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Unicity of meromorphic mappings sharing few hyperplanes

by St Duc QUANG (Hanoi)

Abstract. We prove some theorems on uniqueness of meromorphic mappings into
complex projective space P"(C), which share 2n + 3 or 2n + 2 hyperplanes with truncated
multiplicities.

1. Introduction. In 1926, R. Nevanlinna showed that two distinct non-
constant meromorphic functions f and g on the complex plane C cannot have
the same inverse images for five distinct values, and that g is a special type
of linear fractional transformation of f if they have the same inverse images
counted with multiplicities for four distinct values [NJ.

In 1975, H. Fujimoto [Ful] generalized Nevalinna’s results to the case
of meromorphic mappings of C™ into P"(C). He considered two distinct
meromorphic maps f and g of C™ into P"(C) satisfying the condition that
V(f,H;) = V(g,H;) for ¢ hyperplanes Hy, ..., H, of P*(C) in general position,
where v(s ;) 1s the map of C™ into Z whose value v(; g y(a) (a € C™) is
the intersection multiplicity of the images of f and H; at f(a). He proved
the following

THEOREM A ([Full). Let H;, 1 < i < 3n+ 2, be 3n + 2 hyperplanes
of P™"(C) in general position, and let f and g be nonconstant meromorphic
mappings of C™ into P"(C) with f(C™) € H; and g(C™) ¢ H; such that
V(f,H) = Vig,m;) Jor 1 < i < 3n+ 2. Assume that either f or g is linearly
nondegenerate over C, that is, the image is not included in any hyperplane
in P*(C). Then f = g.

Since that time, the unicity problem without truncated mutiplicities has
been studied intensively by many authors, including M. Ru, Y. Aihara,
D. D. Thai-S. D. Quang, G. Dethloff-T. V. Tan, Z. Chen—Q. Yan and others.

We state here the recent result of Z. Chen and Q. Yan which is the best
result available at present.
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Take a meromorphic mapping f of C™ into P"(C) which is linearly non-
degenerate over C, a positive integer d, and ¢ hyperplanes Hi,...,H, in
P™(C) in general position with

dim fTY(H;,NH;))<m—-2 (1<i<j<gq),
and consider the set F(f,{H;}!_,,d) of all linearly nondegenerate (over C)
meromorphic maps g : C™ — P"(C) satisfying the conditions:

(a> min(y(f,Hj)7d) = min(y(g,Hj)v d) (1<j5< Q);
(b) f(z) = g(z) on Ui, f~(H;).
Denote by 45 the cardinality of the set S.
THEOREM B (Z. Chen-Q. Yan [ChY]). #F(f, {H;}7" % 1) = 1.

We emphasize that the proof of Theorem B was complicated.

Our first purpose is to prove a more general and slightly stronger form
of the result of Z. Chen and Q. Yan. Moreover, we simplify its proof. First
of all, let us recall the following.

Let f be a nonconstant meromorphic mapping of C" into P*(C), let H
be a hyperplane in P"(C) and let k be a positive integer. For every z € C™,
we set

0 if V(f,H)(Z) >k,

V(r,m),<k(2) = {V(ﬁH)(Z) i v 1) (2) < k.

5 (z) _ I/(f’H)(Z) if V(fJ.[)(Z) >k,
(f7H)7>k - 0 if V(f,H)(Z) S k.

We now take a meromorphic mapping f of C™ into P"(C) which is
linearly nondegenerate over C, positive integers k,d, and ¢ hyperplanes
Hy,...,H, of P*(C) in general position with

dim{z € C" : vy g,y <x(2) > 0 and vy ) <x(2) >0} <m —2
(1 <i<j<gq),and consider the set F(f, {Hj};].:l, k,d) of all linearly non-
degenerate meromorphic maps g : C"™ — P"(C) satisfying the conditions:

(a) min(v(f ;) <k, d) = min(vg p) <k, d) (1 <j <q),

(b) f(z) =g(z) on ?:1{2 cCm: V(ﬁHj)ék(z) > 0}.

Then we see that
(f7{H}] 1 )_ (fa{H}j laOOd)Cf(f7{H}] 1 7 )
We will improve Theorem B to the following.

n(4n? + 11n + 4) B
3n + 2

THEOREM 1. 4F(f, {H;}7" k1) =1 for k >
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Our second main aim is to show a unicity theorem for meromorphic
mappings sharing 2n+2 hyperplanes with truncated multiplicities to level 1.
Namely, we will prove the following.

THEOREM 2. Let f be a linearly nondegenerate meromorphic mapping
of C™ into P"(C) and let Hy, ..., Hopio be 2n+ 2 hyperplanes of P"(C) in
general position with

dim fHH;NHj))<m-2 (1<i<j<q).

Let g be a linearly nondegenerate meromorphic mapping of C™ into P"(C)
satisfying:

(a) min{v(s ) <n, 1} = min{vg p;) <n, 1},
>n

),
min{yﬁj) 1} = mln{ugH)>n,1} (1<j5<q),
(b) f(2) = g(2) on U2} F~1(H,).
Ifn>2then f=g

2. Basic notions in Nevanlinna theory

2.1. Weset ||z]| = (|21 + -+ |2m[2)/? for 2 = (21,..., 2m) € C™ and
define

B(r):={z€C":|z| <r}, S(r)={z€C™:|z[=r} (0<r<o0).
Set

o(z) = (dd°||z*)" ",

n(2) := dlog||z|* A (dd°log [|z*)™ " on C™\ {0}.

2.2. Let F' be a nonzero holomorphic function on a domain {2 in C™.
For aset a = (a1, ..., a,,) of nonnegative integers, we set || = a1+ -+ ay,

and DYF = 8|Q‘F/8a1z1 -+ 0%z, We define the map vp : 2 — Z by
vp(z) == max{l : D*F(z) = 0 for all a with |a| <1} (z € 2).

A divisor on a domain (2 in C™ is a map v : {2 — Z such that, for each
a € §2, there are nonzero holomorphic functions F and G on a connected
neighborhood U C {2 of a such that v(z) = vp(z) — vg(z) for each z € U
outside an analytic set of dimension < m — 2. Two divisors are regarded as
the same if they are identical outside an analytic set of dimension < m — 2.
For a divisor v on {2 we set |v| := {2z : v(z) # 0}, which is a purely (m —1)-
dimensional analytic subset of {2 or an empty set.

Take a nonzero meromorphic function ¢ on a domain {2 in C™. For each
a € §2, we choose nonzero holomorphic functions F' and G on a neighborhood
U C §2 such that ¢ = F/G on U and dim(F~1(0)NG~1(0)) < m—2, and we
define the divisors vy, v by vy 1= vp, v’ := v, which are independent
of the choices of F' and G and so globally well-defined on (2.
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2.3. For a divisor ¥ on C™ and for positive integers k, M or M = oo,
we define the counting function of v by

M) (2) = min {M,v(2)},
(M) . 0 if I/(Z) > k, I/(M) o) — I/(M)(Z) if I/(Z) Z k,
) {I/(M)(Z) if v(z) <k, 2 (2) = {O if v(z) <k,

{ v(z)o ifm>2,
B(t)
v(z) ifm=1.

|2<t

Similarly, we define n(*)(t), ngg) (1), n(zj\,;[) (t). Set

n(t) =

N(r,v) = S t;ﬁ?l dt  (1<r<oo).
1

Similarly, we define N (r, (™)) N(r, U(SA];[)), N(r, U(ZJ\];[)) and denote them by

NM)(r v), Ng\]:[) (ryv), Ngf)(r, v) respectively.
Let ¢ : C"™ — C be a meromorphic function. Define
NGD(T):N(TaVGD)7 Ng(oM)<T):N(M)(T7th)7

M M M M
N«EJ,S)k(T) = Nélc )(Tv Vo), Né,z)k(r) = Nék)(rﬂ V).

For brevity we will omit the superscript M) if M = co.

2.4. Let f : C™ — P"(C) be a meromorphic mapping. For fixed homoge-

neous coordinates (wp : - - - : wy,) on P*(C), we take a reduced representation
f=1(fo: - fn), which means that each f; is a holomorphic function on
C™ and f(2) = (fo(z) : --- : fnu(2)) outside the analytic set I(f) = {fo =

-+ = fn = 0} of codimension > 2. Set || f|| = (|fol® + - + | fu|?) /2.
The characteristic function of f is defined by

Ty(r) =\ log|fln— | logllflln-
S(r) 5(1)

Let H be a hyperplane in P"(C) given by H = {aowo + - - - + apwy, = 0},
where a := (ag,...,a,) # (0,...,0). We set (f,H) = >_"" ;a;f;. We define
the corresponding divisor f*H by f*H(z) = v(sm)(2) (z € C™), which is
independent of the choice of the reduced representation of f. From now on,
we will write vy gy for f*H if there is no confusion. Moreover, we define the
proxzimity function of f with respect to H by

A1 - 11H ] £ (1]
mpm(r)= | log®t iy — | log -,
B )

where ||H|| = (3L, |ai*)'/2.
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2.5. Let ¢ be a nonzero meromorphic function on C™, which is occa-
sionally regarded as a meromorphic map into P!(C). The prozimity function
of ¢ is defined by

m(r,) = | log™|g|n,
S(r)
where log™ t = max{0,logt} for t > 0. The Nevanlinna characteristic func-
tion of ¢ is defined by

T(r, ) = Nijp(r) +m(r,¢).
Then
Ty(r) =T(r,¢) +O(1).
The meromorphic function ¢ is said to be small with respect to f if
I T(r, ) = o(T¢(r))
2.6. As usual, the notation || P means the assertion P holds for all

r € [0,00) excluding a Borel subset E of [0, 00) with {, dr < occ.
The following statements are essential in Nevanlinna theory (see [NOJ).

2.7. THE FIRST MAIN THEOREM. Let f: C™ — P™(C) be a meromor-
phic mapping and let H be a hyperplane in P"(C) such that f(C™) ¢ H.
Then

N(f,H)(T) + mﬁH(r) = Tf(?“) (r>1).
2.8. THE SECOND MAIN THEOREM. Let f: C™ — P"(C) be a linearly

nondegenerate meromorphic mapping and Hy, ..., H, be q hyperplanes in
general position in P"(C). Then

| (a=n-1)73(r <ZN(;L)H) )+ o(Ty (r)).

2.9. LEMMA ON LOGARITHMIC DERIVATIVE. Let f be a nonzero mero-
morphic function on C™. Then

(6%
m(r, D f(f)>: O(log* T'(r,f)) (aeZ?).

2.10. Denote by M}, the abelian multiplicative group of all nonzero
meromorphic functions on C™. Denote by R;Z the group of all nonzero mero-
morphic functions on C™ which are small with respect to f. Then R’} is a
subgroup of M} and the multiplicative group Mﬁn/R’} is a torsion free
abelian group.

Let G be a torsion free abelian group and let A = (a1,...,aq) be a
g-tuple of elements of G. Let ¢ > r > s > 1. We say that the g¢-tuple
A has the property (P.s) if any r elements a1, ...,a;,) in A satisfy the
condition that for any given i1,...,i5 (1 < i3 < -+ < iy < r), there exist
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Fiseeosgs (1< g1 < -+0 < js <7) with {i1,...,is} # {j1,...,7s} such that
Ai(iy) - - - M(is) = QU(Gr) - - - M(js)-

2.11. ProposITION (H. Fujimoto [Ful]). Let G be a torsion free abelian
group and A = (ai,...,aq) a g-tuple in G. If A has the property (P,s) for
somer,s with q > r > s > 1, then there exist i1,...,ig—ry2 with 1 <ip < ---
<lg—rt2 < q such that a;; = -+ = a;,_,,.

3. Proofs of Theorems 1 and 2

3.1. LEMMA. Let f : C™ — P™*(C) be a linearly nondegenerate mero-
morphic mapping and let Hy,...,H, be q hyperplanes of P"(C) in gen-
eral position and let k be a positive integer. Assume that ¢ > n + 2 and
k>nqg/(q—mn—1). Then

q

k+1—n n
| 7101 = e g 2 N a1 + oIy )

Proof. By the Second Main Theorem, we have
q

| a=n=1T5r) <3N () + ol ()
=1

—ZN(”) +ZN o () + o(T5 (1)

q

< ZN““ P+ g 2 N 2k (r) + (T (r)
=1
(1 n k:+1> ;NfH <k
T ;<N<f,m>,>k+l<r> - Niga,<1(r)) + o(T3(r)
:< kil)z_;N k+1§_: r)+ o(Ty(r)
= (1_ kil) ZNfH <)+ k:?flT (r) + o(T(r)).
i=1
Hence
k+1—n 1
H Ty(r) < i —n_1 _anNfH)<k )+ o(T¢(r)). m
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3.2. LEMMA. Suppose k > 2n+ 1 and ¢ > 2n+ 2. Then
| Ty(r) = O(Tf( r)) and || Ty(r) = O(Ty(r))
for each g € F(f,{H;}\_,,k,1).
Proof. By the Second Main Theorem, we have

| @=n-nr zw + oIy (r))

q
< S NG () + o(Ty(r)
i=1

q
(1) n (1)

=1 i=
+ 0(Ty(r))
< qnTy(r) + kqfl o (r) + o(Ty(r))
Thus
[

Hence || Ty(r) = O(T(r)). Similarly, we get || T¢(r) = O(Ty(r)). =

3.3. Pmof of Theorem 1. Suppose that there exist two distinct maps
fog € F(FL{HYE k1),

By changing indices if necessary, we may assume that

(S H) _  _ (i He) , ([ Heg) _ _ (f, Hi)
(9. H1) —  (9:Hk) " (9. Hiy+1) (9, Hy,)
group 1 group 2
” (fs Hroir) _ o (s Heg) 4.2 (f Hyov1) _ 0 (f He)
(9, Hiy41) (9, Hys) (9, Hiy 1+1) (9, Hy,)’
group 3 group s

where ks = 2n + 3.
For each 1 <1 < 2n + 3, we set
) {z’+n ifi+n<2n+3,
ofi) = . o
t—n—3 ifi+n>2n+3.
and
P = (f7 Hl)(g7 Ho(z)) - (g’ Hz)(f’ Ho(z))
Since f # g, the number of elements of each group is at most n. Hence

(fs Hi)/(g, Hi) and (f, Hy(;))/(9; Ho(;)) belong to distinct groups. This means
thatPi;‘éO (1§z§2n—|—3)
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Fix an index i with 1 < i < 2n+3. For z & I(f)UI(9)UU,, [~ (HsNHy),
it is easy to see that:

o If z is a zero of (f, H;) then it is a zero of P; with multiplicity at least
min{v(s p,), V(g,m;) }- Similarly, if 2 is a zero of (f, Hy(;)) then it is a
zero of P; with multiplicity at least min{u(f7H0<i)), V(g,Hg<i))}-

e If z is a zero of (f, H,) with v & {i,0(i)} then it is a zero of P; (because

f(z) = 9(2)).
Thus, we have

2n+3
. : 1
vp(2) 2 min{v ) Vg, }+ min{Uga ) Hottoo)}E D2 <)
U;éviol(i)

for all 2 outside the analytic set I(f)UI(g)UU,.; [ L(Hsn Hy) of dimension
<m -2

Since min{a, b} > min{a,n} + min{b,n} — n for all positive integers a
and b, the above inequality implies that

ve (=)= S (min{vyu,)(2),n} + min{v ) (=), n}

v=1,0(1)
2n+3
—nmin{v(s m,)( Z I/(fHU <k:
U;éz,cr(z)

for all z outside the analytic set I(f) UI(g) U U, fY(Hs N Hy).
Integrating both sides of the above inequality, we get

Np(r) 2 D0 (NG )+ N ) = NGy ()

v=i,0(4)
2n+3
+ Y N <)
i)
On the other hand, by Jensen’s formula and the definition of the char-

acteristic function, we have

Np,(r)= | log|Pin+0(1)
S(r)

-
| log(|(f, H)P* + |(f, Ho(o)[)/* n
st

+ | log(I(g, H)[* + (g, Hon )"/ n + O(1)

IN
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< Log(I £ + | Hoo) 1))
S(r)

+ | Log(lgll(1H:|1* + [ Hoe 1) /2)n + O(1)
S(r)

= | log|lfiln+ | loglglln+0(1)
st s(r)

=T¢(r) +Ty(r) + O(1).
This implies that

Tp(r)+ Ty(r) > > (NP <k )+ Ny () =Ny ()

v=1,0(1)
2n+3 .
+ Z N((f,)Hv),Sk(T) +o(T¢(r)).
v=1
v#i,0(1)
Summing both sides of the above inequality over i = 1,...,2n + 3, we have
2n+3 (n) (n)
(2n + 3)(Ty(r) )= 2 Z (N1 + Ny <)
2n+3 .
+ 3 N <) + o(T5(r))
v=1
2n+3 (n) (n)
> (2437) 3 O al0) + ¥ a0
+o(Ty(r))-

By Lemma [3] it follows that

2n+3
1 (n) (n)
[ (2 35 ) S O ca0) + N calr)

(k+1)(n+2)—2n?—3n
2 T T T (r)).
< +2n> E+l-n (T5(r) + Ty(r)) + o(T(r))
Thus
(k+1)(n+2)—2n?—3n
| en+ o+ 5 > (245 ) DD
X (Ty(r) + Ty(r)) + o(Ty(r)).
Letting r — oo, we get k < %W — 1. This is a contradiction.

Hence §F(f, {H;}2"1%,k,1) = 1 for all k > %ﬂ;“‘) —1. =
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3.4. Proof of Theorem 2. Suppose that f # g. Then f and g belong
to F(f, {H;}?"?, 00,1). By repeating the same argument as in the proof of
Theorem 1, we may assume that P; = (f, H;)(g, Ho(:)) — (9, Hi)(f, Hy3)) 0
for all 1 <7 < 2n+ 2, where

L Jitn ifi+n<2n+2,

U(Z)_{i—n—2 if i +n > 2n + 2.
For each 1 <i < 2n+2, weset S; = {2 € C™ : (4 ,)(2) # v(g,m,)(?)}- Then
S; is an analytic subset of dimension m — 1 and S; \ S; is an analytic subset

of dimension < m — 2. Denote by vg, the reduced divisor with support S;.
For z € f~1(H;), it is easy to see that:

e If z € S; then either

max{v(s m,)(2), V(g,m,)(2)} <n or min{vys m,)(2), v(g,m,)(2)} >n

by assumption (a) of the theorem. Because vg,(z) = 1, we have

min{y(ﬁHi)(z), n}+ min{u(g H,) (2),n} +vs,(2)
< min{v(y, 11,)(2), V(g,m,) (2)} + nmin{v (s m,)(2), 1}.
o If 2 ¢ S; then vy 1, (2) = V(g u,)(2) and vg,(z) = 0. Hence

min{v(s g,)(2), n}+min{vg g, (z),n}—i—ys( ) < min{v s g,y (2), n}+n
< min{ys p,)(2), Vg ) (2) } +nmin{v s g,y (2), 1}
This yields

min{v(s, g,y (2), n} + min{v g g,)(2), n} + vs,(2)
< min{v(s g,)(2), V(g,m,)(2)} + nmin{v s g,)(2), 1}
for all z € f~1(H;) and hence for all z € C™.

By using the same argument as in the proof of Theorem 1, we obtain

VPL' (Z) Z mln{y(fyHl)(z)’ V(gvHi) (2)} + mln{l/(‘ﬂ o'(z )( )’ V(gvHo'(i))(z)}
2n+2

+ Z RIC
v;éz,a(z)
> (min{yg g, (2),n} +min{y g, (2), n} +vs, (2)

v=1,0(1)

v

2n+-2
—nmin{v(y g,)(z 1} + Z V(va
v;éz cr(z)
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for all z outside an analytic set of dimension < m — 2. This implies that

Np,(r) > z: UW?L”() ]ng)()+JVVﬂ®)“”N&auﬂ))
v=1,0(1)

2n4-2
+ Z g,
v;éz,a(z)

By repeating the same argument as in the proof of Theorem 1, we have

(3:5)  Ty(r) +Ty(r) = Np,(r)

2n+2
2 3 (Vg )+ Ny ()4 N5 =nN{g ) ()4 3 g 0
el vio(i)
Summing over ¢ = 1,...,2n 4+ 2 and using the Second Main Theorem, we
obtain
(3.6) | @n+2)(T0) + Ty ()
2n+2
> 2 Z N((ZH) ((;) i)(r) + N(r,vs,) — nN((;’)Hi)(r))
2n+2
+20 > Ny ()
2n+2 -
=2 3 (N 1) 4 Ny ) + Nrvs)
2n+2
> (20 4 2)(Ty(r) + Ty(r)) +2 Y N(r,vs,) + o(T5(r)).
i=1
Hence,
(3.7) | N(r,vs;) = o(T¢(r)),

and inequalities (3.5 , . become equalities for all 1 < i < 2n + 2. Thus,
for 1 <i<2n+ 2, Wehave

B8 || Vet = X (N )+ N 0) = N Dy (1)
v=1,0(1)

2n—+2
+ Z NPy (1) + o(T3(r)
v;éz,a(z)
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2n+-2
= X NGy -n )+ Z N
v=iol) U;éz cr(z)
+o(Ty(r)),
(3.9) I Ty (r) +Ty(r) = Np,(r) + o(Ty (1)),
(3.10) | o+ T3 0) = (0 + DTy () + o(Ty (1)

2n+2

-3 N () + o Ty (r)).

On the other hand, by (3.7) we also have
2n+-2

(311) | NpGr Z N(p.a1,)(r Z NP () + o(T(r)).
v=1,0(1) U;ézcr()

From (3.8) and ( , it follows that
(3.12)

| X Mgy £ X @ N 0) =0 N @)+ o(Ty (1),

6,0 (1) v=1,0(%)

Slnce N((f)H )

2) implies that
(313) || Ny (r) = Ny (1) + o(Ty(r) = nN{ Py () + o(T (1))

foralll1 <i<2n+ 2.
Combining (3.8)), (3.9), (3.10) and (3.13]), we have the following:

(r) < nN((})HU)(r) and N((f)Hv)( ) < Ns,m,)(r), the inequality

2n—+2

(3.14) H Np,(r Z Ny )+ 0 NPy () + o(Ty(r),
v=1,0(%) v=1
v#£i,0(1)
(3.15) || Ty(r) + Ty(r) = Np, (r) + O(Tf(T))
(3.16) H Ty(r) = T,(r) + = 3 NG )+ (T ().
v=1,0(1)

Assume that H; = {ajowo + - - + ainwn, = 0}. We set h; = (f, H;)/(g, H;)
(1 <i<2n+2). Then

o (vaz) i (gvH')
hifhi = ) (g H)

does not depend on the representations of f and g respectively. Since
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Yor—o@ikft — hid p_oaikgr = 0 (1 < ¢ < 2n + 2), this implies that
det(aio, vy Qin, aiohi, N ,amhi; 1 < 1 < 2n + 2) = 0.
For each subset I C {1,...,2n + 2}, put h; = [[;c; hi. Denote by T the
set of all combinations I = (i1,...,ip+1) With 1 <id; < -+ <ipp1 <2n+2.
For each I = (i1,...,int1) € Z, define

Ap = (=) FD@AD 240t Hints det(g; ;1 <r <n+1,0 <1 < n)
x det(aj;;1<s<n+1,0<1<n),
where J = (j1,...,Jnt+1) € Z such that TUJ = {1,...,2n + 2}. We have
> Arhr=0.
1€l
Take Iy € Z. Then Aj,hy, = — ZIGI’I#O Arhy, that is,

Ap
hpy=— Y “—hp
1eT, 141, © 10
Observe then A;/Aj, # 0 for each I € 7.
Denote by ¢ the minimal number satisfying the following: There exist
t elements Iy,...,I; € 7\ {Ip} and t nonzero constants b; € C such that
hiy = Yi_y bihr,.
Since hy, # 0 and by the minimality of ¢, it follows that the family
{h1,,...,hr} is linearly independent over C.

CASE 1: t =1. Then hy,/hr, = o(T¢(r)).

CASE 2: t > 2. Consider the meromorphic mapping h : C™ — P!=1(C)
with a reduced representation h = (dhy, : - - - : dhy,), where d is meromorphic
on C™.

If z is a zero of dhy;, then z must be either a zero or a pole of some h,.
Hence z belongs to S, for some v. This yields

2n+2

| N8, ) < 37 NG ws,) = 0Ty ().
v=1

By the Second Main Theorem, we have

| Tu(r) < SONG, () + N () + 0T (1)) = 0Ty (r)) + 0Ty (1)):
=1

This yields || Ty (r) = o(T¢(r)). Then hy,/hr, = o(T¢(r)).

Hence, from Cases 1 and 2 we see that for each I € Z, thereis J € Z\{I}
such that hy/hy € R;Z

We now consider the torsion free abelian subgroup generated by the
subset {[h1],...,[hon+2]} of the abelian group My, /R}. Then the tuple
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([h1],- .., [hon+t2]) has the property (Pay42n+1). This implies that there exist
2n+ 2 — 2n = 2 elements, say [h1], [ho], such that [hi] = [ha]. Then hy/hy =
X € 72}

Suppose that x # 1.

Since hi(2)/ha(z) = 1 for each z € [ J7"§2 f~ (Hi)\(f_l(Hl)Uf_l(Hg)),
it follows that 2”32 f~2(H;) \ (f~Y(H1) U f~'(Ha)) € x '{1}. By the
Second Main Theorem, we have

2n+42

| @n—n-1T50r) < Z N () + 0Ty (r))

< (2n+2)nN{) (1) + o(Ty(r) = o(Ty(r)).
This is a contradiction. Thus, x = 1, i.e., h1 = hg. Hence vy p,) =
V(g i), ¢ = 1,2. By changing the reduced representations of f1, fo if neces-
sary, we may assume that (f, Hy) = (g, H1). This yields (f, H2) = (g, H2).
Now we consider
Py = (f,H1)(9, Hoy1) — (f, Hny1) (9, H1)
= (f, H1)((f1, Hn41) — (9, Hpg1)) Z 0.

Since (f,Hi)(2) = (g, Hi)(z) on U\ 71 (H;) \ (f71(H1) 0 f~1(Hz))
(1 <i<2n+2), we have

(3.17) | Nav ) = (Vg () & Ny () + Neg o) ()
2n+2
+ > NfHU )+ o(T¢(r)).
oA Tt
From (3.14) and (3.17), we have | N({y \(r) = o(Ty(r)). Then | Ty(r) =
NG () + o(Ty(r)) by (3.16).

We set QZ - (fa )( 77«+1) ( 7Hi)(f7Hn+1)' Put Q = {1 <t <
2n + 2 : Q; # 0}. Suppose that $Q > n + 2. Without loss of generality, we
may assume that i; € Q (1 < j < n+ 2). Repeating the same argument as
in the proof of Theorem 1 and using the Second Main Theorem, we obtain

| Ty (r) + Tg(r) = No,(r) + O(1)
2n—+2

>3 N+ X N ) o)
ventli v;élr)tj-ll,ij
n—1 ( 2n+2

- N(?,Hv Z NfH ) +o(Ty(r))

v=n+1,i;



Thus, ||

This is
least n
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n—1

= PRy + TN )+ T () o ()

n—1_(n
N (1) + 0T ().

)(r) = 0o(T(r)). By the Second Main Theorem again,

=Ty(r) + Ty(r) +

(n)
Nigm,

n+2
| () <ZN{,’£‘,H> )+ o(T3(r)) = o(Ty(r)).

a contradiction. Hence 1@ < n + 1 . This means that there exist at
+ 1 indices 7 such that ); = 0. This implies that f = g. This is a

contradiction.
Hence f = g. The theorem is proved. =
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