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Algebraic dependences of meromorphic mappings sharing
few moving hyperplanes

by S1 Duc QuANG (Hanoi)

Abstract. We study algebraic dependences of three meromorphic mappings which
share few moving hyperplanes without counting multiplicity.

1. Introduction. In 1926, R. Nevanlinna showed that two distinct non-
constant meromorphic functions f and g on the complex plane C cannot have
the same inverse images for five distinct values, and that g is a special type
of linear fractional transformation of f if they have the same inverse images
counted with multiplicities for four distinct values.

Recently, motivated by the establishment of the second main theorem
of value distribution theory for moving targets (e.g., Ru and Wang [RW],
Thai and Quang [TQ2]) with truncated multiplicities, the finiteness prob-
lem of meromorphic mappings of C" into PV (C) intersecting a few moving
hyperplanes (i.e, moving targets) regardless of multiplicity has been studied
intensively. We recall the recent results of Thai and Quang [TQ1] which are
the best results available at present.

Let ay,...,a, (¢ > N + 1) be meromorphic mappings of C" into PV (C)

with reduced representations a; = (ao : -+ : a;n) (1 < i < ). We say that
ai,...,aq are in general position if det(a;, ;) # 0 for any 1 <ig < i3 <--- <
iN <q.

Throughout this paper, we denote by M the field of all meromorphic
functions on C™ and denote by R({a;}7_;) C M the smallest subfield of M
which contains C and all aj/a; with aj # 0.

Let f be a meromorphic mapping of C" into PV (C) with reduced repre-
sentation f = (fo : -+ : fn). We say that f is linearly nondegenerate over
R({ai}i_,) if fo,..., fn are linearly independent over R({a;}{_,).
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Let f, a be two meromorphic mappings of C" into PV (C) with reduced
representations f = (fo : --+ : fn), a = (ap : --+ : ayn) respectively. We
say that a is small with respect to f if || T,(r) = o(T¢(r)) as r — oo. Put
(fia) = Z;y:o a;fj-

Let f : C* — PN(C) be a meromorphic mapping. Let d be a positive
integer. Let {aj}g':1 be small (with respect to f) meromorphic mappings
of C" into PV(C) in general position such that

dim{z € C": (f,a;)(2) = (f,q5)(2) =0} <n—-2 (1<i<j<gq).

Consider the set F(f, {a]}j 15
PN(C) satisfying the conditions:

(i) min (v(1,4;),d) = min(v(g,q4;),d) (1 < j < q),

(ii) f(z) = g(2) on Uj_,{z € C": (f,a;)(z) = 0}.

Denote by #S the cardinality of the set S. In [TQI] Thai and Quang
proved the following.

d) of all meromorphic maps g : C" —

THEOREM A (|[TQI, Theorem 1.2]). Assume that f is linearly nonde-
generate over R({a;}1_,).

(a) If g = 2N? + 4N and N > 2, then $F(f, {a]}J L1) =1
(b) If = (3N2 + TN +2)/2 and N > 2, then §F(f,{a;}!

Note that in the original paper [TQI], the authors assume that all maps
g in the definition of the family F(f, {a;}! =1 1) are linearly nondegenerate
over R({a;}{_;). Actually, in this paper we will show that if f is linearly
nondegenerate over R({a;}!_,) then so is each g € F(f,{a;}I_;,1), for
q> N(N +2).

As far as we know, there has been no result on the family F(f, {a; }j 1)
in the case where ¢ < (3N? + 7N +2)/2.

Our purpose in the present work is to handle this case. We will prove
a theorem on algebraic dependence of three maps in F(f,{a;}?_;,1) as
follows.

MAIN THEOREM 1.1. Let f : C* — PN(C) (N > 2) be a meromorphic
mapping. Let {aj}§:1 be small (with respect to f) meromorphic mappings of

=D )<2

Jj=1

Jj=1

C" into PN(C) in general position such that
dim Zero(f,a;) N Zero(f,a;) <n—2 (1<i<j<gq).
Let f17f27f3 G‘F(f {a’]}] 1 )

(a) If g > 3N?+3/2 then fi A fa A f3 = 0.
(b) If f is linearly nondegenerate over R({a;}{_,) andg> (3N?*+3N+3)/2
then fi1 A fa A\ f3 = 0.
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Thoan-Duc [PP] and Min Ru [R] have given some results on algebraic
dependence of meromorphic mappings. In the case of three maps, the main
theorem of the present paper is an improvement of their results.

2. Basic notions and auxiliary results from Nevanlinna theory
2.1. We set ||z = (Jz1])? + - + |20)?)V/2 for 2 = (21,...,2,) € C", and
B(r)y:=={z€C":|jz[| <r}, Sr)={z€C":|z||=r} (0<r<o0).
Define
Un-1(2) := (dd°z]*)" ",
on(z) = dlog||z||* A (dd°log || z|*)"™*  on C™\ {0}.
2.2. Let F be a nonzero holomorphic function on a domain {2 in C". For a

sequance « = (ayq, ..., ay) of nonnegative integers, we set |a| = a4+ -+ ay,
and DYF = 8|Q‘F/8alzl -+ 0% z,. We define a map vp : 2 — Z by

vp(z) == max{m : D*F(z) =0 for all @ with |a] <m} (z € ).

By a divisor on a domain {2 in C" we mean a map v : {2 — Z such
that, for each a € {2, there are nonzero holomorphic functions F and G
on a connected neighborhood U C §2 of a such that v(z) = vp(z) — vg(z)
for each z € U outside an analytic set of dimension < n — 2. Two divisors
are regarded to be the same if they are identical outside an analytic set of
dimension < n — 2. For a divisor v on {2 we set |v| := {2z : v(z) # 0}, which
is a purely (n — 1)-dimensional analytic subset of {2 or empty.

Take a nonzero meromorphic function ¢ on a domain {2 in C”. For each
a € {2, we choose nonzero holomorphic functions F' and G on a neighborhood
U C 2 such that ¢ = F/G on U and dim(F~1(0) N G71(0)) < n — 2, and
we define divisors vy, vg” by vy, := vp, vJ = vg, which are independent
of the choices of F' and G and so globally well-defined on (2.

2.3. For a divisor v on C" and for a positive integer M or M = oo, we
define the counting function of v by

M) (2) = min{ M, v(2)}.
Moreover, we set

S v(2)vp—1 ifn>2

Z v(z) ifn=1.

Similarly, we define nt™)(t).
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Set

N(r,z/):§ n(t) dt  (1<r<oo).
1

Similarly, we define N (r, ™)), which we also denote by N (r, v).
Let ¢ : C" — C be a meromorphic function. Define

Ny(r) = N(r,vp), Ng(aM) (r) = NG (7, vp).
For brevity we will omit the superscript M) if M = .

2.4. Let f : C" — PY(C) be a meromorphic mapping. For fixed homo-
geneous coordinates (wg : --- : wy) on PY(C), we take a reduced repre-
sentation f = (fo : -+ : fn), which means that each f; is a holomorphic
function on C™ and f(z) = (fo(z) : --- : fn(2)) outside the analytic set
{fo="---= fn =0} of codimension > 2. Set || f|| = (|fol® + - - - + | fn]?)/2.

The characteristic function of f is defined by

Ty(r) = | log|fllon— | log|f]on.
st s

Let a be a meromorphic mapping of C" into PV (C) with reduced repre-
sentation a = (ag : --- : ay). We define

LA llall /1] - llall
myq(r) = log =———— 0, — log =—————— oy,
B R e

where ||a| = (Jao|? + - - - + |an|?)"/2.

If f,a: C* — PN(C) are meromorphic mappings such that (f,a) # 0,
then the first main theorem for moving targets in value distribution theory
states that

Ti(r) + Ta(r) = mypa(r) + Nig.a)(r)-
Let ¢ be a nonzero meromorphic function on C”, which is occasionally

regarded as a meromorphic map into P'(C). The prozimity function of ¢ is
defined by

m(r, p) = S log max(|p|, 1) oy,.
S(r)
2.5. As usual, the notation “|| P” means the assertion P holds for all
r € [0,00) excluding a Borel subset E of the interval [0, 00) with {, dr < occ.

2.6. Let V be a complex vector space of dimension N > 1. For two
vectors a and 3 in V, we write a = 3 if they are linearly dependent, and
« # B otherwise.

2.7. We will need two theorems:
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THEOREM 2.1 (Second Main Theorem for moving targets [TQ2, Corol-
lary 1]). Let f : C* — PN(C) be a meromorphic mapping. Let {a;}{_,
(g > 2N +1) be a set of ¢ small (with respect to f) meromorphic mappings
of C" into PN (C) in general position such that (f,a;) 20 (1 <1i < q). Then

| syl ot Z N, +o(Ty (1),

THEOREM 2.2 (Second Main Theorem for moving targets [TQ1, Lemma
3.1]). Let f : C* — PN(C) be a meromorphic mapping. Let {a;}}_, (¢ >
N + 2) be a set of q small (with respect to f) meromorphic mappings of
C™ into PN(C) in general position. Assume that f is linearly nondegenerate

over R({a;}{_,). Then

e sg (1) + o(T4(r)).

3. Proof of Main Theorem. In order to prove the main theorem, we
need the following lemmas.

LEMMA 3.1. Let f be a meromorphic mapping of C" into PN (C). Let
{a;}!_, (¢ > N(N +2)) be a set of q small (with respect to f) meromorphic
mappings of C" into PN(C) in general position. Assume that f is linearly
nondegenerate over R({a;}{_,). Then each g € F(f,{a;}}_1,1) is linearly
nondegenerate over R({a;}{_;).

Proof. Assume f, g and a; (1 <14 < g) have reduced representations
f=Uorfn), g=1(90: - :9n),
a; = (ap: - :a;iny) (1<i<gq).

Suppose that g is linearly degenerate over R{a;}? ;. Then there exist func-
tions ¢; € R{a;}i_; (0 <i < N), not all zeros, such that

cogo +c191 + - +envgn = 0.

We consider a meromorphic mapping ¢ with a reduced representation ¢ =
(hco = -+ ¢ hey), where h is a meromorphic function on C™. It is clear that
¢ is small with respect to f and

N
) = thjgj = 0.
=0

Since f is linearly nondegenerate over R{a;};_,, we have

N
C) = Zthfj ;7é 0.

Jj=0
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On the other hand f(z) = g(z) = 0 for all z € |JI_, Zero(f, a;), hence
(f,¢)(2) = (g,¢)(2) =0 for all z € |JL_, Zero(f,a;). This implies that

q
Nigo)(r) = DN (r):
i=1
Consequently,
q
I Ty (r) = N (r) = YN, ((},)a»(r)
i=1

: Z; %N((;’V‘z”(r) - mTf(T) + o(Ty(r)).

Letting r — 0o, we get ¢ < N(N + 2). This is a contradiction.
Hence g is linearly nondegenerate over R{a;}i_,. m

LEMMA 3.2. Let f : C* — PN(C) be a meromorphic mapping and let
{a;}]_, (¢ > 3N +3) be a family of ¢ small (with respect to f) meromorphic
mappings of C" into PN (C) in general position with

dim Zero(f,a;) N Zero(f,a;) <n—2 (1<i<j<gq).
Let f1, fa, f3 € F(f, {H;}!_{,1). Assume that fi A fa A f3 £ 0. Then

3 q

2¢g+ 3N -3

4D T () > =g D N () + o(Ty(r).
u=1 i=1

Proof. We consider M3 as a vector space over the field M. For each
1=1,...,q, we set

v = ((f1,a:), (f2,a0), (f3,0;)) € M>.

By changing the indices if necessary, we may assume that

v, R D R, E o RE v, 1 2 Dy,

group 1 group 2 group s
where ks = q.
For each 1 <17 < ¢, we set
{i+N,i+N+1,...,i+3N -1} ifi+3N—-1<g,
Li=< {i+N,...;q,1,2,...;i+3N —qg—1} ifi+ N<g<i+3N -1,

{i+ N—-gq,...,i+3N —q—1} ifi+ N >q.
Since fi1 A fa A f3 £ 0, the number of elements of each group is at most V.
Hence v; and v; belong to distinct groups for all j € I; and i = 1,...,q.

This means that v; Av; #0 (j € I;,1 <i <q).
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CrAamM. For every 1 <i < g, we have

3 3
N +1
> Tr(r) 2 Z([N((fNu?ai)(r) T3 N&)ﬁai)(’”)]
u=1

u=1
2N—|— 1) 2 & (1)
+ Z[ (a7 3N N(fu,a,-)(r)] +3 2 Nijan()
J€l; v=1
+ O(Tf(T)).

We now prove the claim. It suffices to prove it for i = 1.
For 1 < j < 2N, we set V; = v1 Avjin # 0. By changing the indices if
necessary, we may assume that

Vlg"'gvh¥W1+1g"'ng¥"'7’\éwt—1+lg
group 1 group 2 group t

where [, = 2N.
For each 1 < j < N, we set

I

Vie,

(fi,a1) (fi,a54n) (f1,a542N)

Pj=det | (f,a1) (fo,ai4n) (f2,a542n)

(f3;a1) (f3,a54n) (f3,a542N)
Since again f1 A fa A f3 # 0, the number of elements of each group is at
most N. Hence V; and V;; belong to distinct groups, so v1,vj4nN,vVj42N

are linearly independent over M for every j = 1,..., N. This means that

P;#0(1<i<N).
Fix 1 < j < N. For z ¢ Uj_y I(fu) U Uy (Zero(f, ai) N Zero(f, a;)),
we consider the following four cases:

CASE 1: z is a zero of (f,a1). We set

m = min{u(flm)(z), Z/(f%al)(z), I/(f27a1)(z)}.

Then there exist a neighborhood U of z and a holomorphic function A defined
on U such that Zero(h) = U N Zero(f,a;) and dh has no zero. Moreover we
may assume that

3
Un ( U 1(f)u | (Zero(f. ax) N Zero(f, aj,))) — 0.

u=1 i g

We see that there exist holomorphic functions @1, @2, @3 defined on U such
that

(fusa1) =h™p, onU for 1 <u <3.
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On the other hand, since f1 = fo = f3 on Zero(f,a1), we have

(fu,aj+nN) _ (fu> @jy2n)
(fi,a54n)  (f1,a542N)

on Zero(f,a1), u = 2,3.

Therefore, there exist holomorphic functions s and 13 satisfying

(fuajin)  (fu, ajton)
(fi,ajen)  (f1,a502n)

= hi, on Zero(f,a1), u=2,3.
We rewrite P; on U as follows:

1 (froajen)  (fi,a542n)
Pi=h"det | w2 (fo,a54n) (f2,a542n)
w3 (f3,a54n)  (f3,a542n)

P1 1 1

m (f2,a54n)  (f2,8542N)
= h"(f1,a;4n)(f1,aj42n) det | 2 (ff,aj:z) <ff,a§I§Z>
(
(

f3,a54n)  (f3,a542N)

#3 fuaj+n)  (fr.aj42n)

1 1 0

— W1, aen) (f1, ajp2n) det | 92 Eiffijiﬁﬁ 2
Pr (e s

This yields
ij(z) >m+1= min{u(fhal)(z), V(f%al)(z), u(fQ’al)(z)} + 1.

CASE 2: z is a zero of (f,aj;n). Repeating the same argument as in
Case 1, we have

vp;(2) = min{y(fbajﬂv)(z)’ V(f2:flj+N)(Z)’ V(f2,flj+1v)(z)} +1

CASE 3: z is a zero of (f,aj12n). Repeating the same argument as in
Case 1, we have

Vp; (Z) > min{y(f1,aj+2N)(Z)7 V(fz,aj+2N)(Z)7 l/(fz,aj+2N)(Z)} + L.
CASE 4: z is a zero point of (f,a,) with v & {1,j+ N,j+2N}. We have
(foa1) (froajen)  (fr,a540n)

(3.1) Pj=det | (f2,a1) (f2,aj1n) (f2,0542N)
(f3,0a1) (f3,aj+N) (fSaaj—l—QN)
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1 1 1
(f 7a) (f27a' ) (f27a' )
= [I  (feddet| (7a) Gain) ()
t=1,j+N,j+2N (fs,a1)  (fs,ajrn)  (f3,a542N)
(fi,a1)  (fuaj+n)  (frajton)
e
_ 1,454+ N 1,a1 1,4542N 1,01
B H (1, a0) det (f.a54n) _ (fz.a1)  (fs.a50on)  (f3,01)
t=1,j4+N,j+2N (fLajen)  (fra1)  (frajren)  (f1,01)
Since fi(z) = fa(z) = f3(z), we have
(f2:aj4n) (f2,a1) . (f2,a542N) (f2,a1) , .\
(2) — (2 (2) — z) =0,
(f1,aj4nN) (fi,a1)™ (f1,aj42n) (f1,a1)
(f3:a54n) (f3;a1) , . (f3,@542N) (fs,a1), .
(2) — (2 (z) — z) = 0.
(f1,a;4N) (fisa1)™ (f1,aj42n) (fi,a1)

Therefore, (3.1)) implies that z is a zero of P; with multiplicity at least 2.

Thus, from the above four cases we have

vp,(2) 2 Z (Min{¥(£,,0,)s Y(f2,00)1 Y fs,00) } + 1)
v=1,j4N,j+2N

2 Y Yo

v=1
v#L, j+N,j+2N
for all z outside the analytic set
I(A)UI(f)UI(fs)u | £ ar nay)
i'#j'

of codimension two.

Since min{a,b,c} > min{a, N} + min{b, N} + min{c, N} — 2N for all
positive integers a, b and ¢, the above inequality implies that

Vp; (Z) > Z (min{y(fl,av)( ) N} + mln{l/ f2,av) (Z)v N}
v=1,j+N,j+2N

+ min{y(s, q,)(2), N} — (2N — 1) min{v(;,,)(2),1})

(1)
+2 Z Y(fa) (2)
v N 2N

for all z outside an analytic subset of codimension two in C”.
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Integrating both sides of the above inequality, we get

3
N 1
Ny = Y (XN e -eN - )N, )
v=1,j+N,j+2N u=1
! W
+2 E: Nipiy (7):
U?flyjq-)‘r?\%j-&-?]\’

On the other hand, by Jensen’s formula and the definition of the character-
istic function we have

Np,(r) = | log|Piln+0(1)
5(r)

3
<37 10g(1(Fur )| + (s agen) 2+ | (fus agan) )21

u=15(r)

3

<> §loglfln+o( _ max 7)) = ZTfu r)+o(Ty(r).
uzlS(T ) )

This implies that

3 3
STz 3 (NG - N I, o)

v=1,j+Nj+2N u=1
q
+2 §; Nﬁ;dw)+oﬂ}&ﬂ.
v£Lj+N,j+2N
Summing both sides of the above inequality over j = 1,..., N, we have
3 N
N}%Th@)z§:( 3 (E:Nﬂmv MV—QN@@ﬂ))

j=1 wv=1j4+N,j+2N u=1
q

+2 Y Aﬁ@ﬂ))+q@@»

v=1
v#1,j+N,j+2N

> i( ) <ZNfu,av — (2N + )N((},)av)m)

j=1 wv=1j4+N,j+2N u=1

+2§:N§g) )+oUﬂM)
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> N

= N (3o N{ ) = N + DN, )
] N 1 1

+ 3 (N =N +ONG, ) +2N SN, ) + 0T ()
u=1 v=1

_ (V) 2N 41,0

—Eiﬁﬂﬁmmxﬂ— 5 Niuan ()

2N 41 2N
+ Z |: fqufl] 3 N(fU’a‘j :| ? Z fquaqz + O(Tf( ))

jel

Dividing both sides by N, we get the inequality of the claim.
We continue the proof of the lemma.

By the claim, for every 1 < i < g, we have
- - (V) 2N+ 10
ZTf“ (T) 2 Z([N(fuyaz)(r) o 3 N(fu:az)(,r):|

2N +1 ) 2 & (1)
2 N () = VL] + 5 N ) oty

JEI;

Thus, by summing them up, we have

3 q
(32) a) Tr(r)=Y D (BN, ()+(2a/3-2N-)N}) (1) +o(Ty(r).
It is easy to see that

NO =N ), i

v

Therefore, the inequality (3.2]) implies that

3
(3 Ty 2 BEN IS SN ) oy,
u=1

u=1 i=1

The lemma is proved. m

Proof of Main Theorem 1.1. With the assumption ¢ > 3N? 4 3/2
in (a) or ¢ > (3N2 + 3N + 3)/2 in (b), we have ¢ > 2N + 1. Then, for each
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fu € F(fi{a;}j—1,1) (1 <u <3) we have

H oN 410 = ZN(fu a) (T ( manTai(T)) +o(Ty,(r))
< NZNfu,al (r) + o(T}, (1)) + o(T; (1))

— NZNﬂ r) + o(Ty, (r) + o(Ts(r))

< NqTf( r) ++o(Ty, (r) + o(Ty(r)).
This yields || T4, (r) = O(T¢(r)) (1 < u < 3). Similarly, we have || T¢(r) =
O(Ty,(r)) (1 <u<3).
We now prove the two assertions of the theorem.
(a) Suppose that fi A fa A f3 Z 0. Then by Lemma we have

3 3 q
2¢+3N -3
4 Tp(r) 2 Zog " DO NG () 4 olT5 (1),
u=1

u=1 i=1
By using the Second Main Theorem (Theorem 2.1) for meromorphic map-
pings with moving targets, we have
3

3 q
D a1 ) S 203 Ny (1) + olTs(r)

3Nq
T (T
< 3T IN 32 7 (r) + o(Ty (r)).

Since || Ty(r) = O(Ty,(r)) (1 < u < 3), letting » — 400, we get g <
3N?2 +3/2. This is a contradiction. Thus, f1 A fa A f3 = 0.

(b) Suppose that fi A fa A f3 # 0. By Lemma[3.1] f1, fa, f3 are linearly
nondegenerate over R({a;}’_;).

By the Second Main Theorem (Theorem 2.2) and Lemma

3
> sl < ZZN(}XL, r) + (T3 (r))
u=1

u=1 i=1

3Ngq
T T
< g 3N 32 7u(r) + o(Ty(r)).

Letting r — 400, we get ¢ < (3N? + 3N + 3)/2. This is a contradiction.
Thus, fi A foAf3=0.m
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