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On gradient at innity of semialgebrai fun tions
by Didier D’Acunto (Pisa) and Vincent Grandjean (Bath)
Let f : Rn → R be a C 2 semialgebrai fun tion and let c be an asymptoti
riti al value of f . We prove that there exists a smallest rational number ̺c ≤ 1 su h that
|x| · |∇f | and |f (x) − c|̺c are separated at innity. If c is a regular value and ̺c < 1, then
f is a lo ally trivial bration over c, and the trivialisation is realised by the ow of the
gradient eld of f .
Abstra t.

1. Introdu tion. As a onsequen e of the fundamental paper of Thom

( f. [Th℄) about onditions ensuring the lo al topologi al triviality of
a smooth mapping, given a polynomial f : Cn → C, there exists a nite
subset of values Λ ⊂ C su h that the fun tion f indu es a lo ally trivial bration from Cn \ f −1 (Λ) onto C \ Λ. The smallest su h subset of C, denoted
by B(f ), is alled the set of bifur ation values of the fun tion f . It ontains
the usual riti al values of f . Unfortunately, there may exist regular values
that are also bifur ation values. But Thom did not give any way to nd these
regular bifur ation values.
A few years later, Pham, in relation to onvergen e of os illating integrals,
exhibited a ondition ensuring that a omplex polynomial f trivialises over a
neighbourhood of a regular value c ∈ C: the Malgrange ondition ( f. [Ph℄).
Roughly speaking, this ondition means that the norm of the gradient is
not too small in a neighbourhood of the germ at innity of the given level
f −1 (c).
The set of values at whi h the Malgrange ondition is not satised is
a tually nite (see [Ti1℄). Moreover the Malgrange ondition fails at any
bifur ation value that is also regular. Finally, Parusi«ski proved that for a
omplex polynomial with isolated singularities at innity, any regular value
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at whi h the Malgrange ondition fails is a bifur ation value (see [Pa℄). Yet,
in full generality, we still do not know if this property is true for any omplex
polynomial.
Now, let us turn to the ase of a real polynomial f . As in the omplex
situation, the set of bifur ation values, as dened above, is nite, as also is
the set of values at whi h the Malgrange ondition is not satised (see [Ve℄,
[Ti1℄). Again, no regular bifur ation value satises the Malgrange ondition.
As in the omplex ase, this hopefully ensures a bration theorem outside
these spe ial bres and the riti al bres. But in the real ase, the result
of Parusi«ski is no longer true. A regular value of a real plane polynomial
at whi h the Malgrange ondition fails is not ne essarily a bifur ation value
(see the KingTib rZaharia and Parusi«ski examples in Se tion 5).
When the Malgrange ondition is satised at a regular value c, the fun tion is lo ally trivial over a neighbourhood of c. Moreover, this trivialisation
an be realised by the ow of the gradient ve tor eld ∇f .
At the early stage of this work, we expe ted that, at least in the real
plane ase, trivialising by ∇f in a neighbourhood of a regular value c and
having the Malgrange ondition satised at c were equivalent onditions. But
this belief was erroneous, as shown by the Parusi«ski example in Se tion 5.
Nevertheless, these examples have led us to try to understand more
losely the onne tions between the behaviour of the traje tories of the gradient eld ∇f , the asymptoti geometry of the neighbouring levels of the
level c and the failure of the Malgrange ondition at c. We have been parti ularly interested in the traje tories leaving any ompa t subset of Rn and
along whi h f tends to a nite value c at innity. We will not explore here
the very di ult problem of the qualitative behaviour of su h traje tories,
but they have led us to the dis overy of the Kurdykaojasiewi z exponent
at innity for c and its orresponding gradient-like inequality in a neighbourhood of the level c at innity, a notion that a tually improves the Malgrange
ondition onsiderably, and with a geometri ontent losely onne ted to
the foliation by the levels of f .
In this arti le we will work with C 1 (or C 2 depending on the ontext)
semialgebrai fun tions, sin e most of the results we are interested in, originally stated in the polynomial ase, are also available in the semialgebrai
frame.

Conventions. Let u and v be two germs at innity of single real variable
fun tions. We write u ∼ v to mean that the ratio u/v has a non-zero nite
limit at innity. We write u ≃ v when the limit of u/v at innity is 1.

2. Asymptoti
f :

Rn

→ R be a

riti al values and the embedding theorem. Let

C1

semialgebrai fun tion. Just as in the introdu tion,
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the bres of f exhibit only nitely many topologi al types ([Ve℄ or [KOS℄).
The values at whi h the topology hanges are alled bifur ation values (or
atypi al values) of f . Any other value is alled a typi al value. The set of
atypi al values is nite and denoted by B(f ). In this set, we distinguish two
sorts of values: the usual riti al values, denoted by K0 (f ), and K∞ (f ), the
asymptoti riti al values, at whi h the Malgrange ondition fails:
Definition 2.1. The fun tion f satises the Malgrange ondition (M)
at a value t ∈ R if there exists a onstant C > 0 su h that for su iently
large x and f (x) su iently lose to t the following inequality holds:

(M)

|x| · |∇f (x)| ≥ C.

Equivalently, c ∈ K∞ (f ) if there exists an unbounded sequen e {xν }ν
∈ Rn su h that f (xν ) → c and |xν | · |∇f (xν )| → 0.
2.2. The previous denition and the notion of riti al values
at innity also make sense for any C 1 real fun tion dened on an unbounded
open subset of Rn , as well as for omplex polynomials.
Remark

Let K(f ) = K0 (f ) ∪ K∞ (f ) be the set of generalised riti al values.
In the real ase, ondition (M) ensures the trivialisation via the gradient
eld ∇f . To be more pre ise, assume that f denotes a C 2 semialgebrai fun tion. Let Φ be the lo al ow of ∇f /|∇f |2 dened as the mapping satisfying
the following onditions:
∇f
dΦ
(x, t) =
◦ Φ(x, t) and Φ(x, 0) = x.
dt
|∇f |2
Let us begin by stating an embedding theorem, whi h is fundamental to
this work. Let c be a regular value of f . Let t be any regular value su h that
[t, c[ ∩ K(f ) = ∅ if t < c, or ]c, t] ∩ K(f ) = ∅ if t > c. Then we have:
2.3 ([D'A2℄). There exists a C 1 inje tive open immersion
φ :
→ f −1 (t). More pre isely , the ow of ∇f /|∇f |2 embeds ea h
onne ted omponent of f −1 (c) into a onne ted omponent of f −1 (t).
Theorem

f −1 (c)

2.4. The mapping φ is in fa t the restri tion to f −1 (c) × {t} of
the mapping Φ. Su h an embedding φ maps dieomorphi ally the ompa t
onne ted omponents of f −1 (c) onto those of f −1 (t).
Remark

If the ow of ∇f , over a neighbourhood of a regular value c, does not
trivialise f , then there is at least a traje tory of ∇f that never rea hes the
level c. More pre isely, we introdu e the following
2.5. An integral urve of ∇f , leaving any ompa t subset
of
and su h that the fun tion f has a nite limit c along a half-bran h at
innity of this traje tory, is alled an integral urve (or traje tory ) of innite
length at c.
Definition

Rn
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3. Kurdykaojasiewi z exponent at innity for an asymptoti
riti al value. The standard ojasiewi z gradient inequality states that if

f : U → R is an analyti fun tion in a neighbourhood U of the origin 0 ∈ Rn
su h that ∇f (0) = 0, then there exist U0 ⊂ U and positive numbers ̺ and
C su h that
|∇f | ≥ C|f − f (0)|̺ on U0 .

The inmum of the exponents ̺ su h that |∇f | |f − f (0)|−̺ has a positive
limit along any sequen e onverging to 0 is alled the ojasiewi z exponent
of f and is a rational number lying in ]0, 1[.
3.1. Let f : Cn → C be a polynomial. There is already a notion
of ojasiewi z exponent at innity, meaningful in this setting (see [Ha℄).
Namely, if c is a regular value of f , the ojasiewi z exponent at innity for c
is the supremum of the real numbers θ for whi h there exists C > 0 su h
that for all x with |x| ≫ 1 and |f (x) − c| ≪ 1,
Remark

|∇f (x)| ≥ C|x|θ .
Let Lc (f ) be this supremum. It is again a rational number and c is an
asymptoti riti al value if and only if Lc (f ) < −1.
Our purpose is to ompare |∇f (x)| with |f (x) − c| for an asymptoti
riti al value c of a semialgebrai fun tion. The following result provides
an analog at innity of the standard ojasiewi z gradient inequality stated
above. This is the rst important result of this arti le; to the best of our
knowledge, it has not been known before.
3.2. Let f be a C 1 semialgebrai fun tion. If c ∈ Im f ,
then there exist real numbers C, R, τ > 0 and a smallest rational number
̺c ≤ 1 su h that for all x ∈ Rn with |x| > R and |f (x) − c| < τ , we have
Proposition

|x| · |∇f (x)| ≥ C|f (x) − c|̺c .

Proof. By the urve sele tion lemma, it su es to prove this fa t on
semialgebrai urves having a half-bran h at innity. For simpli ity we will
only onsider values t < c. Let G be a semialgebrai half-bran h at innity,
along whi h f tends to c ∈ R at innity. We an assume that f is in reasing
along G. Let [c − τ, c[ ∋ t 7→ g(t) ∈ Rn be a semialgebrai parametrisation of
the germ of G at innity satisfying f ◦ g(t) = t for ea h t. Then there exist
a rational number η > 0 and a positive real number K su h that
|g(t)| ≃ K|t − c|−η

as t → c.

By usual semialgebrai arguments, we get

|g ′ (t)| ≃ Kη|t − c|−(1+η)

as t → c.

Taking derivatives with respe t to t, we obtain

(f ◦ g)′ (t) = h∇f (g(t)), g ′(t)i = 1.
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1
|t − c|η+1 ,
2Kη

and

1
|t − c|.
4η
Sin e the fun tion t 7→ f (g(t)) is semialgebrai , there exists a rational number ν su h that
|g(t)| · |∇f (g(t))| ∼ |t − c|ν .
(3.1)

|g(t)| · |∇f (g(t))| ≥

From inequality (3.1) we obtain ν ≤ 1.
Let ̺c be the inmum of these exponents ν . Dene


|x| · |∇f (x)|
∗
∈
R
,
lim
f
(x)
=
c
.
Ec = q ∈ Q : lim
+
|x|→+∞
|x|→+∞ |f (x) − c|q

We easily verify that Ec is a semialgebrai subset of R ontained in Q, hen e
it is nite (for details see [KMP, Proposition 4.2℄). Thus ̺c is rational.
Sin e there is yet a ojasiewi z exponent at innity ( f. Remark 3.1),
we will refer to ̺c as the Kurdykaojasiewi z exponent at innity of the
fun tion f for the value c.
3.3. Let us mention that Proposition 3.2 also holds when f :
V → L is a semialgebrai C 1 fun tion, dened on a losed and onne ted
semialgebrai C 1 submanifold V of Rn , equipped with the semialgebrai
Riemannian metri indu ed from the Eu lidean one.
Remark

The Malgrange ondition orresponds to a value c of the given fun tion
for whi h the Kurdykaojasiewi z exponent at innity for c is less than or
equal to 0. The following proposition is just a rewriting of ondition (M):
3.4. Let f be a C 1 semialgebrai fun tion. Let c ∈ Im f .
Then c is an asymptoti riti al value of f if and only if the Kurdyka
ojasiewi z exponent at innity of f for c is positive.
Proposition

Let c ∈ K∞ (f ) \ K0 (f ) and let ̺c be the Kurdykaojasiewi z exponent
at innity for c. This number ontains interesting information about the kind
of value (typi al or not) that c ould be, as shown by the following
3.5. Let f be a C 2 semialgebrai fun tion. If ̺c < 1, then f
is a lo ally trivial bration over c. Moreover , the bration an be realised by
the ow of ∇f /|∇f |2.
Theorem

Proof. For simpli ity we shall again only work with values t < c. Let
c0 < c be su h that [c0 , c] ∩ K(f ) = {c}, and let R, C > 0 be real numbers
su h that the assertion of Proposition 3.2 holds in f −1 ([c0 , c[) ∩ {|x| > R}
with onstant C . Let x0 ∈ f −1 (c0 ) ∩ {|x| > R} and let γ be a (maximal)
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traje tory of ∇f parametrised by the levels of f . So γ satises the dierential
equation
(3.2)

γ ′ (t) = X(γ(t)),

γ(c0 ) = x0 ∈ f −1 (c0 ),

where X = ∇f /|∇f |2 . Thus, for ea h t ∈ [c0 , c[, we obtain f ◦ γ(t) = t.
Integrating (3.2) between c0 and t < c, we obtain

\

\

c0

c0

t

t

γ ′ (s) ds =

(3.3)

X(γ(s)) ds.

From (3.3), we get a rst inequality

\
t

(3.4)

|γ(t)| ≤ |γ(c0 )| +

ds
.
|∇f (γ(s))|

c0

Using Proposition 3.2 we have

\
t

(3.5)

|γ(t)| ≤ |γ(c0 )| +

c0

Then the Gronwall Lemma gives

|γ(s)|
ds.
C|s − c|̺c

\
t

(3.6)

|γ(t)| ≤ |γ(c0 )| exp

c0

ds
,
C|s − c|̺c

whi h a tually yields
(3.7)

|γ(t)| ≤ |γ(c0 )| exp

(c − c0 )1−̺c − (c − t)1−̺c
.
C(1 − ̺c )

Hen e |γ(t)| has a nite limit as t tends to c. This implies that the embedding
φ of Theorem 2.3 is essentially a dieomorphism from f −1 (t) onto f −1 (c).
This ends the proof.
Remark 3.6. Note that Theorem 3.5 also holds under the assumptions
of Remark 3.3, provided the C 1 regularity of f is repla ed by C 2 regularity.
Corollary 3.7. If c is a regular value and a bifur ation value , then the
Kurdykaojasiewi z at innity for c is equal to 1.

Proof. Sin e we annot trivialise the fun tion f over a neighbourhood
of c, from Theorem 3.5, the exponent has to be 1.
When c belongs to K∞ (f ) \ B(f ), the fun tion f indu es a lo ally trivial
bration over a neighbourhood of c. Moreover, this trivialisation is provided
by the ow of ∇f /|∇f |2 when the Kurdykaojasiewi z exponent at innity
for c is stri tly less than 1. From the view point of Denition 2.5, Theorem
3.5 an be stated in another way:
Corollary 3.8. Let Γ be a traje tory of ∇f of innite length at c.
Then the Kurdykaojasiewi z exponent at innity of c is equal to 1.
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4. Kurdykaojasiewi z exponent of omplex polynomials. Let
f : Cn → C be a omplex polynomial. As mentioned in Se tion 2, we an
dene the set K∞ (f ) of asymptoti riti al values, whi h is a nite subset
of C ([Ti1℄). Again, we write K(f ) = K0 (f ) ∪ K∞ (f ), the set of generalised
riti al values. If t ∈ C \ K(f ) then f is a lo ally trivial bration over t
([Ti1℄, [Ti2℄).
There also exists an analog of the Embedding Theorem 2.3 in the omplex
ase. Namely, if c ∈ K∞ (f ) \ K0 (f ) and t ∈ C \ K(f ) then we have
Theorem

f −1 (t).

4.1 ([D'A2℄). There exists an embedding ϕc,t : f −1 (c) →

Let grad f be the polynomial ve tor eld in Cn whose omponents are
(∂f (z)/∂z1 , . . . , ∂f (z)/∂z1 ), where z = (z1 , . . . , zn ) is a system of oordinates in Cn . Denote by kwk the norm of the omplex ve tor w ∈ Cn . The
proof of Theorem 4.1 (see [D'A2℄ for details) ombined with the proof of
Proposition 3.2 gives
4.2. There exist C > 0 and a rational number 0 < ̺ ≤ 1
su h that for su iently large kzk and su iently small |f (z) − c|, we have
Proposition

kzk · k grad f (z)k ≥ C|f (z) − c|̺ .
As before, the inmum of su h exponents ̺ is positive and rational.
Again, we denote it by ̺c , and all the Kurdykaojasiewi z exponent at
innity of f for c.
The omplex situation is mu h more rigid than the real one. When the
fun tion f has only isolated singularities at innity, knowing ̺c de ides
whether the regular value c is typi al or atypi al. Under this hypothesis,
Parusi«ski proved that any asymptoti riti al value is a bifur ation value
[Pa℄, that is, B(f ) = K∞ (f ) ∪ K0 (f ).
Theorem 4.3. Let f be a omplex polynomial with only isolated singularities at innity. A regular value c is a bifur ation value if and only if the
Kurdykaojasiewi z exponent at innity ̺c is equal to 1.

Proof. If ̺c = 1, then c is an asymptoti riti al value, and by Parusi«ski's
result [Pa℄, it is ne essarily a bifur ation value.
Let c be a regular bifur ation value. So the embedding ϕc,t : f −1 (c) →
−1
f (t) is not onto for any typi al value t ∈ C.
We identify C with R2 and write f = P + iQ, where P and Q are
respe tively the real and imaginary parts of f . We equip Cn , when identied
with R2n , with the usual Eu lidean stru ture. Then kgrad f k = |∇P | =
|∇Q|.
Assume now that ̺c < 1. Let c0 be a typi al value of f su h that the real
line L ⊂ R2 through c and c0 passes through no other generalised riti al
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value, that is, L ∩ K(f ) = {c}. Let VL = f −1 (L). This is a smooth real
algebrai hypersurfa e of R2n . Let fL be the restri tion of f to VL . The
fun tion fL is thus a smooth semialgebrai fun tion, so K∞ (fL ) is nite. By
denition, fL is a submersion.
We endow VL with the Riemannian stru ture indu ed by the Eu lidean
stru ture of R2n and denote by ∇VL the gradient with respe t to the metri
indu ed on VL . After a rotation in C = R2 , we an assume, writing c = a+ib,
that the line L is {y = b}, where (x, y) is a system of oordinates of R2 . Then
obviously VL = Q−1 (b), and sin e ∇P and ∇Q are orthogonal ve tor elds
in R2n , we dedu e that

∇VL fL = ∇VL (P|VL ) = (∇P )|VL ,

so

kgrad f (v)k = |∇VL fL (v)|, ∀v ∈ VL .

From Remark 3.3, the Kurdykaojasiewi z exponent of fL at innity for c,
L
denoted by ̺L
c , is well dened, and we have just proved that ̺c ≥ ̺c . If
−1
−1
̺c < 1, by Remark 3.6, the bre fL (c) is dieomorphi to fL (c0 ). Thus
f −1 (c) is also dieomorphi to f −1 (c0 ), whi h is impossible sin e c is a
bifur ation value. Hen e ̺c = 1.

5. Examples. In this se tion we produ e some examples that illustrate

the results stated before. All the polynomials presented below have one
asymptoti riti al value. Ea h example des ribes a dierent phenomenon.
Example

5.1 (Broughton example). Let
f (x, y) = y(xy − 1).

We immediately nd that f has no riti al point. The set {∂y f = 0} is the algebrai urve {2xy − 1 = 0} and f (x, 1/2x) → 0 as x → ∞, and 0 ∈ K∞ (f ).
Estimating the fun tion |x| · |∇f (x)| along this half-bran h at innity shows
that the Kurdykaojasiewi z exponent at innity ̺0 is equal to 1.
Sin e 0 is the only generalised riti al value, we dedu e B(f ) = K∞ (f ) = {0}.
Denoting by φt the embedding of Theorem 2.3, we observe that the omplement of φt (f −1 (0)) in f −1 (t) is non-empty for all t > 0. Taking −f instead
of f , we have a similar result for all t < 0.
In this example the following is true: in the upper half-plane , there is a
unique integral urve of ∇f whi h is of innite length at 0.

PC
{f =t}

Fig. 1. Phase portrait of ∇f
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5.2 (King, Tib r & Zaharia example). Let

g(x, y) = −y(2x2 y 2 − 9xy + 12).
This fun tion indu es a smooth lo ally trivial bration (see [TZ, Proposition
2.6℄).
We obtain K(g) = K∞ (g) = {0}, and B(g) is empty. Any level {−y(2x2 y 2
− 9xy + 12) = t} is homeomorphi to a line.
We ompa tify R2 to RP2 , with oordinates [x : y : z]. The point [1 : 0 : 0]
is the unique point at innity of ea h bre of g , and {∂y g = 0} is the union
of the algebrai urves PC1 := {xy − 1 = 0} and PC2 := {xy − 2 = 0}. As
in the Broughton example, estimating the fun tion |x| · |∇f (x)| along PC1
(or PC2 ) shows that the Kurdykaojasiewi z exponent at innity for 0 is
equal to 1.
For this fun tion, there are innitely many traje tories of innite length
at 0, meaning the trivialisation by the gradient near the value 0 is impossible.
Let PCv = {4xy − 9 = 0} be the polar urve in the verti al dire tion.
These three polar urves give enough information on the dynami s at innity
of the gradient eld. A traje tory has at most one interse tion point with
ea h of the polar urves PC∗ (with ∗ = 1, 2, v ). The phase portrait of ∇g
is organised around two spe ial integral urves (one between the x-axis and
PC1 , the other one between PC2 and PCv ), whi h a tually are bran hing
points of the spa e of leaves of the foliation by ∇g . For any level t > 0, the
same kind of phenomenon o urs be ause of the symmetry of g .
A qui k study of the signs of ∂x g and ∂y g , and the study of the ine tion
points of the traje tories give enough information to draw the phase portrait
of Fig. 2.

PCv
PC2

PC1

∇f

{g=t}
{g=0}

γ

Fig. 2. Phase portrait of ∇g
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Example

5.3 (Parusi«ski example). Let

h(x, y) = y 11 + (1 + (1 + x2 )y)3 .
Ea h bre of this fun tion is homeomorphi to a line. Hen e, by [TZ, Proposition 2.6℄, h is a lo ally trivial bration. On the urve PCv := {∂x h = 0} =
{1 + (1 + x2 )y = 0}, we see that 0 belongs to K∞ (h). Moreover we nd that
K(h) = K∞ (h) = {0}.
We ompa tify R2 to RP2 , with oordinates [x : y : z]. Ea h bre of h
admits [1 : 0 : 0] as a unique point at innity.
In this example, the gradient eld realises the trivialisation.
The gradient ve tor eld of h is given by
∂
∂
∇h(x, y) = 6xy(1 + y + x2 y)2
+ (11y 10 + 3(1 + x2 )(1 + y + x2 y)2 ) .
∂x
∂y
Note that any level h−1 (t), with |t| ≪ 1, is a tually the graph of some
fun tion xt of y , and we have
s
t1/3 − 1 − y
k(t)
+ h.o.t. ≃ 1/2 ,
xt (y) =
y
y
with k(t) < 0.
Let ̺0 be the Kurdykaojasiewi z exponent at innity for 0. Let G be
any semialgebrai urve along whi h h is negative and tends to 0. The urve
G is the graph of a fun tion, say κ, of the variable x. Thus we must have
κ(x) ∼ −xν for a rational number ν < 1. We assume x ≫ 1.
If ν 6= −2, it is easy to verify that

|(x, κ(x))| · |∇h(x, κ(x))| ≥ x3 .
Thus the Kurdykaojasiewi z exponent along any su h urve is nonpositive.
Assume ν = −2. Then we dedu e κ(x) ≃ −x−2 . So there exists η > 1
su h that ∂x h(x, κ(x)) ∼ x−η , thus ∂y h(x, κ(x)) ≥ 3x3−η , and so

|(x, κ(x))| · |∇h(x, κ(x))| ≃ x∂y h(x, κ(x)).
We an verify that there is a positive onstant C su h that:
(1) if η ≥ 23 then

x∂y h(x, κ(x)) ≥ C|h(x, κ(x))|19/22;

(2) if η ∈ ]47/3, 23[ then

x∂y h(x, κ(x)) ≥ C|f (x, κ(x))|(4−η)/22 ≥ C|h(x, κ(x))|19/22;
(3) if η ∈ ]1, 47/3] then

x∂y h(x, κ(x)) ≥ C|f (x, κ(x))|(8−2η)/(3−3η) ≥ C|h(x, κ(x))|2/3.
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Taking κ(x) := −(1 + x2 )−1 , we an verify that along y = κ(x),

x∂y h(x, κ(x)) ∼ |h(x, κ(x))|19/22,
and thus ̺0 = 19/22. So the ow of ∇h/|∇h|2 realises the trivialisation.

Thanks. The authors would like to thank the geometry team of University of Savoie, espe ially K. Kurdyka, P. Orro, and S. Simon for many talks
and en ouragement. We also thank R. Moussu and A. Parusi«ski for fruitful
dis ussions. We are grateful to the referee for helpful omments and remarks.
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