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Existence of positive solutions for a class of arbitrary order
boundary value problems involving nonlinear functionals

by KYRIAKOS G. MAVRIDIS (Ioannina)

Abstract. We give conditions which guarantee the existence of positive solutions for
a variety of arbitrary order boundary value problems for which all boundary conditions in-
volve functionals, using the well-known Krasnosel’skii fixed point theorem. The conditions
presented here deal with a variety of problems, which correspond to various functionals,
in a uniform way. The applicability of the results obtained is demonstrated by a numerical
application.

1. Introduction. There are quite a few papers dealing with the exis-
tence of positive solutions for boundary value problems where at least one
condition involves functionals. Usually these functionals are linear, for ex-
ample Riemann—Stieltjes integrals, and must satisfy restrictions posed by
the natural problem under study. Additionally, the corresponding boundary
value problems are usually, at the most, of fourth order. For problems in-
volving linear functionals and techniques which cover various boundary con-
ditions in a uniform way, the reader may refer to [[I]-[5], [7]-[9], [I1]-[L14]].

In this paper, we study the existence of positive solutions for arbitrary
order boundary value problems, for which all boundary conditions involve
functionals, using the well-known Krasnosel’skii fixed point theorem (see
[6, 10]). We do not focus on the way this theorem is applied to each prob-
lem separately—the results we present deal with various boundary value
problems in a uniform way. It is remarkable that the boundary conditions
involve functionals which are not necessarily linear, but are required to sat-
isfy a specific form of invertibility. Our purpose is to pose conditions on the
functionals which will guarantee that the Krasnosel’skii fixed point theorem
can be applied. However, other fixed point theorems can be used as well,
yielding analogous results.
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The results presented here can be regarded as a generalization of [11].
For this reason, we tried to keep the overall approach and notation similar
between the two papers.

The sectioning is typical for the papers discussing similar problems. Sec-
tion [2| contains the setting of the problem we study, as well as the necessary
preliminary results, while the main result is presented in Section [3| The
applicability of the new results is demonstrated in Section [4]

2. Preliminaries. Let a,b € (0,00), n € N, & € R for i €
{0,1,...,n — 1}, and let J, = [0,a]. Also, let E = C"!(J,,R), and let
|- ]| : E — [0,00) be defined as

n—2
(1 = 12%(0)] + sup [z (#).
k=0 teJa

It is well-known that the functional || - || is a norm in E and that (E, || - ||)
is a Banach space.

DEFINITION 2.1. Let B be a Banach space. A cone in B is a nonempty
closed set K C B such that

(i) ku+ dv € K for u,v € K and k, A € [0,00).
(ii) w,—u € K implies u = 0.

It is easy to see that the set
K={zeFE:z(t)>0,te J,}

is a cone in F. Let
Ky={ze€ K : || < b},

and let K} be the closure of Kj in K.
For S C R, let Hg be the set of all continuous functions h : C(J,, R) x R
— R with the following properties:

e for all hy,hy € Hg, x € C(J,,R) and s1, 82 € S, we have
hi(x,s1) = ha(x,s2) = s1 = So9;
e for all h € Hg and z1, 22 € C(J,,R), we have
z1(t) < xo(t) for every t € J, = h(z1,&) > h(z2,£).

For any continuous function v : J, x K, — R and any v € K, we will
use I(i,u,0,v) to denote the function

tHSSu(a,v)da,tEJa, if i =0,
t §o §or e ot u(o,v) dodsp—i - dsne, t € Ja, if i€ {1,...,n}.
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Also, for any ¢ € R and any i € 0,1,...,n, we will use P(i,c) to denote the
function ;
t—c—, teJd,.
2!

For z € K}, consider the nth order differential equation

(2.1) ™)+ f(tx) =0, te,
along with the conditions

(2.2) (@) =&, ie{0,1,...,n—1},
where

e f:J, x K = R is a continuous function such that
[f(t,2)| < g(t,x)  for every (t,x) € Jo x Ky,

and g : J, x Kp — [0,00) is a continuous function with the following
properties:

o for every t € J, we have
g(t, ) <g( ZPkb) for every x € Ky;

o there exists w : [0,00) — [0, 00) such that

a n—1
Sg(s7 Z P(k, t)) ds < w(t) for every t € [0,00).
0 k=0

e For every i € {0,1,...,n — 1}, a; : C(J4,R) — R is a functional for
which there exists a nonempty set A, € Hp(q,) such that for all
x € C(Jg,R) and ¢ € R,

if & = a;(x + ¢) then there exists h; € A, with ¢ = h;(x,&).
LEMMA 2.2. Let z € K. Then

n—i—1

(2.3) ERIES Z P(k,b)  for everyie{0,1,...,n—1}.
k=0

Proof. Since x € K}, we can verify that
(2.4) 2V < b for every t € J,,
(2.5) 120(0)] <b  for every i € {0,1,...,n —2}.
Also, we observe that inequality is equivalent to

1—1
(2.6) 2™ <3 P(k,b), i€{l,...,n}.
k=0
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We will prove (2.6) by induction on i. From (2.4), we see that (2.6) holds
for i = 1. Suppose that (2.6 holds for a fixed i € {1,...,n — 1}. We will
prove that it also holds for ¢ + 1. Indeed,

i—1 —
—> P(k,b) <x"’§2
k=0 k=0

so for t € J, we have
i—1 t t i—1

—Z(S ds) _§) 2" (s) ds < (S)P(k b)(s )ds)

k=0 0 0
therefore using (2.5) we conclude that

—ZPkb ) < 2D < Z
k=0 k=

Let h; € Aa,, i € {1,...,n — 1}, and for z € K}, define the functions
—1(0, f,0,x) if i =0,
Nm;i: —I(i,f, g, .%')
+ > k1 Pk P i1 (Nasigey §n—inn—1)) ifie{l,...,n—1}.
LEMMA 2.3. FEvery solution x of the problem (2.1)—(2.2) satisfies

e
Il

27) 29 =—I(n—i-1,f o0z
n—i—1

Z k hz-i—k rn—i—k— laéz-i—k)) forie{ovlv"')n_]-}v

where h; EAaj, j€{0,1,....,n—1}.

Proof. We will use reverse induction on {0,1,...,n— 1}.
For i = n — 1, equation (2.7) takes the form

(2.8) "V = _1(0, f,0,2) + P(0, hy_1(—I(0, f,0,2),En-1)).
Since z satisfies , for any t € J, we have
z(™ (t) = _f(t’ ‘/L‘)v

t
2 D(t) = 207D(0) = | f(ov2) do,
0

therefore

so, taking into account (2.2)), we conclude that there exists h,—1 € A,,
such that

#"7(0) = hp-1(=1(0, f,0,2),&n1).
It is now easy to see that (2.8) is true.
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Now, assume that (2.7)) is true for some ¢ € {1,...,n —1}. We will show
that it is also true for ¢ — 1. Indeed, from

n—i—1

x(i):_f(n—i—17f70',]: Z khz+k rn—i—k— 17§l+k))
k=0

we get
2 = P(0,2071(0)) = I(n—i, f,0,2)+>_ Pk, hi—13k(Nes—i—k» Si-14k))-
k=1

Since &_1 = ai,l(x(ifl)), there exists h;_; € Aq,_, such that

P(Oaff(i_l)(o)) P(0, hi—1(Nan—is §i—1))s

therefore

$(i_1) :—I(?’L—Z f’g x)—|—P(O hi_ 1( Tin— ir&im 1))

+ Y Pk, hici ok (Nam—i—ks Sim148))
k=1

n—i

=—I(n—i,f,0,2)+ > Pk, hic1n(Nogn—i Eim14%))- ®
k=0

Let h; € Ay, for i ={0,1,...,n — 1}, and define the operator
ThO--'hn—l : I?b — Cn_l(Ja,R)

by
n—1
(2.9) Thoohnr®=—I(n =1, f,0,2) + > Pk, hi(Nom—r-1,)).
k=0
LEMMA 2.4. For everyi € {0,1,...,n— 1} we have
(2.10)
n—i—1
}Eg) o 1.’L‘=—I<Tl—i—1,f,0’,(£ Z khz+k n—i—k— 17€l+k))
k=0

Proof. Formula (2.10)) can be derived from ([2.9) by successive differen-

tiations. m

LEMMA 2.5. Let h; € Ay, fori € {0,1,...,n—1}. Then T, p,_,(Kp)
CFE.

Proof. Let x € K;. Using Lemma we get
T]EZ_Illl_lm = _I(Oa fa g, 1‘) + P(Ov h’nfl(_l(oa f7 g, .fL'), gnfl))‘
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Also, for t € J,, we have

t t n—1
[ f(0,2) do < {g(0,2)do < Sg(a, Pk, b)) do
0 0 k=0

g( ZPkb) do < w(b). m

LEMMA 2.6. A function x € K} is a solution of the problem f
if and only if x is a fixed point of the operator Ty, p, , : Ky — E defined
by for some h; € A,,, i€ {0,1,...,n—1}.

Proof. Assume that z is a solution of the problem — in Kp, and
t € J,. Then, in view of Lemma x is a fixed point of Tp,. .,

Conversely, let h; € A,,, @ € {0,1,...,n — 1}, and let rz € Ky be a
fixed point of T}, p, ,. Then, by Lemma  satisfies . Let 7 be in
{0,1,...,n — 1}, and Q € R be such that al( @) = ¢. Then there exists
iLi € Aai with

Ot/ﬂ@ O ey

hz(an i— lafz) h( Tn—i— 17Cz)
so & = (;, and therefore al( ) .o m

The main result of this paper is based on the following theorem, which
is known as the Krasnosel’skit fixed point theorem.

THEOREM 2.7 ([6, 10]). Let B be a Banach space and let K be a cone
i B. Assume that (21, {25 are open, bounded subsets of B with 0 € )y C
21 C 82, and let T : KN(25\21) — K be a completely continuous operator
such that either

{ ITu|| < J|ul|  for every u € K N OS2,

ITu|| > ||ul|  for every u € K N OS2,

or
{ |Tu|| > ||ul|  for every uw € K N OS2,

Tl < ||ul|  for every u € K N OS2s.
Then T has a fized point in K N (22 \ 27).

3. The main result
LEMMA 3.1. For every x € K}, we have
(3.1) P(i,—w(b)) < —=I(i, f,0,2) < P(i,w(b)) foriec{0,1,...,n—1}.

Proof. We will use induction on {0,1,...,n —1}.
For i = 0, inequality (3.1)) takes the form

P(0,—w(b)) < —1(0, f,0,7) < P(0,w(b)).
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Since z € K, we have

n—1
—1(0, f,0,2) < 1(0,g,0,7) < I(O,g,a,ZP(kz,b)) < P(0,w(b)),
k=0
n—1
_I(Ov fa 0-717) > —I(O,g, O',.’L‘) > _I<0aga g, Z P(k7 b)) > P(O> _w(b))
k=0

Assume that (3.1) is true for some i € {0,1,...,n — 2}. Then, by inte-
gration, we can show that it is also true for i + 1. =

Let h; € Ay, 1€ {0,1,...,n— 1}, and for ¢ € J, define the functions
P(0,w(t)) if i =0,
Vii = P(i,w(t))

30 Py ho—iib 1 (Uniiy €nivi1))  ifi€ {1,...,n—1},
P(0, —w(t)) iti=0,

Ui = ¢ P(i, —w(t))
5 P h ik (Vi g Enivke1)) ifie{1,...,n—1}.
LEMMA 3.2. For every x € K; we have
(3.2) Upi < Npyy < Vi forie{0,1,...,n—1}.
Proof. This can be deduced from Lemma and the definition of Ng.;. =
LEMMA 3.3. Let x € Ky and h; € A, i € {0,1,...,n —1}. Then

n—i—1

T;E?mhnflx <Pn—i—1,w( Z (ks P (Upgn—i—k—1, &)
—0

—i—1
Téf))...hn,lw >Pn—i—1,-w Z (ks Pk Vogn—i—k—1, &itk))-

Proof. This can be deduced from Lemmas [3.1] and [3:2] =
LEMMA 3.4. Leth; € Ay, 1 € {0,1,...,n—1}. Suppose that there exists
M € (0,00) such that

n—1

(3.3) P(n—1,—w(M)) + > Pk, he(Varm—k-1,6)) > 0
k=0

Then Thg...hn,l(KM) - K.
Proof. This can be deduced from Lemma and (3.3]). =
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LEMMA 3.5. Let h; € A,,, 1 € {0,1,...,n—1}. Suppose that there exists
M € (0,00) such that

(3.4) hi(Varin—i—1,&:)

>0 foreveryic{0,1,...,n—2},
(35) hnfl(VM;OaEnfl) — w(M) Z 0.

Then Tho...hn,l(KM) C K.

Proof. This can be deduced from Lemma [3.4] and the observation that

n—1
P(TL - 17 _w(M)) + Z P(kv hk(VM;n—k—la gk))
k=0
n—2
= > Pk, hi(Varn—k-1:8k)) + P(n — 1, hnm1(Vary, §n—1) — w(Mz)).
k=0

LEMMA 3.6. Let h; € A,,, i € {0,1,...,n—1}. Suppose that there exist
My > My > 0 such that both inequalities (3.4) and (3.5) hold for M = M.
Then the operator Thy n, . : Kn, \ Ky, — K is completely continuous.

Proof. Let S C Ky, x € S, and t € J,. Then, using Lemma we see
that Th,.. p, ,(S) is uniformly bounded.

Additionally, for t1,ts € J, with 0 < t; < to we have

to to

| f(o,2) do| < [ If(o,2)|do

t1 t1

n—1 n—1
T2 a(te) — T a(th)] =

t t n—1
< SQg(U,m) do < fg(a, ZP(k, b)) do.
t1 t1 k=0

So Thy...h,_, (S) is equicontinuous.
The result follows by applying the well-known Arzela—Ascoli theorem. =

The following theorem is the main result of this paper.

THEOREM 3.7. Let M, M € (0,00). Suppose that for some h; € A,,,
i€{0,1,...,n— 1}, we have
(3.6) hi(Vimax{ay Mo yin—i—1,6i) =0 for every i € {0,1,...,n — 2},
(3.7) Pn—1(Vinax{ay ,Ma};05 §n—1) — w(max{ My, Ma}) > 0,
(3.8)  hn—1(P(0,w(M1)),&n-1) = M,
(3.9) w(Mz) + hn—1(Unty0,€n—1) < Mo,
(3.10) —w(M2) + hp—1(Var .0, §n—1) > —Mo.
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Then the problem ([2.1] ﬁf@ has a positive solution y such that

(3.11) min{ M, Ms} < sup |y~ (t)| < max{M;, Ms}.
teJa

Proof. From Lemma [3.5| E 5l and assumptions (3.6)) and ({ ., we get
Tho...hn_1(Kmax{M1,M2} \Kmin{Ml,Mz}) C K.

Also, from Lemma and assumptions (3.6 and (3.7), we find that
Tho...hn,1 : KmaX{Ml,Mg} \Kmin{Ml,Mg} - K

is completely continuous.
For any x € K with ||z| = M; we have

(3.12) T8 2(0) = hur(1(0, f,0,2),601)-

Also, it is a matter of simple calculations to see that —I(0, f, o, x) < w(My),
therefore

(313) hn,l(—I(O, f, g, IL’), gnfl) Z hnfl(P(O, w(Ml), 6n71>-

Combining assumption 1) with (3.12) and (3.13), we see that T}(L:_;Lli x(0)
> M, therefore

| Th..h, x|l > |lz]|  for any z € K with ||z| = M;.
Additionally, from Lemma[3.3and assumptions (3.9) and (3.10), we get
| Thy..h,, x|l < |Jz|| for any x € K with ||z| = M.

At this point we can apply Theorem to get the result. =

4. An application. Let n € N, A € (0,00), ¢ € C(J,,R) with

0<y() < ;o forte s,
and ¢; € C(J,,R), i€ {0,1,...,n— 1}, with
A
0<¢1()_W fortGJa.

For z € K}, consider the nth order differential equation

(4.1) +Z¢k )+ () =0, te

along with the conditions

(4.2) (D02 +290) =&, ie{0,1,...,n—1}
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where & > 0 for every i € {0,1,...,n — 1}. In this case,

n—1

ft2) =)+ o)z
k=0
n—1

9(t,x) = (1) + Z oi(t)|z®

a a n—1 A n—1 Sj_k
w(t) = Sl+ 2d8+t§)<k201+5”+1 kak(j—k)st'

Additionally, for i € {0,1,...,n — 1}, we have
ai(y) = y*(0) +y(0), y € C(Jo,R),
therefore R(a;) = [—0.25,00) and Ay, = {h, h} where
h(y,¢) = 0.5(=2y(0) = 1+ /|1 +4C[),  (y,¢) € C(Ja; R) X R,
h(y,¢) = 05(=2y(0) = 1= V/[L+4)),  (4:¢) € C(Ju,R) x R.

We can verify that all the assumptions on f and «;, i € {0,1,...,n — 1},
are satisfied. Although the sets A,, in this particular case are equal to each
other for all ¢ € {0,1,...,n — 1}, which is convenient for the purposes of
this application, this is not required in general.

For i € {0,1,...,n— 1} let

hi(y,¢) = 0.5(=2y(0) =1+ /|1 +4(]), (¥.¢) € C(Ja,R) x R.
Then

w(t) ifi=0,
Vii(s) = § w(t)% + 35—y 0.5(—2U4i k(0 —1+\/1+45n 1)
ifie{l,....n—1}
and
—w(t) ifi=0,

Usi(s) = 4 —w(t)5 + 341 0.5(=2Vii 4(0) = 1+ /T + 4 i1s 1) %
ifie{l,...,n—1}.
It is easy to see that
Vi(0) =0 forie{l,...,n—1},
Upi(0)=0 forie{l,...,n—1}.
Therefore
w(t) if i =0,

V;t;i(s): 054w _1+\/1+4§n111
F T 0.5(—1 4+ T+ 46 e )y ifie{l,...,n—1}
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and
—w(t) if i =0,

Ut;i(s) = 0. 5( -1+ V 1 +4§n it+tk— 1 ST
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+Z;:110.5 A+ T+4E e )y ifie{l,...,n—1}

Inequalities f take the following form:

(4.3) V144&>1  forevery i € {0,1,...,n— 2},
(4.4) V1446, 1 > 14 4w(My),

(4.5) V144, 1 > 14 2w(My) + 2M;,

(4.6) V1+4€, 1 <1 —dw(My) + 2Msy,

(4.7) V144, 1 > 14 dw(My) — 2Ms.

Since &; > 0 for every i € {0,1,...,n — 1}, we conclude that (4.3) is always

satisfied. Therefore, if
1+ 4w(My)

(4.8) max < 1+ 2w(M)
1 + dw(My) — 2M,

+2M; p <1441 <1 —4w(Ms) + 2My

then the problem ([2.1)—(2.2) has a positive solution such that (3.11]) holds.

For convenience, let

=§1j52ds, b= C§<nzl<1+8”“k’z >>

Then w(t) = AA + ABt, therefore equation (4.8) takes the form
14+ 4XA + 4\BM;

(4.9) max{ 1+20MA+2AB+1)M; § < /1+4é, 4
14 4)\A — 2(1 — 2AB) M,

< 1—4MA+2(1 — 2AB) M,

Let A € (0,0.258~1). Then 1 — 2AB > 0, so
1+ 4XA+4ABM; > 1+ 4XA —2(1 — 2AB) My
Therefore (4.9) holds if

1+ 4XA + 4\BM;

4.10
(4.10) max{1+2)\A+2(AB+1)Ml

} < V 1 +4§n71

<1 —4MA+2(1 — 2AB) M,

We can see that the inequality
14+ 4 A+ 4ABM; <1 —4) A+ 2(1 — 2AB)M-
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holds if and only if
(4.11) (1 —2AB)My > (2AB) M + 4)\A,
and the inequality
142X A+ 2(AB+1)M; <1—4X A+ 2(1 — 2AB)M,
holds if and only if

(4.12) (1 —=2AB)M3 > (1 + AB)M; + 3\A.
Let wy,ws : [0,00) — R with
wi(t) = (1 — 2AB)t, t €[0,00),

wo(t) = (2AB)t +4XA, t € [0,00).
We can verify that
40 A
T 1-4)\B
provided that 1—4AB # 0. Suppose that 1—4AB > 0. Then 1—2AB > 2B,
SO

wi(t) = wa(t) if and only if ¢

D1 (t) > ws(t) fortE( A )

1-—0B>™

ANA
< _—.
wl(t) < LUQ(t) for t € [0, 1 —4)\B:|

Therefore, if

(4.13) 1—4AB > 0,
ANA
. P
(4.14) Mz 7 hp
(415) Ml < MQ,

then inequality (4.11)) is true.
Similarly, let w3 : [0,00) — R with

w3(t) = (1 4+ AB)t+3)\A, te[0,00).
We can see that
wi(t) =ws(t) if and only if t=—A/B,

so w3(t) > wi(t) for t € [0, 00), therefore we cannot use an approach similar
to the one used for wy and ws.

If
3)\A
4.16 My > "
( ) 2>1—2AB’
1 — 2AB)M; — 3\A
(4.17) M1<( AB)Ms; — 3

- 1+ AB ’
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then inequality (4.12) is true. Observe that in view of (4.16)), the numerator
of the fraction on the right side of (4.17) is strictly positive. Also, from

(4.17)) we get My < Mo.
Based on inequality (4.13]), we have
ANA - 3NA
1—4\B "~ 1-2\B’

therefore (4.14)) implies (4.16 - Also, (4.17) implies (4.15]). Consequently, we

have the followmg theorem.

THEOREM 4.1. If

(4.18) 1—4AB >0,
ANA
4.1 My > —22
(4.19) *T1-aAB’
(1—2AB)M; — 3AA
4. <
(4.20) M < 1+ B ’

then the problem (4.1] . has a positive solution such that (| - ) holds.

COROLLARY 4.2. If

(4.21) 1 —4\B >0,
ANA
4.92 M.
(4.22) 22 T B’
(4.23) M+ 4)\2AB

~ (1+AB)(1 —4AB)’
then the problem (4.1)— (4.2]) has a positive solution such that (3.11)) holds.
Proof. From (4.22)), we get

(1 —2AB)Ms — 3\A B M +4)\2AB
1+ AB (14+ AB)(1 —4AB)’

and the result follows by applying Theorem .

Specifically, for a = 100 and n = 4, we have

100
A=\ ——ds~1.56
[S) 1+s2° ’

B—1§0<§:<1+S5 kz >> ds ~ 8.65.

It is a matter of simple calculations to verify that for A = 0.02, My = 0.44
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and M; = 0.12 assumptions (4.21)—(4.23)) are satisfied, so the problem
(4.24) )+ Zm )+u(t) =0, te]0,1],

(4.25) (0)? +20(0) =&, i€{0,1,2,3},
where & > 0 for every i € {0,1,2,3}, ¢ € C([0,1],R) with
0.02
<
0<v(t) < 1,
and ¢; € C([0,1],R), i € {0,1,2,3}, with

0.02
0<gi(t) < Ty i for t € [0,1],

for ¢t € [0, 1]

has a positive solution y such that

(4.26) 0.12 < sup |y® ()] < 0.44.
te[0,1]
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