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The sharp version of a criterion for starlikeness related
to the operator of Alexander

by ROBERT SzAsz (Corunca)

Abstract. The method of convolution is used to determine a sharp condition for
starlikeness of analytic functions defined in the unit disc U = {z € C : |z| < 1} and having
the property f(0) = f’(0) — 1 = 0. The integral version is given using the Alexander
integral operator.

1. Introduction. Let H(U) be the class of analytic functions in the
unit disc U and let A = {f € H(U) : f(0) = f’(0) — 1 = 0}. The subclass
of A consisting of starlike functions is denoted by S*. It is well known that
S* ={f € A:Re(zf(2)/f(2)) >0,z € U}. In [2] it was proved that if
f € A satisfies the condition

w2 —
Re{f'(z) + =/"(2)} > 2

then f € S*. This result is equivalent to the result obtained in [1]. In [3]
an improvement of the results obtained in [1] and [2] is given. In [1] the
author conjectured that if f € A, then the greatest value of ¢ for which the
inequality Re(f/'(z) + 2f"(2)) > —¢, z € U, implies f € S*, is

2ln2 -1

= 2T 0.629...
T o(1-m2)

In this paper this conjecture will be confirmed.

=-0273..., ze€eU,

2. Preliminaries. Let Ag={f € H(U): f(0) =1} and P ={f € Ay :
Re(f(z)) > 0 for all z € U}. We will need the following definitions and lem-
mas to prove the main result. Let f(2) = Y pe,arz® and g(z) = 352, bp2®
be two analytic functions in U. The Hadamard product of f and g is defined
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by
f * g Z akbkz

For V C Ay, the dual set of V is
={g€Ao:(f*g)(z) #0forall fe€V and z € U}.
Let At € A be the function defined by
iT1= + ﬁ
14T ’
The following two lemmas are established in [4].
LEMMA 1 ([4, p. 94]). The function f € A is in the class S* if and only

1) hr(2)
z z

LEMMA 2 ([4, p. 23]). The dual set of the class P ={f € Ay : Re(f(z))
>0,z€U} is

hr(z) = T e R.

if

forallze U and T € R.

={f € Ay:Re(f(z)) >1/2,z€ U}.

LEMMA 3. If the function f : [0,1] — (0,00) is increasing and continu-
ous, then for every a € [0, 00),

L a+1 1 a
1
Sm dr < @t S :1: dz.
Vi = a2 T
Proof.
1 a+1 1 a 1 a
1 1
Sx dx:a+ S xa+1 x§a+ Sm dr. m
Of<$) a’+20f(xa+2) a—|—20f(a:)
LEMMA 4. If 0 € (0,27) and 8 > 0 then the following identity holds:
Oz (2m—0)x o0 (271'79)30 0z
+
O | et 0 G
) @ v - ) V@ - ®
1 i ei@k
ﬂ P
Proof. Consider the function
0z

0= Grae=—n 770

where 6 € (0, 27) is a fixed number. Let N denote the set of natural numbers.

The contour I'(r, n) is constructed as follows: I’ (r,n) = Uy Uy Uy
where 71(t) = Rne' ™) yp(t) = re! TR 5(t) = iRy, + t(ir — iRy),
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Y4(t) = —ir+t(ir—iR,), t € [0,1], 7 € (0,1) and R, =n+1/2, n € N. The
residue theorem implies that

(2) | f(z)dz=2mi > Res(f, k).
I'(r,n) keN,0<k<n+1/2

A computation leads to

lim S f(z)dz = —im - Res(f,0),

T—>0’y
2
®)
= Y= ———— kel
Res(f? Zk) Res(f? ) 27T2(k + B)’ G
We now give a detailed proof for the equality
(4) Al | f(z)dz=o0.
71
Let (ap)n>2 be the sequence defined by
B Inn > 9

M my1/2) T

We have
1/2—an
G) |§r@a <] | rm@niod
71 0
1/24an 1
| Vsl +|§ e a)
1/2—an 1/24an

If n > (3, the inequalities ]62”71(” -1 > e 2m(n+1/2)sin(mt—7/2) _ 1 gpd
v1(t) + B >n+1/2— 3 for t € (0,1/2) imply that

1/2—an
© | [ roae)iead
0

) 1/2—an e—0(n+1/2) sin(nt—m/2) n -+ 1/2 "
= . e—2m(n+1/2)sin(rt—m/2) _ 1 p 4+ 1/2 -
< 1 1 n+1/2
- 5 e(2m—0)(n+1/2)sin(rom) _ 1 n + 1/2 — 3 n—oo ’

Since lim;_,; /2 e2mm(t) = —1 and lim,, .o o, = 0, there is a natural number

ng such that [e2™M(®) —1| > 1 for alln > ng and all t € [1/2 — ay,, 1/2 + o).
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Consequently, the second term on the right side of (5) can be estimated by

1/24an
(7) S LW 6—9(n+1/2) sin(wt—m/2) dt
1/2-om n—|—1/2 - p
n+1/2 .
<2qy, ———— (n+1/2) sin(mwan)
= 12— 6°
< QanLl/Q 2r(nt1/Dman _ o, T +1/2 ’ N
n+1/2*5 n+1/2—ﬁ n—00
Finally, the inequalities
‘61971@)‘ < 679(n+1/2) Sin(m‘/*ﬂ'/m7 ‘627”'71(1‘/) _ 1| >1-— e*2ﬂ(n+1/2) sin(mt—m/2)

for t € [1/2 + ay, 1] imply that the third term on the right side on (5) is at
most

1 679(n+1/2) sin(wt—m/2) n -+ 1/2

(8) S —27(n+1/2) sin(wt—m /2
st 1= e B OIS 12— B

dt

1 6—0(n+1/2) sin(mwa,) n+ 1/2
< — .
= 2 1 — e—27(n+1/2)sin(ran) p + 1/2 — B n—oo

Summarizing, we see that (4) follows from (5)—(8). From (2)—(4) we obtain

. 1 & ei@k
Jim ( | r(z)dz+ | f(z)dz) =2 +3 FTF
r—0 73 Y4 k=1
which is equivalent to
x(eaz + e(27r79)x) ) o0 6(27T79)"17 — bz
(9) (S) (3 + 20 — 1) dx + i3 (S) (# + 22)(@ — 1) dx

1 o ei@k
:7—1— .
23 kzzlk+ﬂ -

LEMMA 5. Let f : [a,b] x [0,00) — R be a continuous function and let
g :[0,00) = R be an increasing non-constant function. Suppose that:

(i) [f(Br.2) = f(B2,2)| < |B1 — Balq(z) for all B1,B2 € [a,b] and x €
[0,00), where q : [0,00) — [0,00) is a continuous function and the
improper integral Sgo q(z) dg(x) is convergent,

(ii) the function f is differentiable with respect to the first variable, and
df/0p : (a,b) x [0,00) — R is continuous,

iii) the parametric improper integral \ > 9 B, x)dg(x) is uniformly con-

0 08
vergent on every compact subset of (a,b).
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Then the function

e}

hila,b) =R, h(B) =\ f(8,x)dg(x),
0
is differentiable at every By € (a,b) and

(e 9]

| i) o).
Proof. Let By € (a,b). There is a 6 > 0 for which I = [y — 9, 5o + ¢] C
(a,b).
According to (i) and (iii) there exists an N > 0 so that g(N) > ¢(0) and
T of
(10) \Sﬁ

W (Bo) =

3
for M € [N,00) and (€ I.

(Boa)dg(e) < £ and | | ata)dot)] < &
M

Condition (i) also implies that

£(8,2) — f(Bo, ) T
(11) \ L mesiﬂwwwy

The (Lagrange) mean value theorem implies that there is a (3, € (0,1)

such that
f(B,z) — f(Bo, )  Of
B — Bo e

Since df /0 is uniformly continuous on the compact set I x [0, N], there is
a 0’ € (0,9) such that if |3 — By| < ¢’, then

' of of

(ﬁ+6ﬁx)(/8 _B)vx)'

(B,2) = 57 (Bo, 2)| < 2 for z € [0, N].

op B 3(9(N) = g(0))
If |8 — Bo| < &', then [B + 034 (Bo — B) — Bol < d’, and so

f(ﬁvx)_f(ﬂ(% ) 8f €
B —bBo op 3(g(N) — (0))
Provided that 0 < |8 — (By| < ¢, inequalities (10)—(12) imply

‘h(ﬁ) —h(Bo) OSO of
B — o o 98

(12) 5 (8o, )| < for x € [0, N].

(Bo, x)dg(x)

T (f(B,x) = f(Bo,x) Of
= — 5500, 2) | dg(z)

a B— 5o ap
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Y1 £B,2) = f(Bo, ) Of

< (S) %, ~ 550 2)| dg(2)
f/B7 f(ﬁ()aw) T f
‘ T date) + | § 0wt

<e/3+4+¢/3+¢/3=c¢,
and the proof is complete. u
REMARK 1. If we put, in Lemma 5, g(z) = [z] where [z] denotes the
integer part of x, then the improper integral Sgo f(B,x)dg(x) and the se-

ries o7, f(B,n) are convergent or divergent at the same time. If they are

convergent then
o

| f(B2)dg(x) =) f(B,n)

0

Hence we obtain an analogous lemma for the differentiability of series.

3. The main result
THEOREM 1. If f € A and

Re(f'(2) + 2f"(2)) > o 22

2(1 —In2)

then f belongs to the class S*, and the result is sharp.

for z € U,

Proof. The condition Re(f'(z) + zf"(z)) > —«, z € U, is equivalent to

! 1
Re<a+f(12:_—;zf (Z)> >0, zeU,
which can be rewritten as
O[“‘ f‘/ + Zf//
1+a e P.

According to the representation theorem of Herglotz there is a probability
measure p on [0, 27] so that

o+ f'(2) + 2f"(2) _ S L4tz
1+a N

e
Y1, wu(t),

hence, if f(z) = 2+ > o7, a,2", then

1—1—7z:nan —1+22 S I du(t).
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This implies a, = 24 {27 e=in=Dt gy (t) for n € N, n > 2 and

n2 0
o) o 21
_ —i(n—1)t
f(2)=z+2(1+a) }_2: — (S) e =D g (t).

By Lemma 1, we have to prove that

as L&, hT (+2Z S —Int dpu(t ))

z

o0
1+n+4l n
0 U TeR.
( +a§1+zTn+1)22>#’ zeUTc
The function defined by the development 1+ 2> > 2" Sgﬂ e~ du(t) be-
longs to the class P for every z € U and every probability measure p. From
Lemma 2 and (13) it follows that f is starlike if and only if the function

o

14+n+iT
96 =1+ 0+ 0) D oy 1

2", zel,

belongs to the dual set P9, that is,

o0 .
14+n+:dT 1
Re(1+(1+a)y n) s 2 U,T R
(10X )y FeU T

This inequality is equivalent to

1 — l+n+iT
14 Re| —— " 0 U TeR.
(14) e<2(1+a)+z::1(1+iT)(n—|—1)22>> » FEULE

We will determine
o0

. 1+n+ZT ind

f me) = m.
eel[f)l,zw] (Z 1+4T)(n+1)2 © ) m
TeR

If 1/(2(14 «)) = —m, then o will be the greatest real number for which
(14) is valid. Let us introduce the notation

[e.9]

1+n+dT ind
MO, T)=R o
(0,7) e<z(1+iT)(n—|—1)2€ >
n=1
1 0 ein@ T2 o ein@
= Re| -1
e( +1+T2Zn+1+1+T2Z (n+1)2

o0 o0
R T e
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The following identities hold for every 6 € (0, 27):

00 ind 1 1
e 1—tcosf t
= dt +isin 6
Zn—i—l S1+t2—2tcos€ s S14—t2—2tcos€
n=0 0 0
= e e 1 —txcosb
Z(n—l—l)zznl—l—tzﬂ—%xCOSQ tdu
n=0 00
11
jsin 0 dtd
tosin Ssl+t2x2—2txc059 o
and imply
1
1 1—tcosf
MO, T)= -1 dt
0,7) +14—T2§)1—|—t2—2tcos€
T2 : 1 —txcosb
dtd
+1+T2 §)1+t2$2—2t$0080 v

Tsin®
1472

t dt
1+t2 —2tcosf

Tsin6
14712

tx

dtdzx.
1+ t222 — 2tz cosf v

Ol = O e = O ey =
O ey

Using the identities

1 1 1
1 —tcosf 1 t(1—1t)
——————dt=\——dt+ (1 0)
§1+t2—2C080 §]1—|—t +eos [S) (1 + 2 —2tcosb)
11 11
1—t 0
i e dtdr = || dt du
001—|—t2x2—2txcos¢9 T
o tx(l —tx)

—i—(l—i—cos@)“ dtdz, 6¢€(0,2m),
0

o (L+tx)(1+ 1222 — 2tz cos 0)

it follows that
1

1 1
M@0, T) =1+ Tt T Ly(6,7),
0
where
1
t(1—1t)
Ll(@,T) = (1 +C030)S (1 +t)(1 +t2 _ 2tCOS9)
0
11

dt dx

) t(1 —2)(1 — t%2)
T
+ smH(SJé (14 t%2 —2tcosf)(1 + 222 — 2tz cos )
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11
+T2<§§Mdtd:c

(1+¢)(1+tx)
11
tx(l — tx)
(1 0) dtdx ).
o S(S) 1+ tx)(1+ t?22 — 2tx cos ) x)

If we can prove that

inf Li(0,T)=0,
0€[0,27]
TeR

then we will obtain
inf M(0,T)=—-1+In2.

0€[0,27]
TeR

Since L1(0,T) is a polynomial of the second degree in T' with a posi-
tive dominant coefficient and L (7,0) = 0, it is sufficient to show that the
discriminant of L1(0,T) satisfies Ar,(#) < 0 for all § € (0,27). Now,

11

. (1 — 2)(1 — t2z) ?
£,(#) =sin <§)§) (1—|—t2 —2tC089)(1+t2$2 — 2tz cos ) v

—4(1 4 cos )

t(1—1) o tl—x)
(1011 — 2t cosb) t<§)§)(1+t)(1+t:c)dtd$

tr(l — tx)
dtdz |.
(14 tz)(1 4 t22? — 2tz cosh) a;)

O e = O e

1
+ (14 cosf) S
0

Because supyeo,2x AL, (0) = supgepox AL, (0) we can restrict to 6 € [0, 7.
Some calculations lead to
11

o[ .0 t(1—2)(1 — t22) 2
A =4cos® = [sin® =
14 (6) = 4 cos 2 [sm 2 <§)§) (1412 —2tcos)(1 + t222 — 2tz cos §) dt d

1
-2

e

(1-1) (o ti-a)
YT+~ 2tcosh) <§)§(1+t)(1+m)dtdx

o tr(l —tz)

) 0 dtdz )|.
+ (1 + cos )(S)(S)(1+tx)(1+t2$2—2tx0089) x)}

We will prove the inequality

o 11— 2)(1 — 22) 2
(15)  sin’ <S§) 1412 —2tcos)(1 + t?z2 — 2tz cos0) dtdx)
: t(1—t) o t(l— )
§2§)(1+t)(1+t2—2tc059) dt8§(1+t)(1+t:c) dt dz
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for 6 € [w/2, r], which implies the claimed condition Ay, (6) < 0 in the case
0 € [r/2,7].

If 6 € [r/2, 7] the function g : [0,1] — R, g(t) = (1 +1)(1 +t> —2tcosh),
is strictly increasing and so Lemma 3 implies that

1

2 : 2
- dt > dt,
3§) 1+1¢) 1+t2—2tC089 (S) t)(1 + t2 — 2t cos )
which is equivalent to
1 2
t—t
16 dt
(16) §)(1+t)(1+t2—2tcose)
11
2 — )
- dtd 0 2, 7.
SSS (1+t)( —|—t2—2tc059) “ € lm/2,7}

This shows that it is enough to prove

11
(17) sin22<88 Hl- o)1~ a) dtdx>2

142 — 2tcos0)(1 + 222 — 2tx cosb)

4 t(1— ) o t(1l-2)
= 555 (L4 0)(1+ 1 — 2t cos ) dtdxéé A+ 01+ )

This will yield (15) in the case 6 € [7/2, .
The inequality of Cauchy—Schwarz implies

11 2
(1-=)
(18) <§)§) 1+1¢) (1+t2—2t6059)(1+t:v)dtdx)
o t(1 - z) o t(l-a)
éé 1+ 6)(1 + {2 — 2t cosh) 75d$§§)(1+1&)(1+m)dtdf’j

for 6 € [0, 7]. If we prove

t(1 —2)(1 — t2z)

11
19 in — dtd
(19) MY (S)(S)(1+t2—2tcos€)(1+t2x2—2txcose) v
11
2 t(l —
<\ 1-z) dtdz, ¢ [n)2,m],
\/300 (1+t)y/(1+¢2—2tcosd)(1 + tx)

then this inequality and (18) imply (17).



A criterion for starlikeness 11

Inequality (19) can be deduced from
t(1 —x)(1 — t%z) Sing
(1+ 2 —2tcosO)(1 + 222 — 2tx cos b)
2 t(l—x)

T VB (141 /(A + 2= 2tcos0)(1 + tx)
for 0 € /2, 7] and ¢,z € [0, 1]. The latter inequality is valid because through
direct calculations it can be shown that
sin 4 1 1— 2 2
< and 55 < )
V1412 —2tcosf — 1+t 1 +t22? —2tzcos — \/3(1 + tx)
for 6 € [n/2,7, t € [0,1].
In order to finish the proof, we must also prove that Lq(6,7) > 0 for
0 € [0,7/2] and T € R. To do this, we will apply Lemmas 4 and 5.
We have proved in Lemma 4 the identity

0 x(eGm +e(27r—0)z) ‘ o0 e(27r—0)z _ b=
(20) [S) (B2 + 22)(e2™ — 1) dx +if3 (S) (% + 22)(e2™ — 1) dx
1 o0 ei9k
Let f1, fo be the functions defined by
Oz + 2m—0)x
Fofo: [1/2,3/2] % 0,00) < R (B.o) = 35 e,
B e@2r—0)z _ bz
f2(ﬁ>$) - (ﬁQ + x2)(627rx _ 1)
Since
2mx
(B 2) — FlBn ] < 181 — ol oo D1 Brlg(a),

((1/2)? + 2?)*(e*™ — 1)
€ (0,00), B €[1/2,3/2], k=1,2,
and the integral Sgo q(z) dx is convergent, the functions fi, fo satisfy condi-

tion (i) of Lemma 5. Condition (ii) is automatically satisfied. Since

afk(ﬁ,x)‘ < 3x(e*™ 4 1)

B ~((1/2)? + 22)2(e?™ — 1)’
€ (0,00), B €[1/2,3/2], k=1,2,

according to a theorem due to Weierstrass the convergence of the integral

S z(e*™ +1)

) (/27 + 2P — 1)

o

dzx
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implies that the integral {° %(ﬁ, x) dx is uniformly convergent with respect
to B on [1/2,3/2], and so condition (iii) of Lemma 5 is also satisfied.

If 3 € (1/2,3/2) then from Lemma 5 and Remark 1 we see that both
sides of the equality (20) can be differentiated with respect to j3:

o0 x(eﬂx + e(?ﬂ—@)x)
(21) 25(&) (52+x2)2(62m_ 1)

dx

(6(271' O)z _ b ) o0 if
H(S) ﬁ2+x2 2(e2m — 1) do = 2ﬁ2+; (k+ 3)?
In particular, (20) and (21) imply that
T 2xe™ 1
- = - +In2,
S(1+x2)(€27rx_ +Zn+1 +n
T e eyt j 1
o (L+ x2)2(e2re — 2 —(n+ 1 12 2
Using (20) and (21) for =1 and the particular cases, we find that
1 T (7
M@, T)=—-14+1n2 L2(0, T In2
(0.7) = =1+ 2+ =775 La(6.T) + 1+T2(12 n)
where
o0 0z (2r—0)x _ 9oz
(22) Lo(o,1)= | T T ) du

A (e Ty
OSO 21.2(6(27r—0):p _ e@:p) OSO 21.(69:1: + e(27r—9)x _ 267&)
5 (1 + x2)2(627m: _ 1) 5 (1 + x2)2(627ra: _ 1)

We have to show that Ly(6,7) > 0 for 6 € [0,7/2] and T € R. Ly(0,T) is a
polynomial of the second degree with respect to T with discriminant

o0 1'2(6(27r_6)x _ e@a}) 2
Az(0) = 4< (S] (1 + 22)2(e2m _ 1) dz)
OSO .,L.(eHx + e(27r79):1: _ 267rx)

T+ 2@ = 1)

dx + T2 dx.

o0 Ox (2r—0)x _ 9omx
dZL‘S (e’ +e e )dl'.
O G [

0
The Cauchy—Schwarz inequality implies

OSO x<69:)3 + 6(27779):): _ Qeﬂx) o0 x(eex + e(27r79):r _ 2671’:1:)

I+a22(eme—1) )7 (@+ad)e= 1)

- Oxoa:\/l—i-i:lﬂ(eeCC + e2m=0)z _ 2e™7) dx 2
“\; (14 22)2(e?™* — 1) '

dzr

(23)
0
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The inequality

\/EOSO v'1 + 562(60:1: + e(27r—0)a: o 267raz)

(24) (1 + x2)2(62ﬂ'$ — 1)

dx

0
o0 1.2(6(27r—€):r _ e@x)

= §] (1 +x2)2(627ra: _ 1)

dx, 0€]0,7/2],

and (23) imply that A(0) < 0 for § € [0,7/2], which leads to L2(6,T) > 0
for 6 € [0,7/2] and T € R.
On the other hand, the inequality

2(1 + xz)(e&z + e(27r—0)z . 267rz) > l,(e(27r—0)ac o e@m)
for z € (0,00) and 0 € [0, 7/2] implies (24). This inequality is equivalent to

6(71'—9):(: > 2(1 + xQ) + I7
2(1+22)—x

€ [0,00), 6 € [0,7/2].

To check this last inequality, it is sufficient to consider the case § = w/2, and

consequently only

. 21+ 22) 4+
T V20 +2?) -2

must be proved. This is easily done using the derivative of the function

s
e?2

x € [0, 00),

™ 2(1 2
h:[0,00) =R, h(zx)=e2"— ( +ac)+x‘.
21+ 22) —x

THEOREM 2. The largest value of ¢ for which the condition

(25) feA Re(f(z)+zf"(z2)>—-c, z2€U,

2In2—1
2(1-1In2)"

implies the univalence of the function f, is ¢ =

Proof. According to the proof of Theorem 1, condition (25) implies that

00 27
z —i(n—
fe)=z+20+¢) ) =5 | e V()
n=2 0
and
00 o 27

/ _ —int
f(z)—1+2(1+c)nzz:n+1 (S]e du(t)

- (1+2iz”2§re‘mtdu(t)> * <1+(1+c)in2—:1>'
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Because 1 +23% > | 2" S(Q)W e~ du(t) € P, Lemma 2 implies that the neces-
sary condition of univalence, f’(z) # 0 for z € U, holds if and only if

o

2" 1
2 1+ (1 —~ ) >z :
(26) R%:+(+@Z;H1>>T zeU

It is simple to prove that condition (26) is equivalent to
1 &y
- 4 >0,
2(1+¢) ; n+1—

which can be rewritten in the form
2In2 -1

< ————.
‘=921 -2
Thus, by Theorem 1 the proof is finished.

4. Integral version of the result. Alerander’s operator is defined by

Cf(
AUX@zSﬁyﬁ, zeU.
0
Let R. = {f € A:Re(f'(2)) > —¢, z € U}. Using this notation, Theorem 1
becomes:

THEOREM 3. Ifc= % then A(R.) C S*, and the result is sharp.
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