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Jung constants of Orlicz sequence spaces

by TAO ZHANG (Shanghai)

Abstract. Estimation of the Jung constants of Orlicz sequence spaces equipped with
either the Luxemburg norm or the Orlicz norm is given. The exact values of the Jung
constants of a class of reflexive Orlicz sequence spaces are found by using new quantitative
indices for A/-functions.

1. Preliminaries. Let X be a normed linear space and A C X be a
bounded set. The diameter of A is d(A) = sup{|jlz—y|| : z,y € A}. If z € X,
we set (A, z) = sup{||z—z| : * € A}. For A, B C X, r(A, B) =inf{r(4,z2) :
z € B} is the relative Chebyshev radius of A (with respect to B), and the
Chebyshev center of A with respect to B is defined by z(A,B) = {y € B :
sup{||lx —y|| : * € A} =r(A, B)}. Clearly, r(A, z) = r(co(A), z), (A, B) =
r(co(A), B) and r(A, X) = r(co(A), X).

DEFINITION 1.1 (Jung [7]). The Jung constant JC(X) of a normed linear
space X is defined to be

(1) JC(X) = sup {T(d/(l;f)() : A C X bounded, d(A) > O}.

Clearly, always 1/2 < JC(X) < 1. Pichugov [12] computed JC(I?) (see
also Corollary 3.4 in Section 3). Amir [1] proved that if X is a dual space,

then
(2) JC(X) = sup { ’“(d“(‘j)( )

By using (2), Amir obtained the following.

LEMMA 1.2 (see [1, Proposition 2.5(b)]). Let (X4)acp be a net of linear
subspaces of the Banach space X, directed by inclusion, such that | J,cp Xa

= X. If X is a dual space and each X, admits a norm-1 linear projection
P,, then JC(X) = sup,ecp JC(Xq) = limaep JC(X4).

: A C X finite, d(A4) > 0}.
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LeMMA 1.3 (Pichugov [12]). Let X,, be a real n-dimensional normed
space and let A be a bounded closed convex set in X, with r(A, X,) be-
ing its Chebyshev radius. Then the point x is the Chebyshev center of A if
and only if there exists an integer N < n + 1 for which

(a) there are x; € A, 1 < N, such that ||z;—z| = r(4, X,,) for all i < N,

(b) there are f; € X, the dual space of X,,, 1 < N, such that || f;|]| =1
and (x; — z, f;) = ||z; — z|| for all i < N;

(c) there are ¢; > 0,1 < N, such that Zil c; =1 and Eil c; fi = 0.

In this case, Zfil Z;VZI cici{x; —xj, fi— fj) =2r(A, X,). If 1 <A <2
and

A= chicj{@?i — i, fi — )P
i=1 j=1

then

(3) <A Y Y el = £

n \A—1
(74) =1 j=1
LEMMA 1.4 (Pichugov [12]). Let X be a separable and dual space. If
{x1,22,...} is a dense set in X and X,, = span{z; : 1 <i < n}, then
(4) JO(X) < liminf JC(X,,).
Recall that Bynum [2] defined the normal structure coefficient N (X) of
a Banach space X by

S O
N(X) = mf{r(A,A) : A C X closed bounded convex, d(A) > 0}.

Maluta [11] denoted [N (X)]~* by N(X) and proved that 27/2 < N(X) for
every infinite-dimensional Banach space X. Amir [1| pointed out that for
every Banach space X,

(5) 1/2 < JC(X) < N(X) <1
Next we introduce some basic facts on Orlicz spaces. Let
Jul |v]
O(u) = | ¢(t)dt and W(v) = | 1(s)ds
0 0

be a pair of complementary N-functions. The Orlicz sequence space 1 is
defined to be the set

1* = {:1: = (z(1),z(2),...) : 06 (Ax) Z@ A z(i)|) < oo for some A > 0}.
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The Luzemburg norm and the Orlicz norm are defined respectively by

HxH(@) =inf{c > 0: gg(z/c) < 1}

and
e = sup { S a0y : on(w) = 3 w(ly(i)]) < 1)
i=1 i=1
= inf T [1+ oa(k)]

The norms are equivalent: ||z(|(g) < [[z]|l¢ < 2[|2[/(#). The closed separable
subspace h? of I is defined to be the set

h? = {x €1%: s(Ax) = 3 B(A(i)]) < oo for any A > o}.
=1

An important parameter for analysis in an Orlicz space is the rate of
growth of the underlying N -function. An N-function ®(u) is said to satisfy
the Ag-condition for large u (resp. for small u, for all u > 0), in symbols
@ € Ay(00) (resp. ¢ € Ay(0), & € Ay), if there exist up > 0 and K > 2
such that &(2u) < K&(u) for u > ug (resp. for 0 < u < ug, for u > 0). An
N-function ®(u) is said to satisfy the Va-condition for large w, in symbols
® € Vy(00), if there exist ug > 0 and a > 1 such that &(u) < =&(au)
for u > wg. Similarly we define @ € V5(0) and ¢ € V3. The basic facts on
Orlicz spaces can be found in [9], [10] and [13]. For instance, [? is separable
if and only if @ € A5(0); I? is reflexive if and only if @ € A(0) N V2(0).

New quantitative indices of @(u) are provided by the following six con-
stants:

o) el

(6) ap = huHiloféf m’ IB@ = II’LILILSOlip m,
o~ (u) o~ (u)
0 i 0 _ 1:

(7) Qo = llumigf =1 (2u)’ Pa = hrfj})lp &1 (2u)’
and

A

ap = mf{m IO<’LL<OO}7

B¢zsup{%:0<u<m}.

The following result will play a leading role in this paper.
THEOREM 1.5. (i) @ & Ag(00) & s =1; @ & Va(o0) & ag = 1/2;
(i) & & As(0) & B3 = 1; & ¢ V5(0) & a = 1/2;

The proof of Theorem 1.5 can be found in [13, p. 23].
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Other well known quantitative indices of @ are provided by the following
six constants:

9) Ap = ligirolf t;b((;)’ Bg = lirtnj(?p quﬁ(—%),
(10) AY = lignﬂiglf %, BY = lirtnjélp %,
(11) Z¢:inf{%:0<t<oo}, E¢:sup{%:0<t<oo}.

It is also known that @ ¢ Az(o0) & Bg = 00; @ € Va(o0) & Ag = 15
D¢ Ny(0) & A} = 1,0 & Ay & By = o0; and @ ¢ Vo = Ag = 1.
Furthermore, we have the following.

PROPOSITION 1.6. Let @ and ¥ be a pair of complementary N -functions.
Then
2 IR B T T I
Ag By Ay B, Ay By
PROPOSITION 1.7. Let ®(u) be an N -function. Then

1.

(13) 971 Ar < g < By <27V Be,
(14) 27142 < o0 < B9 < 27 /B3,
(15) 2 VA2 < @y < By <2 VB2,

The proofs of Propositions 1.6 and 1.7 can be found in [13, p. 27].

Finally, we need some properties of Hadamard matrices, which can found
in [12], [6] and [5]. The Hadamard matriz H(,q1)x(n+1) of order n + 1 is
defined to be a square matrix with entries +1 and with pairwise orthogonal
rows. H(,41)x(nt1) 18 said to be in normalized form if its first column and
row consist only of ones. Removing the first column of H(,41)xn41), We
obtain the matrix H,, y(n+1), which is used in [12] and [6, Lemma 2].

THEOREM 1.8. Let @ and ¥ be a pair of complementary N -functions.
Then
2038y =1 =20y 33.
ExaMPLE 1.9. If n+ 1 =4, then

1 1 1 1
1 1 -1 -1
1 -1 1 -1
1 -1 -1 1

1 1 -1 -1
and H3><4 = 1 -1 1 -1
1 -1 -1 1

Hyyy =

Let &, ¥ be a pair of complementary N-functions. Then [(?)(3) =

(2

. . /_/H
spanf{e; : 1 < i < 3} is a subspace of (), where ¢; = (0,0,...,1,0,...).
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We denote by
(21, T2, 73, 74] = & (1/3)(e1, €2, €3) Hzxa
the fact that

1 =P 1 (1/3)(e1 + €2 +e3) =D 1(1/3)(1,1,1,0,0,...),
zy =P 1 (1/3)(e1 — e — €3) :@*1(1/3)(1, —1,0,0,...),
13 =01 (1/3)(—e1 +e2 —e3) = D 1(1/3)(—1, 1,1,0,0,...),
x4 =D 1(1/3)(—e1 — ez +e3) =D H(1/3)(~1,-1,1,0,0,...).

Then
|zill @) = D~ (1/3)| £e1 £ ea £ es (@) = 1,

where 1 < ¢ <4 and for i # j,

207 (1/3)
s =5l = Gorris)
Hence /3)
_2071(1/3
A=y
Put

T .
. — 1<i<4.
PUseapp o
Then |yille =1, y; € 1¥(3) = (I'?))*. Since || ey Lestes|w = 30 ~1(1/3), if
we put ¢; = 1/4 then 2?21 cy; = 0 and 2?21 ¢; = 1. Therefore, by Lemma
1.3, the set A4 has zero as its Chebyshev center in 1(?)(3) = span{e; : 1 <
i <3} C 1P (see also [4, Lemma 2]). It follows from (1) that

r(Ag,119(3) _ @7'(1/2)
1IN (3) 2 jl(A4) T 20-1(1/3)

In general, if for some ng,
no+1€ D ={n+1¢cN:the Hadamard matrix H,1)xn+1) exists},
then put
Apgr1 ={zi:1<i<ng+1}, 1P (ng) =spanfe; : 1 <i<ng},
where
[T1,. Ty, Tng+1] = o (1/ng)ler, ..., no) Higx (no+1)-
Then ||zil[@) = 1,4 < ng+ 1. For i & j,
2515_1(71—10) .

d(Ano-H) = sz - ij(.@) d— 1(

n0+l)
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Finally, it follows from Lemma 1.3 that

r(Anys1, 1P (no)) @' (557)
ICA D) (ng)) > d(+Ano+1) = 2@_1(1).

no

LEMMA 1.10. For an N -function & € A3(0) N V2(0), we have
N(I®) <1 and N(%) <1.
COROLLARY 1.11. If an N -function @ is in A2(0) N V2(0) then
max{JC(I‘?)),JC(I?)} < 1.

2. Lower bounds of JC(I(?))

THEOREM 2.1. For any N -function &, we have
(16) By < IC(®),
(17) Bg < JCUD).

Proof. Since 3% = limsup,,_,, g_;(g;)), there exist 1/2 > wug N\, 0 such
that .
P (uk) a0
dm Ty

For any given 0 < & < 1/2, there is a ug € {uy : k > 1} such that

(18) Uy < 6/4
and
P~ (uo) 0
1 — — €.
( 9) @_1(2,“0) > B@ €
Put ko = [1/(2up)]. Then ko < 1/(2up) < ko + 1, and thus
1 1 2uyg
2 < — d — .
( 0) 4o = 2]430 an ]{70 < 1-— ZU()
By (18) we have 2ug < /2 < /(1 +¢), and so
€ 1
21 1—-2 1-— = .
(21) Up > Tre 11¢
We first show (16). Put
(22) Co =& (1/ko).
k‘o k‘o
—_——— —
Put XO = (Co, .. .,Co), 5/0 == (O, PN 70), where dlmXO == dleO = ]{20. Set
2 i

~—~ = —TN—
xlz(X07)/07)/07"')7 x2:(}/07X071/07"')7"'7 xi:(}/()a"'a}/onU70a0a"')a
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i.e.,
T; = C()X[l + (’L — 1)k0,i/{70].

For n < m, we define

Xm] = (00 1,1,...,1,0,0,...).
For any z = (2(1),2(2),...) € h®), we define
zx[n,m] ={0,...,0,2(n),z(n+1),...,2(m),0,...}.
We have A = {x; : i > 1}  S(h(?)), since

C .
|zill@) = =——ogs =1, i>1.

(%)
For i # j, by (19)-(21), we have

() _ PTN(EEE) ML+ 2)2u0)

|2 — (@) = < — < —
O = =1L~ & (ug) b1 (ug)
(14 ¢&)P~1(2uo) - 1+e¢
@71(11,0) ,635—8'
Hence
14¢
23 d(A) < ——.

For any z = (2(1), 2(2),...) € h®), put
P,z =(z(1),...,2(n),0,0,...).

Then
|z = Ppz|(@) — 0 asn— oo.
Since
1Pz = Pazlle) < [Pmz — 2ll(@) + Iz — Pozll(a)
we get
i [P = Pozlls) = 0.
Hence

[2x[1 + (i = ko, iko]l|(#) = [|Piroz = Pli—1)ko 2ll(@) = 0 (i — 00).

31
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Then

r(A,z2) = s1>11i) | — 2ll(#) > limsup [|z; — z||(a)

71— 00

> limsup ||(z; — 2)x[1 + (i — 1)k, ikO]H(q;)

i—00

= limsup [|z; — 2x[1 + (i — 1)ko, iko]|| (&)

i—00

> limsup{||z;[|(#) — [[2x[L + (i — 1)ko, ko]l (a)} = 1.

We see that 7(A, h(®) = inf{r(A,2) : z € K} > 1. Since z € h(®) is
arbitrary, by (23) and the definition of JC(X) we have
r(A, W) B9 —¢
d(A) l+e
We have thus proved (16) since ¢ is arbitrary.
Next we show (17). For any 2z ={z(j)} € I*), we have lim; . sup;~; 2(j)
= 0. Since [(?) C ¢g (Chen [3, p. 169)), it follows that

JC(hP) >

7(A,z) = sup i — zl[(@) = limsup ||lz; — 2[|(a)
i>

1— 00

> limsup [|(z; — 2)x[1 + (i — 1)ko, iko] || (&)

> limsup{||z;||(a) — sup [2()HIX[X+ (i = 1)ko, iko][| (2 }
i—00 14 (i—1) ko <j <iko
1
=1———F lim sup  |z2(j)| =1,

D=1 (1/ko) i=o0 14 (i-1)ko<j
proving (17).
COROLLARY 2.2. (i) For any N -function & ¢ A3(0), we have
JCIP)) = JC(h®P) = 1.
(ii) For any N -function ®, we have JC(I()) = JC(h(®)).

Proof. (i) If @ ¢ Ay(0), then 83 = 1. By Theorem 2.1 we have 1
JC(1?), 1 < JC(A®)). For any Banach space X, we have 1/2 < JC(X) <
Hence (i) always holds.

(ii) For any N-function @, either @ & Ay(0), or & € Ay(0). If & & As(0)
then by (i) we have (ii); if & € Ay(0) we get h(®) = 1(®) hence JC(I?)) =
JC(R®),

THEOREM 2.3. If & € Ay(0), then
1

<
1.

(24) 3.0 < JO(U®).

KO
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Proof. By definition of a3, for any n € N and n > 2, there are 0 < u,, <
1/(n2™) such that

D (uy,) o 1
2 — —.
(25) 1 2u,) < og+ -

Let k, = [1/(2"uy,)]. Then k, < 1/(2"u,) < k, + 1. Since 2"u,, < 1/n, we
have

(26) 1—-1/n<1-=2"u, < kp2"u, <1.
Define A = {z; : 1 <i < 2"}, where
Hon _1)xon
[T1,...,2on] = anler, ..., ek, @n—1)] : ky,

H(27L71)><27L

= (@)

For n =2, k, = 3, k, (2" — 1) =9, we have

with

1 1 -1 -1

1 -1 1 -1

1 -1 -1 1

1 1 -1 -1
[x1, T2, 23, 24] = asler,...,e9] |1 —1 1 -11,

1 -1 -1 1

1 1 -1 -1

1 -1 1 -1

1 -1 -1 1]

i.e.,

ZL‘1—(12( 1a 17 17 17 17 1a 17 1a 1a 07' )a
xg =ag( 1,-1,-1; 1,-1,-1; 1,-1,-1;0,...),
x3 = ag(—1, 1, 1; -1, 1,-1; -1, 1,-1;0,...),
x4 = az(—1,— 1; -1,—-1, 1; —-1,-1, 1;0,...).

Hence ||z;||() = 1, 1 < i < 2". Let ¥ be the complementary N -function to

@ and -

YT 2k — 1)

Then |ly;|le = 1, 212; ciyi = 0, (z4,y5) = 0 (i # j) and (ws,y:) = 1 =
||517i||(45)- Let

1P (kn (27 — 1)) = spanfe; : 1 <4 < kn (2" — 1)},
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By Lemma 1.3, 0 is the Chebyshev center of A and
(27) r(A 1P (k, (2" — 1)) = 1.
We will prove that

2a
(28) lzi = 5ll@) = =75, 1#J
o (557)
By (26) we have
1 1 1
29 kn(2" —Duy >1— — —kpup, >1— — — —
(29) (2"~ Dy > 1= % — byt 21— — o
and
U, Unp, 2@_1(11”)
(30) 2a, = 2@51(n—) < 2451( ) < .
kn (27 — 1)uy, 1-1-= 1-1-=
On the other hand, by (26),
2 2u
1 o1 = ! ") > & (2u,).
(31) (kn2"> <kn2”un> =& (2un)
By (28), (30), (31) and (25) we have
2(0g + 3)
(32) d(A) < —F—F
n 2n

By (27), (32) and the definition of JC(X) we get
r(A IO (2" = D) 1=y~

> n .
d(A) 2(a% + 1)
Since ky, (2™ —1) > k(2" — 1) we have 1P (k,, (2" — 1)) C 1) (k,,, (2™ —1)).
As @ € Ay(0), it follows that

U 1@ k(20 — 1)) =107,

n>2

(33) JCUD) (b, (27 — 1)) >

Define Py, (2n_1y : 1P) — 1P (k, (2" — 1)) for z = (2(1),2(2),...) € I?) by
Py, rn—nr = (2(1),...,2(k,(2" = 1)),0,0,...).

Then || Py, (2»—1)|| = 1. Moreover, 1(®) = (h¥)*. Hence, by Theorem 1.3 and
(33) we get (24):

JC(I®P)Y) = sup JC(IP) (k, (2" — 1))

n>2

1_ 1 1
> sup n__ 2% _ )
n>2 2(ag + ) 205
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COROLLARY 2.4. (i) I'®?) is not reflexive if and only if JC(I'®)) =1
(11) If @ € AQ(O) N VQ(O), then

1 1
(34) 7 < max (ﬁg, @> < JC(9D),

Proof. (i) If 1(®) is not reflexive, then either & & A5(0) or &€ Ay (0)\V2(0).
For @ & A5(0), the conclusion follows from Corollary 2.2. For € A5 (0)\V2(0),
by Theorem 1.5(ii) we get a3 = 1/2.By (24), 1 = 1/(2a%) < JC(I(?)
i.e., JC(IP) = 1. If I'?) is reflexive, by Corollary 1.10 we have JC(1(%®))

(ii) If @ € Ay(0) N Vy(0), it is sufficient to show that 1/v/2
max(89, 1/(203)).

Indeed, otherwise 1/v/2 > 9 and 1/v/2 > 1/(2a3). Hence o > 1/1/2
> (3%, a contradiction, since a3 < 39 always holds.

Now let us turn to Orlicz sequence spaces equipped with the Orlicz norm.

If ¥ is the complementary ANV -function to @, then

<1.
<1.
<

v (v)
0 1 .
THEOREM 2.5. For any N -function &, we have
1
36 — < JC(h?
(36) o <1008,
1
37 — <JC(?).
(37) a7 < 7C0°)
Proof. By (35) there exist 1/4 > v; \, 0 such that
vt (vg) 0
lim — k) _ o0
hoo U1(20) ¥
For any 0 < e < 1, exist some vy € {vg : k > 1} such that vy < /4 and
) 0
38 ——= < .
(38) Ii(20y) P TE

Put kg = [1/(2v0)]. Then kg < 1/(2v9) < ko + 1, hence

(39) <20 < -
ko+1 ko
and
1 2vg
(40) k—0<1_2vo<4v0<6.
Put
(41) Co= —t

ko!pfl(l/ko) ’
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We first show (36). Define A = {x; : i > 1}, where
ko
—
1 :Co(l,...,l,0,0,...),
ko ko
—N— —
20 = Co(0,...,0,1,...,1,0,0,...), ...,
ie., z; = Cox[l + (i — 1)ko, iko]. By (41) we have ||z;]]¢ = 1 (i > 1). For
0 <wup < ug,
v (ug) _ W (ua)

U2 U1
By (38)—(40), for i # j we have
Ut (vg)
0 S w
U1 (2vp)
o

_ 1
< 2(058, + E)Co(k‘o + 1)W 1 <k0 n 1)

1
|2 — 2jlle = Co2ko? ™" <%) <y

< 2(0(8, + E)CO

< 2(0427 + E)Co(ki() + 1)@71 <ki>
0

=2(ay +¢) (1 + k:%) <2(1+e)(ag +¢),
i.e.,
(42) d(A) < 2(1+¢)(ag +¢).
For any z = (2(1),2(2),...) € h?, put
P,z =(2(1),...,2(n),0,0,...).

Then

llzx[1 + (i — 1)ko, iko]||le = || Pikyz — P(i—l)koZH45 — 0, i— o00.
Hence

r(A,z) = sup ||x; — z||l¢ > limsup ||z; — z||o
i>1 1—00

> limsup [|(z; — 2)x[1 + (i = 1)ko, iko][| o
= limsup [|z; — 2x[1 + (i — 1)ko, iko]||o

> limsup{||zille — [l2x[1 + (i = ko, iko]lla } = 1.

71— 00
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Since z € h? is arbitrary, we have r(A,h?) = inf{r(4,2) : z € h?} > 1.

By (42),
r(A, h?) 1

T0(h?) > dA) ~ 2@0relte)

As ¢ is arbitrary we get (36).
Next we show (37). If z = (2(1), 2(2),...) € [?, then

|2x[1 + (7 — 1)ko, iko] || &
< sup{|z(j)] : 1+ (i — ko < j < iko}|x[1 + (i — 1)ko, iko]||&

1
< koW ! (/?) sup{|z(j)| : § > 1+ (i — Dko} — 0 (i — o0).
0
Hence 7(A,I%) > 1 and so

& 1
) 2 i @ v o

Since ¢ is arbitrary we get (37).

COROLLARY 2.6. (i) If @ ¢ A2(0), then JC(I?) = JC(h?) = 1.
(ii) For any N -function ® we have JC(I1%) = JC(h?).

Proof. (i) If @ ¢ A(0), then ¥ & V5(0). Hence o = 1/2, which implies

(i) by Theorem 2.5.

(i) For @ ¢ A5(0) see (i). For & € Ay(0) we have h? = [?. The result

follows from the proof of Theorem 2.5.

THEOREM 2.7. If @ € Ay(0), then

(43) By <JC(?),
where ¥ is the complementary N -function to ® and
v (v)
0 1
P =Tmsup 7oy

Proof. By definition of 39, for any n € N and n > 2, there exist 0 <

v, < 1/(n2™) such that

v! (vn)
U—1(2v,)

Let k, = [1/(2"v,)]. Then k,, < 1/(2"v,) < ky + 1, hence
(45) 1-1/n<1-=2", < k,2"v, <1.

(44) > 8 — %
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Define B = {z; : 1 <1i < 2"}, where

Han_1yxan
[T1,...,Ton] = bpler, ..., ek, (2n—1)] : kn
Han _1)xaon
and
by, = L .
b k(20 = )W ()
Hence ||z;]|l¢ = 1, 1 <i < 2™. We have
(46) r(B, 1% (k,(2" — 1)) = 1.
We will prove that
(@ s = ayle = 26, |0 ().

By (45) we have

2 2v 2v 1
vt v =) <u! = T (2u,).
(kn2”> <k‘n2”vn> < (1—1/n> <iTim T (G
By (45) we also have

1 1
En(2" = D, = kn2"vp — kpvy <1 —=kpvp <1 — — (1 - _) <L

2n n
Hence
-1 1 _ g1 Up, .

’ <k"(2" - 1)) - (k'n(Q" - 1)vn) > & {en)

and
kn2ng/71(2vn)
d(B) < len (20 — 1)(1— 1/n)& L (un)
1
S A1) (A= 1/n)(F — 1/n)

Hence
(48) J(I® (k27 = 1)) > (B, 1% (kn(2" — 1))

Since @ € As(0) we get
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By Lemma 1.2 and (48) we get (43):
JC(I?) = sup JC(I1*(k, (2™ — 1)))

n>2

1 1 1
(o) () (8 0) -

COROLLARY 2.8. (i) I? is not reflexive if and only if JC(I?) = 1.
(ii) If @ € A2(0) N V2(0), then
1 1 0 &

(19) 5 < <Eﬁ”> < Jc).

Proof. (i) If I? is not reflexive, then either @& A5 (0) or @€ A2(0)\V2(0).
If & ¢ Ay(0), the argument is similar to that of Corollary 2.6(i). If ¢ €
A5(0)\V2(0), then ¥ & A(0), hence 89 = 1. By (43) we get JC(I?) = 1.

(ii) If I? is reflexive, (49) follows from the proof of Theorems 2.5 and 2.7
and Corollary 2.4.

Y

THEOREM 2.9. Let @, ¥ be a pair of complementary N -functions. If ¢ €
A3(0) N V2(0), then

(50)  max (ﬁ%, ﬁ) < min{JC(I(?)), JC1Y),IC>1%?), ICU))]}.

Proof. By Corollaries 2.4(ii) and 2.8(ii), if ® € A2(0) N V2(0), then

(51) max (ﬁg, %) < min{JCI®), IO},
(52) max (ﬁ,@%) < min{JC(I?), IO},

By Theorem 1.8, 83 = 1/(2a9), 1/(2a%) = 3%. Hence we get (50).
EXAMPLE 2.10. Let 1 <p < oo and 1/p+1/g = 1. Then
(53) max(271/P 21/P=1) < LJC(1P), JC(19)}.
In fact, let @,(u) = |u|P. Then [(») = [P, &, € Ay(0)NV4(0). For u > 0,
Dt (w) e

o, (2u)  (2u)' /P
Hence a%p = ﬁgp = 271/? and we get (53) by (51).

—-1/p,

EXAMPLE 2.11. Let @,.(u) = el*l" =1, 1 < r < oo and let ¥, be the
complementary N-function to @,.. Then

(54)  max(27/7, 21771 < min{JC@*)), JO@?), JC(T), ICA)}
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In fact, &, (u) = [In(1 + u)]/". Hence
—1
dsr (’LL) _ 2—1/1”‘

0 = O = O = l. =
Qg ﬁzp,. Vo, uli% @;1(2@

Hence @, € A2(0) N V3(0) and we get (54) by (50).
EXAMPLE 2.12. Let &(u) = el — |u|—1, ¥(v) = (14 |v]) In(1+]|v|) — |v].

Since

t _
CY = lim tolt) _ lim el -1 _ 2

PTS0 P(t)  t—0et —t—1
we get &, € Ay(0) N V2(0) and oY = 8 = 271/2. By (50) we have
L i {ICU®)Y, 3O, ICA™), IO,
V2
EXAMPLE 2.13. Let
D(u) = (1 + fu)VIOFD — 1.

Then

CY = 1li tot) _ 3

e =M e0) 2
Hence @ € Ay(0) N V3(0), o = 8% =4 = 2-1/Cs = 2-2/3 By (50),

1 1 .
K5 = max (7%, @> < min{JC(I®)), JC1®),ICI™)), ICIT)}.

3. JC(1(®<)) and JC(1%+)

DEFINITION 3.1. Let @ be an A -function. Let &¢(u) = u?, 0 < s < 1,
and let &, be the inverse of
(55) @ (u) = [0 ()] C[@g H(w))® (u>0).

LEMMA 3.2. Let & be an N -function.

(i) For any 0 < s <1, &5 € Az(0) N V2(0).
(ii) Let N(1®9)) and N(1%¢) be the normal structure coefficients of 1(%+)
and 1%=. Then

(56) 25/2 < N(1(%9)),
(57) 25/2 < N(1%9).

THEOREM 3.3. Let ® be an N -function. Let W} be the complementary
N -function to ®5. Then

(58) max{JC(I(?)), JC(1%*)} < 27°/2,
(59) max{JC (1)), JC(1%)} < 275/2.
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Proof. We get (58) from (56), (57) and JC(X) < N(X) = 1/N(X). We
now prove (59). We first show

(60) JC(%) < 27872,

By Lemma 3.2, 1% is reflexive, and of course it is a separable dual space. Let
{z i > 1} be a dense set in (%, and X,, = span{z; : 1 < i < n}. For any
given bounded closed convex set A C X,, with Chebyshev radius r(4, X,,),
there always exists a Chebyshev center x of A. In view of Lemma 1.3, there
exist an integer N < n, {z; : i < N} C 1%, {y; : i < N} € S((1%)*) =
S(1®)y and {¢; > 0:i < N} and Zil ¢; = 1, which satisfy conditions
(a)—(c) of Lemma 1.3. Putting A =2/(2 — s) in (3), we have

2 2
27— [r(A, X,,)] 7=
3 <ld E E :ClC]Hyz y]”(@ )

= ==

2 QQZQH%HF@b) :2[ (A )]j

Hence

T(A,Xn) < 275/2 n */?
d(A)  — n+1 '

Since A is arbitrary, we obtain
n s/2
JC(X,) <27¢2( —— ) .
(Xn) < <n + 1)
Hence, by using Lemmas 1.4 and 3.2(i) we can prove (60):
+ n \*?
JC(I7) < liminf2_5/2<—> =27%/2,
n—00 n+1

COROLLARY 3.4 (Ivanov and Pichugov [6]). Let 1 < p < oo and 1/p +
1/q=1. Then

(61 JC(P) = JO(I7) = max(2'/771,271/0),
Proof. In fact, putting @(u) = |u[?, we have I*) =17, || - [|@) = || - [lp,
17 =17 and || - [lg = || - [l4, where
_ (=Dt
¥(v) = T |v]

is the complementary N -function to ®(u). By Example 2.10, we need only
prove

(62) max{JC(I?), JC(I?)} < max(2}/P~1 271/7),
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If 1 < p <2, we choose 1 < a<p<2. Put ®(u) = |u|* Po(u) =u? and
s=2(p—a)/(p(2—a)). We have 0 < s <1 and for u > 0,

@;I(U) — u(lfs)/a+s/2 — ul/p,

i.e., @y(u) = |ulP. Since [(P<) = [P [%" = ]9 and limg 1(—s/2) =1/p—1 we
get
(63) max{JC(I?),JC(I")} <2Y/P71  1<p<2

If 2 < p < oo, we choose 2 < p < b < oco. Let ®(u) = |ul® and s =
2(b—p)/(p(b—2)). Again we have 0 < s < 1 and ®,(u) = |ulP. Noting that
limy o0 (—5/2) = —1/p, we get
(64) max{JC(I?),JC(I")} <27YP, 2<p< .

Finally, (62) follows from (63) and (64).

COROLLARY 3.5. Let @5, W be as in Theorem 3.3 with 0 < s < 1.
Then

1
(65) max <ﬁ85, —) <{ICT),ICA™), ICT ), ICU)) <272,

204%5
where P
D1 () (1)8
0 : : s 0\1—s
ag = liminf —4——— = (& — ,
o = T g Ty 95

o (w) (1)
ﬁ%szhgljgp@;l@u) = (83)" <§) :

EXAMPLE 3.6. Let @, (u) = el*l" =1 (1 <r < 00). For u >0, & (u) =
[In(1 4+ w)]*/7. If 0 < s < 1, then

&7 (u,r) = [In(1 +w)] =42 (u > 0).
Note that C2 = lim;_,o % =r and 73 = 2-1/C3, — 9-1/7 Hence
45’1(u T) 1\°/?
0 _ 0 _ .0 _ 71: s > _ (A0N\1=s[ & _ o—(1—=s)/r—s/2
= = =1 e o— =2 .
CY@S /6¢5 7455 u% dss—l<2u,r) (7@) <2>

By (65) we get

275/2 > (JC(1(P)), JC(1%+), JC(1Z)), JC(1% )}

2(1*3)/r+s/271’ 1<r< 2’
2_(1_8)/7"_5/2, 2 <r<oo.

v

Y

Since

lim JC(I(?9)) = lim JC(I%s) = 27%/2,
N1 r,/ 0o

for s = 1 we get JC(I%) = 1/V2.
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EXAMPLE 3.7. Let 1 < p < oo and ®(u) = |u|?” + 2|ulP. Then ¢ €

A5(0) N V2(0) and C§ = lim,; g tgl(g) =p. For u > 0,

&t (u) = (VI+u—1)YP,

For 0 <s <1,
O (w) = (VI+u—1)3=9/Pys/2 (4 > 0).

1 s/2 1 (1—s)/p+s/2
0 _ 0\1—s —
Vo, = (Va) (5) = (§> :

By (65) we get
275/2 > {JO(I®)), JC(1%), ICUPD), JC(1¥ )}

2(=s)/pts/2-1 1 < p <2,
=\ 270=9)/p=s/2 2 <y < .

Hence

THEOREM 3.8. Let @ be an N -function, 0 < s < 1, and let ¥} be the
complementary N -function to @s. If @ ¢ A2(0) N Vy(0), then

(66) JCP)) = JC(IY ) = JC(1%) = JC(IW)) = 275/2,

Proof. By Corollary 3.5 we only have to prove that for & ¢ As(0)
N VQ(O),

0 L __9—s/2
(67) max <ﬁ¢57 2@9455) = 9275/2
where
1)’ 1\°
(63) 8, :wg)ls(ﬁ) Y :<ag§>1s<ﬁ> |

Since @ ¢ A2(0) N V2(0), we have either @ & A4(0), or ¢ € V3(0).
(i) If @ & Ay(0), then 83 =1 and 1/2 < a$. By (),

1 1-—s 1 s
0 =975/2 249 >2<—> <—> =92%/2,
ﬁég ¢s — 2 \/5

1
(69) max <—,ﬁos> = B9 =275/
203 ¢ ¢

(ii) If @ € V2(0), then a3 = 1/2 and 8% < 1. By (),

1—
B < 27s/2 240 :2<1) s(i>s = 25/2,
P, = ) Dy 2 \/5



44 T. Zhang

Hence

1 1
(70) max (5355, ) = = 275/2,

0
204453 >,

0
Now (67) follows from () and (). Finally, (66) follows from (65) and (67).

ExXAMPLE 3.9. Let

0, u = 07
M~ u)={ (—lnu) 24 0<u<e?,
(e/2)Y /2412, e 2 <u< oc.
Then
1
(71) JC(IM)y = Jo(M)y = JCI™)y = Je@N) = 7

In fact (see Kaminska [8, p. 304]), define the A/-function
0, u =0,
D(u) = eV Jul € (0,1/2],
de 22, |u| € [1/2,00).
Since o0 .
Cp = Jim Gy = Jm 5 = o0
we have @ ¢ Ay(0). For u > 0,
0, u =0,
o u) =< (wlnu)™t, O<u<e?
(e/2u'/?, e 2 <u< .
We get M~ (u) = [@;!(u)]s=1/2. By Theorem 3.8 we get ().
ExAMPLE 3.10. Rao and Ren [13] define an N -function ¢ to be the
inverse of

)

0, u =0,
o Hu)={ uln(l/u), 0<u<e 2

(2/e)ul’?, e7? <u < .
Since 7% = lim, 0 % = %, by Theorem 1.5 we have ¢ ¢ V5(0). For
0<s<,

R 0, u =0,
O (w) = [@ H(w)] [L] =< (ulnu)'5u¥?, 0<u<e?
Vau (2/e)t~5ul/?,  e7? <u < oo

If ¥} is the complementary N-function to @, then by Theorem 3.8 we get

JC(U®)) = JCUY) = JO(I%) = JC(F)) = 279/2,
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