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On families of trajetories of an analytigradient vetor �eldby Adam Dzedzej and Zbigniew Szafraniec (Gda«sk)To the memory of Professor Stanisªaw �ojasiewizAbstrat. For an analyti funtion f : Rn, 0 → R, 0 having a ritial point at theorigin, we desribe the topologial properties of the partition of the family of trajetories ofthe gradient equation ẋ = ∇f(x) attrated by the origin, given by harateristi exponentsand asymptoti ritial values.1. Introdution. Let f : Rn, 0 → R, 0 be an analyti funtion de�nedin a neighbourhood of the origin, having a ritial point at 0. We onsiderthe trajetories of the gradient vetor �eld ẋ = ∇f(x). Take y > 0 suhthat −y is a regular value of f . One an show that there exists a losedset Γ ⊂ f−1(−y) suh that a non-trivial trajetory of the gradient �eld isattrated by the origin if and only if it intersets f−1(−y) transversally at apoint belonging to Γ . Thus one may equip the set of non-trivial trajetoriesattrated by 0 with the topology indued from Γ .By [18℄, the �eh�Alexander ohomology groups Ȟ∗(Γ ) are isomorphi tothe ohomology groups H∗(Fy) of the real Milnor �bre Fy = {x ∈ f−1(−y) |
|x| ≤ d}, where 0 < y ≪ d ≪ 1. A more general version onerning analytifuntions on manifold is presented in [19℄.By [8℄, if n = 3 and f is harmoni then Γ may be strati�ed.Kurdyka et al. [11℄, in the ourse of proving Thom's onjeture, showedin partiular that to eah trajetory attrated by 0 (and so to eah pointin Γ ) one may assoiate an element of a �nite subset L′ ⊂ Q+ × R−. Thisway we obtain a natural partition

Γ =
⋃

(l,a)∈L′

Γ (l, a).
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100 A. Dzedzej and Z. SzafranieIn Q+×R− we may introdue the lexiographi order, so we may enumer-ate the elements of L′ aording to this order: L′ = {(l1, a1), . . . , (lj, aj), . . . ,
(ls, as)}.We will show that

Γ (l1, a1) ⊂ · · · ⊂
i⋃

j=1

Γ (lj , aj) ⊂ · · · ⊂
s⋃

j=1

Γ (lj , aj) = Γis a �ltration of Γ by losed sets, and that there are regular values 0 < z1 <
· · · < zi < · · · < zs of the distane funtion |x| restrited to the Milnor�bre Fy suh that eah inlusion

i⋃

j=1

Γ (lj , aj) →֒ {x ∈ Fy | |x| ≤ zi}

indues isomorphism of �eh�Alexander ohomology groups. Hene one mayapply tehniques of di�erential topology to investigate the topology of thepartition {Γ (li, ai)} of the set of trajetories attrated by the origin.Among the referenes we list several papers [2�7, 9, 10, 12, 13, 15, 17,20�22℄ devoted to geometri and topologial properties of solutions of thegradient equation.2. Preliminaries. Let f : Rn, 0 → R, 0 be an analyti funtion de�nedin a neighbourhood of the origin, having a ritial point at 0. We onsiderthe gradient ∇f of f . We will denote by x(t) a trajetory of this vetor �eld,that is, a urve satisfying
ẋ(t) = ∇f(x(t)).It is easy to see that d

dtf(x(t)) > 0 unless x(t) is onstant, that is, f isinreasing along the trajetory x(t). For x with f(x) ≤ 0 and su�ientlylose to the origin, we denote by τx the set of points on the trajetory pass-ing through x belonging to {y | f(y) ≥ f(x)}. Denote by ω(x) ∈ f−1(0)either the intersetion point of τx and f−1(0) or the limit point of the tra-jetory if it tends to f−1(0). It is well known that ω is a strong deformationretration.There is a neighbourhood U0 of the origin, 0 < ̺ < 1 and c̺, cf > 0 suhthat
|∇f(x)| ≥ c̺|f(x)|̺,(2.1)
|x| |∇f(x)| ≥ cf |f(x)|,(2.2)for x ∈ U0. Inequality (2.1) is due to �ojasiewiz (see [14℄), and (2.2) isknown as the Bohnak��ojasiewiz inequality (see [1℄). In partiular as aonsequene of (2.1) we have ∇f−1(0) ⊆ f−1(0).



Trajetories of an analyti gradient vetor �eld 101The gradient ∇f(x) splits into its radial omponent ∂f
∂r (x) x

|x| and thespherial one ∇′f(x) = ∇f(x) − ∂f
∂r (x) x

|x| . We shall denote x/|x| by ∂/∂rand ∂f/∂r by ∂rf . We will also often write r instead of |x|. Then
∇f = ∇′f + ∂rf

∂

∂rand
|∇f |2 = |∇′f |2 + |∂rf |

2.Now let y, d be suh that 0 < y ≪ d ≪ 1, and −y ∈ R is a regular valueof f . We all the set Fy = {x | |x| ≤ d, f(x) = −y} the real Milnor �breof f . It is either an (n− 1)-dimensional ompat manifold with boundary oran empty set (see [16℄). If f(x) ≤ −y and 0 ∈ τx then τx ∩ f−1(−y) 6= ∅,beause the funtion is inreasing along the trajetory. The intersetion istransversal and onsists exatly of one point. This justi�es
Definition. Γ = {x ∈ Fy | 0 ∈ τx} = {x ∈ Fy | ω(x) = 0}.Nowel and the seond-named author showed that eah trajetory at-trated by the origin intersets Fy at a point in Γ and the topology of theset Γ is related to the topology of the Milnor �bre. We have (see [18℄)Theorem 1. The inlusion Γ →֒ Fy indues an isomorphism

Ȟ∗(Γ ) ≃ H∗(Fy),where Ȟ∗ denotes the �eh�Alexander ohomology groups.3. Invariants assoiated with trajetories. In order to say moreabout the topology of the set Γ , we need some notions introdued in [11℄.For ε > 0 de�ne
W ε = {x | f(x) 6= 0, ε|∇′f | ≤ |∂rf |}.Kurdyka et al. have de�ned the harateristi exponents, whih are hara-terised by the following proposition ([11, Proposition 4.2℄).Proposition 2. There exists a �nite subset of positive rationals L ⊂ Q+suh that for any sequene W ε ∋ x → 0 there is a subsequene W ε ∋ x′ → 0and l ∈ L suh that

|x′|∂rf(x′)

f(x′)
→ l.In partiular , as a germ at the origin, eah W ε is the disjoint union

W ε =
⋃

l∈L

W ε
l ,where

W ε
l =

{
x ∈ W ε

∣∣∣∣
∣∣∣∣
|x|∂rf

f
− l

∣∣∣∣ ≤ |x|δ
}

,



102 A. Dzedzej and Z. Szafraniefor δ > 0 su�iently small. Moreover , there exist onstants 0 < cε < Cε,whih depend on ε, suh that
cε ≤

|f |

|x|l
≤ Cε on W ε

l .Fix l > 0, not neessarily in L, and onsider F = f/|x|l de�ned in theomplement of the origin. We say that a ∈ R is an asymptoti ritial valueof F at the origin if there exists a sequene x → 0, x 6= 0, suh that
|x| |∇F (x)| → 0,(a)

F (x) → a.(b) By [11, Propositions 5.1 and 5.4℄ we haveProposition 3. The set of asymptoti ritial values of F = f/|x|l is�nite. The real number a 6= 0 is an asymptoti ritial value if and only ifthere exists a sequene x → 0, x 6= 0, suh that
|∇′f(x)|

|∂rf(x)|
→ 0,(a′)

F (x) → a.(b) By the above proposition, the set
L′ = {(l, a) | l ∈ L, a < 0 is an asymptoti ritial value of f/|x|l}is a �nite subset of Q+×R−. For a given harateristi exponent l ∈ L therean be more than one asymptoti ritial value a. By Setion 6 of [11℄ wehaveTheorem 4. For every trajetory x(t) → 0 of the gradient vetor �eldthere exists a unique pair (l, a) ∈ L′ suh that f

rl (x(t)) → a.4. Partition of the set of trajetories
Definition. There is a natural partition of Γ assoiated with L′.Namely for (l, a) ∈ L′,

Γ (l, a) = {x ∈ Γ | f(x(t))/|x(t)|l → a on the trajetory τx}.

Definition. In the set Q+ × R− we may introdue the lexiographiorder
(l, a) ≤ (l′, a′) if l < l′, or l = l′ and a ≤ a′.It is obvious that (l, a) ≤ (l′, a′) if and only if a|x|l ≤ a′|x|l

′ near the origin.We enumerate the elements of L′ aording to this order.Let 〈·, ·〉 denote the standard inner produt in Rn. We have the followingLemma 5. If (l, a) ∈ (Q+ × R−) \ L′ then
〈∇(f − a|x|l)(x),∇f(x)〉 > 0for x ∈ (f − a|x|l)−1(0) \ {0} near 0.



Trajetories of an analyti gradient vetor �eld 103Proof. Suppose, ontrary to our laim, that there is a sequene x → 0,
x 6= 0, suh that f(x) − a|x|l = 0 and

0 ≥ 〈∇(f − a|x|l),∇f〉(4.3)
= |∇f |2 −

〈
la|x|l−1 ∂

∂r
,∇′f + ∂rf

∂

∂r

〉

= |∇f |2 − larl−1∂rf = |∇f |2 −
lf

r
∂rf.Using (2.2) we have

l|f | |∂rf | ≥ r|∇f |2 ≥ cf |f | |∇f |.Hene(4.4) cf

l
|∇f | ≤ |∂rf |,whih means that x ∈ W cf /l. By Proposition 2, there are l′ ∈ L and asubsequene x′ suh that
|x′|∂rf

f
→ l′.All x′ lie in W

cf /l
l′ , hene

c ≤
f

|x′|l′
≤ C,where c = ccf /l and C = Ccf /l. Sine f(x′) = a|x′|l, l = l′ is a harateristiexponent.We shall now prove that a is an asymptoti ritial value. Let us transformthe inequality (4.3):

0 ≥ |∇′f |2 + |∂rf |
2 −

lf

r

|∂rf |
2

∂rf
= |∇′f |2 + |∂rf |

2

(
1 −

lf

r∂rf

)
.Hene(4.5) |∇′f |2

|∂rf |2
≤

∣∣∣∣1 −
lf

r∂rf

∣∣∣∣.Sine
r∂rf

f
=

|x′|∂rf(x′)

f(x′)
→ l′ = l,the right-hand side of the inequality (4.5) tends to 0. So does the left-handside and we have

|∇′f |

|∂rf |
(x′) → 0 and f(x′)

|x′|l
= a.By Proposition 3, a is an asymptoti ritial value of f/rl.



104 A. Dzedzej and Z. SzafranieTake (l, a) ∈ Q+ ×R− \L′ and y > 0 lose to 0 suh that −y is a regularvalue of f . De�ne
Θ(l, a) = Fy ∩ {f − a|x|l ≤ 0} = Fy ∩ {|x| ≤ (y/(−a))1/l}.We will show a relation between the ohomologies of Θ(l, a) and

Γ̃ (l, a) =
⋃

(li,ai)<(l,a)

Γ (li, ai), where (li, ai) ∈ L′.

Theorem 6. For every (l, a) ∈ Q+ × R− \ L′ and every y > 0 smallenough, Γ̃ (l, a) is losed , and there is an inlusion
Γ̃ (l, a) →֒ Θ(l, a),whih indues an isomorphism

Ȟ∗(Γ̃ (l, a)) ∼= H∗ (Θ(l, a)) .Lemma 7. For every ε > 0 there exists η = η(ε) > 0 suh that if |x| < ηthen for every point y on τx between x and ω(x) we have |y| < ε.Proof. For a ∈ τx denote by ℓ(x, a) the length of the trajetory between
x and a. From the �ojasiewiz inequality (2.1) it follows (see [11℄) that for
x lose to the origin

ℓ(x, a) ≤ c̺(1 − ̺)−1[|f(x)|1−̺ − |f(a)|1−̺].As a → ω(x) we get
ℓ(x, ω(x)) ≤ c̺(1 − ̺)−1|f(x)|1−̺ = c1|f(x)|1−̺.By ontinuity of f there exists η, 0 < η < ε/2, suh that for |x| < η,

ℓ(x, ω(x)) ≤ c1|f(x)|1−̺ < ε/2.That is, for x′ between x and ω(x),
|x′| ≤ |x| + ℓ(x, x′) <

ε

2
+

ε

2
= ε.De�ne A≤ = {x | −y ≤ f(x) ≤ a|x|l} and A= = {x | −y ≤ f(x) = a|x|l}.If y is small enough then A≤ is bounded by A= and Θ(l, a). By Corollary 6,

A= and Θ(l, a) interset transversally.If x ∈ Θ(l, a) then ∇f(x) is normal to Θ(l, a) and points into A≤. If
x ∈ A= \ {0} then ∇(f − a|x|l) is normal to A= and points away from A≤.We onsider a mapping γ : Θ(l, a) → A= suh that γ(x) is the point ofintersetion of the trajetory τx with the set A= or γ(x) = ω(x) = 0 if τxdoes not interset A=.Lemma 8. γ is well de�ned , and γ−1(0) = Γ̃ (l, a).Proof. Consider trajetories starting from Θ(l, a). Some of them will stayin the set A≤ and others will leave it forever. (A trajetory annot get bak to
A≤, beause for a point x ∈ A= \ {0} we have 〈∇(f − a|x|l)(x),∇f(x)〉 > 0.



Trajetories of an analyti gradient vetor �eld 105The angle between the gradients ∇(f −a|x|l)(x) and ∇f(x) is less than π/2,so the trajetory passing through x leaves A≤.)Consider a trajetory τx whih stays in A≤. By the �ojasiewiz inequality(2.1), ∇f does not vanish on A≤ \{0}. Hene x(t) → 0, i.e. γ(x) = ω(x) = 0and x ∈ Γ . That is, we proved γ is well de�ned. By Theorem 4 there is
(li, ai) ∈ L′ suh that f(x(t))/|x(t)|li → ai.The trajetory stays inside A≤, so

f(x(t)) − a|x(t)|l ≤ 0.For every ε > 0, if x(t) is su�iently lose to the origin we have
(ai − ε)|x(t)|li < f(x(t)) ≤ a|x(t)|l.Therefore li < l or li = l and ai − ε < a for every ε > 0. Hene

(li, ai) ≤ (l, a).Sine (l, a) 6∈ L′, (li, ai) < (l, a).Now onsider a trajetory τx whih leaves A≤, i.e. γ(x) 6= 0. Then for tlarge enough we have f(x(t)) > a|x(t)|l. If τx starts from Γ , then x(t) → 0and there is (li, ai) ∈ L′ suh that f(x(t))/|x(t)|li → ai. For every ε > 0,
(ai + ε)|x(t)|li > f(x(t)) > a|x(t)|lif x(t) is su�iently lose to the origin. Applying similar arguments to theabove we have (li, ai) > (l, a). Similarly for a trajetory whih starts from Γoutside Θ(l, a): it annot enter the set A≤ and hene (li, ai) orrespondingto that trajetory is greater than (l, a).Lemma 9. γ is ontinuous, and γ restrited to Θ(l, a)\ Γ̃ (l, a) is a hom-eomorphism onto Im γ \ {0} = A= \ {0}. In partiular , Γ̃ (l, a) is ompat.Proof. Consider x ∈ Θ(l, a) suh that γ(x) 6= 0. Then τx is transversalto Θ(l, a) at x and to A= at γ(x), therefore γ is a Poinaré mapping in someneighbourhood of x. Hene γ is a loal homeomorphism at x.Now take x suh that γ(x) = 0. Then τx ⊂ A≤ and 0 ∈ τx. Fix an ε > 0.There is x′ ∈ τx suh that |x′| < η/2, where η = η(ε) omes from Lemma 7.Now onsider a neighbourhood V of x′ of diameter η/2 ontained in A≤.Reversing trajetories we get an open neighbourhood W ⊂ Θ(l, a) of x suhthat |γ(y)| < ε for y ∈ W .Lemma 10. For every open neighbourhood U of Γ̃ (l, a) in Θ(l, a), γ(U)is an open neighbourhood of 0 in Im γ = A=.Proof. Rewrite the proof of Lemma 9 in [18℄ substituting Θ(l, a) for Frand Im γ for Zr.Proof of Theorem 6. The inlusion Γ̃ (l, a) ⊆ Θ(l, a) follows from the fatthat Γ̃ (l, a) = γ−1(0) as stated in Lemma 8.



106 A. Dzedzej and Z. SzafranieIn order to prove that the inlusion indues an isomorphism of �eh�Alexander ohomology groups, we will onstrut a desending family Θ(l, a)

= U1 ⊃ U2 ⊃ · · · of open neighbourhoods of Γ̃ (l, a) in Θ(l, a), whih satis�es(u1) every inlusion Un+1 ⊂ Un is a homotopy equivalene,(u2) for every neighbourhood U of Γ̃ (l, a) in Θ(l, a) there is n suh that
Un ⊂ U .The set Im γ = A= = {x | f = a|x|l, |x| ≤ (y/(−a))1/l}, for y small enough,is homeomorphi to a one with vertex at 0, so there is a desending family

A= = V1 ⊃ V2 ⊃ · · · of open neighbourhoods of 0 in A= suh that everyinlusion is a homotopy equivalene and for every open neighbourhood Vof 0 in A= there is n suh that Vn ⊂ V . We put Un = γ−1(Vn). Clearly
{Un} is a family of open neighbourhoods of Γ̃ (l, a) in Θ(l, a). The mapping
γ restrited to Θ(l, a)\Γ̃ (l, a) is a homeomorphism onto A=\{0}, hene (u1)holds. If U is an open neighbourhood of Γ̃ (l, a) then by Lemma 10, γ(U) isan open neighbourhood of 0. There is n suh that Vn ⊂ γ(U); then Un ⊂ U ,so (u2) holds.As the family {Un} is o�nal in the family of all open neighbourhoods of
Γ̃ (l, a) in Θ(l, a) ordered by ⊇, we have an isomorphism of diret limits

lim
−→
U

H∗(U) ∼= lim
−→
Un

H∗(Un) = Ȟ∗(Γ̃ (l, a)).Sine H∗(Un) ∼= H∗(Θ(l, a)) by (u1), the theorem holds.For given l ∈ Q+ and y, (y/(−a))1/l is a regular value of |x||Fy
, for almostall a ∈ R−. In that ase Θ(l, a) is either void or a ompat (n− 1)-manifoldwith boundary.Proposition 11. For eah (l, a) ∈ (Q+×R−)\L′ and eah y > 0 smallenough, z = (y/(−a))1/l is a regular value for |x||Fy

and the inlusion
Γ̃ (l, a) =

⋃

(li,ai)<(l,a)

Γ (li, ai) →֒ Fy ∩ {|x| ≤ z}

indues an isomorphism of �eh�Alexander ohomology groups.Proof. Consider the set of ritial values of |x||Fy
. For a given y we have�nitely many ritial values w1(y), . . . , wp(y). We an treat wj(y) as a realfuntion. The graph of wj is a subanalyti set. Sine it lies in the plane,it is semianalyti. Hene we an write the Puiseux expansion for eah wj(see [14℄):

wj(y) = bym + · · · (b > 0, m ∈ Q+).We will show that (1/m,−b−1/m) ∈ L′.By the urve seletion lemma we an hoose a urve ξ(r) of ritial pointsorresponding to wj . We parametrize the urve by the distane to the origin.



Trajetories of an analyti gradient vetor �eld 107Put y(r) = −f(ξ(r)). That is, ξ(r) ∈ Fy(r) is a ritial point of |x||F (y(r))suh that(4.6) r = |ξ(r)| = wj(y(r)) = b(y(r))m + · · · .We an also write a Puiseux expansion of f along this urve,
f(ξ(r)) = −αrq + · · · (α > 0, q ∈ Q+).Thus(4.7) y(r) = αrq + · · ·By (4.7) and (4.6) we get(4.8) r = b(αrq)m + · · · = bαmrqm + · · ·along the urve ξ(r). Hene qm = 1 and bαm = 1. That is,(4.9) f(ξ(r)) = −b−1/mr1/m + · · · .The urve ξ(r) onsists of ritial points of |x||Fy(r)

and therefore on ξ(r)we have |∇′f | ≡ 0, |∇f | = |∂rf |. For every ε > 0 we have ε|∇′f | < |∂rf |,and that means the urve ξ lies in every W ε, so there exists a harateristiexponent l′ suh that ξ lies in W ε
l′ .Sine f(ξ(r))/|ξ(r)|1/m → −b−1/m, it follows that l′ = 1/m ∈ L by thelast statement of Proposition 2. By Proposition 3, −b−1/m is the orrespond-ing asymptoti ritial value for f/r1/m. In partiular, (1/m,−b−1/m) ∈ L′.Assume that (l, a) 6∈ L′. If y is small enough, then (y/(−a))1/l = (−a)−1/ly1/lis di�erent from any wj(y). Hene it is a regular value for |x||Fy

.Now it is enough to apply Theorem 7.The proof above gives us even more:Theorem 12. Let f : Rn, 0 → R, 0 be an analyti funtion de�ned in aneighbourhood of the origin, having a ritial point at 0. For eah y smallenough there is a �nite sequene 0 < z1 < · · · < zi < · · · < zs of regularvalues of |x||Fy
suh that

Γ (l1, a1) ⊂ · · · ⊂
i⋃

j=1

Γ (lj , aj) ⊂ · · · ⊂
s⋃

j=1

Γ (lj , aj) = Γis a �ltration of Γ by losed sets, and the inlusions
i⋃

j=1

Γ (lj , aj) →֒ {x ∈ Fy | |x| ≤ zi}indue isomorphisms of �eh�Alexander ohomology groups. One an take
zi = (y/(−a))1/l, where (li, ai) < (l, a) < (li+1, ai+1).Proof. Let s be the ardinality of L′. As we have seen in the proof ofCorollary 11, if (l, a) 6∈ L′ then (y/(−a))1/l is a regular value of |x||Fy

. Sine



108 A. Dzedzej and Z. Szafranie
L′ is totally ordered by the lexiographi ordering, for every i we an hoosea pair (l, a) suh that

(li, ai) < (l, a) < (li+1, ai+1),where (ls+1, as+1) is greater than any pair in L′. Set zi(y) = (y/(−a))1/l.One an easily see that zi < zi+1 and zi(y) 6= wj(y) for su�iently small y.By Proposition 11, the vertial inlusions indue isomorphisms of the�eh�Alexander ohomology groups.The above theorem shows that applying well known methods of di�er-ential topology and Morse theory to the distane funtion |x| on the Milnor�bre may provide important information about the topology of families oftrajetories of an analyti gradient vetor �eld with given harateristi ex-ponent and asymptoti ritial value.Aknowledgments. The authors wish to express their gratitude to thereferee for helpful omments.Researh partially supported by grant BW 5100-5-0148-4, and the Euro-pean Community IHP-Network RAAG (HPRN-CT-2001-00271).
Referenes[1℄ J. Bohnak and S. �ojasiewiz, A onverse to the Kuiper�Kuo theorem, in: Pro.Liverpool Singularities Symposium I, Leture Notes in Math. 192, Springer, NewYork, 1971, 254-261.[2℄ F. Cano, R. Moussu et F. Sanz, Osillation, spiralement, tourbillonnement, Com-ment. Math. Helv. 75 (2000), 284�318.[3℄ O. Cornea, Homotopial dynamis III : Real singularities and Hamiltonian �ows,Duke Math. J. 209 (2001), 183�204.[4℄ D. D'Aunto and V. Grandjean, On gradient at in�nity of real polynomials, preprint.[5℄ N. Daner, Degenerate ritial points, homotopy indies and Morse inequalities,J. Reine Angew. Math. 382 (1984), 1�22.[6℄ P. Fortuny and F. Sanz, Gradient vetor �elds do not generate twister dynamis,J. Di�erential Equations 174 (2001), 91�100.[7℄ V. Grandjean, On the limit set at in�nity of gradient of semialgebrai funtion,preprint.[8℄ P. Goldstein,Flows of gradients of harmoni funtions on R3, PhD. Thesis, WarsawUniv., 2004 (in Polish).[9℄ F. Ihikawa, Thom's onjeture on singularities of gradient vetor �elds, KodaiMath. J. 15 (1992), 134�140.[10℄ K. Kurdyka, On the gradient onjeture of R. Thom, in: Seminari di Geometria 1998-1999, Università di Bologna, Istituto di Geometria, Dipartamento di Matematia,2000, 143�151.[11℄ K. Kurdyka, T. Mostowski and A. Parusi«ski, Proof of the gradient onjeture ofR. Thom, Ann. of Math. 152 (2000), 763�792.[12℄ K. Kurdyka and A. Parusi«ski, wf -strati�ation of subanalyti funtions and the�ojasiewiz inequality, C. R. Aad. Si. Paris Sér. I 318 (1994), 129�133.



Trajetories of an analyti gradient vetor �eld 109[13℄ J.-M. Lion, R. Moussu et F. Sanz, Champs de veteurs analytiques et hamps degradients, Ergodi Theory Dynam. Systems 22 (2002), 525�534.[14℄ S. �ojasiewiz, Ensembles semi-analytiques, IHES, 1965.[15℄ �, Sur les trajetoires du gradient d'une fontion analytique, in: Seminari di Ge-ometria 1982-1983, Università di Bologna, Istituto di Geometria, Dipartamento diMatematia, 1984, 115�117.[16℄ J. Milnor, Singular Points on Complex Hypersurfaes, Ann. of Math. Stud. 61,Prineton Univ. Press, Prineton, NJ, 1968.[17℄ R. Moussu, Sur la dynamique des gradients. Existene de variétés invariants, Math.Ann. 307 (1997), 445�460.[18℄ A. Nowel and Z. Szafranie, On trajetories of analyti gradient vetor �elds, J. Dif-ferential Equations 184 (2002), 215�223.[19℄ �, �, On trajetories of analyti gradient vetor �elds on analyti manifolds, Topol.Methods Nonlinear Anal., to appear.[20℄ F. Sanz, Non-osillating solutions of analyti gradient vetor �elds, Ann. Inst.Fourier (Grenoble) 48 (1998), 1045�1067.[21℄ F. Takens, The minimal number of ritial points of a funtion on a ompat man-ifold and the Lusternik�Shnirelmann ategory, Invent. Math. 6 (1968), 197�244.[22℄ R. Thom, Problèmes renontrés dans mon parours mathématique: un bilan, Publ.Math. IHES 70 (1989), 200�214.Institute of MathematisUniversity of Gda«skWita Stwosza 5780-952 Gda«sk, PolandE-mail: adam.dzedzej�math.univ.gda.plzbigniew.szafranie�math.univ.gda.plReçu par la Rédation le 24.9.2004Révisé le 24.5.2005 (1618)


