
ANNALESPOLONICI MATHEMATICI87 (2005)

The Ja
obian Conje
ture: symmetri
 redu
tion andsolution in the symmetri
 
ubi
 linear 
aseby Ludwik M. Drużkowski (Kraków)To the memory of Professor Stanisªaw �ojasiewi
zAbstra
t. Let K denote R or C, n > 1. The Ja
obian Conje
ture 
an be formulated asfollows: If F : K
n
→ K

n is a polynomial map with a 
onstant nonzero ja
obian, then F is apolynomial automorphism. Although the Ja
obian Conje
ture is still unsolved even in the
ase n = 2, it is 
onvenient to 
onsider the so-
alled Generalized Ja
obian Conje
ture (forshort (GJC)): the Ja
obian Conje
ture holds for every n > 1. We present the redu
tionof (GJC) to the 
ase of F of degree 3 and of symmetri
 homogeneous form and prove(JC) for maps having 
ubi
 linear form with symmetri
 F ′(x), more pre
isely: polynomialmaps of 
ubi
 linear form with symmetri
 F ′(x) and 
onstant nonzero ja
obian are tameautomorphisms.1. Formulation and basi
 fa
ts. Let K denote either C or R and let
Fj ∈ K[X1, . . . , Xn], j = 1, . . . , n. We put F = (F1, . . . , Fn) : K

n → K
n,

Jac F (x) := det
[

∂Fi

∂xj
(x) : i, j = 1, . . . , n

] and denote by P(Kn) the set ofall polynomial transformations of K
n. Now we re
all the formulation of the

n-dimensional Ja
obian Conje
ture, for short (JC)n, for n ≥ 2:
(JC)n [F ∈ P(Kn), Jac F = 
onst 6= 0] ⇒ [F is inje
tive].and the so-
alled Generalized Ja
obian Conje
ture, for short (GJC):
(GJC) (JC)n holds for every n ≥ 2.Note that the Ja
obian Conje
ture is on Smale's list of �Mathemati-
al Problems for the Next Century� as Problem 16 among 18 problems([Sm℄). It is known that any inje
tive polynomial map of K

n is bije
tive([BR℄, [KR℄) and, moreover, ea
h inje
tive polynomial map F of C
n is apolynomial automorphism, i.e. the inverse F−1 exists and is a polynomialmapping ([BCW℄, [E℄, [W℄, [Y℄). If F is a polynomial automorphism, then

deg F−1 ≤ (deg F )n−1 ([BCW℄, [E℄, [RW℄).2000 Mathemati
s Subje
t Classi�
ation: 14R15, 14R10.Key words and phrases: Ja
obian Conje
ture, 
ubi
 linear form, symmetri
 redu
tion.[83℄



84 L. M. Dru»kowskiIf K = R and JacF (x) > 0 for any x ∈ R
n, then we 
an ask aboutinje
tivity of F , whi
h is the so-
alled Strong Real Ja
obian Problem. In1994, Pin
huk ([Pi℄) gave an example showing that the Strong Real Ja
obianProblem has a negative answer even in the 
ase of R

2, so also in R
n.Using the Lefs
hetz Prin
iple one 
an 
he
k that the formulation of theJa
obian Conje
ture for the �eld C 
overs the 
ase of the Ja
obian Conje
tureformulated for any �eld/domain of 
hara
teristi
 zero. Note that to date theJa
obian Conje
ture remains unsolved even if n = 2. For a ni
e survey
ontaining also other equivalent formulations of the Ja
obian Conje
ture werefer the reader to [E℄.Sin
e F ∈ P(Cn) 
an be treated as F̂ = (ReF, ImF ) ∈ P(R2n) and

Jac F̂ (x, y) = |JacF (x + iy)|2, it is evident that
(JC)2n for R[X1, . . . , X2n] ⇒ (JC)n for C[X1, . . . , Xn],so the �real (GJC)� implies the �
omplex (GJC)�. But we even do not knowif the following (�small (JC)�) is true.Problem 1.1. For any n > 1, real (JC)n ⇒ 
omplex (JC)n.2. Redu
tion of the degree. We re
all some known redu
tion theo-rems that are used in the investigation of (GJC), and prove the theorem onsymmetri
 homogeneous redu
tion. Note that it is su�
ient to 
onsider in(JC) only polynomial mappings of the form F (x) = x + Q(x), where thereis no 
onstant or linear term in Q (sin
e instead of F we 
an investigate

G(x) = [F ′(0)]−1 ◦ [F (x) − F (0)]). If F = (F1, . . . , Fn), then we denote by
deg F the number max{deg Fj : j = 1, . . . , n}.Theorem 2.1 ([BCW℄, [Y℄). Let F = (F1, . . . , Fn) : K

n → K
n. Thenthere exist a natural number N ≥ n and polynomial automorphisms P and

Q of K
n su
h that Jac A = JacB = 1 and deg P ◦ F̂ ◦ Q ≤ 3, where F̂ =

(F, IN−n) : K
n × K

N−n ∋ (x, y) 7→ (F (x), y) ∈ K
n × K

N−n.Corollary 2.2. It is enough to 
he
k (GJC) for polynomial mappingsof degree 3.The pro
edure of adding new variables (as in the above theorem) to ob-tain a simpli�ed 
lass of obje
ts in a given problem is 
alled the stabilizationmethod. Using this method one 
an get a further simpli�
ation.Theorem 2.3 ([Y, BCW, D1℄). If we 
onsider the Generalized Ja
obianConje
ture, then it is su�
ient to 
onsider , for every n > 1, only polynomialmappings of the so-
alled 
ubi
 homogeneous form F = I + H, where Idenotes the identity map, H = (H1, . . . , Hn) and Hj : K
n → K is a 
ubi
homogeneous polynomial of degree 3 or Hj = 0, j = 1, . . . , n.We have the following.
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ture 85Proposition 2.4. Let F = (F1, . . . , Fn) ∈ P(Kn) be a quadrati
 map,i.e. deg F := max{deg Fj : j = 1, . . . , n} ≤ 2. Then F is inje
tive if and onlyif Jac F (x) 6= 0 for any x ∈ K
n.Proof. This follows immediately from the identity

F (x) − F (y) = F ′

(
x + y

2

)
(x − y) for every x, y ∈ K

n.As a 
onsequen
e of the above proposition and Pin
huk's example ([Pi℄)mentioned above we getCorollary 2.5. It is impossible to redu
e (by the stabilization method)any polynomial mapping F ∈ P(Kn) to a quadrati
 map F̂ ∈ P(KN ) (N ≥ n)preserving inje
tivity and nowhere vanishing ja
obian.It is easy to prove the following:Proposition 2.6 ([BCW, D1℄). Let F = I + H have a 
ubi
 homoge-neous form. Then
Jac F = 1 ⇔ H ′(x) is a nilpotent matrix for any x ∈ K

n.Note that H ′(x) = 3H̃(x, x, ·), where H̃ denotes the unique symmetri
3-linear mapping su
h that H̃(x, x, x) = H(x). Hen
e, if Jac(I + H) = 1,then by Proposition 2.6 the matrix
Hx := H̃(x, x, ·) = 1

3H ′(x) is nilpotent.Thus, for every x ∈ K
n, there exists a natural number p(x) su
h that H

p(x)
x

= 0 and H
p(x)−1
x 6= 0. It is evident that 1 ≤ p(x) ≤ 1 + rank Hx ≤ n forevery x ∈ K
n. We de�ne the index of nilpoten
y of the mapping F = I + Hto be

indF := sup{p(x) ∈ N : Hp(x)
x = 0, Hp(x)−1

x 6= 0, x ∈ K
n}.If v = (v1, . . . , vn)T is a 
olumn ve
tor and k ∈ N, then we denote by v◦kthe kth Hadamard�S
hur power of v, i.e. v◦k := ((v1)

k, . . . , (vn)k)T , and by
∆(v◦k) the diagonal n × n matrix

∆(v◦ k) :=




(v1)
k 0 . . . 0 0

0 (v2)
k . . . 0 0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 . . . (vn−1)
k 0

0 0 . . . 0 (vn)k




.

Now we present a theorem whi
h allows us to redu
e the veri�
ationof the Generalized Ja
obian Conje
ture to the investigation of polynomialmappings of the so-
alled 
ubi
 linear form.



86 L. M. Dru»kowskiTheorem 2.7 (
ubi
 linear fomulation of (GJC), [D1�D3℄).(i) In order to verify (GJC) it is su�
ient to 
he
k it only for polyno-mial mappings F = (F1, . . . , Fn) of 
ubi
 linear form, i.e.
(CLF) F (x) =




x1 + (a1x)3

x2 + (a2x)3...
xn + (anx)3




,

where x ∈ K
n, aj = (a1

j , . . . , a
n
j ) ∈ K

n, ajx := a1
jx1 + · · · + an

j xn,
j = 1, . . . , n. Brie�y

F (x) = x + (Ax)◦ 3,where A := [aj
i : i, j = 1, . . . , n], x∈Kn and (Ax)T := (a1x, . . . , anx),i.e. Ax is a one-
olumn matrix/ve
tor.(ii) Without loss of generality we 
an additionally assume in (i) that Ahas an additional nilpoten
y property , namely there exists c ∈ K

nsu
h that
A = ((Ax)◦3)′|x=c = 3∆((Ac)◦ 2)A =




3(a1c)
2a1

1 . . . 3(a1c)
2an

1. . . . . . . . . . . . . . . . . . . . . . . . . .
3(anc)2a1

n . . . 3(anc)2an
n




and indA = indF.(iii) Without loss of generality we 
an additionally assume in (i) that
A2 = 0.Remark 2.8. (i) Note that if you take A in (i) su
h that A2 = 0, thenusually 2 = indA < indF .(ii) The 
ubi
 homogeneous form (Yagzhev's form) is invariant under thea
tion of the full linear group GLn(K), i.e. if F has a 
ubi
 homogeneousform and L ∈ GLn(K), then L◦F ◦L−1 also has a 
ubi
 homogeneous form.The 
ubi
 linear form is not invariant under the a
tion of GLn(K), but itis invariant under the a
tion of the subgroup generated by all permutationsand dilations J(x1, . . . , xn) = (c1x1, . . . , cnxn).Up to now we do not even know whether polynomials Fj(x) = xj +

Hj(x), j = 1, . . . , n, are irredu
ible when JacF = 1 although irredu
ibilityis ne
essary if F is a polynomial automorphism; the 
ubi
 linear form isni
er.Remark 2.9. If F = (F1, . . . , Fn) has (CLF) and JacF = 1, then thepolynomials Fj(x) = xj + (ajx)3, j = 1, . . . , n, are always irredu
ible.



Ja
obian Conje
ture 87The mapping F is a tame automorphism if the mapping F − F (0) is a�nite 
omposition of linear automorphisms and shears (also 
alled elemen-tary automorphisms). A shear is an elementary triangular transformation ofthe form
T (x1, . . . , xn)=(x1, . . . , xi−1, xi+f(x1, . . . , xi−1, xi+1, . . . , xn), xi+1, . . . , xn).Now we re
all a theorem whi
h summarizes some partial results on the Gen-eralized Ja
obian Conje
ture 
ontained in [D1, D2, DR℄.Theorem 2.10. For any n > 1, if a polynomial map F = (F1, . . . , Fn) :
K

n → K
n with JacF = 1 has a 
ubi
 linear form and if

rankA < 3 or corankA < 3 or indF = 1, 2, 3, n,then F is a tame polynomial automorphism.Combining Theorem 2.10 with Hubbers' results (
f. [E℄) we obtain thefollowing.Corollary 2.11. If F (x) = x+(Ax)◦3 : K
n → K

n and JacF = 1, then
F is an automorphism provided n < 8.3. Symmetri
 redu
tion of (GJC). We show that it is possible toredu
e (GJC) to 
omplex 
ubi
 homogeneous Yagzhev's form with symmetri
ja
obian matrix F ′(x) for any x ∈ C

n, even if we start from F : R
n → R

n.Let Mp,q(K) denote the set of p (rows)×q (
olumns) matri
es with 
oe�-
ients in K, Mp(K) := Mp,p(K).If Q := Q[0] + Q[1] + · · · + Q[d] : K
n → K is a nonzero polynomial withhomogeneous terms Q[j] of degree j, then we put ordQ := min{j : Q[j] 6= 0,

j = 0, . . . , d}.Theorem 3.1.(i) It is su�
ient to verify (GJC) only for polynomial mappings of realsymmetri
 
ubi
 homogeneous form, F (x, y) = (−x, y) + S(x, y) :
R

2n → R
2n (for every n > 1), where (x, y) ∈ R

n × R
n = R

2n,
S = (S1, . . . , S2n) : R

2n → R
2n is a 
ubi
 homogeneous polynomialmapping of degree 3 and , for any (x, y) ∈ R

2n, S′(x, y) is a realsymmetri
 matrix.(ii) It is su�
ient to verify (GJC) only for polynomial mappings of
omplex symmetri
 
ubi
 homogeneous form, F (x) = x + Ŝ(x) :

C
2n → C

2n (for every n > 1), where Ŝ : C
2n → C

2n is a 
ubi
homogeneous polynomial mapping of degree 3 and , for any x ∈ C
2n,

Ŝ′(x) is a 
omplex symmetri
 nilpotent matrix.Proof. Note that A =
[

a b
c d

]
∈ Mp+r,p+r(K) is a symmetri
 matrix if andonly if a = aT ∈ Mp,p, c = bT ∈ Mr,p, d = dT ∈ Mr,r. Let x = (x1, . . . , xn)T ,
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v = (v1, . . . , vn)T and let F = (F1, . . . , Fn)T be a polynomial mapping of K

n(the transpose T indi
ates that we treat x, v, F as a 
olumn ve
tor/matrix).It is obvious that without loss of generality we 
an 
onsider F of the form
F (x) = (x1 + Q1(x), . . . , xn + Qn(x))T : K

n → K
n,where Qj is a polynomial with ordQj ≥ 2, j = 1, . . . , n.Take

g(v, x) := v1F1(x) + · · · + vnFn(x)and de�ne G ∈ P(K2n) by the formula
G(v, x) := ∇g(v, x)T =

(
∂g

∂v1
, . . . ,

∂g

∂vn
,

∂g

∂x1
, . . . ,

∂g

∂xn

)T

.One 
an easily verify that
G(v, x) =

(
F1(x), . . . , Fn(x),

n∑

k=1

vk

∂Fk

∂x1
, . . . ,

n∑

k=1

vk

∂Fk

∂xn

)T

= (F (x), [F ′(x)]T v).Obviously, G is inje
tive if and only if F is. We 
al
ulate
G′(v, x) =

[
0 F ′(x)

F ′(x)T [F ′′(x)]T (v, ·)

]
,where

[F ′′(x)]T (v, ·) =




n∑

k=1

vk

∂2Fk

∂x2
1

. . .

n∑

k=1

vk

∂2Fk

∂xn∂x1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
n∑

k=1

vk

∂2Fk

∂x1∂xn
. . .

n∑

k=1

vk

∂2Fk

∂x2
n




is a symmetri
 n × n matrix sin
e ∂2Fk/∂xj∂xi = ∂2Fk/∂xi∂xj. Hen
e
G′(v, x) is a symmetri
 2n × 2n matrix and

G′(0, 0) =

[
0 I

I 0

]
,where I denotes the n×n identity matrix. Thus taking the orthogonal matrix

M =
1√
2

[
I I

−I I

]

we get
MT ◦ G′(0, 0) ◦ M = E,



Ja
obian Conje
ture 89where
E =

[−I 0

0 I

]
.

Put w = (v, x) ∈ K
2n and P (w) := M ◦ G ◦ MT (w) = E(w) + S(w) :

K
2n → K

2n. Then the map P = E + S is polynomial and, for any w ∈ K
2n,

S′(w) is a symmetri
 matrix. Note that by the Lapla
e theorem JacP =
Jac G = (−1)n(JacF )2 and F is inje
tive if and only if P is inje
tive.(i) Obviously, if Q : R

n → R
n is a 
ubi
 homogeneous mapping, then

S : R
2n → R

2n is also a 
ubi
 homogeneous mapping and, for any w ∈ R
2n,

S′(w) is a real symmetri
 matrix.(ii) Now it is evident that if we want to get (by similarity) the identitymatrix instead of E and to preserve a symmetri
 form of the matrix S′ wehave to use some 
omplex matrix, e.g. the 
omplex dilation
J =

[
iI 0

0 I

]
.

Put P̂ (z) := J ◦ P ◦ J(z) = x + Ŝ(z), where Ŝ = J ◦ S ◦ J : C
2n → C

2n.Evidently, if S : R
2n → R

2n is a 
ubi
 homogeneous mapping and, forany w ∈ R
2n, S′(w) is a real symmetri
 matrix, then Ŝ : C

2n → C
2n is a
ubi
 homogeneous mapping and Ŝ′(z) is a 
omplex symmetri
 matrix forany z ∈ C

2n. Evidently, F is inje
tive if and only if P̂ is inje
tive. Sin
e
Jac P̂ = i2n(−1)n(JacF )2 = (JacF )2 = 1, for any z ∈ C2n the matrix Ŝ′(z)is a 
omplex symmetri
 matrix whi
h is also nilpotent.Remark 3.2. The tri
k with a polynomial g(v, x) (whi
h is probably afolklore result) 
omes from [M℄ where the sket
h of the redu
tion of (JC)nto the 
omplex symmetri
 
ase of (JC)2n is given. The redu
tion of (GJC)to the 
omplex symmetri
 
ase has also been proved in [BE℄.Remark 3.3. Let {e1, . . . , en} be the 
anoni
al basis of the ve
torspa
e K

n. Consider F of 
ubi
 homogeneous form, F (x) = x+H(x), x ∈ K
n,and take a unique 3-linear symmetri
 mapping H̃ = (H̃1, . . . , H̃n) : K

n ×
K

n × K
n → K

n su
h that H̃(x, x, x) = H(x) for any x ∈ K
n. Note that themap [F ′(x)]T v in the de�nition of the mapping G is equal to

[F ′(x)]T v =
(
v1 + 3

n∑

j=1

vjH̃j(x, x, e1), . . . , vn + 3

n∑

j=1

vjH̃j(x, x, en)
)
.

Hen
e the matrix of the di�erential of [F ′′(x)]T (v, ·) with respe
t to x is ofthe form
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6




n∑

j=1

vjH̃j(x, e1, e1) . . .

n∑

j=1

vjH̃j(x, en, e1). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . .

n∑

j=1

vjH̃j(x, eq, ep) . . .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
n∑

j=1

vjH̃j(x, e1, en) . . .

n∑

j=1

vjH̃j(x, en, en)




and it is symmetri
 sin
e H̃(x, u, t) = H̃(x, t, u).We know by Theorem 2.7 and Proposition 2.6 that it is su�
ient to verify(GJC) for polynomial mappings of the 
ubi
 linear form F (x) = x + (Ax)◦ 3with nilpotent matrix [(Ax)◦ 3]′ = 3∆((Ax)◦ 2)A for any x ∈ K
n. Although atpresent we 
annot redu
e every polynomial mapping to the 
ubi
 linear form

F (x) = x + (Ax)◦ 3 with a 
omplex symmetri
 nilpotent matrix [(Ax)◦ 3]′ itis natural, in view of Theorem 3.1, to ask if the Ja
obian Conje
ture is truein this parti
ular 
ase. We will prove the following.Theorem 3.4. If F (x) = x + (Ax)◦3 : C
n → C

n is of 
ubi
 linear formand the di�erential [(Ax)◦ 3]′ is a 
omplex symmetri
 nilpotent matrix forany x ∈ C
n, then F is a tame automorphism.(Note that by Proposition 2.6 the nilpoten
y of [F (x) − x]′ = [(Ax)◦ 3]′is ne
essary in our theorem.)Proof. (0) Noti
e that if P is a permutation (i.e. the matrix of a per-mutation) and F has 
ubi
 linear form, then the mapping P−1 ◦ F ◦ P alsohas (CLF). Observe that symmetry and nilpoten
y of [(Ax)◦ 3]′ is preservedsin
e P−1 = P T and hen
e the matrix [P T ◦(A(Px))◦ 3]′ = P T ◦[(Ay)◦ 3]′◦P ,where y = P (x), is symmetri
 and nilpotent. Therefore, permutation simi-larity P−1◦F ◦P of the mapping F (whi
h is equivalent to taking P−1◦A◦Pinstead of A) preserves the 
ubi
 linear form of F as well as symmetry andnilpoten
y of the �new� matrix A.Indu
tion. One 
an 
he
k the theorem by simple 
al
ulations if n = 2.I. If the ith row/
olumn of A is equal to 0, then�by symmetry�sois the ith 
olumn/row of A. Due to (0) we 
an assume that it is the last
olumn and then 
on
lude that F is inje
tive if and only if the mapping

G(x1, . . . , xn−1) := (F1(x1, . . . , xn−1, 0), . . . , Fn−1(x1, . . . , xn−1, 0)) : C
n−1

→ C
n−1 with symmetri
 di�erential is inje
tive. Obviously, F = (G, xn) ◦R,where R(x) = (x1, . . . , xn−1, xn+Fn(x1, . . . , xn−1). By indu
tion G is a tameautomorphism and so is F .



Ja
obian Conje
ture 91II. Assume that no 
olumn/row of A := [aj
i : i, j = 1, . . . , n] is equalto 0.(i) Put Ni = #{j : j ∈ {1, . . . , i − 1, i + 1, . . . , n}, aj

i 6= 0} and N :=
max{Ni : i = 1, . . . , n}, q := min{i : N = Ni}. If q = 1 we do nothing. If
q > 1 we ex
hange the qth row and the �rst row and then permute the qth
olumn with the �rst 
olumn.(ii) Now in the �rst row of the �new� matrix A we have exa
tly N 
oe�-
ients di�erent from 0 (we do not 
ount a1

1), say aj1
1 · · · ajN

1 6= 0 where j1 > 1.Permute 
olumns j1, . . . , jN into 
olumns 2, 3, . . . , N +1 and the rows in thesame way.(iii) If all 
olumns aN+2
·

, . . . , an
·
in the submatrix B := [aj

i : i = 1, . . . ,

N + 1, j = 1, . . . , n] are equal to 0, then also by symmetry aj
i = 0 when

i = N +2, . . . , n, j = 1, . . . , N +1 and we 
an represent F as the 
ompositionof two mappings
Q(x) = (F1(x1, . . . , xN+1), . . . , FN+1(x1, . . . , xN+1), xN+2, . . . , xn)and
R(x) = (x1, . . . , xN+1, FN+2(xN+2, . . . , xn), . . . , Fn(xN+2, . . . , xn)),i.e. F = Q◦R. By indu
tion Q and R are tame automorphisms, and so is F .(iv) If s of the 
olumns aN+2

·
, . . . , an

·
in the submatrix B are not equalto 0, 0 < s ≤ n − N − 1, then we permute them in su
h a way that only klast 
olumns in B are 0, k := n−N − 1− s ≥ 0. Afterwards we permute theappropriate rows and the �new� matrix [(Ax)◦3]′ is symmetri
 and nilpotentfor any x ∈ C

n.(v) If k > 0, then the argument analogous to that given in (iii) �nishesthe proof.(vi) If k = 0, i.e. all 
olumns aN+2
·

, . . . , an
·
in B are di�erent from 0,then it is easy to 
he
k that all rows of the symmetri
 matrix [(Ax)◦3]′ =

3∆((Ax)◦2)A are di�erent from 0 and parallel to the row (a1x)2a.
1. Hen
e

rankA = 1 and by Theorem 2.10 the mapping F is a tame automorphism.We formulate another natural question in this dire
tion.Problem 3.5. Let F (x) = x+(Ax)◦3 : C
n → C

n be of 
ubi
 linear form,
Jac F = 1 and let the matrix A be a 
omplex symmetri
 nilpotent matrix. Isthen F a tame automorphism?
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