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A remark on semi-V-flat functions

by WousciecH Kozr.owskr (Lodz)

Abstract. We give a pointwise characterization of semi-V-flat functions on an affine
manifold (M, V).

1. Introduction. Let (M, V) be an affine manifold with M connected.
In [1] we introduced the concept of V-flat and pointwise-V-flat functions on
(M, V) as follows: Let f be a smooth function on M. Then f is called V-flat
if VFf = 0 for some k > 0, and pointwise-V-flat if for each & € M there
exists k = k(z) > 0 such that (V¥f)(z) = 0. Clearly, V¥ = Vo-..0V
(k times).

Obviously, each V-flat function is pointwise-V-flat. Conversely (Thm. 2.1
in [1]) we have

THEOREM 1. If (M, V) is real-analytic then any smooth pointwise-V -flat
function on (M,V) is real-analytic and V-flat.

In this short note, we introduce a concept of semi-V-flat functions and
pointwise-semi-V-flat functions, which slightly generalizes the concept of V-
flat and pointwise-V-flat functions. The main result (Thm. 2 in the next
section), whose idea was suggested by Professor Michael Eastwood, asserts
that a smooth function f is semi-V-flat iff f is pointwise-semi-V-flat. Now
we define the objects we are interested in.

Let f be a smooth function on M. For any integer k > 0 and p € M let
bI; = blg’f be defined by blg(v) = V¥f(v,...,v), v € T,M. Define the map
bk € C°(T'M) by putting b*(v) = bk(v) if v € T},. The function f is called
semi-V -flat if there exists k > 0 such that b* = 0, and pointwise-semi-V -flat
if for each p € M there exists k = k(p) > 0 such that b’; = 0. Clearly, each
semi-V-flat function is pointwise-semi-V-flat.
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2. The main result. Before we formulate and prove the main result,
we introduce some tools. Let (M, V) be a smooth affine manifold with M
connected. Take p € M, and let G be an open and star-shaped neighbour-
hood of zero in T}, M such that the exponential mapping exp at p is defined
on G. For any v € G let ¢, : I — M denote the geodesic curve such that
wu(I) C exp(G), ¢y(0) = p and ¢,(0) = v. In the proof of Theorem 2 we
will need the following

PROPOSITION 1. Let k > 0. Suppose that f is a smooth function on M.
If o5VFf = 0 for each v € G, then f oexp is a polynomial function on G
of degree < k.

LEMMA 1. Suppose that [ is a pointwise-semi-V-flat function on M. If
© : I — M is a geodesic then there exists k > 0 such that @*VFf = 0.
Moreover, ift € I and b' = 0 in some neighbourhood of ¢(t) then k <.

Proposition 1 is proved in [1]. To prove Lemma 1 observe the following:
Let D be the canonical connection on I. Since ¢ : (I,D) — (M,V) is an

affine map,

d™(f o ¢)
(%) o
for any m > 0. Lemma 1 is now a direct consequence of (x) and the following
very well known fact: Suppose h : I — R is smooth. If for each s € I there
exists k = k(s) > 0 such that (d*h/dt*)(s) = 0 then h is a polynomial
function.

="V f

THEOREM 2. If (M, V) is an affine manifold with M connected then any
smooth pointwise-semi-V -flat function on (M,V) is semi-V-flat.

REMARK. In contrast to Theorem 1 we do not require analyticity of
(M, V).

Proof of Theorem 2. Let f be pointwise-semi-V-flat. For any k£ > 0 define
the open subset V}, as follows; p € Vj, if b¥ = 0 on some open neighbourhood
of p. Put V = ;2 Vi. Clearly, V; C Vj41, V is open, and using the Baire
property one easily checks that V' is dense in M.

Let » = min{k : V}, # 0}. We will show that " = 0 on M. Since M is
connected it suffices to show that V, is closed.

Take any ¢ € V,. Let W be a small neighbourhood of ¢ such that any
p € W has a normal neighbourhood which contains W. Take [ > 0 such that
VinW # (. Let p € VN W. Let G be as in Proposition 1, 2 = exp(G)
and W C {2. By Lemma 1 and Proposition 1, P = foexp: G — R is a
polynomial function of degree < [. Clearly, 2NV, # () and also by Lemma 1,
for each geodesic ¢ : I — {2 such that (1) NV, # 0, we have *V" f = 0.
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Let U = exp 1(2NV,). By (%), for any v € U the map t — P(tv) is a
polynomial function (in one variable) of degree < r. Since U is non-empty
and open, deg P < r.

For any v € G let ¢, be the geodesic defined by ¢, (t) = exp(tv). Using
(x) again we see that p;V"f = 0, so b, = 0. Since p € W NV} was taken
arbitrary, W NV, C W NV,. Since VN {2 is dense in 2, b" = 0 on (2. Thus
2 C V. soV,is closed. m
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