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The comparison principle and Dirichlet problem
in the class &,(f), p >0

by PHAM HoANG HIEP (Hanoi)

Abstract. We establish the comparison principle in the class Ep(f). The result ob-
tained is applied to the Dirichlet problem in &E,(f).

1. Introduction. Let {2 be a bounded hyperconvex domain in C". We
denote by PSH({2) the set of plurisubharmonic (psh) functions on (2. In
[BT1,2] the authors established and used the comparison principle to study
the Dirichlet problem in PSHN LS (2). Recently, Cegrell introduced a gen-
eral class & of psh functions on which the complex Monge—-Ampeére operator
(dd®-)™ can be defined. He obtained many important results of pluripotential
theory in the class &, for example, the comparison principle and solvabil-
ity of the Dirichlet problem (see [Cel-3]). In [H], the author proved the
comparison principle in the class F.

The aim of the present paper is to continue the study of the class £,(f).
In Section 3 we prove a comparison principle of the Xing type in the class
Ep(f), p > 0. This is aplied to the Dirichlet problem in &,(f). In particular,
in Section 4, we prove that for a positive measure p on (2 the equation
(dd°u)™ = p has a solution in &,(f) if and only if &,(2) C L, (2, p).

Acknowledgments. The author is grateful to Professor Nguyen Van
Khue for suggesting the problem and for many helpful discussions during
the preparation of this work. The author is also indebted to the referee for
his useful comments that helped to improve the paper.

2. Preliminaries. First we recall some elements of pluripotential theory
that will be used throughout the paper. All this can be found in [BT1,2],
[Cel-3].
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2.1. Unless otherwise specified, {2 will be a bounded hyperconvex do-
main in C", meaning that there exists a negative exhaustive psh function
for £2.

2.2. Let {2 be a bounded domain in C". The C),-capacity in the sense
of Bedford and Taylor on {2 is the set function given by

Co(E) = Cp(E, Q) = sup{ f(ddeu)™ : w € PSH(2), -1 <u < 0}
E

for every Borel set F in 2. It is known [BT2] that

Cn(E) = \(dd°h}; )"
(93

where h}, (, is the relative extremal psh function for E (relative to {2) defined
as the smallest upper semicontinuous majorant of hg o,

hg o(z) =sup{u(z) : v € PSH(2), -1 <u <0,u < —1on E}.

The following definition was introduced in [Xi]: A sequence u; € PSH™ (£2)
converges to u in Cy,-capacity if

Cr(KN{luj —u| >6}) -0, j—o0, VKCC §>0.

2.3. The following classes of psh functions were introduced by Cegrell
in [Cel,2]:

o = E(92) = {cp €PSH(2)NL=(@): lim o(2) =0, | (ddp)" < oo},
(9}

E=E() = {(p € PSH(£2) : Vzg € £2 3 a neighbourhood w 3 zy,

3 3 p; \ ¢ on w, sup S(ddcgoj)” < oo},

jz1 0
F=F) = {w € PSH(R) : 36 > ¢; \ ¢, sup g (ddp;)™ < oo}
Lo
Ep=6E(02) = {cp € PSH($2) : 3& 3 ¢; \, go, su S )P(ddp;)" < }
Lo
Fp=Fp(2) = {gp € &E(02):38 3 ¢\ ¢, sup X(dd‘:go]) < oo}

2.4. Let f:0f2 — R be a continuous function. Recall that the Perron—
Bremermann envelope of f is defined by

U(0, f)(2) = sup{ep(2) : ¢ € PSH(£2), u@@(w) < f(§) V€ € 012}

A plurisubharmonic function u defined on {2 belongs to the class &,(f) if
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there exists a function ¢ € &, such that
e+ U, f) <u<U(O, f).
Next we introduce some results needed for our paper:

2.5. PROPOSITION. Let uj € PSH™ (§2) be such that u; is increasing a.e.
with respect to the Lebesgue measure to some v € PSH™ (£2). Then u; — u
in Cp-capacity as j — oo.

Proof. Let K CC {2 and §,e > 0. By [BT1,2] we can choose t > 0 such
that
Cn(KN{u; < —t}) <e.
By Proposition 2.5 in [Cz] there exists jo such that
Cr (K N {|max(u;, —t) —max(u,—t)| > 0}) <e, Vj> jo.
For each j > jo, we have
Crn(K N{lu; —u| > d}) < Cp(K N {|max(uj, —t) — max(u, —t)| > 0})
+Ch(KN{u; < —t}) + Cp (K N{u < —t})
< Cy (K N{|max(uj, —t) — max(u, —t)| > 6})
+2C, (K N{u; < —t})
< 3e.

2.6. PROPOSITION. Let u; € £ be such that u; is increasing a.e. with
respect to the Lebesque measure to some u € €. Then (dd®u;)" — (ddu)™
weakly as j — oo.

Proof. Let D CC {2. By the remark after Definition 4.6 in [Ce2] we can
find v € F such that v|p = ui|p. We set

u; = max(u;,v), U= max(u,v).
We have F 5> u; /" u € F and u;|p = u;|p, u|p = u|p. By Proposition 2.5
and Theorem 1.1 in [Ced] we have (dd°u;)" — (dd“u)"™ weakly as j — oc.
Hence (dd“u;)™ — (ddu)™ weakly as j — oo.
2.7. PROPOSITION. Let u € £ be such that
s"Cr({fu< —s}) -0 ass— oo.
Then (dd°u)™ is locally absolutely continuous with respect to C,,-capacity.

Proof. Let D CC (2. By the remark following Definition 4.6 in [Ce2] we
can choose v € F such that v =w on D and v > u on {2. We have
s"Ch({v < =s}) <s"Cr,({u< —s}) -0 ass— oc.

By Proposition 3.4 in [CKZ], (dd“v)" is absolutely continuous with respect to
C'n-capacity. Therefore, (dd°u)™ is locally absolutely continuous with respect
to Cj,-capacity.
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2.8. PROPOSITION. Let u € &E,(f). Then (ddu)™ is locally absolutely
continuous with respect to Cy,-capacity.

Proof. We can assume that 0 < f < 1. By the definition of £,(f), there
exists a function ¢ € &, such that
e+ U0, f) <u< U, f).
We set v =u — 1 € £. By Proposition 3.1 in [CKZ] we have
Sn
SnCn({'U < —8}) S ann({go < =8+ 1}) S Cn,pep(go) m — 0

as s — oo. Using Proposition 2.7 we conclude that (dd°u)™ = (ddv)™ is
locally absolutely continuous with respect to C,-capacity.

2.9. THEOREM. Let u,v € &, be such that (dd°u)" < (dd°v)™. Then
u>v.

Proof. See the proof of Theorem 6.2 in [Cel] for p > 1 and Theorem 4.2
in [CHA] for 0 < p < 1.

2.10. THEOREM. Let u,v € &,. Then

1
o S (v —w)"ddwy A -+ A\ dd°w,, + S (r —wq)(ddv)"
" {u<wv} {u<v}
< S (r —wq)(ddu)™
{u<v}

for all w; e PSH(£2),0<w; <1,j=1,...,n and all 7 > 1.
Proof. Use Theorem 2.9 and Proposition 4.7 of [KH].

The following theorem was proved by Persson [Per| for p > 1 and in
[CHA] for 0 < p < 1.

2.11. THEOREM. Let ug,u,...,u, be functions in PSHN L™ (§2) such
that lim, ,pou;(z) =0 for j =0,1,...,n. Then

S (—up)Pdduy A -+ A ddu,
Q

< Cpn [ S (_uo)p(ddcuo)n}p/(ﬁn) [ S (—ul)p(ddcm)n] Ve

9] 0}

: [ { (—un)P(ddcun)”}

0

1/(p+n)

Finally, we need the following theorem on the Dirichlet problem.

2.12. THEOREM. Let p > 0 and u a positive measure on §2. Then there
exists a unique function u € €, such that (dd°u)"™ = p if, and only if , there
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18 a constant A > 0 such that

J(—¢)7 du < A] [(—p)"(ddc)
0} 9]

for every p € &.

n] p/(p+n)

Proof. The assumption on p implies that it vanishes on pluripolar sets
and therefore Theorem 5.11 in [Ce2] shows that there exist ¢ € & and
0 < f €L _((dd°p)™) such that u = f(dd°¢)". Kolodziej’s theorem ([Ko])

implies that there exist u; € & such that (dd®u;)™ = min{f,j}(dd°¢)".
Using the assumption on p for ¢ = u;, we obtain

§(—uy)P(ddeuy)m < At/
2

Thus u; \, v € &, and (dd°u)" = dp. Uniqueness follows from Theorem 2.9.
For the converse, let p > 0 and assume that there exists u € &, such that
(dd°u)™ = p. By Theorem 2.1 in [Ce2] there exist u; € & such that u; \ u.
We have

B = sup S(—uj)p(ddcuj)” < 00.
i>1

Theorem 2.11 yields

(—o)?dp < lim | (—p)?(ddu;)"
Q I7 0

< tim [ (-or(are)’] S J -yt

< 5o/ [ {pparer] "
n

n/(p+n)

3. The comparison principle in &,(f). In this section we prove the
comparison principle in the class £,(f) with p > 0. The theorem is proved
using the ideas from the proof of Theorem 3.10 in [Ce3].

3.1. THEOREM. Let u € E,(f) and v € E,(g) with f € C(002) and
f>g. Then

1
() | (w—wrddw A Addw, + | (r—wi)(ddv)"
" {u<v} {u<v}
< | (r—w)(ddu)"
{u<v}

for all w; € PSH(2),0<w; <1,j=1,...,n and all r > 1.
We need the following
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3.2. LEMMA. Let ¢ € &,. There exist &g > ¢; \, ¢ and &, > ¥; /0
a.e. such that o; +v; < o < ;5.

Proof. Let h € & with h # 0. For every j > 0 by Proposition 4.1 in [KH]
we have

(dd°p)"™ = 1 jny (dd°@)"™ + Lip<jny (dd®p)"
= 1{,>jny (dd° max(p, h))" + 1, <jny (ddp)",

where 1g denotes the characteristic function of £ C 2. By Kolodziej’s
theorem ([Ko]) there exists ¢; € & such that

(dd°p;)" = L{p>jn}(ddmax(p, jh))" = Liysjny (ddp)".
On the other hand, by Theorem 2.12 there exists ¢; € &, such that
(dd“;)" = Lip<jny (dd°p)".
Therefore
max((dd®p;)", (dd®;)") = max(Ligsjny (dd®e)", 1ip< ny (dd°p)")
< (ddp)" = (dd®p;)" + (dd®¥;)"
< (dd®(p; + )"
Using Theorem 2.9 we get
0j+v; < v <) Y
and
YN\ @ >¢ and Y /1’/;681, a.e.
Thus by Theorem 4.5 in [Ce2] and Proposition 2.6, we have
(ddp))" — (dd°G)",  (dd°;)" — (dd°)"  as j — oc.
On the other hand, we also have
(dd°p;)" — (dd°p)",  (dd“¢;)" — 0 asj— oc.
Indeed, let w € Cg§°(§2). First note that 1{,~;n) — 1@, liy<jny — 0 except

on a pluripolar set, as j — oo. Then by Proposition 2.8 and Lebesgue’s
convergence theorem we have

Jim § w(dd®p))" = Tim | wlesn (dd°e)" = | w(dd*e)"
2 (9} (9}
and
Jim § w(dd®y;)" = Tim | @l eein (dd)" = 0.
2
Thus
(dd°3)" = (dd°p)" and (dd)™ = 0.

Hence 3 = ¢ and ¢ = 0.
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Proof of Theorem 3.1. Obviously, we may assume that f < —1. First
consider the case u,v € E,(f). Let ¢ € £, be such that

e+ U0, f) <u,vo<U(0, f).
Replacing u by u + €, without loss of generality we may assume that
U, f+e)+¢ <u<U(0,f+e).
Using Lemma 3.2 we can find & > ¢; \, ¢ and &, 3 ¢; 0 a.e. such that
P+ 95 < ¢ < i1y

For each j > 1 take h; € & such that h; < U(0, f) on {yp; < —e} CC £2.
We set
uy = max(u, o + max(U (0, ), hy) € &,
v; = max(v + ¥;,2¢ + max(U(0, f), hj)) € &p.
Using Theorem 2.10, we have
1 n C C C n
(1) E S (’Uj—’LLj) dd wl/\--~/\dd Wy, + S (r—wl)(dd ’Uj)
{u;<v;} {uj<v;}
< § G w(ddou)”
{u;<v;}
for all w; € PSH(£2), 0 < w; <1, j =1,...,n and all » > 1. From the
inclusions
{u<v+y;t C{e+ U0, f+e) <y¢; +U(0, f)}
C{p; +¢; + U0, f +e) <9 + U(0, f)} C {p; < —¢}.
we have
{’U,j < 'Uj} C {(,Oj < —6}.
Moreover, u; = u and v; = v +1; on {¢; < —e} because h; < U(0, f) on
{pj < —€}. It follows from (1) that

% S (v+19; —uw)"dd“wi A- - - Add wy, + S (r—w)(dd(v+15))"

" {u<v+ep;) {u<v+p;}
< | -w)duwm
{u<v+1);}

We get

1
(2) nl S Hu<ot;} (v + 05 —w)"ddwy A - A ddw,

K

+ S Liu<coqa;y (1 —w1)(ddv)"
Q

< | —w)(dduw
{u<v}
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From sup;>, ¢; = (supj21 1;)* = 0 except on a pluripolar set, it follows
that 1{u<v+¢j} / 1{u<v} and 1{u<v+¢j}(v + v — uw)" 1{u<v}(v —u)"
except on a pluripolar set. On the other hand, from the locally abso-
lute continuity of dd®w; A --- A dd“w, and (dd°v)"™ with respect to C,,-
capacity (see Proposition 2.8) it follows that 1jycyiy,} /" l{u<v} and
Liucot;y (0FY;—u)" /7 1iycy) (v—u)™ a.e. with respect to these measures.
Thus applying Lebesgue’s monotone convergence theorem to (2) we obtain
(%) in Theorem 3.1.

Now assume that u € £,(f) and v € £,(g). Then v; = max(u,v) € E,(f)
and thus (x) holds for u and v;. Thus using Proposition 4.1 of [KH] and
the inclusion {u < v} = {u < v1} it follows that (x) holds for w and v. The
theorem is proved.

3.3. THEOREM. Let u € &,(f) and v € E(g) be such that f,g € C(012)
and f > g. If (dd°u)™ < (dd°v)™ then u > v.

Proof. Obviously, we may assume that f < —1. First consider the case
u,v € E(f). Let ¢ € &, be such that

e +U(0, f) <u,v<U(0, f).
Using Lemma 3.2 we can find & > ¢; \, ¢ and &, > 9¥; 0 a.e. such that

i+ <o <), ;.
Theorem 3.1 yields

1
B = | ey —u— o) ddw A A ddCw,

G {ute<vtip;}
+ | r—w)@dw+ )"
{ute<v+i;}
< | —wi)(ddow)”
{ut+e<v+);}

for all w; € PSH(£2), 0 < w; <1, j =1,...,n and all » > 1. From the
inclusions

{u<v+dy} e+ U0 f)+e <9 + U0, f)}
C{pj +¢; +U(0, f)+e < +U(0, f)} C{p; < —¢}
we have
{fute<v+;} C{p; < —c} cc .
Moreover (dd“u)™ < (ddv)™. It follows from (3) that

| (et —u—e)ddwy A Addw, =0
{ute<v+p;}
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for all w; € PSH(£2), 0 <w; <1, j=1,...,n. Therefore u+¢ > v + ;.
Letting j — oo and € — 0, we obtain u > v.

Now assume that u € £,(f) and v € £,(g). Then v = max(u,v) € E,(f).
By Proposition 4.3 in [KH], we have (dd°u)™ < (ddv;)™. Hence u > vy > v.
The theorem is proved.

4. The Dirichlet problem in &,(f). In this section, first using The-
orem 3.3 by a standard method we prove the following

4.1. THEOREM. Let p be a positive measure such that p < (ddv)™ with
v e &E(f). If im, U(0, f) = f(&) for all & € 012 then there is a unique
function w € E,(f) such that p = (dd°u)™.

Proof. The uniqueness is known from Theorem 3.3. It remains to show
the existence of u € &,(f) such that p = (dd°u)™. By Theorem 6.3 in [Cel]
we can find ¢ € & and 0 < ¢ € L ((dd®p)™) such that u = ¢(dd)™.
We set = min(p, k)(dd®)™. Then pj < (dd°k'/™)". By Kolodziej’s
theorem (see [Kol) there exists wy € & such that (ddwg)™ = pg. From the
relations

{ U((ddc(wk + U(07 f)))n7 f) =W + U(O7 f)7
(dd*(wr +U(0, /)" = b,

and from Theorem 8.1 in [Cel] it follows that

{ (dd°U(pr, £))" = p,
U, f) = U(px, ) = wr +U(0, f).

Theorem 3.3 implies that U(ug, f) \, v > v. Obviously, we have u € &E,(f)
and p = (ddu)™.

4.2. EXAMPLE. There exists 0 < ¢ € L'(£2) such that no function
we | &) i p>0, feC02)}
satisfies (dd°u)™ > @d\, where dX is the Lebesque measure on C™.

Indeed, take an arbitrary subdomain D CC 2. Let z; € D, s; \, 0,
p; \, 0 and a; > 0 be such that B(z;,s;) ={z € C": ||z — z;|| < s;} C D
and » 7% a; < oo. Define

Y= Z d ]2n LBz € LI(Q)
=1 T

where d,, is the volume of the unit ball in C* and 0 < r; < s; are chosen so
that

1
~ (Cu(B(z,17), QPP 0 as j— oc.
a;
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Assume that @d\ < (dd°u)™ for some u € £,(f) with p > 0 and f € C(912).
Obviously, we may assume that f < 0. Take ¢ € &, such that ¢ +U(0, f) <
w < U(0, f). Put

M
W = max (U(O, f), —WhD,Q) S gO
D k)

where M > 0 is such that —M < infy f < 0. Hence w = U(0, f) on D. Let
u = max(u, ¥ +w). Wehave p + w <u <0and ¢ +w e & + & C &,. By
[Cel] we have u € &,. Moreover u = u on D. Thus for B; = B(z;,r;) we
have
a; =\ pdr < | (ddu)" = | (dd“u)".
B B B
Let & > ug \, u be as in the definition of &,. Then (ddu)” — (dd“u)™
weakly (see [Cel]). Theorem 2.11 implies the estimates
a; < | (dd0)" < lim | (dd°tx)" < lim | (~hp, 0)"(ddx)"
B; k—oo B; k—oo 0

= Cpn kh_m [X(_th,Q)p(ddcth,Q)n} plen) H (_ﬂk)p(ddcﬂk)" n/(p+n)
—oo b oy p

Q2
where C), ,, is a positive constant and
_ _ n/(p+n)
a=0Cpy [sup S(—uk)p(ddcuk)” < 00.
k>1 ¢
This is impossible, because
C,.(B;, 2)p/(p+n) C,, (B, 0)|pi/(pi+n)
i [Co B QI (G (B, @il )
j—o0 a; j—o0 a;

4.3. THEOREM. Let f € C(912) be such that
lim U(0. 1)(2) = £(6) € €09

0.

and
U, f) +U(0,~f) € &,
Assume that p is a positive measure on §2. Then the following are equivalent:
(i) There exists a function u € E,(f) with (dd°u)"™ = p.

(ii) There exists a constant A > 0 such that

(5) (o du < Al J—op(aaey]” " vp e g0,
(9} 2
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(iii) There exists a constant A > 0 such that

» bl e \n p/(p+n) ,
[ (—o) dp < A[ | (—p)(ddvp)"] v € Eo(€)
foZ foZ
for all hyperconvex subdomains 2 CC 2.

(iv) Ep(£2) C Lp(£2, ).

Proof. (i)=(ii). Suppose that p = (dd°u)" for some u € &,(f). Take
Y € &, with

v+ U0, f) u<U(0, f).
Hence
v+U(0, f)+U@0,—f) <ut+U(0,—-f) <0.

It follows that u + U(0,—f) € &, because ¢ + U(0, f) + U(0,—f) € &p.
By Theorem 2.12, (dd®(u + U(0, —f)))" satisfies (+*). Hence so also does
p= (ddu)".

(ii)=(i). Assume that p satisfies (sx). From Theorem 2.12 we find v € &,
such that (dd“v)™ = p. Since p < (dd“(v + U(0, f)))™, using Theorem 4.1
we have (ii)=-(i).

(ii)=-(iii). Assume that (**) holds for all ¢ € &;(£2). Since Theorem 2.12
we can write = (dd®u)" for some u € &£,(£2). By [Ah] we find v € F(£2')
such that (dd°v)™ = p|o. By the comparison principle we have v > u|q.
Therefore

| (—v)P(ddev)™ < | (—u)P(ddu)".
ol 2
Theorem 2.11 implies that (xx) holds for ¢ € £ (§2') with

A prn [ S (—u)p(ddcu)n} P/(p—l—n)’
n

which is independent of §2'.

(iii)=(ii). Take an increasing exhaustion sequence of (2 by relatively
compact hyperconvex subdomains £2;. Let ¢ € &(£2). By [Ah], there are
@;j € F N L>(82;) such that (dd°p;)" = (dd°p)"|n,. The comparison prin-
ciple implies that ¢; ™\, ¢. We have

p/(p+n) B p/(p+n)

[ (e dn< A § (o) (dde,)" | = A | (—e)(dd)"]
£2; £2; 2;
for all 5 > 1. Letting j — oo, we have

S (—p)Pdp < A[ S (_So)p(ddcso)n} p/(p+n)
“ Q2

(ii)=-(iv) is obvious. In order to prove (iv)=-(ii) we need
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4.4. LEMMA.
(a) If p > 1 then

(SZ(— ]il ozjuj)p (ddc<jiajUj)) < Cpm 112]23(;@ (S)(—Uj)p(ddcuj)”

forall uy,...,up € & and 0 < aq,...,a < 1 with zleajzl.
(b) If 0 <p <1 then

k k n k
§( o) (Sm) < o 8) g Pt

7j=1
for all uy,...,up € & and 0 < aq,...,ap < 1 with Z?:laj =1,
where Cp, is as in Theorem 2.11.
Proof. Set
ep(u) = (S)(—u)p(ddcu)”, ueé&, M= max, é} (—u;)P(ddCu;)™.

(a) By Theorem 2.11 we have
k 1/p k » k e 1/p
o Sm))" = [ () )
k k e 1/p
g; [é(—ajuj)p(ddc(;ajuj)) } /

k ) k nv1/p
=> aj| {(~uy)? (ddc(zajuj» }
j=1 2 Jj=1
b r 1/p
= Z a; S(—uj)p Z Qiy oy ddu, A A ddcuin]
Jj=1 0 1<i1yeeyin <k
k _
< Z a;|Cpn Z g, o, ep(ug)P P ey (ug, )Y/ P L
j=1 1<iy,.,in<k ep(ui )1/(p+n)}1/p
b r 1/p
S Z Q CpmM Z (6 7P IR 79
j=1 ) 1<iy,.,in <k
k
= (Cp,nM)l/p Z ajf(ar + -+ ak)n]l/p = (Cp,nM)l/p-
j=1

Hence ep(zk:

i L oyug) < Cp M.
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(b) By Theorem 2.11 we have

Q)
3
—
-
S
<
~—
|
[ ]
|
Q
<
S
<.
~—
iS]
~—~
U
SH
(¢}
~~
Q
<
S
<
~—
~—
3

@j

<

IA
M- -
??4 —
QD —
|
Q
<
IS
NUEEEEN!
=
N\
I3 .
& |
o =
Q
<
IS
<
N—
N——
3

<.
I
_

Il
[~
Q
S
[ )
|
I
<
S~—
bl
~~
<N
SH
3

<
ﬂ‘
Q

7R ainddcuil VANREIIVAN ddcuin]

[l
M-
MQ@
=
E

he}
™M <

Jj=1 0 1<in, . in <k
k
p +n 1/(p+n
SE :a] Cpm § : ail,,.ainep(uj)p/(p )ep(uil) /(p+n)
Jj=1 1<in, .. ,in <k

ep(us, )1/(p+n)}

. _Cp,nM Z (O 7P IR Oéin}

1<in,.in <k

AN
MQ@

<
Il
_

k k
Cp,nMZoz?(al +-ta)t = CpmMZoz?.
j=1

Jj=1

Now we prove that (iv)=-(ii). Assume that (*x) is not true. Then we can
find ¢; € & (2) such that

; p/(p+n)
(=) du = 47| § (~ ;)7 (ddcp;)"
Q 2
Set o
P o — P> 1.
Vi e I Z
Obviously, we have ej(¢;) = 1 and
1
()P ot = ———s § ()P
;} 7 ep(sgj)P/(p‘f'n) §2 J
43P

[§(—pptaarg ™.

2 N
enlp @ L)

Thus e, (1) = 1 and §,(=¢j)P du > 477, Let ¢ = 377° 4;/27. Then

k
(]
& > E 2—]\¢ as k — oo
i=1
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and by Lemma 4.4 there exists D,, , > 0 such that

k
6P<Z %) < Dy max(ep(1),...,ep(¢r)) < Dp,  forall j > 1.

j=1

Therefore ¢ € £,(2) C L,(£2, ). Since

p
S(—%‘)p dp = 277 S <—%> dp < 277 S(—w)p dy  forall j > 1,
Q 0 0
it follows that
0o > S(_¢)p dp > 2%) S(—?Z)j)p dp > 2P for all j > 1,
2 n
which is impossible.

4.5. COROLLARY. Let pu be a finite positive measure on {2 such that
n(E) < A(Cn(E, £2))"

for all Borel sets E C {2, where A and « are positive constants with
a > p/(p+n). Then there exists a unique u € F,, such that (dd°u)" = p.

Proof. By Theorem 4.3 it suffices to show that £,(£2) C L,(2, 1). Given
¢ € £(£2). By using the inequality C,,({¢ < —s}) < C,,/sPT™ for all s > 0
(see Proposition 3.1 in [CKZ]) we have

V(—ordu="| (—ordp+ | (—¢)dpu

§2 {o<—1} {p>-1}
< | (oPdu+u@) =\ pt" ul{e < —t}) dt + u(2)
{p<—1} 1

<Ap | 7' Cu({p < —t})* dt + u(R2)

L dt
SAP§Cvm+“(Q)<OO-

Therefore ¢ € L,(£2, 11).
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