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Permanence and global exponential stability of
Nicholson-type delay systems

by ZHONGHUAI WU (Yueyang), JIANYING SHAO (Jiaxing),
MINGQUAN YANG (Jiaxing) and WEI GAO (Jiaxing)

Abstract. We present several results on permanence and global exponential stabil-
ity of Nicholson-type delay systems, which correct and generalize some recent results of
Berezansky, Idels and Troib [Nonlinear Anal. Real World Appl. 12 (2011), 436—445].

1. Introduction. Recently, to describe the models of Marine Protected
Areas and B-cell Chronic Lymphocytic Leukemia dynamics that belong to
the class of Nicholson-type delay differential systems, L. Berezansky, L. Idels
and L. Troib [BIT] considered the delay systems

0 { 2y (t) = —arx1 (t) + biao(t) + crai (t — 7)e 1),
ah(t) = —agxa(t) + box (t) 4 como(t — 7)e 27,
with initial conditions
(2) zi(s) = @i(s), s €[-7,0], ¢i(0) >0,
where ¢; € C([—T,0],[0,400)), ai,b;i,c; and T are nonnegative constants,

1=1,2.
In [BIT], L. Berezansky, L. Idels and L. Troib claim the following results:

THEOREM A (see Theorem 2.3 in [BIT]). Suppose ¢c1 > a1 > 0 and
¢y > ay > 0. Then the solution of system (1)—(2) is bounded from below by
a positive constant, and moreover

c% €1 02 _ 2

lggﬁgjazl(t) > ?‘L%e_@, llflgligfﬂig(t) > ?j%e aze,
THEOREM B (see Theorem 4.1 in [BIT]). Suppose
(3) max{cy, c2} < min{a; — b1, as — ba}.

Then the trivial solution of system (1)—(2) is globally asymptotically stable.
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Unfortunately, Theorem A is incorrect, as can be seen from the following
example.

ExaMPLE. Consider the system
2y (t) = —ax1 (t) + cx1 (t — 7)™ ),
2h(t) = —awa(t) + cao(t — 7)e ™27,

where ¢ > a > 0 and ¢/a € (1,2). Obviously, (4) is a special case of (1) with
ap = ag, C1 = C2 andblzbgzo.

Consider the trivial solution (z1(t), z2(t)) = (In £,In £). Theorem A im-
plies

(4)

liminf 71 (t) = liminf z2(t) = In & > € s Lo
iminfz(t) =liminf zo(t) =In— > —e ac > —e e.
t—too | P—boo a ~ ea? e
Letting ¢/a — 14, we obtain
I 2
0> —e e,

e
which is a contradiction.

Since Theorem A is incorrect, the proof of Theorem 2.4 in [BIT] has
to be amended; this is done in Section 2. Moreover, as shown in Section 3,
the global asymptotical stability of Theorem B can be replaced by global
exponential stability, and the condition (3) can be relaxed to p(D) < 1,
where p(D) denotes the spectral radius of

D:<01/a1 bi/a
bofas c2faz)

The main purpose of this paper is to employ a novel proof to establish
some criteria to guarantee the permanence and global exponential stability
of system (1)—(2), and our conditions are weak.

2. Permanence

DEFINITION 2.1. System (1)—(2) is said to be permanent if there are
positive constants m; and M; such that

m; < ltlmﬁg x;(t) <limsupz;(t) < M; foralli=1,2.

t—-4o00
THEOREM 2.1 (see Theorem 2.4 in [BIT]). System (1)—(2) is permanent
if
ajas — biby > 0, cp>a1 >0 and co > a9 > 0.
Proof. By Theorem 2.2 in [BIT], we need only prove that there exist
positive constants mq and mo such that

o S - > .
(5) ltlinﬁ&f z1(t) > myq, ltlglJrl&f x9(t) > may
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From Theorem 2.1 in [BIT] and the first equation of (1), we have
(6) 24 (t) > —arz1(t) + crw (t —1)e ™) 2 (1) >0, te0,+00).
We next prove that there exists a positive constant m; such that

(7) liminf z1(t) > m;.
t—+00

Suppose, for the sake of contradiction, lim inf;, | o 1(t) = 0. For each ¢ > 0,
we define

O(t) =max{{: & <t x1(§) = Omin x1(s)}.

<s<t
Observe that 6(t) — 400 as t — 400, and
(8) Jim o (6(1)) = 0.

However, z1(0(t)) = ming<s<; 1(s), and so 2 (6(t)) < 0 whenever 0(t) > 0.
According to (6), we have

0> 24 (0(t) > —a1z1(0(t)) + crz (0(t) — 7)e 0O~
and consequently
) @z (0(t) > ez (0(t) — 7)e OO whenever 6(t) > 0.
This together with (8) implies that
(10) lim z1(0(t) —7)=0.

t——+oo
Thus, we get
(11)
@ @) = DO ni(0) = )OOy
¢l x1(6(1)) B 21 (0(t) — 7)
whenever 6(t) > .
Letting t — +o00, (8), (10) and (11) imply that

B>,

c1
which contradicts the assumption that ¢; > a; > 0. Hence, (7) holds. The
second inequality of (5) can be proven similarly. This completes the proof
of Theorem 2.1. u

3. Global exponential stability. In this section, for a matrix A =
(@ij)nxn, AT denotes the transpose of A, A~! denotes the inverse of A, and
p(A) denotes the spectral radius of A. For a matrix or vector A, the inequal-
ity A > 0 means that all entries of A are non-negative; A > 0 is defined
similarly. For matrices or vectors A and B, A > B (resp. A > B) means
that A — B >0 (resp. A— B > 0).



208 Z. H. Wu et al.

DEFINITION 3.1. A real non-singular n x n matrix K = (k;;) is said to
be an M-matriz if k;; <0 for all i,j = 1,2,...,n,i # j, and K~ > 0.

LEMMA 3.1 (see [BP, I‘IJ7 L]) Let K = (kij)nxn with k:ij < 0, i,j =
1,...,n, i # j. Then the following statements are equivalent.

(1) K is an M-matriz.
(2) There exists a vector n = (n1,...,1n) > (0,...,0) such that nK > 0.
(3) There exists a vector E=(&1,...,&,)T >(0,...,0)T such that KE>0.

LEMMA 3.2 (see [BPLHI,L]). Let A>0 be an nxn matriz and p(A) <1.
Then (E, — A)~! > 0, where E,, denotes the identity matriz of size n.

THEOREM 3.1. Suppose
b
oDy <1, D= (@/m W/a)
ba/az ca/az
Then the trivial solution of system (1)—(2) is globally exponentially stable.

Proof. Since p(D) < 1, by Lemma 3.2, Eo— D is an M-matrix. Therefore,
by Lemma 3.1, there exists a vector £ = (£, &2)” >0 such that (E; —D)&>0.
Then

(12) —a181 + §1c1 + &b < 0, —agda + §aca + §102 < 0.

Hence, there exists a sufficiently small constant A > 0 such that

(13) (A—a1)& + &’ + &by <0, (A —a2)&e + c2boe’” + by < 0.
We consider the Lyapunov functions

(14) Vi(t) = z1(t)eM,  Va(t) = xo(t)eM.

Calculating the derivative of V;(¢) along the solution x(t) = (z1(t), z2(t))
of system (1)—(2) with the initial value ¢ = (1, p2), from Theorem 2.1 in
[BIT] and the two equations of (1), for ¢ > 0, we have

(15)  V{(@t) = (A —a1)z1(t)eM + craq (t — 7)e ™™ DN 4 by (t)eM
< (A —ay)z1 ()M 4 croy (t — 7)eM + bz (t)e,
and
(16)  VJ(t) = (A — ag)za(t)e™ + coma(t — 7)e 22D 4 by (1)
< (X — ag)zo(t)eM 4 coma(t — T)eMN + boxy (t)e.
Let m > 1 be such that

m& > sup @i(s) >0, i=1,2.
—7<s<0

It follows from (14) that
Vi(t) = zi(t)er < mg;  forallt € [-7,0],i=1,2.
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We claim that
(17) Vi(t) = zi(t)eM <m&  forallt >0,i=1,2.
Otherwise, one of the following cases must occur.
CASE 1: There exists ¢; > 0 such that
(18) Vi(t) =mé& and  Vj(t) <mé; forallte[—7,t1), j=1,2.
CASE 2: There exists to > 0 such that
(19) Vao(t2) =més and Vj(t) <mé¢; forallte[—7,t2), j=1,2.

If Case 1 holds, then calculating the derivative of V() —m&; and making
use of (15), (18) yields

(20)  0< (Va(tr) —mé&) = V{(t1)
< (A —ay)zi(t)eM + ez (b — 7)eM 4 brag(ty)e M
= ()\ — a1)$1(t1)€)\t1 + 61331(151 — T>6)‘(t1_7—)€/\7— + bla:g(tl)e)‘tl
< (A—a1)mé& + clméleM + bymés
=[N = a1)& + a1&ie + bi&)m,
which contradicts the fact that (A — ay1)&; + c1€1e™ + &by < 0. This implies
that (17) holds.
If Case 2 holds, then calculating the derivative of V5(t) —m&s and making
use of (16), (19) yields
(21)  0< (Va(ta) —méa) = Va(t2)
< (A — az)wa(ta)eM? + coma(ty — T)eM2 + bowy (t2)e™?
= (A — ag)xa(ta)eM? + coma(ty — 7)N2TA 4 by (£9) M2
< (A—ag)méa + coméae™ + bomé&;
=[(A—a2)é& + coboe™ + ba&i|m,
which contradicts the fact that (A — ag)&s + cafae™ + boéy < 0. This implies
that (17) holds.
Therefore, from (17), we obtain
(22) zi(t) <m&e ™ forallt>0,i=1,2.
It follows that (x(t),x2(t)) converges exponentially to (0,0) as t — +oo.
This ends the proof of Theorem 3.1.

REMARK 3.1. One can easily show that max{ci, co} <min{a;—by, as—bs}
implies the row norm of the matrix D is less than 1. Therefore, p(D) < 1.
Hence, Theorem 4.1 of [BIT] is a special case of our Theorem 3.1. Moreover,
exponential convergence is an important dynamic behavior since it gives a
rate of convergence. This implies that our results improve those in [BIT].
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4. An example

EXAMPLE 4.1. Consider the Nicholson-type delay system

(23) {x&(t) — 2021 (t) + Lars(t) + 1021 (¢ — 7)e 1),

2h(t) = —40z2(t) + 80x1 (£) + 20ao(t — 7)e 2=,

Obviously, a1 = 20, by = 10/9, ¢1 = 10, ag = 40, be = 80, c2 = 20, and

D= cl/al bl/al . 1/2 1/18
bo/as c2/as 2 1/2)°
An easy computation shows that p(D) = 5/6 < 1. Thus, from Theorem

3.1, every solution (x1(t),x2(t)) of system (23) with initial conditions (2)
converges exponentially to (0,0) as t — +oo.

REMARK 4.1. System (23) is a very simple form of Nicholson-type delay
system. One can observe that

max{cy,co} =20 > —40 = min{a; — by, as — ba}.

Therefore, no results in [BIT, Theorem 4.1] can be applied to (23). This
implies that the results in Theorem 3.1 of this paper are essentially new.
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