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Collapse of warped submersionsby Szymon M. Walczak (�ód¹)Abstra
t. We generalize the 
on
ept of warped manifold to Riemannian submersions
π : M → B between two 
ompa
t Riemannian manifolds (M, gM ) and (B, gB) in thefollowing way. If f : B → (0,∞) is a smooth fun
tion on B whi
h is extended to afun
tion f̃ = f ◦ π 
onstant along the �bres of π then we de�ne a new metri
 gf on M by

gf |H×H ≡ gM |H×H, gf |V×TM̃
≡ f̃

2
gM |

V×TM̃
,whereH and V denote the bundles of horizontal and verti
al ve
tors. The manifold (M, gf )obtained that way is 
alled a warped submersion. The fun
tion f is 
alled a warpingfun
tion.We show a ne
essary and su�
ient 
ondition for 
onvergen
e of a sequen
e of warpedsubmersions to the base B in the Gromov�Hausdor� topology. Finally, we 
onsider anexample of a sequen
e of warped submersions whi
h does not 
onverge to its base.1. Introdu
tion1.1. Riemannian submersion. Re
all that a mapping π : M → B be-tween two Riemannian manifolds (M, gM ) and (B, gB), dim B ≤ dimM ,is 
alled a Riemannian submersion if it has maximal rank, and gM (u, w) =

gB(π∗u, π∗w) for any ve
tors u, w ∈ (Kerπ∗)
⊥. We denote by V(x) = Ker π∗x(H(x) = (Ker π∗x)⊥ resp.) the subspa
e of verti
al (horizontal) ve
tors.Lemma 1. Let π : M → B be a Riemannian submersion, where M, B are
ompa
t Riemannian manifolds. The fun
tion d̃ : B ∋ x 7→ diamM (π−1(x))is 
ontinuous.Proof. Let ε > 0 and x0 ∈ B. Sin
e π is 
ontinuous, there exist points

y1, y2 ∈ π−1(x0) su
h that dM (y1, y2) = diamM (π−1(x0)).Let x ∈ B(x0, ε/2) ⊂ B and let γ : [0, δ] → B, δ > 0, be a geodesi
 
urvesu
h that γ(0) = x, γ(δ) = x0, l(γ) = dB(x, x0). Denote by γi, i = 1, 2, thehorizontal lifts of γ su
h that γi(δ) = yi. It is 
lear that l(γi) = l(γ) < ε/2.2000 Mathemati
s Subje
t Classi�
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zakHen
e
diamM (π−1(x0)) = dM (y1, y2)(1)

≤ l(γ1) + dM (γ1(0), γ2(0)) + l(γ2)

≤ ε + diamM (π−1(x)).In the same way we show that(2) diamM (π−1(x)) ≤ ε + diamM (π−1(x0)).Formulae (1) and (2) imply the 
ontinuity.As a result, in further 
onsiderations we 
an assume that
diamM (π−1(z)) ≤ 1for any z ∈ B.1.2. Gromov�Hausdor� topology. The Gromov�Hausdor� distan
e be-tween two 
ompa
t metri
 spa
es (X, dX) and (Y, dY ) is de�ned as(3) dGH(X, Y ) := inf{d̃H(X, Y ) : d̃ is an admissible metri
 on X ∐ Y }.An admissible metri
 on X ∐ Y is a metri
 that is an extension of dX and

dY . Su
h a metri
 always exists, e.g.
d̃|X×X ≡ dX , d̃|Y ×Y ≡ dY ,

d̃(x, y) = max{diam(X), diam(Y )}, x ∈ X, y ∈ Y.In [1℄ it is shown that (3) de�nes a metri
 on the set of isometry 
lasses of
ompa
t metri
 spa
es. In further 
onsiderations we will need the followingtwo fa
ts.Lemma 2 (Gromov). If (X, dX) and (Y, dY ) are 
ompa
t metri
 spa
esand
A = {x1, . . . , xk} ⊂ X, B = {y1, . . . , yk} ⊂ Yare ε-nets on X and Y , respe
tively , and if

|dX(xi, xj) − dY (yi, yj)| ≤ ε, 1 ≤ i, j ≤ k,then dGH(X, Y ) ≤ 3ε.A proof 
an be found in [3℄.Theorem 1. Let ((Xi, dXi
))i∈N, (Y, dY ) be 
ompa
t metri
 spa
es. If

Xi → Y in the Gromov�Hausdor� topology then for any η > 0 and forany η-net A = {y1, . . . , yl} on X there exists a sequen
e of 2η-nets Ai =
{xi

1, . . . , x
i
l} on Xi su
h that A is a quasi-isometri
 limit of Ai, i.e. for any

j, k ∈ {1, . . . , l},
|dY (yj , yk) − dXi

(xi
j, x

i
k)| → 0 as i → ∞.A proof 
an be found in [1℄.



Collapse of warped submersions 1411.3. Warped submersion. Let (M, gM ), (B, gB) be 
ompa
t Riemannianmanifolds, π : M → B a Riemannian submersion, and f : B → (0,∞) a
C∞-fun
tion on B. Then f̃ = f ◦ π is a smooth fun
tion on M 
onstantalong the �bres of π. Denote by gf the metri
 on M given by

gf |H×H ≡ gM |H×H, gf |V×TM̃
≡ f̃2gM |

V×TM̃
.The manifold M with metri
 gf will be 
alled a warped submersion anddenoted by Mf . The fun
tion f will be 
alled a warping fun
tion.2. Main results. Let (fn : B → (0,∞))n∈N be a sequen
e of smoothwarping fun
tions uniformly bounded on B by a 
onstant C. We ask whatshould be assumed about (fn) to ensure that the manifold B is the limit of

Mfn
in the Gromov�Hausdor� topology.Theorem 2. Mfn

→ (B, gB) in the Gromov�Hausdor� topology if andonly if for any ε > 0 there exists N ∈ N su
h that for all n > N there existsan ε-net An ⊂ B su
h that
fn|An < ε.Proof. ⇐ Let η > 0 and n > N . Let An = {y1, . . . , yk} be an η-neton B su
h that fn|An < η. Sele
t points xi ∈ Mfn

, i ∈ {1, . . . , k}, in su
ha way that π(xi) = yi. Note that the set {xi}i∈{1,...,k} is a 2η-net on Mfn
.Indeed, let y ∈ Mfn

. There exists j ∈ {1, . . . , k} su
h that dB(π(y), yj) < η.Let γ : [0, δ] → B be a minimal geodesi
 
urve joining π(y) and yj and γ̃ itshorizontal lift su
h that γ̃(0) = y. We have
dMfn

(y, xj) ≤ l(γ̃) + diamMfn (π−1(yj)) ≤ l(γ) + η < 2η.Moreover, for all i, j ∈ {1, . . . , k},(4) dB(yi, yj) ≤ dMfn
(xi, xj).Furthermore, if γ : [0, δ] → B is a minimal geodesi
 
urve joining xi to xjand γ̃ its horizontal lift su
h that γ̃(0) = xi then(5) dMfn

(xi, xj) ≤ l(γ̃) + dMfn
(γ̃(δ), xj) ≤ dB(yi, yj) + η.Hen
e, from (4) and (5), |dB(yi, yj) − dMfn

(xi, xj)| < 2η for all i, j ∈
{1, . . . , k}. Lemma 2 gives us the statement.

⇒ Suppose that there exists ε0 > 0 and a sequen
e nk → ∞ su
h that forany k ∈ N and any ε0-net A ⊂ B there exists x ∈ A su
h that fnk
(x) ≥ ε0.It is obvious that there exist E0 > 0 and y0 ∈ B su
h that fnk

|B(y0,E0) ≥ ε0for all k ∈ N.Now, suppose that Mfnk
→ B in the Gromov�Hausdor� topology. ByTheorem 1, for any η-net A = {y1, . . . , yl} ⊂ B there exists a sequen
e of

2η-nets Ank = {xnk

1 , . . . , xnk

l } ⊂ Mfnk
su
h that A is a quasi-isometri
 limit
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zakof Ank . Moreover, if A is minimal and η is small enough,
l minvolB B(x, η/4) ≤ vol B,(6)

l maxvol
Mfnk B(x, 2η) ≥ vol Mfnk

.Re
all that for any 
ompa
t manifold M̃ there exists η̃ > 0 and a 
onstant
C̃ ≥ 1 su
h that for all η < η̃ and x ∈ M̃ ,(7) 1

C̃
ηdim M̃ ≤ vol B(x, η) ≤ C̃ηdim M̃ .Hen
e, by (6) and (7),

0 < εdim M−dim B
0 · volM π−1(B(y0, E0)) ≤ volMfn

≤ volB
maxvol

Mfnk B(x, 2η)

min volB B(x, η/4)
≤ vol B

CMCBCdim M−dim B · (2η)dim M

(η/4)dim B
.Hen
e Mfnk


annot 
onverge to M . This yields our statement.3. Examples. Let U ⊂ B be an open set and let f : B → [0,∞) be afun
tion su
h that f |U ≡ 1 and f |B\U ≡ 0. Let (fn : B → (0,∞))n∈N be asequen
e of smooth fun
tions on B su
h that
fn|U\B(∂U,1/n) ≡ 1, fn|B\U ≡ 1/n, fn ≤ 1.(8)It is obvious that fn → f . Moreover, the 
ondition of Theorem 2 does nothold, so the limit of the sequen
e Mfn


annot be B. We then ask what thelimit of Mfn
is (if it exists).Let ∼ be the equivalen
e relation on M given by

x ∼ y ⇔ (π(x) = π(y) and π(x) ∈ B \ U) or (x = y and π(x) ∈ U)Let γy
x : [0, δy

x] → B be a minimal geodesi
 
urve joining x, y ∈ B. Let usset X = M/∼ and de�ne ̺ : X × X → [0,∞) as follows. If all γ
π(x)
π(y) are
ontained in U then

̺(x, y) = min{min
z∈∂U

{dB(π(x), z) + dB(z, π(y))}, dM(x, y)};if not,
̺(x, y) = dB(π(x), π(y)).It is easy to show that ̺ is a metri
 on X. This follows immediately fromthe fa
t that
dM (x, y) ≥ dB(π(x), π(y))and dB and dM are metri
s on B and M respe
tively.Now we 
an prove the following theorem.
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→(X, ̺) as n → ∞ in the Gromov�Hausdor� topology.Proof. Let η > 0 and let E = {x1, . . . , xk, xk+1, . . . , xl} be an η-net on

X su
h that
{x1, . . . , xk} ⊂ π−1(U)/∼, {xk+1, . . . , xl} ⊂ π−1(B \ U)/∼.By (8) there exists N ∈ N su
h that for all n > N ,

diamMfn ([x]∼) < η for x ∈ M \ π−1(U),

diamMfn (π−1(π(xj))) = 1 for j = 1, . . . , k.Let n > N and let En = {y1, . . . , yl} be su
h that(9) [yi]∼ = xi for i = 1, . . . , l.The set En is a 2η-net on Mfn
. Indeed, let y ∈ Mfn

. There exists j ∈
{1, . . . , l} su
h that ̺([y]∼, xj) < η. We 
onsider the following 
ases:1. y ∈ π−1(U) and j ∈ {1, . . . , k},2. y ∈ π−1(U) and j ∈ {k + 1, . . . , l},3. y ∈ π−1(B \ U) and j ∈ {1, . . . , k},4. y ∈ π−1(B \ U) and j ∈ {k + 1, . . . , k}.We only handle the �rst 
ase. The others are similar. Let y ∈ π−1(U), j ∈

{1, . . . , k}. If any minimal geodesi
 
urve γ
π(y)
π(xj)

⊂ U then, sin
e [y]∼ = {y}and (9),
̺([y]∼, xj) = min{min

z∈∂U
{dB(π(y), z) + dB(z, π(xj))}, dM (y, xj)}.If ̺([y]∼, xj) = dM (y, xj) then

dMfn
(y, yj) ≤ dM (y, yj) = ̺([y]∼, xj) < 2η.Else if ̺([y]∼, xj) = minz∈∂U{dB(π(y), z) + dB(z, π(xj))} then

̺([y]∼, xj) = min{min
z∈∂U

{dB(π([y]∼), z) + dB(z, π(xj))}and for some z0 ∈ ∂U ,
dMfn

(y, yj) ≤ dB(π(y), z0) + dB(z0, π(yj)) + diam(π−1(z0))

= dB(π([y]∼), z0) + dB(z0, π(xj)) + η

= ̺([y]∼, xj) + η < 2η.Furthermore, for any i, j ∈ {1, . . . , l}, we have(10) |̺(xi, xj) − dMfn
(yi, yj)| < 2η.Indeed, if k + 1 ≤ i ≤ l, j ∈ {1, . . . , l} then(11) ̺(xi, xj) = dB(π(xi), π(xj)) ≤ dMfn

(yi, yj) + η
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zakand as above
dMfn

(yi, yj) ≤ dM (π(yi), π(yj)) + diamMfn (π−1(π(yj)))(12)
≤ ̺(xi, xj) + η.Let 1 < i, j ≤ k. Suppose that there exists a geodesi
 
urve

γ
π(xi)
π(xj)

: [0, δ
π(xi)
π(xj)

] → Bnot 
ontained in U . Then ̺(xi, xj) = dB(π(xi), π(xj)) and there exists t0 ∈

[0, δ
π(xi)
π(xj)

] su
h that γ(t0) 6∈ U . Hen
e diamMfn (π−1(γ(t0))) < η. Moreover,(13) ̺(xi, xj) = dB(yi, yj) ≤ dMfn
(yi, yj) ≤ dMfn

(yi, yj) + ηand
dMfn

(yi, yj) ≤ dB(π(yi), γ(t0)) + dB(γ(t0), yj) + diamMfn π−1(γ(t0))(14)
≤ ̺(xi, xj) + η.Now, suppose that all minimal geodesi
s joining π(yi) to π(yj) are 
on-tained in U . If(15) dM (yi, yj) < min

z∈∂U
{dB(π(yi), z) + dB(z, π(yj))}then all minimal geodesi
 
urves joining yi to yj in Mfn

are totally embeddedin π−1(U). Indeed, suppose by 
ontradi
tion that there exists a minimalgeodesi
 
urve γ0 : [0, δ] → Mfn
joining yi with yj whi
h is not totallyembedded in π−1(U). So there exist x0 ∈ π−1(∂U) and t0 ∈ (0, δ) su
h

γ0(t0) = x0. We then have
dMfn

(yi, yj) = l(γ0) =

δ\
0

‖γ̇0(t)‖Mfn
dt(16)

=

t0\
0

‖γ̇0(t)‖Mfn
dt +

δ\
t0

‖γ̇0(t)‖Mfn
dt

≥

t0\
0

‖(γ̇0(t))
⊥‖Mfn

dt +

δ\
t0

‖(γ̇0(t))
⊥‖Mfn

dt

≥

t0\
0

‖π∗(γ̇0(t))
⊥‖B dt +

δ\
t0

‖π∗(γ̇0(t)
⊥)‖B dt

≥ dB(π(yi), π(x0)) + dB(π(x0), π(yj)

≥ min
z∈∂U

{dB(π(yi), z) + dB(z, π(yj)}.But
dM (yi, yj) ≥ dMfn

(yi, yj).



Collapse of warped submersions 145So we get
dM (yi, yj) ≥ min

z∈∂U
{dB(π(yi), z) + dB(z, π(yj)},whi
h 
ontradi
ts (15).Let γ : [0, δ] → Mfn

be a minimal geodesi
 
urve joining yi to yj . Be
auseall geodesi
 
urves joining yi to yj are totally embeded in π−1(U),
dMfn

(yi, yj) =

δ\
0

‖γ̇(t)‖Mfn
dt =

δ\
0

‖γ̇(t)‖M dt = dM (yi, yj) = ̺(xi, xj).Hen
e(17) |dMfn
(yi, yj) − ̺(xi, xj)| < η.Now, suppose that dM (yi, yi) ≥ minz∈∂U{dB(π(yi), z)+dB(z, π(yj)}. Let

z0 ∈ ∂U be a point at whi
h minz∈∂U{dB(π(yi), z)+dB(z, π(yj)} is a
hieved,and let1. γ1 : [0, δ1] → B be a minimal geodesi
 
urve joining π(yi) to z0 and γ̃1its horizontal lift su
h γ̃1(0) = yi,2. γ2 : [0, δ2] → B be a minimal geodesi
 
urve joining π(yj) to z0 and γ̃2its horizontal lift su
h γ̃2(0) = yj ,3. γ3 : [0, δ3] → π−1(z0) be a minimal geodesi
 
urve joining γ̃1(δ1) to
γ̃2(δ2).Let γ : [0, δ̃] → Mfn

, δ̃ = δ1 + δ2 + δ3, be given by γ = γ−1
2 ∗ γ3 ∗ γ1. Then(18) dMfn

(yi, yj) ≤ l(γ) =
3∑

i=1

l(γi) ≤ ̺(xi, xj) + η.On the other hand, if γ : [0, δ] → Mfn
is a minimal geodesi
 
urve from

yi to yj then1. if γ([0, δ]) ⊂ π−1(U) then
η + dMfn

(yi, yj) ≥ l(γ) =

δ\
0

‖γ̇(t)‖Mfn
dt =

δ\
0

‖γ̇(t)‖Mdt(19)
≥ min

z∈∂U
{dB(π(yi), z) + dB(z, π(yj))} ≥ ̺(xi, xj);2. if γ([0, δ]) 6⊂ π−1(U) then as in (16),(20) η + dMfn

(yi, yj) ≥ min
z∈∂U

{dB(π(yn
i ), z) + dB(z, π(yn

j ))} ≥ ̺(xi, xj).Hen
e by (11)�(14) and (17)�(20) we get (10).Sin
e En and E are 2η-nets on Mfn
and X respe
tively and for any

i, j ∈ {1, . . . , l}, we have
|̺(xi, xj) − dMfn

(yi, yj)| < 2η,Lemma 2 implies that dGH(Mfn
, X) < 6η. This yields our statement.
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