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Abstract. We consider the systems of hyperbolic equations

(s1) e = Ala(t, z)u) + A(b(t, z)v) + h(t,z)[v|P, t>0,zeRY,
v = A(c(t, z)v) + k(t, z)|ul?, t>0,zeRY,
(82) Ut = A(a(tax)u) + h(t7 x)|v|pa t>0,z¢ RN7
Vit = A(C(t7 .ZC)’U) + l(t,.’L‘)|’U‘m + k(tv x)|u|qa t>0,z¢ RN7
(83) Ust = A(a(ta x)u) + A(b(tax)v) + h(t7 ‘,L.)|u‘p7 t>0,z¢€ RNa
Vit = A(C(tv ZE)U) + k(tvx)h)‘q? t>0,z€ RNa

in (0,00) x RY with u(0,z) = uo(x),v(0,2) = vo(z),u(0,2) = ui(x), ve(0,z) = vi(x).
We show that, in each case, there exists a bound B on N such that for 1 < N < B
solutions to the systems blow up in finite time.

1. Introduction. We consider the three nonlinear systems of hyperbolic
equations (S1)—(S3) where N,p,q,m > 1 and pg > 1, and a(t, z), b(t, x),
c(t,x) are positive, bounded and measurable functions. The initial values
are not necessarily compactly supported; however, they satisfy

ConpITION (H1).
S u (0, 2)€(0, z) dx > 0, S ve(0,2)€(0,z) dz > 0
RN RN

where

2 2
(1) £(t,x) = (b)\ (%), R > 0, X large,
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and ¢ € C?(R; R*) is such that
1 forr <1,
o(r) = {0 for r > 2,
0<¢<1andr|¢(r) <C for any r > 0.

Concerning the functions h(t,z) > 0,k(t,z) > 0 and I(t,z) > 0, we
assume that they satisfy:

ConpIiTION (H2).
h(TR,yR) ~ CoR*,
(2) k(TR,yR) ~ CyR",
I(TR,yR) ~ CoR?,
for R large, and for any (7,%) in a bounded subset of RT x RY; Cj is a
positive constant.

For example:
h(t,z) =t7%|x|®,  k(t,z) =72z, [(t,x) =t73]z|®.

Before discussing our results in detail, let us briefly recall some results
related to the single equation

(3) uy = Au+ |ulP, xRN, >0,
u(0,z) = up(x), ue(0,2) =ui(x), zecRY,

(i) For N =1, if 1 < p < oo, every nontrivial solution of (3) blows up
in finite time.

(ii) For N = 2,3, there exists a “critical index” p.(N) such that if 1 < p
< pe(N) then (3) has no nontrivial global solutions, while it admits non-
trivial global small solutions if p > pc(N), where 2p.(2) = 3 + /17 and
pe(3) =1+ V2.

Statement (i) was established by Glassey [3], Kato [5], and Sideris [10].
In statement (ii) the subcritical case was proved by John [4] when N = 3
and by Glassey [3] for N = 2, 3; the critical case was settled by Schaeffer [9]
for N = 2,3; and the supercritical case was proved by Glassey [3] when
N = 2 and by John [4] for N = 3. A valuable review of results on blowing
up solutions to evolution equations is presented in [6].

REMARK 1. The case of (S1) with a(t,x) =c(t,z) =h(t,x) =k(t,x) =1,
b = 0 was considered by Keng Deng [1], [2]. His method of proof is based on
the explicit formula for the required solution in terms of the fundamental
solution for the wave equation. His method of proof is inoperative in our
situation.

Our method of proof has been introduced in [7] and [8].



Systems of hyperbolic equations 41

2. Results. In this section, the results concerning the nonexistence of
nontrivial global solutions to (S1)—(S3) are presented.

DEFINITION 1. For 0 < T < oo and ug,u1,vo,v1 € LL_(RY), we say
that (u,v) is a weak solution of (S1) if u, v are locally integrable functions
on RT xRN, we L] (RT xRN k(t,x)dtdr) :== {u : Rt x RN — R | for
any compact K, {, |ul7k(t,z)dtdz < oo}, ve LY (RT x RN, h(t,z)dtdz),
and for all 0 < S < T,

S

(4) S S (h|v[Pe — upy + auldp + bvAp) dt dx

0 RN

- S uo () (0, z) do + S u1(2)p(0,x) dr = 0,
RN RN

and

S
(5) S S (klulTp —vpi + cvAp) dt da

0 RN

- S vo(x)pe(0, ) do + S v1(x)p(0,2)dr =0
RN RN
for all 0 < o € C?([0,5] x RY), with »(S,z) = 0 on RY and ¢ = 0 for
t € [0,5] and |z] — oco. If T = oo, we say that (u,v) is a global weak
solution.
The definitions of the solutions to (S2) and (S3) are clear.

THEOREM 1. Assume that
p+1+plk+q+2) p+p+ 1)
pg—1 Top—1
and (H1), (H2) are satisfied. Then the system (S1) admits no solutions
defined on Rt x RN,

N§B::min<

THEOREM 2. Assume that m > p,

N <B:=

1
pq_1max(,u—i—p(/i+2+Q),H+Q(M+2+p))a

and (H1), (H2) are satisfied. Then the system (S2) admits no solutions
defined on RT x RN,

THEOREM 3. Assume that

1 1
NSB:—min{p+ that +ﬁ},

p—1 "~ q-1
and (H1), (H2) are satisfied. Then the system (S3) admits no solutions
defined on Rt x RV,
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REMARK. The integrability assumption on u1, v1 can be relaxed and the

sign condition replaced by

0 < limsup S uy (z)é(|z|>/R*) dz, 0 <limsup S v1(z)¢(|z?/R?) da.
R—oo

RN R—oo pN

For the proofs of the theorems concerning (S1) and (S3), the following
lemma is used in a crucial manner.

LEMMA. Assume that o, 3,y € [0,00) and o € (0,1). Then
(6) y<a+py’ = y§£+61/(1*”)-

Proof. For all a € (0,00) the equation
(7) r=o+ P27
has exactly one solution = = z(«) € (0,00). Hence (7) defines a function
z:a€ (0,00)— z(a) € (0,00).

Differentiating (7) with respect to « yields after some calculations

oy z(a)
vla) = (1-0)z(a) +oa’

hence
(8) () < % for all a € (0, 00).

-0
Thus

/ _ @ 1/(1-0)

x(a)garggécx(a)—i-x(O)— 1_0—1-5 .

Since y < x(«) this proves the assertion (6).

Proof of Theorem 1. Assume to the contrary that (S1) has a global
solution (u,v). If we take as a test function the function £ defined in (1),
we obtain

Vrlofe < | (uén — auAg — boAg);

in the above inequality and hereafter, S = Ssupp ¢ (supp stands for support).
Writing

VIul - (&0l = {lul(1€]k)9(1€]k) 719 &l,
Valul - |Ag] = \alul(|¢]k)9(1¢|k) 9 Ag],
Volo| - |Ag] = {blof(1¢1n)/P(1€[n) 1P A,

and using the Holder inequality, we obtain
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9) Sh!vlpf dx < (Sk,u|q§>1/q{(Squ//qgfq//q|§tt|q,)1/q/
+ HGHOO(Sk*q’/qgfq’/q|A§’q/)1/q’}

- 1blo (§ o) 77 (Y7 Trg=r 17 agl?)

where 1/p+1/p' =1/q¢+1/¢ =1, |lal|eo := sup; , |a(t, z)|, because of (H1),
and the choice of the test function which ensures

1/p'

(10) | wo()€:(0,) da =0,
RN
since ) ) ) )
§t=2)\tR2¢/<t ;lﬂ >¢’\1(t ;Z’)x' )

Observe that for A > 1, we have
Sk—q’/qg—q’/q’&t’q’ < 00, Sk—q’/qf—Q’/qmﬂq’ < o0,
Sh—p’/pg—p’/p’&t|p’ < 00, Sh—p’/pg—p’/pmap’ < 00,
For simplicity we write (9) in the form
1/q 1/p
(11) Vhlvpre dz < (Jrlul%e) " Aukq + B( [ hlvlre) ™,
with a clear meaning of A, 1 , and B. Similarly, we have
1/p
(12) Jeluloe < (§hloPe) " Acp,p.
Estimates (11) and (12) then give
1/(pq) 1/p
(13) Vhlvfre < AV Aarq(Vnlome) ™ + B(§hlore) .
Now, estimate (13) can be arranged into
(VrloPe
By setting

)(qul)/ )(qfl)/(pq).

v Ay Aag + B([hlvfPe

Yo— (Sh!vl”f) (pg—1)/(pq)

the latter inequality becomes
(14) X<A+BX,

where 0 <o :=(¢g—1)/(pg—1) <1, and A := Aiﬁp Ao kg
Now, using the Lemma, we obtain

x< A L pyo-o
— 1

— O

)
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At this stage, we introduce the scaled variables
=Rt y:=Rlz
We then obtain
dtde = R Ndrdy, & =R1'¢, AL=RTTAL,
Aoy < CR—H/q—lJrN—l/q—N/q, Aepp < CR—#/P—1+N—=1/p—N/p
So
A< CR?, B<CR¥,

for some constant C' that may change from line to line, and where

1 1 N 1 N
8112—(—H—1+N————)—E—l—i-N————,
q p p p q q q
1 N
52::—H—1+N————.
p p p
Accordingly
(15) X< # R + CR*2/(179),
-0

Now, we require s; < 0, s3 < 0, which implies
p+1+pk+q+2) pu+p+ 1)
pg—1 Cop-1 )

N<min<

We have two cases:

(i) max(s1,s2) < 0; in this case, when R — oo in (15), the right-hand
side will go to zero and hence {h|v[P = 0, so that v =0, and u = 0 by (12).
(ii) If max(s1,s2) = 0, say s; = 0, then from (15), if D := {(¢,z) |
R? < t?4]x]? < 2R?}, we have { h|v|P < C' < oo and so limp_o {1 Alv[P = 0.

We then use y
Jrlulre < (§hloe) " Ao,
D

and let R — oo to obtain {k|u|? = 0, and therefore v = 0, which in turn

implies v = 0 via (9).

Proof of Theorem 2. The proof is similar to the one of Theorem 1. We

have

(16) fole < ([klule)” Ao,
Also,

an) §ilol™e + §klule < (§Arre)"” Acgp.

For the rest of the proof, we keep only the estimate
1/p
(18) Jrlulte < (Valoe) ™ Acnp:
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So
/(pa)  1/q

(19) [ Kluloe < (gh\ |pg) AL
Using (19) in (16), we obtain

[loe < (Frlope) " A% Ay,
or

< Al/q -Aa,k,q-

(pg—1)/(prq)
) c,h,p

(Yl
Using the scaling, we obtain

p—1_ 1

Achp<CR pq pq+N Pa

SO
1
‘Ac,/hq,p Aa7k7q S CRS?
with
1 1
= pq( o= p—1—N(p—1))+5(—f<&—q+N(q—1)—1)-

Now, we require s < 0, and therefore
ptpl+2+9q)

pg—1
We could also start from the inequality

1
Jrfulte < (§rful’€) " Aoy Aci

N <

which implies

-/ 1
(Sk’u|q§) ) < Aa,k,q}_) Ac,h,p-

The latter estimate analyzed through the scaling gives
k+q(p+2+p)

N <
- pq—1

So,

1
N < pq_lmaX(u+p(H+2+Q), K+ q(p+2 4 p)).

An analogous analysis as before leads to the result of Theorem 2.

Proof of Theorem 3. Here again, we present only the relevant estimates.
We have

= Sk!fu|q§ < (Sk\v]qg)l/q{(Sk*(I’/qffq’/q’&t’q’)l/q
el (Yo~ /a.2¢[) Y,
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or

(20) (Sk’v‘q§)(q*1)/q < (Sk*q'/q§*q’/q’§tt’q/)1/q/
—I-C’(Sk—Q’/qg—q’/qmﬂq/)l/q’,

with 1/¢+1/¢ = 1.
We also have

(21) VAlulPe < {(llalloolul - |AE] + [[blloo|v] - |AE] + [ul - €] ).

Using the Holder inequality, we obtain

1/p 1/q
(22) X =[hlule < ([hlule) TDn, + (FR0lE) UL,
where
o o /1/10' o o /1/P/
Dpp = (Sh P'/pg p/p|§tt|p) + ”CLHOO(Sh v'/pg p/pmﬂp) 7
/ / ! 1 !
L= (Sk—q Jag=1 /q’Ag‘q) /a 15]] o
So
X < xVrpy, , + yVaL.
From (20), yla—1/a < Dy, 4, SO
X < XVrDy, 4+ D)/,

and by the Lemma,

1/(¢-1)
X < LDy p/(p—1)
- h7p '
p—1
Using the scaling, we obtain

L < CR®a1FN=1/a=Nja_ p, < CR-WPIFN=1/p=N/p,
So
r Di,/q(qfl) < CR~"/a=1+N-1/a=N/q,
An analysis of the inequalities leads to
p+1l4+pu g+1+ n}
p—1 " q¢-1 J

which is the constraint required in the theorem.

Ngmin{

The rest of the proof is analogous to that of Theorem 1, hence is omitted.
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