or initial-
boundary conditions have been considered. Error estimates implying the
convergence of sequences of approximate solutions are proved in these papers
by using differential inequalities. The monograph [10] contains an exposition
of the theory of the numerical method of lines for hyperbolic functional
differential problems.

A new class of numerical methods of lines for (1), (2) is proposed in this
paper. Our approach is based on the following idea. We first introduce an
additional unknown function v = 9,z in (1). Then we construct a quasi-
linear functional differential system with unknown functions (z,u) which is
equivalent to the original problem. Finally, we construct a numerical method
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of lines for the unknown functions (z,u) by a discretization in the spatial
variables of a new quasilinear differential functional problem.

The paper is organized as follows. In Section 2 we formulate a differential
difference problem for (1), (2).

Theorems concerning the method of lines will be based on a comparison
result where a function satisfying quasilinear differential difference inequal-
ities is estimated by a solution of a suitable ordinary differential Cauchy
problem. The comparison result is proved in Section 3. A convergence the-
orem and error estimate for the method of lines are presented in Section 4.
A difference method which is obtained by a discretization in time of the new
numerical method of lines is investigated in Section 5. Numerical examples
are given in Section 6.

Below, we give examples of equations which can be derived from (1) by
specifying the operator f.

EXAMPLE 1.1. A general class of equations with deviated variables can
be obtained in the following way. Suppose that F' : E x R? x R* — R,
Bo:10,al =R, 3 : E—R" ' =(0,...,0), are given functions and

(3) =70 < PBolt) —ap(t) <0, —7 <F'(t,z) —d(t,z) <7, (t,x) € E.
We define the operator f as follows:

4)  f(t,z,w,q)
F(t, 2z, w(=ao(t), —a/(t,z)), w(Bo(t) — ao(t), B'(t, ) — &/ (t, 2)),q)
for (t,x,w,q) € X. Then
f(t £ Za(tr)a‘]) F(tax’z(ta x),z(ﬁ(t,l')),q)’
where (¢, z) = (Bo(t), B'(t, x)

with deviated variables
(5) Oz(t,x) = F(t,z, 2(t,x), z(B(t, x)), 0z2(t, )).

EXAMPLE 1.2. Now we consider differential integral equations. Suppose
that 70 : [0,a] = R, v : E —R", v = (y1,...,7), are given functions and

) and equation (1) is equivalent to the equation

(6) —710 <0(t) —ap(t) <0, —7<4(t,x)—d'(t,x)<T, (t,x)€E.
For given functions 3 satisfying (3) and F : E x R? x R” — R we define
(7) f(t7 :L‘7 w7 q)

Yo(t)—ao(t) ¥ (t.x)—o! (t,2)

= F(t,a,w(-ao(t), ~a/(t,2), | | w(rydydra)
Bo(t)—ao(t) B (t,z)—a’ (t,x)
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for (t,x,w,q) € X. Then

y(t,x)
J(t2,200,00) = F (L, 2(62), | 2(r,y) dydr,q)
B(t.x)
and (1) reduces to the differential integral equation
V()
(8) Oz(t,x) = F(t,x, z(t, ), S 2(7,y) dy dr, 0, 2(t, x))
B(t,z)

Existence results for mixed problems can be found in [10, Chapter V].

Let us fix our notations on vectors and matrices. We will denote by
M, «n the space of all n x n matrices with real elements. For z,y € R" and
X € M, «, where

T = (3317 cee ,ZL‘n), Yy = (yh ey yn)7 X = [wij]i,jZL...,n

we put
|z|| = max{|z;| : 1 < j<n}, zxoy=(z1y1,...,TnYn),
n
I1X| = max{z 2| 1 1< 5 < n}
i=1

The product of two matrices is denoted by “x”. If X € M, x, then X7 is
the transpose matrix. We use “o” to denote the scalar product in R".

We denote by CL(D, R) the set of all linear and continuous real functions
defined on C(D,R). We denote by || - ||, the norm in CL(D,R) generated
by the supremum norm in C'(D,R). Let F(A, B) be the class of all functions
defined on A and taking values in B, for A and B being arbitrary sets. Let

N and Z be the sets of natural numbers and integers, respectively.

2. Differential difference problems. We define a mesh in 2 with
respect to the spatial variable. Suppose that for h = (hy,...,h,), where
h; > 0, there exists N = (Ny,...,N,) € N" such that N o h = ¢. We
denote by H the set of all h having the above property. For h € H we put

M = moh and 2™ = (xgml)’ . Qj‘gbmn)) where m = (my, ..., my). There
is K € N such that Koh <b< (K+1)oh, K+1=(K;+1,...,K,+1).
Let
RI™ = {(t,2™) . t € R, m € Z"}.
We define the sets
Eon=EoNR}"  Ey=ENR;",
80Eh = 0o N R;J,fbn, 2, =0nN Rtl;;n
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and

Qt.h = Qhﬂ([—m,t] XR”), —10 <t <a.
Elements of £2 will be denoted by (t,z(™)) or (t,z). Let F.(£2,,R) be the
set of all functions w : 2, — R such that w(-,z) € C([—70,a],R) for each
fixed . In the same way we define the sets F.(Ep,R), Fo(Eyp U 0oEpR, R).
For z € F.(2,,R), u € Fe(£2;,R") and (t,z™) € 2}, we write 2™ (t) =
2(t, ™), um () = u(t, (™) and

I2llen = max{ |2U™(7)] : (,2™) € 21},
lulles = max{ [[u™ ()] : (,2) € 2un}.
We need the following assumptions on f, ¢ and a.

AssuMPTION Hylf, ¢|. The function f: X — R of the variables (¢, z, w, q),
x=(x1,...,%n), ¢ = (q1,-..,qn), is continuous and

1) the partial derivatives

(021 f(P); s 00, f(P)) = 0uf(P), (01 f(P); .., 0q,f(P)) = 9y f (P)
and the Fréchet derivative 0y, f(P) exist for P = (t,z,w, q) € X and
Ouf, 0gf € C(X,R"), 0y f € CL(D,R),
2) there exists = € (—b,b) such that
(x —Z)0 0y f(t,x,w,q) >0 for (t,z,w,q) € X,

3) ¢ € C(EpUOyE,R) and the partial derivatives 0, exist on EgUdyE
and 0,p € C(EyUJyE,R™).

AssumMPTION H[a].

1) The functions ag : [0,a] — [0,a], o' : E — [~b,b] are continuous
and the partial derivatives 9,a/(t,z) = [0, 0i(t, x)]i j=1,...n exist on
E and 0,0’ € C(E, Mpxy),

2) aft,x) € F and ap(t) <t for (t,x) € E.

We construct the following numerical method for (1), (2). Let e; € R™,

1 < j < n, be the standard unit vectors. Given z : 2, — R, let § =
(61,...,0,) be the difference operator defined by

1 m-re m m ~
O 8@ = g 0 ) for o 2 7,
(10) 5,20 () = hi[ (m) (1) — 2D (1)) for 2™ < 7y,

<.

for 1 < j <n, where dz = (012, ...,0n2).
We now define the interpolating operator T}, : F.(£2,,R) — C(£2,R).
Put
S={s=(s1,...,8n) s €{0,1} for 1 < k < n}.
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Suppose that z : 2, — R and let (t,z) € 2. Then there is m € Z" such
that (t,z(™), (t,z(™*t)) € 2, and 2™ < z < 2D where m 4+ 1 =
(m1+1,...,my+1). We define

Th[Z](t’x):ZZ(m+S)(t)(x_TM)S<1_m_TW>1_S

seS
where
_(m)\ s n o ma) N s
rT—x T —
(=) - (=—)
. r— pm)\1-s n , %‘_«Tz('mi) 1—s;
(=) -1

and we take 0° = 1 in the above formulas.

Thus we have defined Tj[z] : 2 — R. It is easy to see that Tj[z]
is continuous on (2. The above interpolating operator has been first pro-
posed in [10]. If u € Fo(2, R") and u = (u1,...,u,) then we put Tj[u] =
(Th[u1]7 s aTh[un])

We will approximate solutions of problem (1), (2) by solutions of a system
of ordinary functional differential equations. Let (z,u) € Fe(£2;,, RM*7), u =
(u1,...,up), be unknown functions of the variables (t, (™) € 2. Set

PU [z ) (t) = (8, 27, (Th[2]) o 00mys ™ (1))

We will denote by Fj, and G}, the operators defined on Fc(£2;,, R*") in
the following way: if (z,u) € Fe(£2,, RY™), w = (uq, ..., u,), then

(11)  Fylz,d]™(0)
= F(P"[z,u](8)) + 0 f (P [z,u] () 0 (62" (1) — ul™ (1))

and
(12)  Gilz,u]™(1)

= 0, f (P [z,u](£)) + B f (P [z, u) (D) (Th[u1)) g, 0y * D (8, ™)

+ 0y f(PU [z, ] (1)) » [6ut™ ()],

where
O f (P [z, u] (8)) (Thlu]) o g p0m)
= (0w f (P [z, u](£)) (Talur) g pomys - - - O f (P [2, 0] (8)) (Thltn]) g 0

and
Sul™ () = [5u{™ (£)]i j=1,...n-
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We consider the system of ordinary functional differential equations

(13) S (8) = e, ul™(0),
(14) S (1) = Gale, )™ (1),

for —K <m < K, with the initial boundary condition
(15) @) =0, uME) =) on BopUdEn,
and

on Eop UOER, = R, by : Egpb UOER, = R", ¢ = (Uni,--- ¥hn),

are given functions. We prove that under natural assumptions on given func-
tions, classical solutions of (1), (2) can be approximated by solutions of
(13)-(15).

The differential difference system (13)-(14) with initial boundary condi-
tion (15) is called a generalized method of lines for problem (1), (2). This
method is obtained in the following way.

We transform the nonlinear problem (1), (2) into a system of quasilinear
differential equations with unknown functions (z, u) where u = 9,2. Suppose
that Assumptions Hy[f, ¢| and H[a] are satisfied. Write

Ulz,ust, ] = (t, 2, 2o (1,2), u(t, 7).
For u : 2 — R" and for (¢t,z) € E set
a’wf(P)ua(t,x) = (awf(P) (ul)a(t,x)v ey 8wf(P) (un)a(t,x))

where P = (t,z,w,q) € X. We consider the quasilinear functional differen-
tial system

(16)  Owz(t,z) = f(Uz,ust,x]) + Og f(Ulz, us t, x]) 0 (022(t, ) — u(t, x)),

(17)  Bwu(t,x) = 0o f (Ulz,ust, z]) + 0w f (Ulz, ust, x]) tg s z) * 0! (t, )
+ 0 f (U2, us t, 2]) * [Dpu(t, z)]T

with the initial boundary condition

(18) z2(t,z) = p(t,x), wu(t,r) =0p(t,z) on EgUJhE.

Note that each equation of system (16), (17) depends on the unknown
functions (z, u) and it contains partial derivatives of only one scalar function.
System (16), (17) also has the following property: the differential equations
of bicharacteristics for (16) and for (17) are the same and they have the
form

1 (8) = =0gf (t,1(t), Zageney), ult, n(t)))-

This property of system (16), (17) is important in the investigation of the
stability of the differential difference problem (13)—(15).
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Under natural assumptions on the given functions the above problem
has the following property: if (Z,u) is a solution of (16)—(18) then 0,z = u,
and the conditions

(A) v: 2 — R is a classical solution of (1), (2),
(B) (v,0,v) are a classical solution of (16)—(18),

are equivalent.

The differential difference problem (13)-(15) is a discretization with re-
spect to the spatial variables of (16)—(18). The above method of quasilin-
earization was introduced and studied in a non-functional setting by S. Cin-
quini and M. Cinquini-Cibrario in [2], [3]. They used this method in the
existence and uniqueness theory for generalized solutions of (1), (2). This
method is also adopted for nonlinear functional differential problems in [10].

3. Differential difference inequalities. For a function g € F.({2,, ]R”“)7
g="(91,-..,9x), we write

g™ () = g(t,a™), 59 (1) = 183" (Ot j=1n
and
D_g™(t) = (D-g;" (1)...... D-g{"™ (1)
where D_gz(m)(t) is the left hand Dini derivative of gz(m)() at the point ¢.
The norm in R* is defined by
Ipllo = max{[p;| : 1 <4 < k}
where p = (p1,...,px). For g € F(£2;,, R¥) we put
Igllen = max{llg"™ ()]0 : (r,2"™) € 2n}, 0<t<a.
Let us now state a comparison theorem which will be used in the following.
THEOREM 3.1. Suppose that
1) A: ExFo(£2,,RF) = R A= (\1,..., \n), satisfies the conditions
(x —%) o A(t,z,w) >0 for (t,z,w) € E x Fe(£2,RF),

2) 0 :]0,a]xRy — Ry is continuous and it is nondecreasing with respect

to the second variable,
3) ¥ € Fe(£24,RF), o = (¢1,...,¢x), satisfies the differential difference
inequality

(19) ID_y ™ (t) = A, 2™, ) %[5 (O] o < ot [9l]1.0)

on En and the initial-boundary inequality

(20) ™ @)oo <, (t,2™) € Byp UdoEp,
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4) there exists on [0, a] the mazimum solution w(-,n) of the Cauchy prob-
lem

w/(t) = U(taw(t))a w(O) =1
Under these assumptions we have
(21) [ ()0 < w(t,n) — on Ej.
Proof. For € > 0 we denote by w(t,n,e) the maximum solution of the
Cauchy problem
W(t) =o(t,w(t)+e, w0)=n+e.
We can see that there exists eg > 0 such that for 0 < ¢ < g¢ the solution
w(+,m,€) is defined on [0, a] and lim._,o w(t,n, &) = w(t,n) uniformly on [0, a].
We prove that
(22) [ (@)lo < w(t,m.e)  for (t,2™) € 2.
Suppose by contradiction that (22) fails to be true. Then the set
={te0,a): [ @)|o > w(t,n,e) for some ™ € [—¢, c]}

is not empty. If we put ¢t* = min.J, from (20) it is clear that ¢t* > 0 and
there exists 2™ € [—c¢, ¢] such that

[ () o = w(t*,n,e).
From (20) it follows that (t*,iv(ﬁl)) € E}. We see that thereis i, 1 <i <k,
such that [l (t%)lg = ™ (). Note that |[¢[ly = w(t*,n,€). Two

possibilities can happen: either (i) v Z (t*) = w(t*,n,e) or (ii) ¢Z§m) (t*) =
—w(t*,n,e). If (i) holds, then for t € [0,t*) we have

e 0 = ™) | wltine) —w(t )
t— t* t—t* '
Thus
(23) D_y™(t*) > o (t*, 7, €).
Write

Ay ={j:1<j<nand 2™ >&},  A_[m]={1,...,n}\ Ay[m].
Then

n

(24) ZAJt 2™ )52 (%)
> Nt a™ ) L e () — ) %)
JEA4[M]

+ Z At 2™ ) W() " ) < 0.

jEA_[m]
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According to (19) and (24), we have
D_p{™ (¢ ZA (2™, ) 8568 (87) + o (¢, [0 +.)

< U(t*,w(t*,ﬁa g)) <o(t"w(t*,n,€)) + e =w'(t",n, ),
which contradicts (23). Case (ii) is treated analogously. Thus (22) is proved.
It follows from (22) that

1™ (8)[lo < w(t,m,e)  for (t,2™) e By
where 0 < € < gq is arbitrary. Letting € tend to 0 yields (21).

REMARK 3.2. Differential difference inequalities generated by mixed
problems for first order partial functional differential equations were con-
sidered in [10, Chapter 6]. Here are the differences between our results and
Theorem 6.6 of [10].

1. There are differential equations with deviated variables and differential
integral problems for which our comparison result can be used and Theorem
6.6 from [10] is not applicable. This is due to the fact that the Hale operator
(t,x) = z( 4 considered in our paper is more general than the corresponding
operator in [10]:

2. It is assumed in [10] that A\;(¢,z,w) > 0 for 1 <i < k and A;(t, z,w) <
0 for k +1 < i <n where 0 < k < n is fixed. This requirement is replaced
by condition 1) in Theorem 3.1.

4. Convergence of the method of lines. We will need the following
property of the interpolating operator 71j,.

LEMMA 4.1. Suppose that
1) v: 2 — R is of class C* and vy, is the restriction of v to 2y,
2) h € H and ¢ € Ry is a constant such that

|05, 0(t, )| <¢, 1<i<n, (t,x)€ .
Then
max{|Ty[vp](t,x) — v(t, z)| : (t,z) € 2} < C||h].
The proof of the above lemma is similar to the proof of Theorem 5.27
n [10]. We omit the details.
We next formulate further assumptions on the given functions.

AssumpTION H[o|. The function o : [0,a] x Ry — R4 is continuous and

1) o is nondecreasing with respect to the second variable,
2) for each ¢ € Ry and d > 1 the maximal solution of the Cauchy
problem
W' (t) = aw(t) + do(t,w(t)), w(0)=0,

isw(t)=0,t€][0,a].
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AssumPTION H[f, ]. Assumption Hy[f, ¢] is satisfied and
1) there is B € Ry such that
102 f (P)||; 10w f (P)ls, [|04f (P)|]| < B for all P = (t,z,w,q) € X,

2) there is a function o : [0,a] x Ry — Ry such that Assumption H[o]
is satisfied and the terms

|‘8€Ef(t7x7w7q) - axf(tawiva)na
Hawf<t7$7w7 q) _awf(t7x7m7§)u*7 Haqf(taxa w, Q) _8qf<t7mamaa)H

are bounded from above by o(t, max{||w — w||p, |l¢ — 7| }),
3) ¢: EyUdE — R is of class C2.

LEMMA 4.2. If Assumptions H[a] and H[f, ] are satisfied then there
exists a unique solution (zp,up) : 2, — R wy = (upy,...,unn), of
problem (13)—(15).

Proof. The right hand sides of (13)—(15) are continuous. Hence a solution
(zn, up) of (13)—(15) exists on 2, N([0,a) x R™) for some a € [0, a]. It follows
from Assumptions H[a], H[f, ¢] that there exist A,C € R4 such that

C o 1) — 047 (P (1)) 0 52 ()] < Amax{l|znllen, o} +C
and
Sl (0)=00 1 (P e, ) (0)) (0 ()] || < A el o Jun e }+C.

Applying Theorem 3.1 with

U(tap) :Ap+C7 U:maX{U0>n1}7
no = max{|e™(t)] : (t,20™) € Eyj UdoE,},

m = max{[|&\™ ()] : (¢,2) € Egp UdoER)

we get
A, O ~
max{l|znlen, lunllent < ne™ + = (€7 =1), e [0,a).

Now the classical theorems on the existence of solutions of Cauchy problems
for systems of ordinary differential equations show that the solution (zp, up)
is defined on (2;,.

Now we prove that the solution is unique. Let (zp,up) : 25, — R!*7 and
(Zn,p) : 2, — RY™ be two solutions of (13)—(15). Write

Zn = Zn — Zh, Up = up — Up,-
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It follows from Assumptions H[a], H[f, ¢] that there are A € Ry and B > 1
such that

L2 (1)~ 00 f (P, wi)(1)) 0 574 (1)

< Amax{||Zullen, [@nllen} + Bo(t, max{||Zplle.n. [T llen})

H = 0, (P [ up(8)) % (67 (1))
< Amax{||Zn||t.n, |nllen} + Bo(t, max{||Zs|t.n, |@nllen})

for (¢t,z(™) € Ej. Moreover, E;L )( t) = 0 and _(m)( t) = 0 for (t,z(™) e
Ey; UOgE). Then, by Theorem 3.1 we obtain z;, = 0 and u, = 0 on {2,
which completes the proof.

Now we prove a theorem on convergence of a generalized method of lines.
THEOREM 4.3. Suppose that Assumptions H[a], H[f, ¢] are satisfied and

1) (zn,un), where zp : 2 — R, up 2 25 — R, up, = (up1, .- Upy), are
the unique solution of problem (13)—(15) wzth 0 giwen by (9), (10),

2) v : 2 — R is the solution of problem (1), (2) and v is of class C?
on {2,

3) (vn,wp), where wy, = (Wi, ..., wnp), are the restrictions of (v, Oyv),
respectively, to (2,

4) there is a function By : H — R4 such that

max{|(on — @)™ ()], [|(¥n — Du) ™ (B)II} < Bo(h) on o UdEp
and limy,_,g Bo(h) = 0.

Then there is a number g > 0 and a function 8 : H — Ry such that for
[[R]| < €0,

(25)  max{|(zn — on) ™ O, [ (un — wn) @)} < B(R)  on Ey,
and limy,_,o B(h) = 0.

Proof. We will write differential difference inequalities for the functions
zp, — vp, and up, —wyp,. We insert the functions (vy, wp) into system (13)—(15).
We define I}, : 2), — R, Uy, : £2;, — R" in the following way:

(26) Sl (6) = Flon, on] ™ (6) — T7(0),
(27) S (1) = Galon, wi) (1) ~ US),

Let ¢, s € Ry be constants such that
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|8tv(t7 $)|7 |a€viv(t7 $)|7 |8ttv(t7 $)| < a
(28)
|81’iwjv(t7 $)|, |8txiv(t7 x)| <ec,

for (t,x) € 2, i,7=1,...,n, and
(29) |0u0(t, )| <5, (t,7) € E.

It follows from Lemma 4.1, Assumption H[f, ] and condition 2) of the
theorem that there is v : H — Ry such that

(30)  max{|L{™ O], U7 O} <A(h) on By and  lim y(h) = 0.

It follows from (13), (14), (16), (17), (26), (27) that the functions zj — vy,
and up — wy, satisfy the differential difference equations

=)™ (8) = P [z ] (1)) — FP o wn] (1))

+ 0y F (P [z, up) (1)) © (823 () — u™ (1))
— 0 (PU™ [ug, wp) (1)) © (§0y™ () — wi™ (1) + "™ (2),

and
d

25 = w) ™ (0) = 0, (P, (1)) = Do (P on, wn (1)

+ O F (P [z, un) () (Th[tn]) e amry * 9,0’ ™ (1)

= O f (P up, wy) (¢

+ 0y f (P [z, up] (¢)

= 00 (PO on, ] () = 5w ()7 + U (1)
fOI' (t?m(m)) S Eh. erte

Cn(t) = max{||z, — vnllens [lun — wallen},  t€0,a].

According to Assumption H[f, ¢] we have
(P [z, un] (£)) = f (P [on, wi) (1)) < B(n+1)¢u(t).

In the same manner we can see that

(31)  10gf (P [zn, un](t)) — 8y f (P un, wr] (£)]| < o (2, Cu(t))

for (t,z(™) € Ej,. It is easily seen that the conclusion analogous to (31) can
be drawn for the derivatives 0, f, 0, f. According to the above estimates,
we have the following differential difference inequalities:

d — (21— vp) ™ () = O f (PU™ [z, un] (£)) 0 6 (2, — va) ™ ()

dt
< ECh(t) + do(t, Cu(t)) + y(h)



116 W. Czernous

H—w—w () — By F(P™ [z ] (8)) 5 (6, — 103)™ ()]

< ECu(t) + do(t, Cu(t)) + (),

where
(32) ¢=DBs, d=max{2nc¢ 1+¢cs5+nc}, 5=max{2n+1,5}.
Consider the Cauchy problem
(33) W (t) =cw(t) +do(t,w(t)) +v(h), w(0)=pFo(h).
It follows from Assumption H[f, ¢| that there is g > 0 such that for ||h| < g
there exists the maximum solution wy, of (33) and wy, is defined on [0, a].
Applying Theorem 3.1 with the function o(t,w) = ew + do(t,w) + vy(h) on
the right hand side of (19), we get the estimate
(34) Ch(t) < wp(t)  for (t, ™) € Ej,.
Moreover, limy,_,gwp,(t) = 0 uniformly on [0, a]. Thus we get (25) for (h) =
wp(a). This completes the proof.

We now give an error estimate for a generalized method of lines.

LEMMA 4.4. Suppose that all the assumptions of Theorem 4.3 are satis-
fied with o(t,7) = LT on [0,a] x Ry for some L € Ry. Then we have the
following error estimate of method (13)—(15):

max{||(zn — vn)lle.n, [|(un — wp)len} < B(h)  on By

where B
La _

F(hy =  Poh)el +(h) = if L>0,
Bo(h) + ax(h) if L=0,
where L =¢+ Ld and ¢,d are given by (28), (29), (32).

Proof. Since the estimate (30) is satisfied, we obtain the assertion from
(34) and (25) and by solving problem (33).

Note that in Lemma 4.4 we have assumed that the functions 0, f, J,f
satisfy the Lipschitz condition with respect to (w,q) on X.

5. Difference methods generated by a generalized method of
lines. We define a mesh on [—7p, a] in the following way. Let kg be the step
of the mesh and t(") = rhg, r € Z, be the nodal points. Denote by H’ the
set of all A’ = (hg, h) such that h € H and there is Ny € Z with Nohg = 7.
There is Ky € N such that Kohg < a < (Ko + 1)hg. For b’ € H' we put
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W'\l = ho + h1+ -+ hy, and
RUF™ = {(t0), ™) (rym) € 27}, Ly = {t7) 0 <r < Ko}

and
Egw =E,NRI™,  Ep=ENR;™,

OoE = 0gE N R%;rn, 2 =02N R%;rn

For z : 2y — R, u : 2y — R" we write 2" = z(¢t(), (M) M) =
w(t), (™) and

ll2][p e = max{]z®™)|: D, 2™ € 2, i < 1),
lullprr = max{[[ul>™ | : (¢®),20™) € @y, i <r}.
Suppose that Assumption H[f, ¢| is satisfied with
o(t,p) = Lp, (t,p) € [0,a] x Ry,

for some L € Ry . Then the functions 0, f, 0w f, Oyf satisfy the Lipschitz
condition with respect to (w, ¢) and the right hand sides of system (13)—(14)
satisfy the Lipschitz condition with respect to the unknown functions with
a constant L(h) and

(35) ,llli)% L(h) = 0.

Suppose that we apply the Euler difference method to solve problem (13)—
(15) numerically. Then we get a new difference method for problem (1), (2).
It follows from (35) that we need additional assumptions on kg and h to get
a convergent difference scheme for (1), (2).

It is not our purpose to study all difference methods which can be ob-
tained by a discretization in time of the generalized method of lines. We
restrict our attention to the Euler method for (13)-(15).

No attempt has been made here to develop difference schemes generated
by the Runge-Kutta methods for (13)-(15). We give numerical examples
only.

Suppose that (d1,...,d,) = ¢ are difference operators defined by (9),
(10). Write

62 = (81200 5,20 = (8,20 (), L 8,2 (1))

and
1
502(r,m) = h_ (Z(rJrl,m) — Z(r,m))’ 50u = ((5[)111, RN 50un)
0
Let us now define the interpolating operator Ty : F(£2,,,R) — C(§2,R).
Suppose that z € F(2,/,R). Two cases will be distinguished.
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I. Suppose that (¢, ) € £2 and there is (r,m) € Z'*" such that (¢, 2(™),
(0D 2mD)y e Q) and t0) <t <0+ 2(M) < g < 2(m+D) | We define

t —t® e [T — 2N ® z—gm\1*
Th/[z](t,;p):< ; )Zz( +1, +)<T> (1_T>

0 seS

t—t® s z—zm\?* z—gm\1*
(e () ()

seS

II. Suppose that (¢,z) € 2 and t(Ko) < ¢ < q. There is m € Z'*™ such
that z(m), z(m+1) ¢ [—c, ] and M < x < M+ Write

T [Z] (t’ x) =T [Z] (t(KO)v:C)'

Thus we have defined T : 2 — R. If ueF(£2,,,R") and u = (uq, ..., un)
then we put Th’ [u] = (Th’ [’U,l], ey Th’ [’U,n])
For functions z € C(§2,R) and u € C(£2,R") we put

[2]le = max{|z(s,y)| : (s,y) € 2, s < t},
[ulle = max{|[u(s, y)| : (s,y) € £2, s < }.
LEMMA 5.1. Suppose that

1) 7: 2 — R is of class C' and vy is the restriction of v to 2y,
2) h' € H and ¢ € Ry is a constant such that

|at5(t,$)| < E’ ||a$25(ta 1‘)’ < 57 1<i<n, (t,:l?) € {2.

Then
[Ty [orr] = 0lle < €l|R]l, ¢ € [=70, Koho]-

The proof of the above lemma is similar to the proof of Theorem 5.27 in
[10]. We omit the details.
Set
Q(nm) [27 U‘] = (t(T)? ‘T(m)7 (Th' [Z])a(t(r),ﬂm)y u(nm))'

We denote by Fj, G the operators defined on F(£2;,,,R**") in the
following way: if (z,u) € F(§2,, R1*7), then

(36)  Filz, u) ™™ = £(QT™]z,u]) + 8,f(Q"™ [z, u]) o (627 — 4,(r™))
and
(37)  Gulz,u)™™
= 0u F(QT™ [2,u]) + 0 F(QT™ [z, u]) (Thy [u]) g iy * D! ™
+ 0, £ ( Q™ [z, u]) x [du™™))T
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where
8wf(Q(T’m) [zv u])(Th’ [u])a(r,m)
= (O QU™ [z, ul) (T [ur]) gtrm - - > Do F(QU™ 2, u)) (T [tn]) ) -

An application of the Euler difference method to (13)-(15) leads to the
difference equations

(38) 02" = Fy [, u]) ™),

(39) Sou™™) = Gz, u] "™,

with initial boundary conditions

(40) 2rm) = <P§5’m>, urm) = w;ﬁ’f’m) on Eg pr U o Ep

where @p @ Egp U FEr — R and ¢y @ Egp U OQgEp — R™ are given
functions. Put

Eh’.r = {(t(r),x(m)) (S Eh’.r r < KD — 1}.

Now we state a theorem on the convergence of the generalized Euler
method.

THEOREM 5.2. Suppose that Assumptions H[a|, H[f, ] are satisfied and
1) h' = (ho,h) € H' and

n

1
(41) L= ho > 04, (P)] 20
i=1 "
for all P = (t,z,w,q) € X,
2) the functions (zp/,up ), where zp @ 25, — R up @ 2, — R™, satisfy
(38)—(40), and there is Bo(h') : H — Ry such that

=™ < Bo(), [T =™ < Bo(R)  om EonUdoEn,

3) v: 2 — Ris a solution of (1), (2) and v is of class C* on 2.
Then there are eg > 0 and 3 : H' — Ry such that for ||h'|| < g we have
(42)  max{|jvw = zp||nrr, [|02vr — upe |l } < B(R), 0 <7 < Ko,
where vy and Ozvp are the restrictions of v and Ozv to (2.

Proof. We have divided the proof into a sequence of steps.

I. Suppose that @ : (2, — R satisfies the difference equation
(43) 5o "™ = 0, F(QU ™ [zpr, upy]) 0 60 4 Zrm)
on Eh/.,n where = : Eh/.r — R is a given function. We prove that

(44) (@] < Bl s+ hol ET™).
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Put
JHrom) = {5 € {1,...,n} = 9g, F(Q"™ [aw, up]) > 03,
Jr,m]={1,...,n}\ J[r,m].

Consider the operator Wy : F(£24,R) — F(Ej ., R) defined by

(15)  Wielg)om = gom) [1—%2 b 190, 1(QU Lz )|
1
tho S 0, QU™ [z, up )
1 .
—ho 2 o O, QU e up )0

for all 0 € F({2,/,R) and (t(’"),m(m)) € Eh/m. It follows from (9), (10) and
condition 2) of Assumption Hy[f, ¢] that relation (43) is equivalent to

(46) M) = W (@) 4 B S,
According to assumption (41), we have

Wi (@)™ < @[, for (10,20 € By,
and (44) is proved.

II. Define w : 2 — R™ by w = 9,v. Then (v, w) satisfies the quasilinear
system (16), (17) and the initial condition (18). Set

Pr™ Iy ] = Ulp, w; tT), ™) &™) = (g — 2,) ™),
It follows from (16) and from (38) that the function @ satisfies (43) with

Frm) _

+F (P o, w]) = FQU™ ns, un]) + 00 f QU™ [an un]) o fuyy™ — 50y ™).

It follows from (28), Lemma 5.1 and Assumption H[f, ] that there is 7o :
H' — R such that

|ZCm| < B(llow — 2zl + 20l (wpe — un) ™)) + 70 (h),
and limp o vo(R") = 0. Thus
47) (g — zp) T
< (1+ hoB)llvw — 2w |lw.r + 2nBho]| (wyy — up ) ™| + hoyo(h).
III. Now we define

6ov(r’m) — O p(mm)

P(rm) — (whr s — Uh’.z‘)(r’m),
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where i, 1 < i < n, is fixed. We see from (17), (39) that the function @ so
defined satisfies (43) with

=rm) — g w(r ™) Gtwy’m) + 0y f (P v, w]) o (Bpw; — dwpy ;)™
+ axif(P(T’m)[ w]) = 0, £ (QU™ [zh, unr])

f(P(Tm [ ]) W, (rim) © 8xia/(r,m)
0 S QU™ [z up]) (T [un]) girmy © Dy’ ™
+ (0q (P m [ w]) — 0, f(Q [Zh’ Uh/]))O(Sw(Tm)_

It follows from (28), (29), Lemma 5.1 and Assumption H[f, ¢| that there is
~v: H — R4 such that

20| < BSllww — up |
+ (140 +358)o (¢, max{||vn =z [, || (whe = ) ™ 1)+ (R),
and limp_oy(h') = 0. Thus
(48) || (wp — uh/)(TH m)H < (L + hoBs)|lwpr — upel[pr
+ ho(1 + ne + 58)o (¢, max{||on — 2n |, | (wir = wn) ™ }) + hoy(R).
IV. Write
& = max{llow =zl llow = wnrllwr}, 0 <7 < Ko.
According to the estimates (44)—(48) we have
(49) €7D <€ g (@) +po(t), €0y +7(0)),  0<r < Ko—1,
where
(50) a= Bmax{2n+1,3}, p=1+nc+3sc, (') =~(h)+~(H).
Consider the Cauchy problem
(51) W'(t) = aw(t) +po(t,w(t)) +7(7),  w(0) = Bo(h').
It follows from Assumption H[o| that there is eg > 0 such that for ||h/]] < &g

there exists the maximum solution wys of (51) and wy is defined on [0, a].
Moreover, we have

hl/iino wp(t) =0  uniformly on [0, al.
The function wy satisfies the difference inequality
}(LTH) > w( " 4 ho(aw}(L ) +po(t™) wlg,)) +75(h")), 0<r<Ky-—1.
By the above inequality and (49) we have
(52) f}(z;) < wg) for 0 < r < K.
Thus we get (42) for B(h') = wyy(a). This completes the proof.
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REMARK 5.3. Suppose that all the assumptions of Theorem 5.2 are sat-
isfied with o(t,£) = L& on [0,a] x Ry for some L € R;. Then (42) holds
true with

La | =(1! eLa -1 =
ﬁ(h/) — 5[)(]7,/)6 -+ 7(}1 ) E lf L > O,
Bo(h') + ay(h) if L =0,

where L = @ + Lp and @, p,7 are given by (50).

6. Numerical experiments
EXAMPLE 6.1. Let n =2 and
E=10,1/2] x (—7/2,7/2) x (—7/2,7/2),
Ey = {0} x [-7/2,7/2],
OE = (0,1/2] x ([-7/2,7/2] x [-7/2,7/2]\ (=7 /2,7/2) X (—7/2,7/2)).

Consider the mixed problem

T

(53)  Buz(tz,y) = m[&rz(t,x,y) +sin ((%cz(t,x,y) +% g z(t,s,y)ds)]

—T

1Y
+y | 0y2(t, z,y) —cos <8yz(t,3:,y)+§ S z(t,z,s) ds)] +z(t,x,y)+ f(t,x,y),
-y
(54) z(t,x,y) =0 for (t,x,y) € Eg UOE,

where
f(t,x) = e'(cosx cosy + xtsinx cosy + yt cos xsiny) + y.

The solution of the problem is given by v(t,z) = te'cosxcosy. The Lax
scheme is a classical difference method for (53), (54) and it has the form

(55)  dpz"™) = g(m1) <5lz(r’m) + sin <5lz(r’m) + %Ilz(r’m)>>

+ y(m2) ((522“’"” — cos ((522“’"” + %Igz(r’m)>> + 2mm) o plrm)
(56) Z(O,ml,mz) — Z(T,Nl,mg) — Z(r,—Nl,mg) — Z(r,ml,Ng) _ Z(r,ml,—Ng) -0

for ) € [0,a], (™) € [-x/2,7/2], ") € [-7/2,7/2], where m =
(mq, mg) and
1

S0z = —
0

[Z(r—i-l,m) - AZ(T’m)],

Agrm) — 1 (Z(T7m1_17m2) 4 rmitlma) 4 (rmime—1) z(r,m17m2+1))
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and .
(rm) — _ = (mmatlme) _ (rymi—1,m2)
01z o [z z ],
1
5 (rym) _ - (rym1,ma+1) _ _(r,m1,ma—1)
2% oy glz z l,
1 mi1—1
Ilz(r ,m) __ 51gn(m1) o Z (Z(r,k,mg) + Z(r,k—i—l,rm))7
1 k=—m1
mo—1
Ir2"™) = sign(my) — o, Z (z(rmak) 4 o (rmaktl)y
k=—mso

The convergence of the method (55), (56) follows from [9]. Denote by
n : Ep — R the solution of problem (55), (56) and by z, : En — R,
Uy, : Ep — R? the solution given by the generalized Euler method for prob-
lem (53), (54).
Suppose that (") is fixed for some 0 < r < K. Then we put
elr) = — oM N <m < N},

= max{\z(r ™)

(7") _ 1 (rm) _ (r,m)
“h T 2N, — 1) (2N, — 1) _Ngm:w 12 o,

where N = (N7, N3). The numbers sg) and I/}(LT) can be called the maximal
and average errors of the classical method for fixed t(). In a similar way we
define the maximal and average errors Egﬂ), 7" for the generalized Euler
method.

We put hg = 0.001, h; = he = 0.01 and we have the following experi-
mental values for the above defined errors.

Table 1. Maximal errors €, €, and average errors vy, Up

() 6;;) ggl’f) V’ST) EELT)

0.1 1.40-1072® 9.61-10"° 5.39-10~* 4.91-107°
0.2 6.03-107% 3.36-107* 2.19-107® 1.58-107*
0.3 1.47-1072 7.64-107* 5.09-107% 3.25-107*
0.4 2.85-1072 1.43-107% 9.39-107% 5.82-107*
0.5 4.85-1072 4.86-107% 1.53-1072 1.05-1073

Note that EE:) < 55:) and ﬂg) < u}(lr) for all values of ¢(").
EXAMPLE 6.2. Let n = 1. Consider the mixed problem
(57) Oz(t,x) = x(0pz(t,x) — cos(Opz(t,x) — txz(t,x)))

1 f(t,x) [z<t xTH> —i—z(t,x;l)},
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(58) 2(0,z) =1 forxe[-1,1], =z(t,—1)==2(t,1)=1 forte][0,a],
where

f(t,CC) = |z + % ((1 o 2t)$2 N 1)€%t($2_1) [eét(m—l)(m+3) + 68t(m+1)(m 3)]
Li(x? —1)

The solution of this problem is given by v(¢,z) = e2
Let zp, h = (hg, h1), denote the numerical solution of (57), (58) which is
obtained by the classical Lax scheme (see [10]).
The quasilinear differential functional system corresponding to (57) has
the form

Oz(t,x) = x(u(t, x) — cos(u(t,x) — txz(t,x)))

+f(t,x) [z(t xTH> —|—z<t,m;1>}

+ z(1 + sin(u(t,x) — txz(t, x)))(0z2(t, x) — u(t, z)),
Owu(t, x) = u(t,z) — cos(u(t, z) — txz(t, x))
tx

— ta(z + 2(t,x)) sin(u(t, z) — z))
() ()
o) ()
+ (1 + sin(u(t, ©) — trz(t, 2)))dpult, )

We apply the numerical method of lines for the above system and then the
Runge—Kutta method of the 4-th order for the system of ordinary differential
equations.

Denote by z;, : E, — R, 1, : E, — R? the solution given by the
generalized method of lines and Runge-Kutta method for problem (57),
(58). Suppose that t(") € [0, a] is fixed. Then we put

555) = max{|z}(lr’m) — v(r,m)| =N <m< N}7
(r) 1 (r,m) rm
A Z |z, — ol )|.
—N<m<N

The numbers eg) and V}(lr) can be called the maximal and average errors of

the classical method for fixed ¢("). In a similar way we define the maximal and
average errors Eg), ﬁg) for the generalized method of lines and Runge-Kutta
method.

We put a =1, b =1, hp = 0.0001, h; = 0.01 and we have the following

experimental values for the above defined errors.
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Table 2. Maximal errors €j, €, and average errors vy, Up

+(m) 65;) g;lﬂ V;ST) D;:)
0.2 9.17-107® 9.78-107° 7.82-107% 4.94-107°
04 3.31-107% 3.62-107* 2.70-1072 1.81-107*
0.6 6.68-1072 7.54-107* 5.33-1072 3.81-107*
0.8 1.06-107' 1.24-107% 8.39-1072? 6.38-107*
1.0 1.48-107' 1.81-107% 1.17-107! 9.44.107*

Note that Eg) < EEZT) and ﬁgr) < I/](:) for all values of t(7).

Thus we see that the errors of the classical method are larger than the
errors of the generalized method of lines. This is due to the fact that the
approximation of the spatial derivative of z in the generalized method of
lines is better than the respective approximation in the classical method.
The method described in this paper may be applied for numerical solution
of first order nonlinear differential equations with deviated variables.

References

[1] A. Baranowska and Z. Kamont, Numerical method of lines for first order partial
differential-functional equations, Z. Anal. Anwend. 21 (2002), 949-962.

[2] S. Cinquini, On hyperbolic systems of (nonlinear) partial differential equations in
several independent variables, Ann. Mat. Pura Appl. 120 (1979), 201-214 (in
Ttalian).

[3] M. Cinquini Cibrario, A class of systems of nonlinear partial differential equations
in several independent variables, ibid. 140 (1985), 223-253 (in Italian).

[4] M. Dehghan, Numerical procedures for a boundary value problem with a non-linear
boundary condition, Appl. Math. Comput. 147 (2004), 291-306.

[5] I Gyori, On the method of lines for the solutions of nonlinear partial differential
equations, Akad. Nauk SSSR, Otdel Vychisl. Mat., Moscow, 1987.

[6] —, The method of lines for the solutions of some nonlinear partial differential equa-
tions, Comput. Math. Appl. 15 (1998), 635-648.

[7] W. Hundsdorfer and J. Verwer, Numerical Solution of Time-Dependent Advection-
Diffusion-Reaction FEquations, Springer Ser. Comput. Math. 33, Springer, Berlin,
2003.

[8] D. Jaruszewska-Walczak and Z. Kamont, Ezistence of solutions of first order partial
differential-functional equations via the method of lines, Serdica 16 (1990), 104-114.

[9] Z. Kamont, Finite difference approzimations for first order partial differential func-
tional equations, Ukrain. Math. J. 46 (1994), 985-996.

[10] —, Hyperbolic Fuctional Differential Inequalities and Applications, Kluwer, Dor-
drecht, 1999.
[11] —, Functional differential and difference inequalities with impulses, Mem. Differen-

tial Equations Math. Phys. 24 (2001), 5-82.

[12] Z. Kamont and S. Zacharek, Lines method approzimations to the initial boundary
value problem of Neumann type for parabolic differential functional equations, Com-
ment. Math. Prace Mat. 30 (1981), 317-330.



126 W. Czernous

[13] H. Leszczynski, On the method of lines for a non-linear heat equation with functional
dependence, Ann. Polon. Math 69 (1998), 61-74.

[14] W. E. Schiesser, The Numerical Method of Lines. Integration of Partial Differential
Equations, Acad. Press, San Diego, 1991.

[15] K. Schmitt, R. C. Thompson and W. Walter, Ezistence of solutions of a nonlinear
boundary value problem via the method of lines, Nonliear Anal. 2 (1978), 519-535.

[16] A. Vande Wouwer, Ph. Saucez and W. E. Schiesser, Adaptive Method of Lines,
Chapman and Hall/CRC, Boca Raton, 2001.

[17] D. M. Wei, Ezistence, uniqueness and numerical analysis of solutions of a quasilin-
ear parabolic problem, SIAM J. Numer. Anal. 29 (1992), 484-497.

[18] K. Zlateva, Method of lines for parabolic equations with dynamical boundary condi-
tions, Math. Balkanica (N.S.) 14 (2000), 275-290.

Institute of Mathematics

University of Gdarisk

Wit Stwosz St. 57

80-952 Gdansk, Poland

E-mail: Wojciech.Czernous@math.univ.gda.pl

Received 20.1.2005
and in final form 17.7.2006 (1554)



