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A note on Bézout's theoremby Sławomir Rams, Piotr Tworzewski and
Tadeusz Winiarski (Kraków)Abstra
t. We present a version of Bézout's theorem basing on the interse
tion theoryin 
omplex analyti
 geometry. Some appli
ations for produ
ts of surfa
es and 
urves arealso given.1. Introdu
tion. In the interse
tion theory in 
omplex analyti
 geome-try 
onstru
ted in [T℄ and 
ompleted by [AR℄, [R1℄, [R2℄, [R3℄, [R4℄, [R5℄, fora system X1, . . . , Xp of irredu
ible analyti
 subsets of a 
omplex manifold

N , one 
an de�ne the analyti
ally 
ostru
tible (upper semi
ontinuous in theZariski topology) fun
tion
d : N ∋ x 7→ d(x) := d(X1, . . . , Xp)(x) ∈ N,whi
h assigns to ea
h point x in N the multipli
ity of interse
tion of the sets

X1, . . . , Xp at the point x (see also [A℄, [ATW℄ and [CKT℄). By de�nition,the interse
tion produ
t of these sets is the unique analyti
 
y
le X1•· · ·•Xpde�ned by the equality
ν(X1 • · · · • Xp, x) = d(X1, . . . , Xp)(x) for x ∈ N,where ν(C, x) denotes the degree of the analyti
 
y
le C at x. One 
an extendthis de�nition in the natural way to the 
ase of analyti
 
y
les. Some detailsof this 
onstru
tion will be given in the next se
tion of this paper.One 
an observe that for a system of analyti
 
y
les C1, . . . , Cp on N andea
h point a ∈ N we have �by de�nition� the Bézout type equality

ν(C1 • · · · • Cp, a) = d(C1, . . . , Cp)(a),saying that the multipli
ity of the interse
tion produ
t of our system 
oin-
ides with the interse
tion multipli
ity at the point. Usually it is possible to2000 Mathemati
s Subje
t Classi�
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220 S. Rams et al.�nd relations between d(C1, . . . , Cp)(a) and the produ
t ν(C1, a) · · · ν(Cp, a)of the multipli
ities of the 
y
les, and so we obtain inequalities or equalitiesextending the 
lassi
al Bézout's theorem to the 
ase of analyti
 sets.The organization of this paper is as follows. Se
tion 2 is of preparatorynature; we 
olle
t together basi
 
onstru
tions and fa
ts on interse
tion the-ory in 
omplex analyti
 geometry. In Se
tion 3 our main results are proved,and then used, in Se
tion 4, to present some appli
ations for produ
ts ofsurfa
es and 
urves. Some 
omments on the presented version of Bézout'stheorem 
an be found in [N2℄ and [N1℄.2. Interse
tion theory. In this paper analyti
 means 
omplex analyti
,and manifold means a se
ond-
ountable 
omplex manifold. An analyti
 
y
leon a manifold M is a formal sum
C =

∑

j∈J

αjYj ,where αj 6= 0 for j ∈ J are integers and {Yj}j∈J is a lo
ally �nite family ofnonempty, pairwise distin
t, irredu
ible analyti
 subsets of the manifold M .The zero 
y
le C = 0 is de�ned by J = ∅. The family of all analyti
 
y
leson N will be 
onsidered with the natural stru
ture of Z-module.The analyti
 set ⋃
j∈J Yj is 
alled the support of the 
y
le C. The sets

Yj are 
alled the 
omponents of C with multipli
ities αj , j ∈ J . We say thatthe 
y
le C is positive if αj > 0 for all j ∈ J . If all the 
omponents of Chave the same dimension k, C will be 
alled a k-
y
le. For a 
y
le C and anopen subset V of M we 
an de�ne in the natural way the restri
tion C ∩ Vof C to V (
f. [R3℄). If ϕ : M → M ′ is a biholomorphism of manifolds thenwe de�ne the image ϕ(C) of C by
ϕ(C) =

∑

j∈J

αjϕ(Yj).Now, let M be an m-dimensional manifold and let Y be a pure k-dimen-sional analyti
 subset of M . For x ∈ N we denote by ν(Y, x) the degree of
Y at the point x [D, p. 194℄. This degree is equal to the 
lassi
al algebrai
Samuel multipli
ity, and the so-
alled Lelong number of Y at x. In thispaper we will 
onsider a natural extension of this de�nition to the 
ase of anarbitrary analyti
 
y
le. Namely, if C =

∑
j∈J αjYj is an analyti
 
y
le on

M , then the sum
ν(C, x) =

∑

j∈J

αjν(Yj, x)is well de�ned and we 
all it the degree of the 
y
le C at the point x.For the 
y
le C there exists a unique de
omposition
C = C(m) + C(m−1) + · · · + C(0),



Bézout's theorem 221where C(j) is a j-
y
le for j = 0, . . . , m. We de�ne the extended degree of Cat x by the formula
ν̃(C, x) = (ν(C(m), x), . . . , ν(C(0), x)) ∈ Z

m+1.Denote by ν(C) and ν̃(C) the fun
tions
ν(C) : M ∋ x 7→ ν(C, x) ∈ Z, ν̃(C) : M ∋ x 7→ ν̃(C, x) ∈ Z

m+1.Observe that ν(C, x) = |ν̃(C, x)|, where |µ| denotes the sum of the 
oordi-nates of µ ∈ Z
m+1.Let M be an m-dimensional manifold and let S be a 
losed s-dimensionalsubmanifold of M . For an arbitrary analyti
 
y
le C =

∑
j∈J αjYj in M thepart of C supported by S is de�ned as

CS =
∑

j∈J, Yj⊂S

αjYj .

Observe that every analyti
 
y
le has the de
omposition C = CS +(C−CS).If C is positive, then so are both parts of this de
omposition.Let U be an open subset of M su
h that U ∩S 6= ∅. Denote by H(U) theset of all H := (H1, . . . , Hm−s) satisfying the following 
onditions:(1) Hj is a smooth hypersurfa
e in U 
ontaining U∩S for j=1, . . . , m−s,(2) ⋂m−s
j=1 Tx(Hj) = TxS for ea
h x ∈ U ∩ S.For a given analyti
 subset Z of M of pure dimension k we denote by

H(U, Z) the set of all H ∈ H(U) su
h that ((U \S)∩Z)∩H1∩ · · ·∩Hj is ananalyti
 subset of U\S of pure dimension k−j (or empty) for j = 1, . . . , m−s.For every H = (H1, . . . , Hm−s) ∈ H(U, Z) an analyti
 
y
le Z · H in
S ∩ U is de�ned by the following algorithm (
f. [T℄, see also [F℄), where inea
h step we have only proper interse
tions, and so the interse
tion produ
tis given by the 
lassi
al theory (
f. [D℄, [W1℄). For H de�ne

d := min
{
j ∈ {0, 1, . . . , m − s} : ((U \ S) ∩ Z) ∩

j⋂

i=1

Hi = ∅
}
,and 
onsider the followingAlgorithm 1.Step 0: Let Z0 = Z ∩ U . Then Z0 = ZS∩U

0 + (Z0 − ZS∩U
0 ).Step 1: Let Z1 = (Z0 − ZS∩U

0 ) · H1 and Z1 = ZS∩U
1 + (Z1 − ZS∩U

1 ).Step 2: Let Z2 = (Z1 − ZS∩U
1 ) · H2 and Z2 = ZS∩U

2 + (Z2 − ZS∩U
2 ).. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .Step d : Let Zd = (Zd−1 − ZS∩U

d−1 ) · Hd. We have Zd = ZS∩U
d .We 
all a positive analyti
 
y
le Z ·H = ZS∩U

0 +ZS∩U
1 + · · ·+ZS∩U

d in S∩Uthe result of the above algorithm.



222 S. Rams et al.Definition 2. For c ∈ S we 
all
g̃(c) = g̃(Z, S)(c) := minlex{ν̃(Z · H, c) : H ∈ H(U, Z), c ∈ U} ∈ N

s+1the extended index of interse
tion and g(c) = |g̃(c)| the index of interse
tionof Z with the submanifold S at the point c.For a system of irredu
ible analyti
 sets X1, . . . , Xp on a 
omplex mani-fold N we 
an 
onsider the analyti
 set Z = X1 × · · · × Xp in M = Np and
S = ∆N the diagonal of Np. By [T, Thm. 6.2℄ the fun
tion
d : N ∋ x 7→ d(x) := d(X1, . . . , Xp)(x) = g(X1×· · ·×Xp, ∆N )(x, . . . , x) ∈ Nis analyti
ally 
ostru
tible and by [T, Prop. 2.1℄ we 
an state the followingDefinition 3. The interse
tion produ
t of the system X1, . . . , Xp is theunique analyti
 
y
le X1•· · ·•Xp su
h that ν(X1•· · ·•Xp, x)=d(x) for x∈N .One 
an extend this de�nition in the natural way to the 
ase of analyti

y
les (see [T, Def. 6.4℄). Namely, let

Ck =
∑

jk∈Jk

α
(k)
jk

X
(k)
jk

, k = 1, . . . , p,be analyti
 
y
les on a manifold N .Definition 4. The interse
tion produ
t of the 
y
les C1, . . . , Cp is de-�ned by
C1 • · · · • Cp =

∑

jk∈Jk, k=1,...,p

α
(1)
j1

· · ·α
(p)
jp

X
(1)
j1

• · · · • X
(p)
jp

.We 
on
lude this se
tion with a useful theorem whi
h follows dire
tlyfrom our de�nitions and [AR, Cor. 5℄.Theorem 5. If C1, . . . , Cp is a system of 
y
les on a 
omplex manifold
N , V is an open subset of N and ϕ : V → N ′ is a biholomorphism, then

ϕ(C1 ∩ V ) • · · · • ϕ(Cp ∩ V ) = ϕ((C1 • · · · • Cp) ∩ V ).3. Bézout's theorem. In this se
tion an analyti
 
y
le A=
∑

j∈J αjXjin C
n is 
alled homogeneous (resp. proje
tive) if all sets Xj are 
ones in C

n(resp. proje
tive varieties).Theorem 6. Let C1, . . . , Cp be homogeneous 
y
les. Then the 
y
le
C1 • · · · • Cp is homogeneous and

deg(C1 • · · · • Cp) = deg C1 · · ·deg Cp.Proof. We maintain the notation of the previous se
tion. It su�
es toprove the theorem for irredu
ible 
ones X1, . . . , Xp. Observe that for Z =
X1 × · · · × Xp,

d(X1, . . . , Xp)(0) = g(Z, ∆Cn)(0, . . . , 0) = |g̃(Z, ∆Cn)(0)|.



Bézout's theorem 223By [AR, Cor. 3℄ there exists a system H = (H1, . . . , Hm−s) of hyperplanessu
h that g̃(Z, ∆Cn)(0) = ν̃(Z · H, 0). The 
lassi
al Bézout's theorem usedin ea
h step of Algorithm 1 gives
|g̃(Z, ∆Cn)(0)| = ν(Z, 0) = deg X1 · · ·deg Xp.Then we have the equality

ν(X1 • · · · • Xp, 0) = d(X1, . . . , Xp)(0) = deg X1 · · · deg Xp.It is easy to 
he
k that X1 • · · · • Xp is homogeneous, so
ν(X1 • · · · • Xp, 0) = deg X1 • · · · • Xpand the theorem follows.For a proje
tive 
y
le C =

∑
j∈J αjYj we de�ne the 
y
le Ĉ :=

∑
j∈J αj Ŷj,where Ŷj denotes the 
one over the variety Yj .In the 
ase of the analyti
 interse
tion produ
t we have the followingversion of Bézout's theorem.Theorem 7. Let C1, . . . , Cp be proje
tive 
y
les and let α0 be the multi-pli
ity of the point {0} in the interse
tion produ
t Ĉ1 • · · · • Ĉp. Then

deg(C1 • · · · • Cp) = deg C1 · · ·deg Cp − α0.Proof. Sin
e the interse
tion produ
t is linear (see [AR, Cor. 5℄), we 
anassume that C1, . . . , Cp are varieties of dimensions d1, . . . , dp respe
tively.We 
hoose a point Q := (1 : q1 : . . . : qn) ∈ C1 ∩ . . . ∩ Cp. To simplifyour notation we put V := ({1} × Cn)p ⊂ Cp(n+1) and Q := (1, q1, . . . , qn).The Grassmannian of a�ne r-planes through the point Q is denoted byGr
Q(Cp(n+1)).By [AR, Cor. 3℄ the set of a�ne hyperplanes H 
ontaining Q, meetingthe spa
e V properly and satisfying the 
ondition

ν
(( p∏

i=1

Ĉi · H
)∆

, Q
)

=
(
g̃
( p∏

i=1

Ĉi, ∆
)
(Q)

)
1
,where (v)1 stands for the �rst 
oordinate of a ve
tor v, is an open and densesubset of Gp(n+1)−1

Q (Cp(n+1)). Sin
e the map
H 7→ H ∩ V ∈ Gp(n+1)−2

Q (V )restri
ted to the set of hyperplanes that do not 
ontain V is 
ontinuous, we
an assume that
ν
(( p∏

i=1

Ci · (H ∩ V )
)∆

,Q
)

=
(
g̃
( p∏

i=1

Ci, ∆
)
, Q

)
1
.
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eeding indu
tively we 
onstru
t a system H = (H1, . . . , Hpn−
∑

di
) ofa�ne hypersurfa
es su
h that

ν̃
( ∏

Ĉi · H,Q
)

= g̃
( ∏

Ĉi, ∆
)
(Q),

ν̃
( ∏

Ci · H|V ,Q
)

= g̃
( ∏

Ci, ∆
)
(Q),where H|V := (H1 ∩ V, . . . , Hpn−

∑
di
∩ V ). Here, by abuse of notation, boththe diagonal in (Cn)p and the one in (Pn)p are denoted by ∆. Moreover, weidentify Q, resp. Q, with the 
orresponding point in ∆.Applying [TW, Thm. 2.2℄ in ea
h step of Algorithm 1 we get

ν̃
( ∏

Ĉi · H,Q
)

= ν̃
( ∏

Ci · H|V ,Q
)

whi
h implies
g̃
( ∏

Ĉi, ∆
)
(Q) = g̃

( ∏
Ci, ∆

)
(Q).As an immediate 
onsequen
e we obtain the equality

Ĉ1 • · · · • Ĉp =
∑

j≥1

αj Ŷj + α0 · {0} ,

where C1 • · · · • Cp :=
∑

j≥1 αjYj. By Theorem 6, we have
deg(C1 • · · · • Cp) = deg C1 · · · deg Cp − α0.4. Appli
ations. To show an appli
ation of Theorem 6 we analyze theprodu
t of an algebrai
 surfa
e and a 
urve. We start with the followinglemma:Lemma 8. Let S be a proje
tive surfa
e and let C ⊂ S be a 
urve thathas no 
ommon 
omponent with Sing(S). Then

Ŝ • Ĉ = Ĉ +

r∑

i=1

αi âi + α · {0},where(1) ai ∈ Sing(S) ∪ Sing(C) for i = 1, . . . , r,(2) αi ≥ (ν(S, ai) − 1) ν(C, ai) for i = 1, . . . , r,(3) α ≥ 0.Proof. (1) It is obvious that all 
omponents of the 
y
le Ŝ • Ĉ are 
ones.If a ∈ Reg(S) ∩ Reg(C), then the germ Ĉa 
an be 
ut out from Ŝa byone smooth hypersurfa
e that meets Ŝa transversally along Ĉa. The latterimplies that Ĉ appears in the interse
tion produ
t with multipli
ity one and(1) holds.



Bézout's theorem 225(2) Sin
e g(Ŝ × Ĉ, ∆)(1, ai, 1, ai) = ν(C, ai) + αi, it su�
es to prove theinequality
g(Ŝ × Ĉ, ∆)(1, ai, 1, ai) ≥ ν(S, ai) · ν(C, ai) .The latter is an immediate 
onsequen
e of [W2, Property 3℄.(3) To prove that α ≥ 0 
hoose H := (H1, . . .) ∈ H(U, Ŝ × Ĉ), where Uis a neighbourhood of 0, su
h that

ν̃((Ŝ × Ĉ) · H, 0) = g̃(Ŝ × Ĉ, ∆)(0) .By [AR, Corollary 3℄ we 
an assume Hi to be hyperplanes. Let Zi, Z∆
i denotethe results of the ith step of Algorithm 1 applied to H, Ŝ × Ĉ, ∆, where ∆is the diagonal in (Cn+1)2.One 
an see that Z∆

1 = Z∆
2 = 0. Thus

Z3 = (H1 ∩ H2 ∩ H3) · (Ŝ × Ĉ) = j(Ĉ) +
∑

βkCk ,where j : C
n+1 ∋ x 7→ (x, x) ∈ ∆ and Ck are two-dimensional 
ones.Observe that j(âi) ⊂

⋃
Ck for ea
h ai su
h that αi > 0. Now

Z4 = H4 ·
( ∑

βkCk

)
=

∑
β′

klkwhere lk are lines. Consequently
g̃(Ŝ × Ĉ, ∆)(0) =

(
deg(C),

∑

lk⊂∆

β′
k,

∑

lk 6⊂∆

β′
k

)
.

Choose b ∈ âi ∩ U . Observe that if âi 6= lk for all k, then αi = 0. Indeed, wehave H ∈ H(U, Ŝ × Ĉ), whi
h yields the equality g(b) = ν(Ĉ, b) and impliesthat Ĉ is the only 
omponent of the 
y
le Ŝ • Ĉ passing through b.If αi > 0 then âi is one of the lines lk, say âi = lk0
, and

g̃(Ŝ × Ĉ, ∆)(b) ≤lex (ν(Ĉ, b), β′
k0

, 0).Sin
e (g̃(Ŝ × Ĉ, ∆)(b))1 ≥ ν(Ĉ, b), we get αi ≤ β′
k0

and
α = g(Ŝ × Ĉ, ∆)(0) − ν

(
Ĉ +

∑
αiâi, 0

)
≥

∑

lk 6⊂∆

β′
k ≥ 0.

Now we 
an stateCorollary 9. Let S be a proje
tive surfa
e and let C ⊂ S be a 
urvethat has no 
ommon 
omponent with Sing(S). Then
∑

a∈Sing(S)∩C

(ν(S, a) − 1) · ν(C, a) ≤ (deg(S) − 1) · deg(C) .

Proof. We maintain the notation of Lemma 8. By Theorem 6 we have
deg(Ŝ • Ĉ) = deg(S) · deg(C),



226 S. Rams et al.so Lemma 8 yields
deg(S) · deg(C) = deg(C) +

∑
αi + α.By Lemma 8(2) we get

∑

a∈Sing(S)∩C

(ν(S, a) − 1) · ν(C, a) ≤ (deg(S) − 1) · deg(C).

Remark 10. It is natural to ask to what extent the bounds from Lem-ma 8 and Corollary 9 are sharp. This amounts to the question how to 
ontrolthe behaviour of the multipli
ity of the point 0 in the interse
tion produ
tof 
ones. Let us point out that the latter 
an be expressed with the help ofthe Hilbert fun
tion (see [AR℄, [AM℄) and 
omputed using various 
omputeralgebra systems.
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