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Some new oscillation criteria for second order
elliptic equations with damping

by RONG-KUN ZHUANG (Huizhou) and ZHENG-AN YAO (Guangzhou)

Abstract. Some new oscillation criteria are obtained for second order elliptic differ-
ential equations with damping

n

> DiAij(x)Dyl + > bi(z)Diy + q(z)f(y) =0, =z €2,

i,j=1 i=1

where (2 is an exterior domain in R™. These criteria are different from most known ones
in the sense that they are based on the information only on a sequence of subdomains of
2 C R", rather than on the whole exterior domain {2. Our results are more natural in
view of the Sturm Separation Theorem.

1. Introduction. In this paper, we consider the oscillation behavior of
solutions of second order elliptic differential equations with damping

(1.1) > DilAij(x)Djy) + > bi(x)Diy + q(x) f(y) = 0,
=1

ij=1

where z € {2 and {2 is an exterior domain in R". The following notations
will be adopted throughout: R,R* are the intervals (—oo, ), (0,00) re-
spectively. The Euclidean length of z is |z| = [}1; 7] Y2 and differen-
tiation with respect to x; is denoted by D; (i = 1,...,n). For a constant
a>0,let S = {x € R" : |z| = a}, G(a,0) = {z € R" : |z| > a},
G(a,b) = {z € R" : a < |z] < b}, Gle,b) = {x € R" : ¢ < |z| < b},
G(a,c] = {x € R" : a < |z| < ¢}. For an exterior domain (2 in R”, there
exists a positive number ay such that G(ag,00) C (2. In what follows we
always assume that:
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(C1)  A(z) = (Aij(x))nxn is a real symmetric positive definite matrix func-
tion (ellipticity condition) with A;; € C'llo";“(ﬂ), w e (0,1), 4,5 =
1,...,n; Amax(x) denotes the largest (necessarily positive) eigenvalue
of the matrix A(z); there exists a function A € C*(R*,R*) such that
A(7) > max|y|—, Amax() for r > 0;

(C2) by € CLHH(2,R), g € CF (2,R), € (0,1) and g(z) # 0 for || > ao;

(C3) fe€CHR,R), yf(y) > 0and f'(y) >k > 0 for all y # 0 and some
constant k.

A function y € C’ﬁ;g“((?,R), p € (0,1), is said to be a solution of
(1.1) in £ if y(z) satisfies (1.1) for all x € §2. For the problem of exis-
tence of solutions of (1.1), we refer the reader to the monograph [2]. We
restrict our attention only to nontrivial solutions y(z) of (1.1), i.e., such
that sup{|y(x)| : z € 2} > 0. A nontrivial solution y(x) of (1.1) is called
oscillatory if the zero set {x : y(z) = 0} of y(z) is unbounded, otherwise it is
called nonoscillatory. Equation (1.1) is called oscillatory if all its nontrivial
solutions are oscillatory.

There are a great number of papers (see, for example, [1, 3, 5-7, 14]
and the references quoted therein) devoted to the particular cases of (1.1),
including the following second order ordinary differential equations:

(1.2) y' (1) +a(t)y(t) =0,
(1.3) (r(®)y' () + a(t)y(t) =0,
(1.4) (r(®)y'(t))" + a(t)f(y) = 0.

An important tool in the study of oscillatory behavior of solutions for
(1.2) is the averaging technique. Here we list some known oscillation criteria
for (1.2):

t s

1
(1.5) tlirn n S S q(v)dvds = 0o (Wintner [14]);
- o to
1 t s
(1.6) hgiogf; S S q(T)drds
to to
1 t s
< limsup — S S q(t)drds < oo (Hartman [3]);
t—o00
to to

t
S(t —5)" tq(s)ds =00  for some m > 2
to

(1.7) li?lilolp G
(Kamenev [5]).

Some other oscillatory criteria can be found in [8, 12, 16] and the references
therein.



Oscillation criteria for elliptic equations 33

For the semilinear elliptic equation

(1.8) > Di[Ai;Djyl + q(x) f(y) = 0
ij=1

Noussair and Swanson [11] first extended the Wintner theorem by using the
following partial Riccati type transformation:

a(|z])
(1.9) w(z) = =2 (AVy)(2)

fy(x))
where a € C? is an arbitrary positive function and Vy denotes the gradient
of y. Swanson [13] summarized the oscillation results for (1.8) up to 1979. For
recent contributions we refer the reader to Xu et al. [15] and the references
therein.

We see that most known oscillation criteria involve the integral of ¢(z)
and hence require the knowledge of ¢(x) on the entire half-line [ag, c0).
However, from the Sturm Separation Theorem, we know that oscillation
is only an interval property, i.e., if there exists a sequence of subintervals
[a;, bi] of [ag,0), with a; — oo, such that for each i there exists a solution
of (1.2) that has at least one zero in [a;, b;], then every solution of (1.2) is
oscillatory, no matter how “bad” (1.2) is (or p and ¢ are) on the remaining
parts of [ag, 00).

Taking this into account, Kong [6] established an interval criterion for
oscillation of the second order linear differential equation (1.2). Recently,
Li and Agarwal [9, 10] and Huang [4] further studied interval oscillation
criteria for nonlinear ODEs. However, for second order elliptic differential
equations, whether similar results are true has remained an open ques-
tion.

Motivated by the idea of Kong [6], Li and Agarwal [9, 10], Noussair
and Swanson [11], and Xu et al. [12], in this paper we obtain, by using a
generalized Riccati transformation and integral averaging technique, several
new domain criteria for oscillation, that is, criteria given by the behavior
of (1.1) only on a sequence of subdomains of 2 C R". Our results are
extensions of the results of the above-mentioned authors.

2. Main results. We first introduce a class @ of functions. Let Dy =
{(r,s) €R%:r>5s>ap}and D = {(r,s) € R2: 7 > s > ag}. A function
H € C(D,R) is said to belong to @ if there are hy,hy € C(D,R), o €
C*(Jag, 00),R*) and n € C*([ag, 00), R) satisfying the following conditions:

(Hy) H(r,r)=0for r>ag; H(r,s) >0 for all (r,s) € Dy;
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(Hg) % [H(r,s)] + [i)/((:)) + i—kn(r)rl_"} H(r,s) = hi(r,s)\/H(r,s);
(i) g 1080+ | 4 4 20054 | (r,8) = o) V)

For simplicity, we define functions @) and g as follows: For any given functions
o0 € C([ag,0),RT) and \,n € Cl([ao, ),R), let

Q(r) = Q(r){ SST [q(x) 7 BTA'B- — ZD b} do
AP [A(r)n(r)]’},

w

9(r) = 2 A¢)e(r)r

where S, = {z € R" : |z| = r} for » > 0, BT = (by(x),...,bn(2)), do
denotes the spherical integral element in R™ and w is the area of the unit
sphere in R".

€

LEMMA 2.1. Let y(x) be a nontrivial solution of (1.1) with y(x) > 0 for
x € Gle,b). For any H € &, define

1 1
(22) V() = o)] | Wah@)do + M), =€ Gl
Sy

where Vy denotes the gradient of y(x), and y(x) = x/|x| for |x| # 0 is the
outward unit normal to S,. Then
b b
1
——\H® ds < h3(b, s) ds.
g V01006 ds V(O + s Sato)nin. o)

Proof. A direct computation with the use of (1.1) and (2.1) leads to

(2.4) divWW(z) = — ;;((Z)) (Vy)TAVy — ()[q(:c f(y) + BTy

1 n
o5 D Dibi
=1
< w2 pl A fw o L sl g
o ok

1
—-BTA Y \W—-—=—B|+=—Y D,
LIS

= —kWTA™IW — ¢(z)

(2.3)

1 1 —
— BTA'B+ = " D;b,.

Applying Green’s formula to (2.2), we get
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' o(r) : ’
(25) Vi) =25V + o(r) Sg div W (z) do + A(r)n(r)]' }

V(r)—o(r)k | WTA™'W do
Sy

_ Q(r){ Sg [q(aj) - ﬁ BTA'B - ik an Dibl} do — [A(r)n(r)]’}.

In view of (Cy), we have (WTA-'W)(x) > )\mzllx( )W (z)|?, and by the
Cauchy—Schwarz inequality, we have
rlfn 2
| W (@) do > — HW(x)y(a;) da} :
Sy Sy
Hence, by (2.2) and (2.5), we get

(28 Vi < g A0)

{ [ BTA 'B — —ZD b] do — [A(r )77(7“)]’}

_d(r) Vi) - ko(r)r! "[‘;((:))

- § [so) — g 574718 35 Do - Doty

o'(r) Vir) - ko(r)rt—" { [ W) dg}z
S,

- A(r)nm} 2

o(r) | 2k 1— 1 2
:—Qr+[ + —n(r)r Vi) - —=V(r).
1)+ |55 + ()= | V) = V)
Next we multiply (2.6), with r replaced by s, by H(r, s) and integrate from
ctor, to get

9(s) Vi) da
o {aﬂgz, 8) [g;’((j)) n % n(s)sl—n} H(r, S)}V(s) ds
H(r,s)
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T 2
= H(r,c)V(c) —S [ Hg((r;)s) Vi(s)+ %\/g(s) ho(r,s)| ds
+ % Sg(s) h3(r,s)ds
< H(r,e)V(c) + igg(s)hg(r, s) ds.

C

Let r — b~ in (2.7). Dividing both sides by H (b, c), we obtain (2.3).

LEMMA 2.2. Let y(x) be a nontrivial solution of (1.1) with y(x) > 0 for
x € G(a,c]. For any H € @, let W(r),V(r) be defined on G(a,c] by (2.1),
(2.2) respectively. Then

C

(2.8) L H(s,a)Q(s) ds < —V(c) + ——— | g(s)h2(s, a) ds.
H(c,a) 4H (c,a)

a a

Proof. The proof is similar to that Lemma 2.1. We multiply (2.6) by
H(s,r) and integrate with respect to s from r to ¢ for r € (a, c] to get

(2.9) SH(S,T)Q(S) ds

= — H(e,r)V(e) - | Hg((:)” 2(s) ds
S {aHa(z,r) [QQ/((SS)) + ijﬁ ( )51_"} H(s,r)} V(s)ds
= — H(e,m)V(c) — S Hg(i;)r) V2(s)ds + S hi(s,m)\/H(s,r)V(s)ds
‘[ [H(s,7) 1 2
= — H(c,m)V(c) —§ [ o05) Vis) — Ex/g(s) hl(s,r)] ds

Let r — at in (2.9). Dividing both sides by H(c, a), we obtain (2.8).
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The following theorem is an immediate consequence of Lemmas 2.1
and 2.2.
THEOREM 2.1. Assume that for some c € (a,b) and some H € P,

1
H(c,a)

| H(s,0)Q(s)ds +

a

(2.10) H(b,s)Q(s)ds

b
0]
1 c b

. Jo(o)its,0) s+ g7 Foloidin o is)

Then every nontrivial solution of (1.1) has at least one zero in G(a,b) =
{r eR":a < |2| < b}

Proof. Suppose the contrary. Then without loss of generality we may
assume that there is a solution y(z) of (1.1) such that y(z) > 0 for z €
G(a,b). From Lemmas 2.1 and 2.2, we see that both (2.3) and (2.8) hold.
Adding (2.3) and (2.8), we obtain

1
H(c,a)

1
H(b,c)
c b

1 1 1
< 4 <H(c, a) (Slg(s)h%(S, a)ds + H{b, o) §g(s)h§(b, s) ds)7

| H(s,0)Q(s)ds +

a

(2.11)

b
VH(b,5)Q(s)ds

which contradicts the assumption (2.10) and completes the proof.

THEOREM 2.2. Suppose for each T >aqg there exist HE® and a,b,ceER
such that T < a < ¢ < b and (2.10) holds. Then equation (1.1) is oscillatory.

Proof. Pick a sequence {T;} C [ag,00) with T; — oo as i — oo. By the
assumption, for each i € N, there exist a;,b;,¢; € R such that T; < a; <
¢; < b;, and (2.10) holds with a, b, ¢ replaced by a;, b;, ¢;, respectively. From
Theorem 2.1, every solution y(x) has at least one zero x € G(a;, b;). Noting
that |z| > a; > T; for i € N, we see that the zero set {x € 2 : y(z) = 0}
of y(x) is unbounded. Thus, every nontrivial solution of (1.1) is oscillatory.
The proof is complete.

THEOREM 2.3. Suppose for each | > aq there exists H € @ such that

r

(2.12) limsupS {H(s, DQ(s) — ig(s)h%(s,l)_ ds >0
r—oo ]
and
(2.13) liillsogpg [H(r, $)Q(s) — ig(s)h%(r, s)| ds > 0.
! 1

Then equation (1.1) is oscillatory.
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Proof. For any T' > ag, let a = T. In (2.12) we choose | = a. Then there
exists ¢ > a such that

(2.14) 5 [H(s,a)@(s) _ ig(s)h%(s, a)} ds > 0.

In (2.13) we choose [ = c. Then there exists b > ¢ such that
b

(2.15) S [H(b, $)Q(s) — ig(s)h%(b, s)] ds > 0.

Combining (2.14) and (2.15) we obtain (2.10). The conclusion thus comes
from Theorem 2.2. The proof is complete.

From the above oscillation criteria, we can obtain various sufficient con-
ditions for oscillation of (1.1) for different choices of H(r,s), o(s) and 7(s).

In Theorem 2.2, if we choose n(s) = 0, and H = H(r —s) € @, we
have 0H(r — s)/0r = —0H (r — s)/0s; if we denote this common value by
h(r —s), then

_hr=s) ) s
hl(rv S) - \/m + Q(T) H( )7
) —

s}

hr—s) _ds) s
VH(r—s o(s) Hir=s)

The subclass of @ consisting of such H(r — s) is denoted by @¢. Applying
Theorem 2.2 to &y, we obtain the following result.

ha(r,s) =

THEOREM 2.4. Suppose for each l > ag there exists H € g and a,c € R
such that T < a < ¢ and

(& c 9 .
(2.16) §H(s—a)[Q(s)+Q(20—s)] ds > ii[g(s)—}—g@c—s)] H((s — ; ds
1y 0'(s) o' (2¢ — s)
#3300 G5 e =0 G2 s —ayas
0 (s 2(2¢ —s
+ i S [Q(S) i)Q((S)) +9(2¢ —s) 22((220 — s))} H(s—a)ds

Then equation (1.1) is oscillatory.
Proof. Let b = 2¢ —a. Then H(b—c¢) = H(c—a) = H((b—a)/2) and
for any ¢ € Lla,b], we have
b c

{o(s)ds = [ o(2¢ — s) ds.

C a
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Thus if (2.16) holds then (2.10) holds for H € &g, o € C*([ag, 00),R*) and
therefore (1.1) is oscillatory by Theorem 2.2. The proof is complete.

Define

dS, r= ap,

and let

H(r,s) = [A(r) = A(9)]" (p>1), n(s) =0.
Based on the above results, we obtain the following oscillation criteria of
Kamenev’s type.

THEOREM 2.5. Assume that lim,_,o, A(r) = 0. If for each b > ag, there
exists 1 > 1 such that

T w 2
(2.17) hisogp Au_ll W é[/l(s) — AD)HQ(s) ds > Wﬂ—l)
and
(2.18) lim sup ———— g A() — A(s))AQUs) ds > —21
' 7‘—>oop AM_l(T) b 4k<M - 1)7
then equation (1.1) is oscillatory.
Proof. 1t is easy to see that
Tl—n
halrs) = plA(r) = A2 L
1-n
r,s) = r)— (n=2)/2_%
ha(r.s) = A~ A2,
9(r) = = oA
Hence we have
T T w Sl—n 2
oo )ds = £ o140 - A o &
_ e g [A(s) — A2 = s
P ()
= A - A
T k- Y
and
T T w Sl—n 2
§)g(s)h%(r, s)ds = IS)E Q(s)/\(s)s”_lu2 [A(r) /1(3)]“_2 92((3))\2)(3) ds
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2T 1-n
Wit 5 S
= —\[A(r) — A(s)]* ds
{10 - 46 i
2
wp -1
= A(r) — A(b)|F+.
T [A() — A)
Noting that lim,_ ., A(r) = 0o, we have
r 2
2 _ W
(2.19) B Y= 4Au ( §9 s)hi(s,b) ds = dk(p—1)
and
(2.20) I S s)h2(r, s) ds = T
: TLIEOZL/L“ I bg (rys)ds = dk(p—1)

From (2.17) and (2.19), we have

1 s 1 6 - 40100 —  g(o)mie) |

[4(s) — AW Q(s) ds = lim s {5 o(a) (s, s
b b
S
b

2

’ wp
[A(s) = ADIQLs) ds — 5 > 0,

i.e., (2.12) holds. Similarly, (2.18) implies (2.13) holds. From Theorem 2.3,
equation (1.1) is oscillatory.

REMARK. If the assumption (Cs) is replaced by
f)/y=k>0 y#0,

then we can obtain the same results when g(x) > 0 for x € £2 C R".

ExaMPLE 1. Consider the second order nonlinear elliptic differential
equation

0 [a Oy 0 [Boy] «wdy By
(2:21) 0z |:’I“2 axJ * o O |:7“2 8:62:| + r3 Oxq * 3 Oxg
4r—6
I Chaths )r45(am+5$2) (y+y°) =0,
r
where r = /22 + 23, 7 > 1, n=2,a > > 0. It is easy to see that
« a+pB+4)r—6(axy + P
A =3 o) = 27 )47»5( LEBT) py =y,
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Let o = 1. Then
1—n
S 1
ds

Alr) = § A(s) " 2a

Then, for any b > 1,

2T

(?=1), Q) =3, [y =1+3">1, w=2rm

T r) — K2 7“3
(2.22)  lim ﬁl(r) zS) [A(s) = A(D)*Q(s) ds = lim [/1((/1 - ‘f)(/bll]_%ia/
_ 2Ta lim [A(r) — A(b)|* _ 27
p—1lrooo  Ar—2pd 4(p— o’

For any o < 1, there exists 1 > 1 such that 4(u2—771)a > ﬁ;ﬁi), so (2.17)
holds.
Noting that

> 22 H{IAG) — A — [A(s) — AG)} ds =0,
b
we get
A() = A(5)“Q(s) ds = [ [A(s) — AB)“Q(s) ds
b b
Hence
lim s |140) — Ao Que) ds

> i !
= ot A1(7)

V[A(s) — A®)]*Q(s) ds
b

_ 27

C4(p - Do
This means that (2.18) holds for the same p > 1. Applying Theorem 2.5,
we find that equation (2.21) is oscillatory for a < 1.
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