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A remark on semi-∇-�at fun
tionsby Wojciech Kozłowski (�ód¹)
Abstra
t. We give a pointwise 
hara
terization of semi-∇-�at fun
tions on an a�nemanifold (M,∇).1. Introdu
tion. Let (M,∇) be an a�ne manifold with M 
onne
ted.In [1℄ we introdu
ed the 
on
ept of ∇-�at and pointwise-∇-�at fun
tions on

(M,∇) as follows: Let f be a smooth fun
tion on M . Then f is 
alled ∇-�atif ∇kf = 0 for some k ≥ 0, and pointwise-∇-�at if for ea
h x ∈ M thereexists k = k(x) ≥ 0 su
h that (∇kf)(x) = 0. Clearly, ∇k = ∇ ◦ · · · ◦ ∇(k times).Obviously, ea
h ∇-�at fun
tion is pointwise-∇-�at. Conversely (Thm. 2.1in [1℄) we haveTheorem 1. If (M,∇) is real-analyti
 then any smooth pointwise-∇-�atfun
tion on (M,∇) is real-analyti
 and ∇-�at.In this short note, we introdu
e a 
on
ept of semi-∇-�at fun
tions andpointwise-semi-∇-�at fun
tions, whi
h slightly generalizes the 
on
ept of ∇-�at and pointwise-∇-�at fun
tions. The main result (Thm. 2 in the nextse
tion), whose idea was suggested by Professor Mi
hael Eastwood, assertsthat a smooth fun
tion f is semi-∇-�at i� f is pointwise-semi-∇-�at. Nowwe de�ne the obje
ts we are interested in.Let f be a smooth fun
tion on M . For any integer k ≥ 0 and p ∈ M let
bk
p = bk,f

p be de�ned by bk
p(v) = ∇kf(v, . . . , v), v ∈ TpM. De�ne the map

bk ∈ C∞(TM) by putting bk(v) = bk
p(v) if v ∈ Tp. The fun
tion f is 
alledsemi-∇-�at if there exists k > 0 su
h that bk = 0, and pointwise-semi-∇-�atif for ea
h p ∈ M there exists k = k(p) > 0 su
h that bk

p = 0. Clearly, ea
hsemi-∇-�at fun
tion is pointwise-semi-∇-�at.
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148 W. Kozªowski2. The main result. Before we formulate and prove the main result,we introdu
e some tools. Let (M,∇) be a smooth a�ne manifold with M
onne
ted. Take p ∈ M , and let G be an open and star-shaped neighbour-hood of zero in TpM su
h that the exponential mapping exp at p is de�nedon G. For any v ∈ G let ϕv : I → M denote the geodesi
 
urve su
h that
ϕv(I) ⊂ exp(G), ϕv(0) = p and ϕ̇v(0) = v. In the proof of Theorem 2 wewill need the followingProposition 1. Let k ≥ 0. Suppose that f is a smooth fun
tion on M .If ϕ⋆

v∇
kf = 0 for ea
h v ∈ G, then f ◦ exp is a polynomial fun
tion on Gof degree < k.Lemma 1. Suppose that f is a pointwise-semi-∇-�at fun
tion on M . If

ϕ : I → M is a geodesi
 then there exists k ≥ 0 su
h that ϕ⋆∇kf = 0.Moreover , if t ∈ I and bl = 0 in some neighbourhood of ϕ(t) then k ≤ l.Proposition 1 is proved in [1℄. To prove Lemma 1 observe the following:Let D be the 
anoni
al 
onne
tion on I. Sin
e ϕ : (I, D) → (M,∇) is ana�ne map,(⋆) dm(f ◦ ϕ)

dtm
= ϕ⋆∇mffor any m ≥ 0. Lemma 1 is now a dire
t 
onsequen
e of (⋆) and the followingvery well known fa
t: Suppose h : I → R is smooth. If for ea
h s ∈ I thereexists k = k(s) ≥ 0 su
h that (dkh/dtk)(s) = 0 then h is a polynomialfun
tion.Theorem 2. If (M,∇) is an a�ne manifold with M 
onne
ted then anysmooth pointwise-semi-∇-�at fun
tion on (M,∇) is semi-∇-�at.

Remark. In 
ontrast to Theorem 1 we do not require analyti
ity of
(M,∇).Proof of Theorem 2. Let f be pointwise-semi-∇-�at. For any k ≥ 0 de�nethe open subset Vk as follows; p ∈ Vk if bk = 0 on some open neighbourhoodof p. Put V =

⋃
∞

k=0
Vk. Clearly, Vl ⊂ Vl+1, V is open, and using the Baireproperty one easily 
he
ks that V is dense in M .Let r = min{k : Vk 6= ∅}. We will show that br = 0 on M . Sin
e M is
onne
ted it su�
es to show that Vr is 
losed.Take any q ∈ V r. Let W be a small neighbourhood of q su
h that any

p ∈ W has a normal neighbourhood whi
h 
ontains W . Take l ≥ 0 su
h that
Vl ∩ W 6= ∅. Let p ∈ Vl ∩ W . Let G be as in Proposition 1, Ω = exp(G)and W ⊂ Ω. By Lemma 1 and Proposition 1, P = f ◦ exp : G → R is apolynomial fun
tion of degree < l. Clearly, Ω∩Vr 6= ∅ and also by Lemma 1,for ea
h geodesi
 ϕ : I → Ω su
h that ϕ(I) ∩ Vr 6= ∅, we have ϕ⋆∇rf = 0.



Semi-∇-�at fun
tions 149Let U = exp−1(Ω ∩ Vr). By (⋆), for any v ∈ U the map t 7→ P (tv) is apolynomial fun
tion (in one variable) of degree < r. Sin
e U is non-emptyand open, deg P < r.For any v ∈ G let ϕv be the geodesi
 de�ned by ϕv(t) = exp(tv). Using(⋆) again we see that ϕ⋆
v∇

rf = 0, so br
p = 0. Sin
e p ∈ W ∩ Vl was takenarbitrary, W ∩ Vl ⊂ W ∩ Vr. Sin
e V ∩ Ω is dense in Ω, br = 0 on Ω. Thus

Ω ⊂ Vr, so Vr is 
losed.A
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